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Real-time motion planning for an autonomous mobile robot with wheel-

ground adhesion constraint

Jiuchun Gao*, Fabien Claveau, Anatol Pashkevich, Philippe Chevrel

The Department of Automation, Production and Computer Sciences, IMT-Atlantique, Nantes, France

The paper proposes a new real-time motion planning technique for an autonomous maobile robot that
is able to find a collision-free path and a corresponding time-optimal trajectory while taking into
account limits on the actuator capacities and constraints from the wheel-ground adhesion. The
proposed technique includes two sub-modules. The first one, an optimal path planner, is based on the
discretization of the robot workspace and dynamic programming principle. It allows finding the
shortest path in the robot environment to avoid obstacles and reach the robot target. The second one,
an optimal trajectory generator, operates with the discretized robot state-space and also employs
dynamic programming techniques. It produces a time-optimal motion along the obtained path, which
may include numerous regular and singular trajectory sections caused by the simultaneous
application of actuator and wheel-ground adhesion constraints. To adapt this technique to real-time
implementation, a moving window strategy is presented that allows regularly updating the robot
motion profile in a dynamic environment. The advantages of the developed technique and its
suitability for real-time control are illustrated by experimental studies implemented on a car-like

mobile robot.

Keywords: autonomous mobile robot; real-time motion planning; wheel-ground adhesion; time-

optimal trajectory; dynamic programming



1. Introduction

At present, the autonomous mobile robot market is exploding, such types of robots are
continuously improved and already widely used in numerous fields like aerospace, military,
goods delivery, and medical services [1]. Their further development focuses on providing a
higher degree of autonomy and greater mobility/speed, which motivates new developments in
mobile robot motion planning and control because usual classical techniques can be hardly
applied if the motion speed exceeds some physical limits. One of perspective research
direction is related to the wheel-ground interaction whose modelling normally assumes rather
high adhesion and excludes such phenomena as excessive slipping and skidding. Similar
topics are also significant for self-driving cars whose mechanics is very close to four-wheel

mobile robots.

Perception Layer

Motion Planning Layer

?

Global Planning Local Planning Trajectory Generation

b

Actuation Layer T
g .‘

Toue Distribution
Figure 1 General schematic for autonomous mobile robot control
Generally, control of an autonomous mobile robot contains three basic layers as

shown in Fig. 1, the main purpose of motion planning module is to provide the mobile robot

with a proper and collision-free trajectory towards its destination while considering the



constraints from the mobile robot kinematics/dynamics, manoeuvre capabilities in the
presence of obstacles, and the environment boundaries. Motion planning for autonomous
mobile robots can be divided into three hierarchical classes [2]: (i) global planning, (ii) local
planning, and (iii) trajectory generation. Global planning is more like routing, which is
concerned with selecting the best global path from an origin to a destination. The local
planning is a locally correcting phase that handles the dynamic obstacle avoidance while
taking into account the vehicle kinematics, obstacles, road geometry, and traffic interactions
in the case of the self-driving cars. And finally, the trajectory generation outputs a time-
velocity profile corresponding to the previously obtained geometric path while considering
some constraints from the robot kinematics and dynamics. In most of the related works, the
main attention is paid to the path planning while the velocity profile generation, especially
with the minimum-time objective, received less attention.

In literature, graph-based techniques are widely used to generate a global collision-
free path in robot workspace. It presents the robot workspace in the form of a 2D graph,
which allows to present the desired robot motion as a shortest path on the graph connecting
the initial and the final vertices. The most representative algorithms are Dijkstra and A*.
Together with a PID-based Path Follow module, they were adopted in [3, 4] for the DARPA
Urban Challenge 2007. Another known technique of this group, state lattice algorithm uses a
discrete representation of the planning area with a grid of vehicle states [5, 6]. But similar to
the above two, the principal limitation of these techniques is the difficulty of taking into
account constraints related to the robot kinematics/dynamics and wheel-ground interaction in
real-time. Sampling-based approaches consist of randomly sampling the configuration space
and searching for feasible connectivity inside it [7]. The most widely used two are the
Probabilistic Roadmap Method and the Rapidly-exploring Random Tree [8, 9]. However, this

family usually produces non-smooth and jerky paths that should be avoided in time-optimal



control of the autonomous mobile robot [2]. Combinatorial planning techniques use a
polyhedral representation of the environment as input and augments it with additional edges
or vertices, such as Visibility Graph and Voronoi Diagram [10-13]. But this technique
concentrates on geometric aspects mainly. Local path planning techniques are usually applied
to avoid collisions in a dynamic environment [14]. The Potential Field Method and its
modification Vector Field Histogram are commonly used because of the elegant mathematical
analysis and simplicity [15, 16]. Despite numerous advantages, these field-based methods act
as a fastest descent optimization procedure, it may get stuck at a local minimum [17]. In
contrast to field-based methods, the velocity-space techniques are derived directly from the
mobile robot kinematics, allowing taking into account the constraints on the robot maximum
velocity/acceleration [18]. A typical example is the Dynamic Window Approach (DWA) [19].
It generates the velocity commands directly, but still with difficulties in taking into account
limitations arising from the wheel-ground interactions.

Trajectory generation is for producing the optimal motion along the obtained path.
Existing techniques mainly rely on the classical phase-plane methods came from control
theory [20] in industrial robotics. For wheeled mobile robots, a time-optimal velocity profile
should be produced under dynamic constraints that are due to the motor physical capacities
and also must ensure the wheel-ground adhesion [21]. In the frame of the phase-plane
method, this adhesion limits can be presented as a non-linear constraint imposed on the
velocity and acceleration, which leads to multi-switching of the time-optimal control [22, 23].
Such multi-switching makes difficult for algorithmization in real-time and can be hardly
implemented in mobile robot controllers. The wheel-ground adhesion constraint was partially
taken into account in [24], where a phase-plane based algorithm was proposed and the
maximum centripetal acceleration limit was considered. Another technique was presented in

[25], where the cornering trajectory planning algorithm was developed and implemented for a



differential-wheeled mobile robot. It takes into account constraints on the wheel maximum
longitudinal force and lateral force in order to avoid sliding, similarly in [26, 27]. However,
the longitudinal force and lateral force were considered separately there instead of a resultant
one within the friction circle. In [28], a simplified elliptical friction model was considered via
limiting the angular acceleration to a predefined maximum value when generating a
minimum-time velocity profile for a differential-wheeled mobile robot. It is also worth of
mentioning some recent work based on NMPC [29] that allows taking into account the
Pacejka’s tire model in urban driving conditions, however the high-curvature path and related
wheel-ground adhesion issues was out of the authors’ attention.

To our knowledge, few works combine global/local path planning with trajectory
generation while taking into account the constraints arising from the mobile robot kinematics,
dynamics, and wheel-ground interaction that are in the focus of the paper. It is an extension
and integration of our previous works [30, 31]. The main contribution of the paper is the
development of a new real-time motion planning technique, implemented as two sub-
modules. The first of them, the path planner is based on the dynamic programming principle
applied to the discretized robot workspace. It allows finding the shortest path in the robot
environment with multiple obstacles. Generally, the architecture design of the path planner
depends on the application. In particular, for autonomous driving on the road, a hierarchical
architecture including global path planning and local path planning is required. Whereas for
goods transportation in small spaces, the global and local path planners can be merged into a
general one, which is implemented in our experimental mobile robot. The second submodule,
the trajectory generator operates with the discretized robot state-space and also employs
dynamic programming technique. It produces a time-optimal motion along the obtained path,
using the maximum capabilities of the actuators. The obtained fastest motion allows

achieving higher efficiency in such applications as goods deliveries. An essential advantage



of this work is that the wheel-ground adhesion condition is directly included in the trajectory
generation sub-module. It is worth mentioning that the friction limits of the wheels are widely
studied in the automotive field, and precise wheel dynamics models are used in vehicle
dynamics control. However, there is no existing work considering this issue in the time-
optimal trajectory generation/planning for autonomous mobile robots. It should be also noted
that in classical time-optimal control, the velocity and acceleration constraints are usually
assumed to be independent yielding rather simple trajectories with two switching only. In
contrast here, the velocity and acceleration constraints are coupled and corresponding time-
optimal trajectories include multiple switching points that can be hardly generated using
conventional phase plane methods. But the developed technique is able to treat even such

difficult cases in real-time.

2. The Problem of Real-Time Motion Planning

The problem of real-time motion planning here is divided into two sub-problems, such as (i)
path planning and (ii) trajectory generation, as shown in Fig. 2. It should be mentioned, in our
case, the mobile robot moves in a quite small indoor area, around 30 m?, and it is reasonable

to merge the global planning and local planning into a general path planner in this work.
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Figure 2 General schema of motion planning for autonomous mobile robot



2.1. Path Planning with Geometric/Kinematic Constraints

It is assumed that the path planner obtains the coordinates of the desired target

location and the known obstacle locations from the indoor GPS system, as shown in Fig. 3a.

The current position coordinates and orientation angle of the robot ©p, = (®x,, ®Y,, ®v,)
with respect to the global frame F; are measured in real-time (see Fig. 3b). Let us describe

the desired target location by p, =(°x, ®y,, ®w,), where the target orientation ®y, is
assumed to be not constrained in this work. Also, let us denote the center locations of the

known obstacles as { © p& = (°x§, °y$2)| k =1,2,...n} where k is the obstacle number. For

obs ?

the unknown obstacles, we are using the same notation but assume that the similar

coordinates "x{), ®y{) are measured online by the LIDAR with respect to the robot frame

obs ?

F., whose definition is shown in Fig. 4. The obstacles in this work are approximated by

circles whose dimensions are slightly modified by adding the equivalent radius of the robot to

their original values, as {r% =r_, + I‘O(lfs);| k=12,..n}, where r., is the equivalent radius of

the robot. It should be mentioned that the unknown obstacles are detected by the LiDAR and
also roughly approximated as circles for simplicity. Using the data from the LIDAR, a
distance between the LIDAR center and the obstacle d, the obstacle width w, as well as an
angle with respect to the LIDAR frame O, can be obtained. Thus, an approximated circle with
the radius w/2 can be located at the detected point whose distance to the LIDAR center is d.
Although the approximated circle may not completely cover the obstacle, in practice, no
collision may happen as such circle and the locally planned path should be updated at each

time step.
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Figure 3 Estimation of robot position and orientation from the sensors (indoor GPS system
and LIiDAR)

Using the above definitions and notations, the considered path planning task here can
be presented as finding a shortest smooth 2-dimensional curve connecting ®p, and °p, ,

which satisfies the geometric/kinematic constraints that are presented in detail below. For
further convenience, let us assume that the desired path is presented in the parametric form

and is described by two continuously differentiable functions
{°x(s), °y(s);5€l0, 8,1} 1)
where s is the distance from the origin to the current state (treated here as the parameter), and

the following boundary conditions are satisfied °x(0) = ®x,; °y(0)=°y, and
CX(Sym) = %3 €Y (S ) = V. In addition, let us define the path curvature described by its

radius function {c(s),s€[0,s... 1} which can be easily computed from x(s), y(s) using

max

standard formulas.
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Figure 4 Kinematic structure of the mobile robot and its parameters

The principal constraints imposed on the desired shortest path can be presented in the

following way. First, the robot wheel angle & cannot exceed certain values [—&,.., Sy | »

which in accordance with Fig. 4 imposes the following constraints on the path curvature

c(s) < % Vs €[0, Sy | 2)

where L is the wheelbase. Besides, considering the initial orientation of the robot ®y, cannot

be changed instantly, it is necessary to introduce additional boundary condition on the path
tangent (robot moving direction) at the starting point, which produces additional constraints

of the following form

d®y(s) d °x(s)

=tan(Gl//0)- s

s=0 s=0

(3)

And finally, the collision constraint can be expressed via the distance from the path to the

obstacle center and its increased radius



Jex(s)-oxo T +[Cy(s)- Sy ] 2n8: k=123.. @
Therefore, the path planning problem for the autonomous mobile robot studied here is
presented as finding the shortest path { ®x(s); Gy(s)|3e[0, S.x ]} connecting the current
location (®x,, ®Y,, “w,) and the target position (®x,, ®y,), which satisfies the path curvature

and collision constraints (2)-(4). In a formal way, this problem can be summarized as follows

find {°x(s); ®y(s)| s [0, 5, I}

minimizing j\/d x(s)/ds (de(s)/ds)z-ds—>min

s.t.
c(s)<sing,, /L )

JEx(s) -0 T+ [y (o) <y =1

and
°x(0)=°x%;  °y(0)="°y,
TX(Sma) = X Y (Sme) = Y,
d ®y(s)/ds = tan(®y,)-d ®x(s)/ds, s=0

2.2. Trajectory Generation with Dynamic Constraints

After obtaining a smooth path { °x(s); y(s)|se[0, S. ]} in the Cartesian space, it is
necessary to find a time-velocity profile ensuring the fastest motion along this path. This
motion is described by the time-displacement function s(t) where t [0, T], which minimizes

the traveling time objective

].1-dt—>min (6)

=0) to the final state (s=s ds

from the initial state (s=0, — y ——
( dt o max dt r

=0), and satisfies

certain constraints on derivatives



ds@®)/dt|<v,,; | s)/dt?|<a,, -

max
that describe the robot's capability to achieve desired velocities and accelerations during the
motion. Besides, for fast motions of wheeled robots, there is an additional specific constraint
arising from the wheel-ground interaction and excluding the wheel skidding when the robot
enters the high curvature path segments with high speed. As known from the vehicle
dynamics [32], the adhesion force acting between the wheel and the ground is limited by a
certain value that depends on the road condition and should be inside of the so-called friction
ellipse/circle, as shown in Fig. 5. The latter can be expressed in the form of the following

inequality

JFF+FZ<u-F (8)

where F, F,, F, are the longitudinal, lateral, and vertical forces respectively, 4 is the friction

coefficient that is assumed as a constant here. When the robot of mass m goes into a cornering

manoeuvre with the velocity v (see Fig.5), the lateral force provides the centripetal
acceleration F, = m-VZ/R where R:]/C(S) is the curvature radius. However, if the tangent
speed is too high, the robot is desired to decelerate slightly, which requires the longitudinal

force F, =ma. In addition, the vertical force can be computed as F,=mg . So, after

simplification, a non-skidding condition (8) can be expressed via the derivatives of the

function s(t) as follows

{[asto/at] ~c(t)}2 +[ds()/dt ] <(ug) )

where c(t) =c[s(t)] is the path curvature.
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Figure 5 Friction ellipse/circle

It should be mentioned that the non-skidding condition (9) was derived assuming that
both the velocity and the acceleration are computed for the robot center of gravity, i.e. the
robot is presented as a material point. However, this constraint can be easily generalized by
considering the interaction with the ground for all wheels separately. It can be proved that for
the four-wheel case, the non-skidding condition produce four constraints with similar

structures

{[d s,(t)/dt]" -, (t)}2 s ()/dt*] <(ug)’; vi=1234 (10)

where ¢, (t) =1//(c(t) *-cos 5(t) —0.5B)> + L, ¢, (t) =1/\/(c(t)* - coss (t)+ 0.5BY + 2 ,

c,(t) =[c(t)™-cosS(t) —0.5B] *, ¢, (t) =[c(t) ™ -cosS(t) +0.5B] * and &(t) =arcsin(L-c(t)),

ds, (t)/dt =[ds(t)/dt]/[R-c,(®)], d*s;(t)/dt* =[ d’ s(t)/dt’ |/[R-c, ¢)].

It should be also noted that for high-speed driving, full dynamics of the vehicle and
wheel/tire usually should be considered in the motion control. However in this work, there are
several simplifications. First of all, it is assumed that the robot drives on a 2D plane, so the

pitch and roll motion are ignorable, and also the friction coefficient is almost constant because



of unchanging road condition. For this reason, for planning the desired time-optimal trajectory
under these assumptions, a kinematic vehicle model plus the tire dynamic model should be
sufficient. For computational convenience, a simplified tire dynamic model based on TMeasy

is used here. According to the generalized tire characteristics presented in [33], there are three

modes: 1) adhesion mode where the combined slip ratio S [0, S,__ ], and F €[0, F S e

7 ¥ max 7 max ]

corresponds to the maximum friction F__ ; 2) adhesion/sliding mode where S €[S

max ! max ? sllde]

and F e[F ], S, corresponds to the sliding friction F

slide ?

; and 3) sliding mode

max ? sllde slide

where S €[S, 1] and F=F

slide *

The adhesion constraint proposed in the paper ensures the

resultant tire force F is always within the friction limits, never beyond F__ , which leads to

max !

the combined slip belonging to [S,, S, 1. Therefore, it is reasonable to use this model in this

07 “max
work.
Finally, taking into account both the boundary conditions and all the constraints (7)-

(9), the problem of time-optimal trajectory generation for the given geometric path

{®x(s); y(s)| s€l[0, s, ]} can be summarized as

find {s(t);ds(t)/dt [te[0, T]}

;

minimizing Il-dt — min
0

s.t

ds(t)/dt|<v,,,; [d*s(t)/dt’|<a,,

max ?

([ds/dt] -} +[d? se)/dt* | < (ug)’

(11)

and
s(0)=0; d s(t)/dt|t=0 =0

S(T) =S, ds(t)/dt| . =

It is worth mentioning that the optimization problem includes some particularities
compared to the classical time-optimal control problem for the second-order system that was

intensively studied in the literature [34], where the constraints were applied to the velocity



and acceleration independently. In contrast, in our work, there is a non-linear adhesion
constraint (9) where the velocity and acceleration are coupled, which does not allow
straightforwardly applying previously developed methods. Relevant techniques for the
considered time-optimal trajectory generation in real-time are proposed in the following

section.

3. Motion Planning Algorithms and the Real-Time Implementation

In order to solve the above-stated problems, a combinatorial optimization based methodology
is proposed in this section. It includes the discretization of the robot workspace (for path
planning) and state space (for trajectory generation). Further, to find the desired shortest path
and time-optimal trajectory satisfying all static/dynamic constraints, the dynamic

programming principle is applied to create relevant motion planning algorithms.

3.1 Shortest Path Search in Discretized Robot Workspace

To present the robot path planning problem in a discrete way, let us use the double

presentation of the workspace, via the Cartesian coordinates (x,y) and the polar coordinates
(p,0), and discretize the allowable domain of the polar angle € €[6,,,, 6,.,] and the distance

P €0, p..] with the steps A& and Ap respectively

6, =k-A6; k=0,1..m
p.=1-Ap; 1=01..n

(12)
where AG= (6, —0,.,)/Mm and Ap=p,. /n. It is assumed that the pole of the polar system
coincides with the origin of the robot frame F; and the polar axis is directed along the
Cartesian X-axis of F,. In such settings, it is reasonable to limit the range of the polar

coordinate p by the distance from the origin to the target point, p, . =«/ "xt +Ry? , as

shown in Fig. 6. Further, in order to avoid excessive discretization and to reduce the real-time



computational effort, the range of the polar angle 7 should be reduced in the following
way:
T R,, R
6ok = max{ > atan2("y,, xt)}

(13)
emin = min{_%’ atan Z(Ryt’ RX’()}

where (®x,, ®y,) is the target location coordinates with respect to the robot frame. However, it

is worth mentioning that the proposed technique allows doing a new search with the full range
of the polar angle if there is no solution found in the reduced admissible area. This may

happen when the numbers and dimensions of the obstacles are quite huge.

Target

Figure 6 Discretization of robot workspace for path planning: admissible and non-admissible

nodes

Such discretization allows us to replace the continuous workspace of the robot by
limited numbers of nodes S, ; that can be described by either the Cartesian coordinates
{X: Y} or the polar coordinates {p.,6,} where X, =p.-c0s(6,) and Y, =p -Sin(4,) .

Further, assuming that the distance between the mobile robot and the target point is



sequentially reducing, the desired optimal path can be presented as the following sequence of

the nodes
{Skl,l} _>{Sk2,2} > _>{Skn_1, n—l}_>{skn, o} (14)
where {ki|i:1,2,...n} are certain indices obtained from the optimization routine.

Corresponding distances between the subsequent nodes can be evaluated via the Cartesian

Xe..i B Xp,isl
Yi.i Vi ivt

where (X, i, Y, ;) is the Cartesian coordinates of the i path node, and (X, i1 Vi, i) IS the

coordinates as

dist(S, ;, S 1) = (15)

potential coordinates of the (i+1)"" path node. The latter allows us to present the objective

function to be minimized as follows
n-1 . .
D:;dISt(Ski,i’Skm,iﬂ)_)nliln (16)

Further, to take into account the constraint on the path curvature, all subsequences

Sy i1 =Sk =S, ... Should be verified with respect to the inequality (2), which in the
frame of the adopted notations can be presented as

curv [(k._,,i—1),(k,i),(k,,i+D] < L*-sing,_, (17)
where the curvature function curv[-,-,-]is easily obtained by the arc fitting of the following

three points {X i1, Vi b X v Ve i} X L ia0r Vi i}~ FOr computational convenience, the

path curvature at the node S, ; can be also expressed via the robot orientations v, ., v, .,

at the segments [S, ;, —S, ;] and [S, , — S, ] respectively, which yields the revised

approximated expression for the constraint (2)

Virinn Wi i‘ <dist(Sy, i,y ia) L -SIN G (18)



where i ; =atan2(Y, i =Yoo Xoi ~Xe,in) 5 Vinin =8N 2(Y i = Vi Xoia — %) -

The collision constraints can be taken into account via the verification of the validity of the

inequality

dist(S, ;,S;)>r™ (19)

where S ; represents the center of the j™ obstacle and I’jmd is the modified obstacle radius.

Thus, the original robot path planning problem is converted to a combinatorial one,
dealing with the shortest path search on the graph. In contrast to classical formulations, there
are specific constraints here (feasible curvature and collision-free) applied to the graph nodes
and triples of subsequent nodes, which make difficulties in applying known graph-based
approaches. For this reason, a dynamic programming (DP) technique is used here to find the
desired optimal path that satisfies all constraints imposed by the environment and geometry.

The developed DP-based algorithm breaks down the full-size problem presented

above into a set of sub-problems, aiming at finding the shortest path from the initial node S ,
to the arbitrary node {S, ;, vk} belonging to the i layer with the polar coordinate o, =Ap-i

. To present the basic idea of this algorithm, let us denote d,:i as the length of the shortest
path connecting the initial node S, , to the current node S, ;. Then, taking into account the

additivity of the objective (16), the shortest path for the nodes belongs to the next layer

{S.i.1, K} can be found by combining the optimal solutions for the previous layer {S_ ;, vp}

and the distances between the nodes belonging to the layers i and i+1. The latter yields the

formula

. =min{d;, +dist(S,;, ;1)) (20)



that is applied sequentially starting from the second layer, i.e. i =1,2,...n—1. Finally, after the

selection of the minimum objective dkfm of the nodes belonging to the final layer and
applying the backtracking, one can get the desired optimal path in the considered graph. It is

described by the recorded indices {k;,K,,K,, ...k, }. It should be noted that the fusion of the

opt

optimal path [Sy , — ... —>Ski,i] and a new segment [S, ; — S, ] is allowed if and only if

REES

all the above-mentioned constraints are satisfied, which are verified using the node

subsequence [S, ., —S,;— S, ,,] extracted from the considered path. As the DP

i+l
principle is applied to both path planning and trajectory generation, a more detailed

explanation and pseudo-code for DP implementation are given in Subsection 3.2.

3.2 Time-Optimal Trajectory Generation in Discretized Robot State Space

For the problem of trajectory generation with time-optimal control structure, as discussed in
Subsection 2.2, the conventional phase plane technique has the difficulty in including the non-
linear wheel-ground adhesion constraint (9). An alternative approach was first proposed in
our previous work [30, 31], based on the discrete dynamic programming (DP). Its main
advantage is the universality allowing to take into account all considered constraints in a
similar way and to generate optimal trajectories of complex structure including multiple
switching points. In this paper, an extended and more complete DP-based algorithm is

presented.

First, let us apply sampling to the allowable domain of the velocity ve[O,v,, ] and
displacement s [0, s ] with the steps Av and As respectively

Vv, =K-Av; k=0,1..m

21
s, =1-As; 1=01..n (21)



where Av=v__/m and As=s_._/n. Further, for each path point s, it is possible to generate a

number of the possible states (v,,s;) that differ in velocities, i.e. to produce a mapping from

the geometric path to the robot state space (v,s) allowing to describe motion in time

s, >{Cy; = (v, s)|k=01,..m} (22)
Taking into account that the path points are naturally ordered in time as s, ->s, —>...—>S,,

the search space including all possible trajectories corresponding to the given path can be
presented as a directed graph shown in Fig. 7. In particular, it is clear that the robot velocity at

the starting and end points is known, so only a single state C, , should be used to represent
the starting point and a single state C, , for the target point, see the graph in Fig. 7. Another

particularity of this graph caused by the time-irreversibility is that the allowable connections

between the nodes are limited to the subsequent configuration states C, ; —C while the

Kiyq,i+1?

edge weights correspond to the traveling time defined below.

Discretized displacement

S =+ 8 = 5 = S > w = S, - 5

Vi =V @D =
% vm—l - -
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® V2 > <D @ Inadmissible states
Q
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v, =0 -

e S, =5
- @\‘ e
_ / Qo Planned path
Sy =0 H & Mobile robot P

Figure 7 Graph-based presentation of the discretized state space for optimal motion

generation along a given path



Using the discrete search space, the considered problem can be transformed to the
searching of the shortest connection on the above presented directed graph, which can be
represented as the following node sequence

Cio—>C1—>-—Cy, (23)
where the distance between subsequent nodes is corresponding to the motion time and is
computed in the following way

time(C, ;, Cy | i.1) =2(s,. —S; )/(Vki+1 +V ) (24)
The latter allows us to present the objective function to be minimized as follows

n—.

1
T =) time(C, ;,C, ;) —>min (25)
i=0
It is clear that the method of state-space discretization (21) applied above automatically takes
into account the wvelocity constraint in (7), but the relevant acceleration constraints
|a|<a,;Vi=12,.n-1 must be examined for each candidate subsequence C, , —C

Kiyq,i+17

using an approximated expression

g = (Vi+1 _Vi)/Ati (26)
where At =time(C, ;,C, ..,). In addition, the non-skidding condition (9) should be also

verified using the following inequality

Jai+ (/R <u-g (27)

where R, =1/c, is the radius of path curvature corresponding to the i" sampling point. Hence,

the original trajectory generation problem is converted to a combinatorial one, which allows
taking into account the wheel-ground adhesion limits and the constraints applied to the node

subsequences that limit the robot acceleration.



The DP principle is adopted here too, breaking down the full-size problem into a set of

sub-problems and aiming at finding all optimal sequences from the initial node Ckoy0 to the
current ones {C, ;, Vk} ensuring the minimum of the motion time (25) for which the

accelerations computed via the subsequences {C, ; »>C, .,

Vi=0,1,...n—1} do not exceed

allowable limits.

Let us denote 7,,; as the length of the optimal connection on the state-space graph
from Ckoy0 to C, ;. Then, the optimal connection for the nodes belonging to the next layer
{C, ... VK} can be found by combining the optimal solutions for the previous layer

{C,;, Vp} and the distances between the nodes with the indices i and i+1. The latter
corresponds to the recursive formula
Tt = mpin {Tp,i +time(Cp,i’ Ck,i+1)} (28)

where the index p must satisfy the following condition

p e {[accel(C,.. C,.)] < min| @, |f(u- 0 (v /R (29)

in which the acceleration a, =accel(C,;,C,,,) is computed using expression (26) and the

pi
velocity Vv, =p-Av corresponds to the node C_ ;. This formula is applied sequentially

starting from the second layer producing the matrix of the motion times [t ;]. When this

min
n

matrix is created, the minimum value 7z, is selected from the last column corresponding to

the robot time-optimal motion from the initial state to the target point. Finally, by applying

the backtracking, one can get the desired optimal connection in the state-space graph. It is

described by relevant indices {kj,k,,...k, ;K. }.



Algorithm: Time-optimal trajectory generation along the path

Input: Matrix of states — C(k,i) of size m>n
Array of radius — R(i) of size 1>n
Output: Minimum path length — Dmin

Optimal path indices — k°(i), i=1,2,...n
Notations:  Distance matrix — D(k,i) of size m>n
Pointer matrix — P(j,i-1) of size m>n
Functions:  Distance between nodes — dist ( C(Ky,i1), C(kz,i2) )
Adhesion test for a node — adhs ( C(k,i), R(i) )
Acceleration test for nodes — acc (C(ka,i1), C(ka,i2))
(1) Set D(k,1):=0; P(k,1):=null; vk=1,2,...m
(2) Fori=2tondo
Fork=1tom do
Forj=1tom do
(@) If (acc (C(k,i), C(j,i-1)) = 0) &
(adhs ( C(k,i), R(i) )=0) & (adhs ( C(j,i-1), R(i-1) )=0)
r(j) := D(j,i-1)+dist ( C(k,i), C(j,i-1) )

else
r(j) := Inf
end
(b) Set D(j,i) := min(r); P(j,i) := argmin(r);
(3) Set Dmin:= min( D(k,n) ); k%n) := argmin(r)
(4) Fori=2tondo
Set k(i-1) := P(K°(i), i)

In more detail, an outline of the developed algorithm is presented below in the form of
pseudo-code. The input includes the state matrix {C(k,i)|k =0,1,..m;i=0,1,...n}containing
information on the velocity and displacement, as well as the array of path curvatures

{R(i)|i =0,1,...n}. The algorithm operates with two tables D(k,i) and P(k,i) that include the
minimum distances for the sub-problem of lower size (for the path C, ; —...C, ;) and the

pointers to the previous state C(k; ,,i—1) respectively. The procedure is composed of four

basic steps. The first step (1) initializes the distance and pointer matrices. In step (2), the
recursive formula (28) is implemented. The computing starts from the second layer, and it
tries all possible connections between the states in the current layer and the previous one

while verifying the wheel-ground adhesion and acceleration limits in the sub-step (2a). The



sub-step (2b) finds the optimal trajectories from all states {C(k,i), vk} belonging to the i"
layer and records the references to {C(j,i—1),Vj} into the pointer matrix P(k,i). In steps (3)

and (4), the optimal solution is finally obtained and the corresponding path is extracted by

means of backtracking.

3.3 Real-time Implementation of Developed Algorithms

For real-time implementation, a ‘moving window’ strategy was developed. This developed
strategy breaks down the full-size problem into a set of lower dimension sub-problems
corresponding to shorter displacements. As is shown in Fig. 8, a moving window is applied
segment by segment. For each window, the developed DP-based algorithm from
Subsection 3.2 is used to generate a trajectory segment, i.e. a local time-optimal motion from
the current state to some intermediate (goal) states with maximum velocity and some ahead
displacement. This procedure is periodically repeated while the current state is approaching
the target one. It is implemented in real-time, generating each new segment slightly in
advance while the controller is carrying out the motion profile from the previous window. The

latter allows us to execute the motion generation and implementation simultaneously.

4. Experimental Validation

The proposed methodology was validated via the experimental studies dealing with a mobile
robot in an indoor environment, around 30 m?. The following subsections present some

details concerning the robot technical parameters.
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Figure 8 Multi-segment strategy of real-time optimal motion generation for the mobile robot

4.1 Robotic Platform and Experimental Setup

The mobile robot (see Fig. 3) is a car-like system with four-wheel driving and front steering,
whose wheelbase is 0.450 m, and the length of the front/rear track is 0.482 m. The robot is
localized by means of indoor GPS. Odometer, available in each in-wheel motors equipped
with build-in hall-effect sensors, is used to measure and regulate the velocity of the wheels
only. A LIDAR makes the environment scanning for local vision construction. More details

concerning the sensors are given in Table. 1.



Table 1 Robot sensors, their parameters, and locations

Sensor parameters

Accuracy ¥2cm
Indoor GPS
Detection area ~30 m?
Marvel-Mind solution
Frequency 4Hz (average value)

Range 0.5-6 m
LiDAR scanner
Accuracy: 0.9%esolution (200 points for a 180<arc)
RPLIDAR A2
Frequency: 2000 Hz

Odometer 14-pole motor

The robot is actuated using four in-wheel motors (velocity control) and a steering
motor (position control). The dynamic capacities and specifications of the motors are

presented in Table. 2.

Table 2 Motors parameters and control modes

Basic parameters

Servo motor Maximum speed: 8.04 rad s*
Savox SB-2290SG Rotating range: [-335+339
In-wheel motors Maximum speed: 23.92 rad s*

MTO7052-HBM-60-HA (3200 ERPM)

The computation layer is based on an Intel Atom processor N270 (1.6 GHz 1 GB
DDR2 533 MHz RAM). The proposed algorithms were created on an external PC first and
then downloaded to the robot CPU via Simulink Real Time 2017. This hardware

configuration ran with the sampling time of 0.20 sec and utilizes the discrete solver from



Simulink. It should be mentioned that the sampling time used here is rather large to simplify
the experiment monitoring but for future industrial applications, it will be essentially reduced.

The experimental environment is shown in Fig. 9. The robot's initial location and the
target position were randomly selected by the experimenters. Within the test area, there is a
no-go area (also treated as a static obstacle). A dynamic obstacle (box) was moved manually

during the robot navigation.

. No-go area Q
O
X .

Initial location

Obstacle e .
Initial location

Figure 9 Experimental environment for indoor navigation

4.2 Experiment: Implementing High-Curvature Robot Paths

For the experiment, the maximum velocity was set to 0.50 ms?, and the maximum
acceleration was 0.30 m s2. The robot initial location was placed at (1.886, 5.376, -39.586,
and the target was defined by its position coordinates (0.645, 0.579). The no-go area was
presented as a circle of radius 0.350 m centered at (1.770, 3.96). The detecting range of the
LiDAR was set to 1.0 m for moving obstacles.

In the implemented motion planning algorithm, the robot workspace (p,#) was
discretized with n=10 samples for the polar radius p, and angle step A@=1°. It was

converted into a directed graph composed of from 1800 to 2700 nodes after collision
checking, which was used as an input to the developed DP-based algorithm producing a

collision-free path. Then, the proposed procedure of the time-optimal trajectory generation

was applied. Here, the robot state space (S, ds/dt) was discretized with the number of the



speed increments v =ds/dt set to 30, and the number of the distance increments n=10 was
the same as for the p discretization in the path planning. Thus, the robot state space was
converted into a directed graph composed of 300 nodes. Finally, a time sequence of the
speeds V(t) for the robot gravity center was obtained and transformed into the angular speeds

of the wheels.

An experimental result confirming the validity of the proposed approach is presented
in Fig. 10, which shows the robot motion and its planned path evolution caused by changing
of the environment. At the beginning of the experiment, the robot was placed at its initial
location, and the planned path was obtained taking into account the static obstacle only (see
case t = 0.0 sec, when the path was expected to be on the left side of the static obstacle).
Slightly later (see case t = 5.80 sec), when the robot posture changed, the route was modified
and located on the other side of the obstacle to meet the shortest path objective. The main
reason for this change is that the maximum steering constraint (2) is satisfied during the initial
planning whereas it is actually violated in practice. That is caused by the inaccuracies coming
from the approximate discrete presentation of constraint (2), as shown by equation (18). Such
violation may appear when the system status is close to the limit border. As shown in the
figure, the initial path at the time t = 0.00 sec is quite curved, already at the limits of the
maximum steering angle. It is also worth mentioning that the corresponding route segment at t
= 5.80 sec was close to a straight line, and the robot speed reached almost the maximum
value, about 0.48 ms™. But, when the robot was avoiding the static obstacle (at the time
t = 8.80 sec), the path curvature increased causing the speed reduction down to 0.40 ms™.
Further, at the time instant t = 10.00 sec, when the robot ‘saw’ a dynamic obstacle, the path
was essentially re-planned to avoid any collisions while moving to the target point. While
moving in the dynamic obstacle neighbourhood, the path curvature was very low allowing the

robot to use its maximum speed of 0.50 m s, see case t = 11.20 sec. At the final segment,



when the robot was reaching its target position (see time t = 16.80 sec), the path curvature
increased, and the speed decreased down to 0.29 ms™. In more detail, the evolution of the
robot location recorded by GPS and the estimated displacement along the path are shown in
Fig. 11.

To demonstrate the impact of the wheel-ground adhesion constraints on the robot
motion, Fig. 12 presents the time profiles of the planned speeds and the corresponding path
curvature to the total displacement. As can be seen from this figure, the path curvature is very
low at the time instance t = 5.6 sec, 8.0 sec, and 12.0 sec, so the robot speed is planned to be
maximum (or slightly lower because of the coarse discretization). In contrast, for other time
segments, the path curvature cannot be ignored, and the robot speed is reduced in order to
satisfy the wheel-ground adhesion constraint. It is worth mentioning that the proposed
constraint can be applied either to four wheels or to the virtual wheel located at the robot's
center of gravity for simplicity. Considering the computational capacity of the hardware, in
the experimental study, the proposed constraint was applied to the center of gravity. As we
assume the robot’s center of gravity and geometric centroid are overlapped, so the velocities
of two wheels on the same side should be the same. Such simplification is reasonable here
because the robot wheelbase of 0.450 m is rather small and even shorter than its wheel track
of 0.482 m. This simplification is also justified by Fig. 12 where the optimal time profiles for

both the robot center and wheels are presented.
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Figure 12 Time profiles of planned robot speed and corresponding path curvature

To show the validity of the proposed adhesion constraint, Fig. 13 presents the time
profiles of the planned longitudinal and lateral accelerations, as well as their resultant
acceleration (see the left hand side of equation (9), the simplification of the resultant tire
force). As can be seen from this figure, at the time instances t = 8.8 sec and 12.5 sec, the
resultant acceleration reached its limit (or slightly lower because of the coarse discretization).
It is also shown in Fig. 12 that at those two time instances, the robot was trying to enter the
high curvature path segment with relative high speed. This result confirms that by applying
the proposed constraint, the resultant acceleration is always within the friction limit, and the

adhesion condition is always satisfied.
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Figure 13 Time profiles of planned longitudinal, lateral, and resultant accelerations

To demonstrate the effectiveness of the proposed technique, the obtained time-optimal
trajectory has been also compared with the one from the conventional phase plane method
which does not allow taking into account the non-linear adhesion constraint (9) where the
velocity and acceleration are coupled. As can be seen from Fig. 14, using the conventional
phase plane method without wheel-ground adhesion constraint, the resultant acceleration of
the robot will be out of the friction limits when the path curvature and the robot speed are
both relative high, whereas the proposed solution ensures the wheel-ground adhesion for the

entire robot motion.
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Figure 14 Comparison of motions obtained from the proposed approach and conventional
phase plane method

In our experiments, to implement the planned path and generated trajectory along this
path, the PI speed controllers were employed for all wheels. Corresponding time profiles are
presented in Fig. 15, which shows some small differences between the planned and real wheel
speeds (as well as between the speeds of the front and rear wheels) that are not essential for
the global motion and are compensated due to periodical path/trajectory re-planning in
accordance with the current robot location and its environment. Therefore, the obtained
experimental results confirm the validity and practical reasoning of the proposed robot motion

planning technique.
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5. Discussion

In spite of the obvious advantages of the proposed technique (practical benefits confirmed by
the experimental study, the capability to take into account the velocity/acceleration limits, and
the wheel-ground adhesion constraints), there are a number of limitations and open questions
to be discussed. The first of them is related to the selection of the discretization step for the
path planning and trajectory generation. It is clear that a smaller discretization step may
provide faster and smoother motions but require extremely high computational efforts that
may be beyond the system hardware capacity. On the other side, too excessive discretization
does not yield significant improvement of our engineering objective that is focusing on
generating in real-time the smooth, collision-free, and fast motions. In our experiments, the
distance was discretized with the maximum step 0.6 m and the speed was sampled with the

largest step 0.017 m s, which were sufficient to obtain in real-time fast and smooth robot



motions within a workspace of 5>6 m?. Clearly, it is a trade-off between the robot motion
quality and our hardware capacities. However, in future implementations, it is reasonable to
adjust the discretization steps for both the path planning and trajectory generation in order to
have a better adaptation to the robot working environment. It also should be mentioned that
when the robot works in a wider workspaces like warehouses or factories, a hierarchical
architecture will be applied to the path planner which includes a global one and a local one.
The global path planner is event-based, not updated at each time step, and the local one uses
the same moving window as the trajectory generator, whose computing time remains the
same. Therefore, even in big workspaces, the computational effort of the proposed technique
will not increase significantly.

It is also worthy of mentioning that the main particularity of this work (dealing with
the wheel-ground interaction modelling) is based on a number of assumptions simplifying the
robot motion planning. For instance, the wheel-ground friction coefficient 4 was assumed to
be known and constant for all wheels while in the real working condition it can vary
essentially. In practice, a simple way of selecting x is to use the table including peak friction
coefficient according to different road conditions, which is widely used in automotive field
[35]. For example, on the dry concrete road, maximum x can be 0.9, whereas 0.1 on the ice
road. They are experimentally based, and sufficient for common road surfaces. A more
accurate way is to estimate such coefficient in real-time while using speed and force sensors
installed on wheel. It is usually implemented on vehicle electronic systems as ABS or ESP. In
addition, in the current work, the wheel slip angles and the robot chassis sideslip angles are
always assumed to be ignorable. Hence, it is reasonable in the future to expand the proposed

technique by including a more precise tire model.



6. Conclusion

This paper proposes a new method to generate the fastest collision-free motion for an
autonomous mobile robot in real-time. In contrast to the existing motion planning algorithms,
the proposed one takes into account not only constraints from the robot environment and its
kinematics/dynamics, but also some limits caused by the wheel-ground interaction to avoid
excessive skidding. An experimental study confirms the validity and practical reasoning of
the proposed technique.

In the future, the developed approach could be enhanced by executing the perception
and motion planning procedures with different time frequencies, which allows reducing the
computational efforts and producing smoother trajectories. The circular expression of
collision-free constraints for robots can be improved by using more accurate approximations,
for example in [36]. Also, more accurate approximations of the known/unknown obstacles
would be necessary, in order to have a better adaptation to various obstacles, such as walls or

tables, which are currently approximated by different small circles at each time step.
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