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This supporting information is a longer version of the printed paper. It contains more

details on finite sample properties of ML estimates and some more simulation studies to

demonstrate the adaptability and flexibility when using the finite mixture of SMSSMN

distributions.

A. More details on simulation 1

In section 4.1 of the paper, we have just presented some figures to show how the biases

and MSEs of the estimates of shape parameters in the mixture models are changed when

sample size tend to increase. Here, more details of this experiment are given in Tables S.1-

S.3 for all of the parameters. We see that the absolute biases of ML estimates is decreasing

in n and tends to zero, showing empirically the asymptotic unbiasedness of the estimates

obtained via the ECM algorithm. Moreover, MSEs are decreasing in n and vanishes as n

goes to infinity, showing empirically the consistency of the estimates.
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Tables S.1-S.3 also present the CPU time (in seconds) for various sample sizes in each

model. As seen in these tables, the average CPU time for the SMSTN-MIX is less than

the other models for all sample sizes, while looking on the other tables, we can see that

SMSSL-MIX has a low speed process. Also from all tables, the elapsed time depends heavily

on the size of generated samples. All computations were carried out by R package 3.5.1 in

win64 environment of a desktop PC machine with 3.60-GHz/Intel Core(TM) i3-4160 CPU

Processor and 8.0 GB RAM.

B. Another simulation

In this experiment, 300 samples of size n = 1000 are generated from the SGN distribution

with two components. The SGN distribution can be obtained from representation (7), when

τ1 = 1 and τ2 ∼ N(λ, α). We generate samples from SGN distribution due to that all studied

models reduce to this model with particular parameter settings, which is recommended in

section 2. Moreover, we set the true parameters as π1 = 0.6, ξ1 = −3, σ1 = 1, λ1 =

3, α1 = 5, and ξ2 = 3, σ2 = 1, λ2 = 4, α2 = 10. This values are chosen to have a well

separated mixture SGN distribution. This fact depicts from Fig. S.1. Then, we fit these

Artificial data with the STN-MIX, SMSTN-MIX, SMSCN-MIX, and SMSSL-MIX models.

Fig. S.2 displays 300 empirical fitted density curves. It is clearly seen that SMSTN-

MIX, SMSCN-MIX and SMSSL-MIX models adapt the true underlying distribution and

behave better at the tails than STN-MIX. This gives further evidence that the shape mixture

of skew scale mixture of normal distributions can be taken a prominent alternative to several

other skew distributions as it is more capable of capturing distinct non-normal features.

All numerical results indicate that the finite mixtures of SMSSMN distributions provide

similar modeling strength for data generated from other skew distributions as it include two

shape parameters to regulate the body and tail skewness. Further, the fitted SMSCN-MIX

density curves can enclose the true densities quite compactly in most cases.
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Figure S.1: Artificial data with two components from SGN distribution with pa-

rameters π1 = 0.6, ξ1 = −3, σ1 = 1, λ1 = 3, α1 = 5, and ξ2 = 3, σ2 = 1, λ2 =

4, α2 = 10.
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Figure S.2: The true density of the SMSSMN distributions (solid line) and 300

estimated densities (grey lines): (a) STN-MIX , (b) SMSTN-MIX, (c) SMSSL-MIX,

and (d) SMSCN-MIX.
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