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Abstract: In the present article, we study the effect of estimating the vector of means
and variance-covariance matrix in the performance of the multivariate exponentially
weighted moving average (MEWMA) control chart. We show through simulation that
the performance of the MEWMA control chart is affected when the parameters are
estimated compared to the known parameters case. We show also that larger number
of Phase I samples are required to achieve the expected statistical performance of the
MEWMA chart when smaller smoothing constants are used in designing it. Under
some sampling scenarios, more than 2500 samples are needed to estimate the
unknown parameters to satisfy the intended statistical performance. The control limit
that achieves the desired in control ARL when estimating the parameters is computed
in several cases and formulas used to find approximately its values are given. Finally,
an optimal design strategy for the MEWMA chart with estimated parameters is

presented.
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1. Introduction

Control charts are a valuable tool for detecting an out of control process. During
the last decades there is an increasing interest for multivariate control chart techniques
due to the fact that many processes involve several quality characteristics (variables)
that are correlated. One of the most known control charts that belongs to this category
is the multivariate exponentially weighted moving average (MEWMA) chart. The
MEWMA control chart was introduced by Lowry et al. (1992) and it is used to detect
fast small to moderate shifts in a process. Prabhu and Runger (1997) showed how to

design this chart.

Generally speaking, the monitoring of a multivariate process includes two phases:
Phase I and Phase II. In Phase I, one checks the stability of the process and estimates
the unknown parameters. However, the main purpose in Phase II is to detect out-of-
control conditions as quickly as possible. The performance of a Phase I control chart
is measured in terms of the probability of chart signals. On the other hand, the
performance of a Phase II control chart is usually measured in terms of the parameters
of the run length, where the run length is defined as the number of samples taken until
the chart produces a signal. In order to use the MEWMA control chart during a Phase
IT application, the existing procedures for designing it are based on the assumption of
known process mean vector p and variance covariance matrix 2. In practice, however,
p and ¥ are usually unknown and we have to estimate these parameters using a
historical data set (Phase I). Using parameters estimates with design procedures
intended for known parameters can result in significantly deteriorated chart

performance since these estimators add extra variability in the process.

Several authors have dealt with this problem for different univariate control
charts, see e.g., Chen (1997) and Jones et al. (2001, 2004). Quesenberry (1993)
studied the effect of parameter estimation on the performance of the univariate
Shewhart chart. This researcher suggested that at least 100 Phase I subgroups with
sample size of 5 observations is needed to achieve expected statistical performance of
the Shewhart chart. Jones et al. (2001) showed that a number of subgroups more than

100 is needed to achieve expected statistical performance of the univariate EWMA
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chart. The problem in the multivariate case has been studied only in the case of the
T? chart (Nedumaran and Pignatiello (1999) and Champ et al. (2005)). None of the
previous studies investigated the effect of parameter estimation on the performance of
the MEWMA chart. This has been pointed by Jensen et al (2006) along with the
conjecture that no attention has been given to the multivariate EWMA chart a fact that
motivated this work. Our main focus in this paper is to investigate the effect of
estimating p and X from an in-control Phase I data set on the performance of the

MEWMA control chart used to monitor the process mean vector p.

In Section 2, we present the MEWMA chart and its main properties. The effect of
estimating the parameters on the performance of the proposed scheme is given in
Section 3. In Section 4, we present the control limits that give the desired in-control
average run length (ARL) when m samples of size n are used for estimating the
parameters of the p-variate MEWMA chart. Section 5 presents the way to design the
MEWMA control chart. Finally some comments and concluding remarks are given in

Section 6.
2. The MEWMA control chart

Let . i=1,2,... be - random vectors taken at regular time intervals and

assumed to follow a p-variate normal distribution N ,(m,,X,), where p, is the

known p-dimensional vector of means and X, is the known variance-covariance

matrix. Each vector records the values of p correlated quality characteristics that we

want to monitor simultaneously and we further assume that these X,'s, i=1, 2,... are

independent. The random vector . can be either the sample mean vector or

individual observation vector at time i. The main concern is to detect shifts in the

process mean vector p from the target vector p,. We assume without loss of
generality that p,= 0. The multivariate EWMA control chart statistic given by Lowry

et al. (1992) is

Z, =RX,+(I-R)Z_, i=1,23,.. (1)
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where R=diag( FislyseesT, ), O< r <1,j=1,2,..., p, and I is the identity matrix. Usually

the observations are weighted using the same value r, that is _ The

initial value Z, is usually set equal to the in-control mean vector of the process (i.e.,
Z,=n,). A straightforward note is that if R=I then the MEWMA control chart is

equivalent to the 72 Chart.

The MEWMA chart gives an out-of-control signal if Z;ZZiZ ;>h where X, is
the variance-covariance matrix of Z, and h is the control limit used to achieve the
specified in-control ARL. The variance-covariance matrix of Z, when

n=r,=..=r,=r isequal to

The MEWMA chart statistic is usually constructed in terms of the asymptotic
covariance matrix

r

= z
2

2)

z

When py and ¥ are unknown, then m in-control Phase I samples, each of size n are

used to estimate them. The in-control process mean vector Wy is estimated by
2X,

== (3)
m

»

X . .th . .
where X j s the j~ sample mean vector. Also, the unknown variance-covariance

matrix X is estimated by

S=1 @)

where S ; is the within sample variance-covariance matrix.

For simplicity, we consider only charts with equal smoothing parameters and

chart statistic calculated based on the asymptotic covariance matrix in Eq. (2). Lowry
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et al. (1992) showed that the MEWMA chart with equal smoothing parameters is
directionally invariant. Champ et al. - showed that the in-control run length
distribution of the directionally invariant T* chart statistic does not depend on the
unknown process parameters. The in-control run length distribution of the T* chart
statistic depends only on the number of variables p, the number of Phase I groups m,
and the sample size within each group n. The out-of-control run length distribution
depends on these constants as well as the statistical distance between the in-control
and out-of-control mean vectors. This distance is usually referred to as the -
- parameter. Thus, the performance analysis of the 7° chart can be given
without knowledge of the in-control values of the process parameters or their

estimates.

Lowry et al. (1992) showed that the ARL performance of the MEWMA control

chart with equal smoothing parameters (i.e., , =r, =..=r, =r) depends only on the

non-centrality parameter. This means that the MEWMA chart has the property of
directional invariance. The use of unequal weights cancels out this property since in
this case the ARL depends on the direction of the shift. It can be shown that the run
length distribution of the directionally invariant MEWMA control chart with

estimated parameters depends only on the values of p, m, n, and the smoothing

parweter 7. The proof is given in Champ and Jones-Farmer (2007).

Rigdon (1995a,b) gave an integral and a double integral equation for the
calculation of in-control and out-of-control ARLs of the MEWMA chart. Runger and
Prabhu (1996) used a Markov chain approximation to determine the run length
performance of the MEWMA chart. Evaluating the run length performance of the
MEWMA chart using the double integral equations or Markov chain approximation
when the parameters are estimated from m in-control Phase I samples is intractable.
Thus, the results we present in this paper are rather based on extensive Monte Carlo

simulation.
Prabhu and Runger (1997) provided recommendations for the selection of

parameters for a MEWMA chart. To [@BIB8I quickly small sustained shifts in the

process mean vector, it is usually recommended that one design the MEWMA chart
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using small values of the smoothing parameter r; see Lowry et al. (1992). To achieve
robustness to violations of the multivariate normality assumption, Stoumbos and
Sullivan (2002) recommended the use of smoothing parameters in the range from
0.02-0.05 for the MEWMA chart. However, as mentioned in Mahmoud and Zahran
(2010), a very large sudden shift in the process mean vector may not be detected
immediately if small values of r are used. When using a small value of r, the current
observation receives a small weight r, and an observation far from the target value
may not result in an immediate out-of-control signal. Moreover, the MEWMA charts
with small values of r can build up an arbitrary large amount of inertia; see for
example Woodall and Mahmoud (2005) and Mahmoud and Zahran (2010). In this
paper, we investigate the performance of the MEWMA chart with some different
recommended values of the smoothing parameters r=0.05, 0.10, and 0.20 when the in-

control parameters are estimated.
3. Effect of estimated parameters on the performance of the MEWMA chart

When estimates are used instead of unknown parameters, the sampling
distribution of the MEWMA chart statistics should account for the variability in the
estimators. If the researcher does not take this variability into account, the in-control
and out-of-control performance of the control charts can be strongly affected. The
direct result of not taking this variability into account is the significant increase of the
number of false alarms, especially when the sample size of the phase I data set is
small. As the sample size of the phase I data set increases, the estimation error
decreases. In this section we investigate using simulation the performance of the

MEWMA chart with estimated parameters.

As mentioned in Section 2, when the mean vector and the covariance matrix
are unknown they are usually estimated using an in-control reference sample

consisting of m subgroups of size n from an in-control N ,(p,,X,) where m >1 and

m(n—1) > p. Then the estimators used are ji, = X and io =S, where X and S are

as defined in Egs (3) and (4), respectively. Anderson (1984) showed that if a random
sample X, X;, ..., X, is taken from N » (n,,X,)at sampling stage j, then the sample
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— z
mean vector X ; ~N, (uo,—o) and the matrix (n— l)S,. ~Wishart ,(Eg,n— 1), where
" .

Wishart ,(X,,n—1) 1s the p-variate Wishart distribution with parameters X, and

- degrees of freedom. Accordingly, the in-control estimator of the process mean
= ¥ _
vector X ~N (p, ,—2) and the matrix [m(n—1)S ] ~Wishart ,(X,,m(n—1)).
nm

As mentioned in Section 2, the in-control run length distribution of the
MEWMA chart statistic depends only on p, m, n and r. Since the ARL performance of
the MEWMA chart depends on the in-control parameters or their estimates only

through the non-centrality parameter, we assume without loss of generality that p,=0

and X, =1I. In our simulation studies we considered five different values for p (p=2,

3, 4, 5, or 6), nine values for m (m= 30, 40, 50, 70, 100, 150, 200, 300, or 500), four
values for n (n= 3, 5, 10, or 15), and three values for r (r=0.05, 0.10, or 0.20). The
values used for p, n, and m were chosen in order to represent small to large values of
these parameters. The three selected values for the smoothing parameter r are the

most recommended values in the literature.

In our simulation study, the procedure used to investigate the effect of p, m, n
and r on the in-control ARL performance of the MEWMA chart can be described as
follows:

1- Using 50,000 simulation runs, we first estimated the upper control limit A
needed to produce an in-control ARL of 200 when different values of the
smoothing parameter r is used in designing the MEWMA chart statistic with
known parameters. The performance and design of a multivariate control
charts based on an in-control ARL of 200 were studied by several researchers;
see for example Lowry et al. (1992), Champ et al. (2005), and Mahmoud and
Zahran (2010). Table 1 gives the values of h according to different values of p
and r. For example, when r=0.05 the upper control limit that gives the desired
in-control ARL is £=7.36 in case of p=2, h=9.41 in case of p=3 and h=12.97 in

case of p=5.

= )y -
2- Then, we generated a random vector X from N ) (uo,—o) and matrix S from
nm

Wishart ,(X,,m(n—1)). The random vector X and the matrix S were

. i : : -
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generated to represent the random information given in the parameter
estimates stage (Phase I).

3- Then we generated a random vector . to represent the new Phase II process

information observed at the i sampling stage.

4- The MEWMA statistic defined in Eq. (1) was then calculated based on the

estimated parameters X and S and compared to the upper control limit A
calculated in Step 1.

5- Steps 3-4 are repeated until a signal is given. When the signal is given then we
record the run length.

6- Steps 2-5 are repeated 50,000 times and the ARL is then calculated. The
procedure IML in the statistical - SAS was used to generate the random
vectors and matrices and to estimate the ARL values.

(Insert Table 1 about here)

Tables 2-4 give the in-control ARL values of the MEWMA chart for different
values of m, n, p, and r. As shown in these tables, the in-control performance of the
MEWMA control chart with estimated parameters is strongly affected if the
researcher uses the upper control limit ~ designed based on known parameters. For
example, as shown in Table 2, when . smoothing parameter r=0.05 and h= 7.36 are
used in designing the MEWMA chart for monitoring bivariate quality characteristics
(p=2) and the parameters are estimated using m=30 Phase I samples with n=3
observations, the in-control ARL produced by the chart is only 85.82. The in-control
ARL of this chart when the parameters are known is 200. This example shows that the
in-control run length distribution is seriously affected by ignoring the variability
added by estimating the unknown parameters. As expected, as m and/or n increases,
the number of false alarms produced by the MEWMA chart decreases, as shown in
Tables 2-4. For instance, in the previous example if m increases from 30 to 500, the
ARL increases from 85.82 to 177.15. On the contrary, the number of false alarms
produced by the MEWMA chart increases as p increases. Compared to the previous
example, when m=30, n=3, r=0.05, and p=6, the in-control ARL produced by the
MEWMA chart is reduced to 41.49.

(Insert Tables 2-4 about here)
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As for the effect of the smoothing parameter r used in designing the MEWMA
chart, the results in Tables 2-4 show that as r increases the number of false alarms
produced by the MEWMA chart decreases. For example, if m=30, n=3, p=2 and r
increases from 0.05 to 0.10, the ARL increases from 85.82 to 94.68. If the same m, n,
and p are used and r increases from 0.10 to 0.20, the in-control ARL increases from
94.68 to 111.18. Notice that the 7° chart is a special case of the MEWMA chart when
r=1. Our simulation study shows that if r increases from 0.20 to 1, the in-control ARL

increases from 111.18 to 164.02.

In order to reduce the variability in the sampling distribution of the estimates
so that the ARL performance of a chart with estimated parameters is not significantly
affected, the number of Phase I samples m should increase to an appropriate level. For
example, Champ et al. (2005) recommended a number of Phase I samples m>900/n
when designing the 2-variate T° control chart with estimated parameters. Several
researchers gave the appropriate number of samples required to achieve a desired in-
control ARL when a control chart with estimated parameters is used when the sample
size n=5; see for example Quesenberry (1993) and Jones (2002). Our simulation
results show that the sufficient number of Phase I samples depends on the smoothing
parameter r. These results show that larger number of Phase I samples are required
when smaller smoothing constants are used. For example, while at least 2000 samples
of size 5 is needed to achieve the expected statistical performance of the 2-variate
MEWMA chart with estimated parameters when r=0.05, only 1400 and 1000 samples
are sufficient to achieve it when r=0.10 and 0.20, respectively. As expected,
monitoring a mean vector with a dimension more than 2 using the MEWMA chart
with estimated parameters requires larger number of Phase I samples than those listed
for p=2 to achieve the desired ARL performance. For example, when p=6 and r=0.20,
more than 2500 samples of size 5 are needed so that the in-control ARL produced by
the MEWMA chart is 200.

4. Corrected Limits for the MEWMA chart with estimated parameters

In some practical applications the data are plentiful and hence waiting until

1000 or more Phase I samples to accumulate is feasible. However, in most real-life

. 9 . : o
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applications such large number of Phase I samples is usually not available. As shown
in Section 3, if the practitioner uses a control chart with parameters estimated based
on small number of samples, the statistical performance of the chart can be very poor.
On the other hand, waiting a long time to obtain the necessary data may result in the
presence of undetected parameter shifts during this time. Therefore, several
researchers have developed design procedures for some quality control charts that do
not require the assumption of known parameters; see Quesenberry (1993), Jones
(2002), and Champ et al. (2005). The main idea of these procedures was to use wider
control limits for the chart in order to reflect the variability of the parameter estimates
used in constructing the chart statistic. Champ et al. (2005) referred to these limits as
the "corrected limits". In this section we develop using simulation the corrected limits
of the MEWMA chart that give exactly an in-control ARL of 200 when m Phase I

samples of size n are used in estimating the unknown parameters.

Tables 5-7 give the simulated corrected control limits for the p-variate
MEWMA chart with parameters estimated from m samples of size n that give in-
control ARL of 200 when r=0.05, 0.10, and 0.20, respectively. These limits were
obtained by the simulation algorithm (steps 2-6) described in Section 3. An additional
binary search similar to that described in Champ et al. - was used to obtain these
limits. The main idea of the binary search was to adjust the limits until the desired
ARL value was obtained.

(Insert Tables 5-7 about here)

The results in Tables 5-7 show that the corrected limits depend on the size of
m, n, p, and r. Smaller values m and/or n require wider corrected limits to achieve the
desired in-control ARL. In practice, if m and/or n are different from the values given
in Tables 5-7, the practitioner may use interpolation to determine an appropriate
corrected control limit. Alternatively, we give estimated corrected limits for the p-
variate MEWMA charts in Tables 8-10 when r=0.05, 0.10, and 0.20, respectively.
The linear equation models given in these tables are least squares estimates of the
corrected limits using the logarithm of m (with base=10) as the independent variable
in simple linear regression models. For example, when n=5, p=2, and r=0.05, Table 8

gives the estimate of the corrected limits as a linear function of the logarithm of m by:

. 1 : : -
URL: http://mc.manuscriptcentral.com/Issp g-maﬂ: comstat@univmail.cis.mcmaster.ca

Page 10 of 24



Page 11 of 24

©CoO~NOUTA,WNPE

Communications in Statistics - Simulation and Computation

h=13.055-2.118xlog,,m, 30<m<500. (5)

When n=5, p=2, and r=0.05, if m=210 samples are available, the estimated corrected
limits calculated from Equation (5) is 8.14. Using 50,000 simulation runs, this
estimated corrected limit produces an in-control ARL of 208. Each of the least
squares estimates of the corrected limits listed in Tables 8-10 produced a coefficient
of determination R” of at least 90%.

(Insert Tables 8-10 about here)
5. Optimal design of the MEWMA chart with estimated parameters

Although the corrected control limits given in Section 4 result in a chart with
the desired in-control ARL, a subsequent increase in the out-of-control ARL of the
MEWMA chart with estimated parameters over the chart with known parameters is
expected. The optimal statistical design of an MEWMA chart requires not only
determining the control limit % that satisfies the desired in-control ARL, but also the
smoothing parameter r that minimizes the out-of-control ARL for a shift of a
specified size measured in terms of the non-centrality parameter. As mentioned
before, the out-of-control run length performance of the MEWMA chart does not
depend on the parameters or their estimates. This performance rather depends on the
values of m and n through the value of the corrected control limit, the smoothing
parameter r, the number of monitored variables p, and the size of the shift measured

in terms of the non-centrality parameter A.

In this section, we compute the value of the smoothing parameter r and the
corresponding corrected limit / that optimize the out-of-control performance of the p-
variatet MEWMA chart for different values of m of size n=5. The MEWMA chart is
usually recommended for detecting optimally small sustained shifts. In our study, two

sizes of the process shift were considered; a standardized shift in the non-centrality

parameter from A=0 to A =0 /\/; was considered, where 6 =0.5 or 1. Three values
were considered for p (p=2, 3, or 4) and 4 values for m (m=30, 50, 100, or 200). The
procedure used to find the optimal design of the MEWMA chart with estimated

parameters can be described as follows:

. 1 : : -
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1. For given values of m and p, all the combinations of r and 4 that produce an
in-control ARL of 200 were obtained based on Steps 2-6 in the procedure
described in Section 3.

2. For each combination of r and A, a standardized shift in the non-centrality

parameter of size o/ Jn is introduced and the out-of-control ARL is then

estimated. This shift was made by changing the process mean vector from

p=0to p =p, such that -=§ //n . The optimal values of r and A are

those that minimize the out-of-control ARL for the specified shift.

Tables 11 and 12 give the optimal combination of r and 4 for different values of m
and p when 6 =0.5 and 1, respectively. The second column in both tables gives the
optimal values of r in detecting shifts of various sizes for an in-control ARL of 200.
The following columns give the values of the upper control limit 4 that achieve the
desired in-control ARL of 200 when m samples of size n=5 are used in estimating the
unknown parameters and the out-of-control ARL corresponding to the specified shift.
The last two columns in these tables give the upper control limits and the out-of-
control ARLs when the MEWMA statistic is calculated based on known parameters.

(Insert Tables 11-12 about here)

Our simulation results show that the optimal value of r does not depend on the
number [ll of Phase I samples [ on whether the MEWMA chart statistic is calculated
based on known or estimated parameters. Also, this optimal value does not vary much
as p changes. The optimal values of r given in this paper are very close to the optimal

values given in Table 2 in Lowry et al. (1992, p. 49).

The results in Tables 11-12 show that the out-of-control ARL performance
improves significantly as the number of samples m increases. For example, when p=2,
the out-of-control ARL for detecting a shift of size 6=0.5 decreases from 46.41 when
m=30 to 29.72 when m=200. When known parameters are used in constructing the 2-
variate MEWMA chart statistic, the out-of-control ARL for detecting this size of shift
18 26.50, as shown in Table 11.

. 1 : : -
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5. Conclusions

In this paper we have studied the effect of estimating the parameters on the
MEWMA control chart. Specifically, we have shown through simulation that the
performance of the MEWMA chart is seriously affected if the vector of means and the
covariance matrix are estimated based on | small number of Phase I samples. The
value of the control limit is computed for several combinations of the number of
samples and sample size so that the in-control performance of the MEWMA chart in
the case of known and estimated parameters is equivalent. Finally, an optimal design
of the MEWMA chart is presentedl providing to the practitioners the suitable
smoothing parameter for fast detection of an out of control situation for different shift

sizes.
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Table 1: The upper control limit value that produce an in-control ARL of 200 when
known parameters are used in constructing the MEWMA chart statistic, given for

different values of p and r.
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10 p
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Table 2: The ARL values when m Phase I samples with p variables, each of size n are

used to estimate the unknown parameters and the UCL used is the one that gives in-

control ARL of 200 when the parameters are known. The smoothing parameter used

in calculating the MEWMA chart statistic is r=0.05.

Page 16 of 24

p n i
30 40 50 70 100 150 200 300 500
3 | 85.82| 97.16 | 105.79 | 116.00 | 132.83 | 146.09 | 154.80 | 164.75 | 177.15
2 5 187.05| 97.31|106.19 | 116.12 | 133.46 | 148.18 | 155.68 | 166.05 | 177.52
10 | 89.38 | 99.00 | 107.04 | 119.90 | 134.34 | 148.79 | 156.16 | 168.32 | 179.61
15| 89.40 | 99.33 | 107.99 | 122.56 | 135.93 | 149.46 | 156.51 | 168.72 | 180.42
3 |65.82| 76.80| 86.22 | 101.01 | 115.54 | 133.40 | 146.50 | 155.21 | 174.51
3 5 16921 | 81.05| 91.00 | 104.37 | 120.61 | 134.99 | 147.27 | 160.15 | 174.97
10| 7158 | 81.86| 91.33 | 104.73 | 121.31 | 136.83 | 147.40 | 162.83 | 175.29
1517193 | 8275| 91.51 | 105.07 | 121.45 | 137.26 | 147.49 | 162.90 | 175.32
3 | 55.11| 65.69 | 74.75| 89.62 | 104.48 | 120.48 | 135.41 | 149.26 | 164.57
4 5 5878 | 69.17| 78.43| 92.66 | 108.16 | 124.97 | 137.90 | 151.95 | 166.56
10 | 60.23 | 71.39 | 79.62 | 95.91 | 110.04 | 125.70 | 138.80 | 152.58 | 167.75
15| 61.08| 71.62| 80.33| 96.87 | 110.22 | 125.99 | 138.88 | 152.67 | 167.63
3 | 46.80 | 56.12| 65.24 | 79.51 | 96.15 | 115.84 | 127.03 | 145.00 | 164.05
5 5 15079 | 60.12| 69.05| 84.82 | 100.49 | 119.05 | 131.22 | 148.97 | 164.35
10| 5279 | 63.23| 72.10| 86.25| 102.94 | 121.01 | 134.31 | 151.11 | 164.76
15| 54.07 | 64.64 | 73.89 | 87.44 | 103.78 | 122.04 | 134.20 | 151.94 | 164.82
3 141.49| 49.97| 58.45| 7152 | 87.10 | 109.71 | 120.25 | 139.96 | 157.06
6 5 | 45.05| 55.06| 62.75| 78.01| 94.82 | 113.90 | 125.96 | 143.64 | 161.12
10| 47.93 | 57.47 | 6597 | 81.07 | 95.74 | 115.46 | 126.11 | 143.91 | 161.23
15| 49.83 | 5854 | 67.85| 81.42| 96.39 | 115.86 | 127.71 | 144.00 | 161.38
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Table 3: The ARL values when m Phase I samples with p variables, each of size n are

used to estimate the unknown parameters and the UCL used is the one that gives in-

control ARL of 200 when the parameters are known. The smoothing parameter used

in calculating the MEWMA chart statistic is r=0.10.

p n "
30 40 50 70 100 150 200 300 500
3 | 94.68 | 105.37 | 117.50 | 131.88 | 141.05 | 156.04 | 163.53 | 175.83 | 182.53
2 51 97.64 | 107.94 | 118.49 | 132.88 | 142.27 | 157.93 | 165.22 | 176.79 | 182.97
10 | 99.05 | 108.90 | 119.13 | 133.17 | 143.68 | 158.35 | 166.13 | 176.87 | 183.07
15| 100.05 | 109.41 | 120.24 | 134.38 | 144.45 | 158.76 | 166.56 | 176.88 | 183.18
3| 7258 | 84.98 | 96.48 | 109.84 | 123.76 | 142.82 | 153.68 | 162.20 | 175.07
3 51 76.10| 88.75| 99.88 | 114.06 | 129.55 | 146.33 | 156.01 | 165.74 | 175.58
10| 7893 | 90.38 | 101.81 | 115.78 | 130.13 | 148.35 | 158.65 | 166.38 | 176.38
15| 80.94| 92.07 | 103.00 | 116.16 | 130.56 | 148.90 | 158.97 | 166.52 | 177.03
31 5712 | 69.73| 79.38| 97.49 | 113.07 | 133.59 | 145.66 | 155.98 | 171.34
4 5| 64.07| 7423 | 86.30 | 102.24 | 116.60 | 137.67 | 148.39 | 158.57 | 175.72
10| 66.42 | 78.72| 90.55 | 106.12 | 122.32 | 140.77 | 149.54 | 160.42 | 175.75
15| 68.02| 80.15| 91.10 | 106.49 | 123.60 | 141.14 | 150.64 | 161.16 | 175.77
3| 4712 5959 | 73.14 | 85.40 | 104.13 | 121.62 | 134.37 | 151.85 | 168.59
5 5| 5536 | 67.32| 77.72| 93.64 | 110.77 | 127.72 | 140.27 | 155.50 | 170.07
10| 60.11 | 7052 | 80.49| 95.90 | 112.82 | 131.77 | 143.87 | 157.64 | 170.23
15| 61.92| 74.68| 83.05| 96.44 | 113.34 | 134.96 | 145.84 | 158.41 | 170.86
3 | 40.95| 52.88| 62.87| 80.70| 98.35| 118.29 | 135.17 | 150.76 | 171.17
6 5| 4896 | 59.98| 70.63 | 87.59 | 105.97 | 124.67 | 137.46 | 154.31 | 172.25
10| 5360| 66.50| 76.31| 92.44 | 108.24 | 129.14 | 142.55 | 156.44 | 172.36
15| 5526 | 68.29| 7857 | 93.57 | 111.34 | 131.42 | 143.18 | 157.52 | 172.44
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Table 4: The ARL values when m Phase I samples with p variables, each of size n are

used to estimate the unknown parameters and the UCL used is the one that gives in-

control ARL of 200 when the parameters are known. The smoothing parameter used

in calculating the MEWMA chart statistic is r=0.20.
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p n "
30 40 50 70 100 150 200 300 500
3 1111.18 | 123.14 | 130.29 | 144.76 | 155.72 | 163.87 | 171.10 | 180.10 | 186.79
2 5 1111.87 | 124.23 | 133.75 | 145.64 | 156.41 | 164.38 | 173.79 | 182.78 | 190.02
10 | 112.31 | 125.58 | 135.51 | 146.16 | 158.13 | 166.77 | 175.06 | 184.26 | 191.10
15| 113.33 | 126.44 | 136.68 | 147.95 | 159.70 | 168.85 | 179.52 | 187.21 | 193.14
3| 83.04| 98.25|107.89 | 122.11 | 140.72 | 155.51 | 162.12 | 172.88 | 183.90
3 5| 88.71 | 103.68 | 113.69 | 129.19 | 144.20 | 157.60 | 165.87 | 174.87 | 183.08
10| 94.36 | 107.27 | 117.52 | 131.73 | 147.15 | 158.91 | 168.20 | 176.42 | 184.04
15| 9585 108.64 | 118.30 | 133.46 | 148.49 | 159.18 | 169.88 | 177.89 | 184.11
3| 6567 | 79.35| 90.72 | 108.96 | 126.54 | 141.24 | 154.43 | 169.87 | 178.05
4 5 | 74.44 | 89.60 | 100.95 | 116.56 | 135.59 | 150.42 | 162.37 | 171.57 | 180.24
10| 8232 | 97.49 | 106.64 | 122.08 | 139.88 | 153.87 | 163.31 | 173.04 | 182.48
15| 86.23 | 100.44 | 109.67 | 126.05 | 139.27 | 154.37 | 164.43 | 174.40 | 183.09
3| 52.73| 66.84 | 79.18| 97.48 | 115.81 | 140.31 | 149.07 | 163.73 | 175.88
5 5 | 66.54| 80.35| 93.03|107.26 | 128.87 | 146.09 | 157.31 | 169.66 | 179.82
10| 7493 | 87.30| 98.99 | 111.42 | 135.49 | 151.88 | 162.37 | 170.30 | 182.14
15| 77.38| 90.46 | 103.05 | 115.86 | 137.51 | 154.05 | 163.63 | 171.60 | 182.55
3 | 4389| 57.01| 67.38| 86.24 | 106.19 | 127.25 | 139.82 | 153.76 | 171.65
6 5| 56.18| 71.26 | 82.32| 98.99 | 117.66 | 138.86 | 149.88 | 161.15 | 175.50
10| 66.01| 80.47| 92.07 | 107.81 | 126.42 | 142.00 | 156.00 | 165.97 | 176.61
15| 68.42| 81.77| 9581 | 111.59 | 129.89 | 144.83 | 158.26 | 166.86 | 178.42
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Table 5: The UCL values that produce in-control ARL of 200 when m Phase 1

samples with p variables, each of size n are used to estimate the unknown parameters.

The smoothing parameter used in calculating the MEWMA chart statistic is 7=0.05.

m
P n
30 40 50 70 100 150 200 300 500
3 11025| 982| 945| 898| 862| 828| 808| 7.85| 7.66
2 5 11023| 978| 941| 896| 860| 826| 806| 7.84| 7.65
10 | 1020| 974| 937| 89| 860| 826| 806| 7.83| 765
15110147 | 968| 935| 895| 859| 825| 805| 7.83| 7.65
3 11417 | 1325| 1270| 11.95| 1130 | 10.75| 10.45| 10.13| 9.86
3 511395| 13.10| 1254 | 11.80| 1122 | 10.68| 10.41| 10.12| 9.85
10| 1373 | 12.95| 1240| 11.68| 11.21| 1065| 10.39| 10.11| 9.85
151 1363 | 1284 | 1233| 1165| 11.20| 1065| 10.37| 10.10| 9.85
3 11810 | 16.63| 15.80| 14.70| 13.85| 13.10| 12.65| 1223 | 11.85
4 5 11745| 16.25| 1540 | 14.43 | 13.63| 12.93| 1255| 1217 | 11.82
10 | 17.00| 1597 | 1526 | 14.35| 1357 | 1290| 1253 | 1215| 11.80
151 1690 | 1585| 1520 | 14.30| 13.55| 12.89| 1253 | 1215| 11.80
3 |21.97| 2000| 18.73| 17.40| 16.23| 1527 | 14.70| 14.10| 13.70
S 5 |2083| 19.30| 18.28| 17.00| 1597 | 15.10 | 14.58| 14.00| 13.68
10 1 2031 | 1888 | 18.10| 16.80| 15.85| 14.98| 1453 | 13.98| 13.65
15| 2022 | 1870 | 17.93| 16.77 | 1580 | 14.95| 14.50| 13.98| 13.65
3 |2595| 23.40| 21.65| 20.00| 1861 | 17.33| 16.72| 16.05| 15.48
6 5 | 2422 | 2235| 21.08| 19.44| 1820 | 17.08| 1653 | 15.95| 1544
10 | 2345 | 21.75| 20.65| 19.15| 18.00| 16.97 | 16.44 | 1593 | 15.43
151 2330| 2149 | 2047 | 19.10| 17.93| 1694 | 16.40| 1592 | 1543
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Table 6: The UCL values that produce in-control ARL of 200 when m Phase 1

samples with p variables, each of size n are used to estimate the unknown parameters.

The smoothing parameter used in calculating the MEWMA chart statistic is 7=0.10.

Page 20 of 24

p n "
30 40 50 70 100 150 200 300 500
3 110.84| 1044| 1017 | 984| 958| 930| 913| 899| 886
2 511082 | 1040 1014 | 981| 955| 927| 911| 897| 885
10| 1081 | 1037 | 10.12| 979| 953| 926| 9.10| 897| 885
15| 1080 | 1036 | 10.11| 9.77| 952| 926| 910| 897| 885
3 11447 | 1372 1325| 1270 | 12.18| 11.81| 1153 | 11.29| 11.10
3 5 |1412| 1345 13.08| 1254 | 12.09| 11.76 | 11.47| 11.27 | 11.09
10 | 13.93 | 13.36 | 12.98| 12.48 | 12.04| 11.72| 11.46| 11.26 | 11.09
1511387 | 1332 | 1293 | 1242 | 12.02| 11.69| 11.46| 11.25| 11.09
3 118.00| 16.75| 16.12| 1530 | 14.62 | 14.03| 13.70 | 13.40| 13.14
4 511732 | 16.38| 15.80 | 15.07| 14.40 | 13.92| 13.65| 13.35| 13.11
10 | 16.88 | 16.12| 1556 | 14.92| 14.33| 13.86| 13.63| 13.32| 13.10
151679 | 16.01| 1547 | 1482 | 1428 | 13.83| 13.62| 13.31| 13.09
3 12137 | 1980 | 18.94| 17.86| 16.91| 16.18| 1577 | 1539 | 15.10
5 5 |2024| 19.16 | 1835| 17.40| 16.63 | 1599 | 15.65| 1535 | 15.06
10 | 19.73 | 1870 | 18.02| 17.15| 16.46 | 1590 | 15.62| 15.32| 15.03
15| 1958 | 1855| 17.85| 17.08| 16.40 | 1587 | 15.60 | 15.30 | 15.00
3 12485| 22091 | 21.75| 20.25| 19.17 | 18.27 | 17.77 | 17.27| 16.90
6 5 |2325| 21.78| 20.82 | 19.71| 18.72| 17.96 | 1759 | 17.18| 16.82
10 | 2241 | 21.10| 2031 | 19.28 | 18.48 | 17.82| 1753 | 17.14| 16.77
15 | 2223 | 2096 | 20.19| 19.22| 18.43| 17.76 | 1750 | 17.11| 16.74
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1

2

2 Table 7: The UCL values that produce in-control ARL of 200 when m Phase 1

2 samples with p variables, each of size n are used to estimate the unknown parameters.

7 The smoothing parameter used in calculating the MEWMA chart statistic is 7=0.20.

8

9 P n m

10

11 30 40 50 70 100 150 200 300 500

13 11.21 10.91 10.69 | 1050 | 10.27 | 10.13 ] 10.00 9.84 9.80

14 5

15 1117 | 1087 | 1066 | 1047 | 10.26 | 10.11 9.98 9.83 9.79

16 10

17 1114 | 10.85| 1065 | 1045 10.25| 10.10 9.97 9.83 9.79
15

ig 11.11 10.84 | 1064 | 1044 | 1024 | 10.10 9.96 9.83 9.79

3 3

32 1450 | 14.00| 1368 | 13.20| 1283 | 1258 | 12.31 12.21 12.06
5

22 1418 | 13.76 | 13.41 13.02 | 12.74 | 1250 | 1228 | 1218 | 12.05

23 10

24 13.98 | 1360 | 13.28 | 1295 | 1269 | 1244 | 1227 | 1217 | 12.04

25 15

26 13.90 | 1354 | 13.23| 1292 | 1266 | 1240 | 1226 | 1216 | 12.04

27 4 3

28 17.78 | 16.93 | 16.33 | 15.70| 1523 | 14.78 | 1459 | 14.34| 14.16
5

gg 17.08 | 16.39 | 1594 | 1542 | 15.02 | 1467 | 1448 | 1428 | 1412
10

g; 16.65| 16.10 | 15.70 | 1525 | 1487 | 1460 | 1442 | 1424 | 14.11
15

33 16.53 | 16.00 | 1563 | 15.18 | 14.80| 1455| 1438 | 1422 | 14.10

34 5 3

35 2092 | 19.73| 19.00| 18.08| 1745| 1692 | 16.63 | 16.35| 16.13

36 5

37 19.78 | 18.86 | 18.31 1767 | 1714 | 1667 | 1647 | 16.28 | 16.06
10

gg 19.15| 1844 | 18.00| 1738 | 16.99 | 16.57| 16.40| 16.23 | 16.02
15

jg 1897 | 1827 | 1787 | 1730 | 1690 | 16.52| 16.36 | 16.20 | 16.00

6 3

42 2417 | 2250 | 2148 | 2043 | 1964 | 18.95| 18.61 18.23 | 17.90

43 3

44 2246 | 21.33| 20.70| 19.84 | 19.16 | 1865 | 1839 | 18.06| 17.86

45 10

46 21.51 20.73 | 20.15| 1944 | 1895| 1850 | 18.31 1796 | 17.83

47 15

48 21.32| 2053 | 20.02| 1933 | 18.85| 1843 | 18.25| 1792 | 17.82

49

50

51

52

53

54

55

56

57

58

59

60
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Table 8: The least square estimate of the UCL as a function of the logarithm of m. The

estimate produces in-control ARL close to 200 when the smoothing parameter used in

calculating the p-variate MEWMA chart statistic is 7=0.05.

n
p
3 5 10 15
2 13.116-2.137xlog(m) 13.055-2.118xlog(m) | 12.979-2.087xlog(m) | 12.893—-2.053xlog(m)
3 18.709-3.492xlog(m) | 18.282-3.328xlog(m) | 17.828-3.145xlog(m) | 17.608-3.056xlog(im)
4 24.423-4.974xlog(m) | 23.241-4.519xlog(m) | 22.551-4.237xlog(m) | 22.312-4.138xlog(m)
5 30.237-6.567xlog(m) | 28.317-5.806xlog(m) | 27.382-5.436xlog(m) | 27.055-5.307xlog(m)
6 36.167-8.225xlog(m) | 33.328-7.095xlog(m) | 31.823-6.491xlog(m) | 31.372-6.312xlog(m)
Table 9: The least square estimate of the UCL as a function of the logarithm of m. The
estimate produces in-control ARL close to 200 when the smoothing parameter used in
calculating the p-variate MEWMA chart statistic is 7=0.10.
n
p
3 5 10 15
2 12.956—-1.612xlog(m) | 12.908-1.600xlog(m) | 12.851-1.579xlog(m) | 12.819-1.567xlog(m)
3 17.953-2.710xlog(m) 17.282—-2.445xlog(m) 16.970-2.320xlog(m) 16.836—2.269xlog(m)
4 22.795-3.835xlog(m) | 21.653-3.385xlog(m) | 20.875-3.073xlog(m) | 20.629-2.979xlog(m)
5 27.606—-4.987xlog(m) | 25.617-4.198xlog(m) | 24.541-3.772xlog(m) | 24.198-3.641xlog(m)
6 32.715-6.308xlog(m) | 29.755-5.141xlog(m) | 28.057-4.469xlog(m) | 27.741-4.351xlog(m)
Table 10: The least square estimate of the UCL as a function of the logarithm of m.
The estimate produces in-control ARL close to 200 when the smoothing parameter
used in calculating the p-variate MEWMA chart statistic is r=0.20.
n
p
3 5 10 15
2 12.699-1.146xlog(m) | 12.623-1.120xlog(m) | 12.569-1.099xlog(m) | 12.525-1.082xlog(m)
3 17.093—-1.995xlog(m) 16.414—1.729xlog(m) 16.020—1.573xlog(m) 15.867-1.515xlog(m)
4 21.395-2.866xlog(m) | 20.043-2.352xlog(m) | 19.250-2.042xlog(m) | 19.021-1.959xlog(m)
5 25.950-3.781xlog(m) | 23.435-2.937xlog(m) | 22.309-2.495xlog(m) | 21.944—2.358xlog(m)
6 30.046-4.842xlog(m) | 27.040-3.661xlog(m) | 25.314-2.979xlog(m) | 24.908-2.829xlog(m)
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Table 11: The optimal value of the smoothing parameter r and the corresponding

UCL that give an in-control ARL of 200 when using m samples of size n=5 in

estimating the parameters of the p-variate MEWMA chart used to detect a sustained

shift in the non-centrality parameter from A to A +0.5/ NS

m
30 50 100 200

p| r h ARL h ARL h ARL h ARL h ARL

210.06 | 10.37 | 46.41 | 9.55 | 38.05 | 8.86 | 32.31 | 837 [29.72| 7.72 | 26.50

310.05| 1395|5443 |12.54 |44.46 | 11.22 | 36.93 | 10.41 | 33.57 | 9.37 | 29.78

410.05]17.45|59.31 | 15.40 | 48.60 | 13.63 | 41.36 | 12.55 | 36.63 | 11.20 | 32.23

Table 12: The optimal value of the smoothing parameter r and the corresponding

UCL that give an in-control ARL of 200 when using m samples of size n=5 in

estimating the parameters of the p-variate MEWMA chart used to detect a sustained

shift in the non-centrality parameter from Ato A +1/ Jn .

m

30

50

100

200

ARL

ARL

h ARL

ARL

ARL

0.13

10.99

12.67

10.39

11.59

9.85 | 10.86

9.47

10.41

9.06

9.96

0.13

14.22

14.77

13.24 | 13.12

12.35 | 12.28

11.86

11.76

11.23

11.10

Al W] O T

0.13

17.22

16.58

15.87

14.82

14.67 | 13.63

14.00

12.88

13.19

11.99
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Authors’ response to the referees’ comments for the article ‘“The Performance of
the MEWMA Control Chart When Parameters Are Estimated” by Professor
Mahmoud A. Mahmoud and Petros E. Maravelakis.

Reviewer 1.

Pages 3, 4, 5. All corrections suggested by the referee have been incorporated in the

revised version.

Page 7. The referee correctly pointed out that this proposition is wrong. We have

deleted the proposition.

Pages 8, 9, 10, 12, 13, 14. All corrections suggested by the referee have been

incorporated in the revised version.

For the referee's note in Page 9: The MEWMA chart produces an in-control ARL of
around 197.2 when m=2500, p=6, r=0.2 and n=5.

Reviewer 2.

Comment 1. The correction suggested by the referee has been incorporated in the

revised version.
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