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STOCHASTIC POLYNOMIAL OPTIMIZATION

JIAWANG NIE, LIU YANG, AND SUHAN ZHONG

ABSTRACT. This paper studies stochastic optimization problems with polyno-
mials. We propose an optimization model with sample averages and perturba-
tions. The Lasserre type Moment-SOS relaxations are used to solve the sample
average optimization. Properties of the optimization and its relaxations are
studied. Numerical experiments are presented.

1. INTRODUCTION

Stochastic optimization is about functions that depend on random variables. A
typical stochastic optimization problem is

(L.1) min  f(z) = E[F(z,€)]

where F': R” x R" — R is a function in (z,&). The variable ¢ is a random vector,
and the decision variable x € R" is required to be contained in a set K C R™. In
(I, the symbol E denotes the expectation of a function in the random vector
&. Frequently used methods for solving stochastic optimization are often based on
sample average approximation (SAA). We refer to [5, [8, 17, 24 25, [33] 35}, 36, [38,
[39, [41] for related work on stochastic optimization. The SAA methods use sample
averages to approximate the expectation function f(z), transforming the stochastic
optimization into deterministic optimization. Many classical SAA methods assume
the objective functions are convex and are based on evaluations of gradients or
subgradients. They can also be applied to nonconvex problems, however, the global
optimality may not be guaranteed. There exists relatively less work on nonconvex
stochastic optimization [T, @, [10]. Generally, nonconvex stochastic optimization
problems are computationally challenging, because the deterministic case is already
difficult.

This paper discusses the special case of stochastic polynomial optimization, i.e.,
F(z,¢) is a polynomial function in 2 and K is a semialgebraic set defined by polyno-
mials. When F' does not depend on &, this is the case of polynomial optimization.
The Lasserre type Moment-SOS relaxations are efficient and reliable for solving
polynomial optimization [20] 23]. When F' depends on the random vector £, the
objective f(x) is the expectation of F(x, &) with respect to £&. Hence, f(z) is still a
polynomial. When the distribution of ¢ is known explicitly (e.g, Gaussian, Poisson,
etc), the objective f can be expressed by integral formula. However, when the
distribution of £ is not known exactly, or its density function is too complicated
for evaluating the expectation, it is not practical to get an explicit formula for f.
In most methods for stochastic optimization, the objective f is approximated by
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sample averages. In this article, we discuss how to use the efficient Moment-SOS
relaxation for solving stochastic optimization with sample average approximation.
In stochastic polynomial optimization, we assume that

Fz,§):= Y cal&af--ap

a=(ai,...,0pn)
is a polynomial in z € R™. Here, each coefficient ¢, (§) is a measurable function in
&. The feasible set K is assumed to be in the form
(1.2) K :={zeR": gi(z) >0,...,gm(z) > 0},
for given polynomials g1,..., ¢, in © € R™. For each x, F(x,&) is a measurable
function in &. So the objective f(x) := E[F(z,§)] is also a polynomial. The
stochastic optimization can be expressed as
(1.3) min  f(z) :=E[F(z,¢)]

' st. qi(z) >0,...,9m(z) >0.

The coeflicients of the polynomial f are typically not known explicitly, because the
true distribution of £ is usually not known exactly. However, they can be estimated
by sample average approximation. In applications, we can generate samples of
¢, say, N random samples ¢ ¢ ¢N)  The expectation function f(z) =
E[F(x,&)] can be approximated by the sample average

1 N
fr(@) = 5 > F, ).
k=1

If each sample £®) obeys the same distribution of &, then E[fx(z)] =
thermore, when all £*) are independently identically distributed (ii.d.
of Large Numbers (LLN) (see [I5]) implies that

fn(z) = fx) as N — oo,

f(z). Fur-
), the Law

with probability one and under some regularity conditions. The resulting sample
average approximation for (L3)) is

' st. qi(z) >0,...,9m(z) >0.

This is also a polynomial optimization problem. It can be solved globally by the
Lasserre type Moment-SOS hierarchy of relaxations [18§].

Sample average approximation methods have good statistical properties. For
convenience, denote by ¥*, ¥y the optimal values of (IL3]) and (I4) respectively, and
denote by S, Sy their optimizer sets respectively. Assume that: i) f is continuous
and S is nonempty; ii) there is a compact set C C R™ such that S C C and fy
converges uniformly to f on C, with probability one; iii) for all N large enough,
() # Sy C C. Then, it can be shown (see [39]) that ¥y — ¥* and dist(Sy,S) — 0
[l as N — oo, with probability one. Moreover, if €1, @) ... ¢ are independently
identically distributed as £ is, then E[9n] < E[¥n4+1] < v*. That is, as the sample
size Z increases, the sample average optimization gives better approximation for

1For sets A, B C R", their distance is defined as

dist(A, B) := max< sup inf ||z — sup inf ||z — .
(4,8) = masx { sup inf o — | sup nf 1o ~ o]}
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([T3). We refer to [39] for more details about the convergence of the sample average
optimization.

When F(z, &) is a polynomial in z, the sample average approximation (4] is also
a polynomial optimization problem. The Lasserre type Moment-SOS relaxations
can be applied to solve it. However, the following concerns need to be addressed:

e For given samples ¢, ... ¢(N) | the optimizer set Sy of (I4) may (or
may not) be far away from the optimizer set S of ([3]). For instance, it
is possible that (L3]) is bounded from below and has a global minimizer,
while (I4) is unbounded from below and has no global minimizers.

e The sample average fn(z) is only an approximation for the objective f(z).
Usually, the optimizer sets of (I3)) and ([4]) are not exactly same. There-
fore, the sample average approximation (L4]) does not need to be solved
exactly. However, we still expect that the optimizer set Sy of (L) (if it is
nonempty) is a good approximation for the optimizer set S of (L3, though
they might be very different. Generally, the optimizer set S can not be
determined exactly, unless the objective f(x) can be determined exactly.

To address the above concerns, we propose the following perturbation sample
average approximation (PSAA) model

min  fy(x) + €||[z]24]]
(1.5) { s.t. giv(:zz) >0,... 7C;m(33) >0,

where d is the smallest integer such that

2d > max{deg(fn),deg(g1), ..., deg(gm)}

and [z]aq4 is the vector of monomials in z and with degrees at most 2d (see (Z1)).
The norm || - || is the standard Euclidean norm. We use the Lasserre type Moment-
SOS relaxation of degree 2d for solving (L3). A small parameter € > 0 is often
selected, for (LE) to approximate (3] well. In this article, we discuss properties
of (LA, as well as its Moment-SOS relaxations. The perturbation term e||[z]24]|
plays an important role in sample average approximation. The paper is organized
as follows. We review some basics for polynomial optimization in Section 2l The
properties of the perturbed sample average optimization (5] are discussed in Sec-
tion Bl The numerical experiments are given in Section (]

2. PRELIMINARIES

Notation. The symbols N, R denote the set of nonnegative integers and real num-
bers, respectively. For given z € R™ and a real scalar » > 0, B(z,r) denotes the
closed ball in R™ centered at x with radius r, under the standard Euclidean norm.
For a real symmetric matrix X, we write X = 0 (resp., X > 0) by meaning that X
is positive semidefinite (resp., positive definite). The symbol R[z] := R[z1,...,zy]
denotes the ring of polynomials with real coefficients and in x = (x1,...,2,).
For a polynomial f, deg(f) refers to its total degree. For a tuple of polynomials
p = (p1,p2,.-.,Pm), deg(p) refers to the maximum of the degrees of p;. For a
degree d, R[x], stands for the space of all real polynomials in = and of degrees no
more than d. For a nonnegative integer vector a = (a1, ..., a,) € N denote

-— a0 a
o] =14+ +ap, a =z -z
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For convenience, denote the monomial power set
Nj :={aeN": |a| <d}.

For a degree k, [z]; denotes the vector of all monomials of degrees at most k,
ordered in the graded lexicographic ordering, i.e.,

(2.1) [k =1[1 @1 - @ 2} zima - xfl]T

(The superscript 7 denotes the transpose of a vector or matrix.) For t € R, [¢]
denotes the smallest integer greater than or equal to ¢. For a function p(§) in a
random vector &, E[p(£)] stands for the expectation of p(£), with respect to the
distribution of &.

A polynomial o is said to be a sum of squares (SOS) if o = s? + 83 + - + 57,
for some k € N and polynomials s1, s2, ..., sp € R[z]. Clearly, if o is SOS and has
degree 2d, then each s; must have degree at most d. We use X[z] to denote the cone
of all SOS polynomials, and X[x]24 to denote the truncation of SOS polynomials
in R[z]24. Checking whether a polynomial is SOS or not can be done by solving a
semidefintie program [I8] [3T].

For a tuple g := (g1, ..., gm) of polynomials in R[z], its quadratic module is the
set

Q(g) := X[z + g1 - Zfz] + - - + gm - Bla].
The 2d-th truncation of Q(g) is

Q(9)24 = Xlz]2a + g1 - Z[z]2a-deg(gr) T+ T Im - Z[z]2a—deg(gnm)-

It clearly holds the nesting relation of containment

- CQ(g)2d € Q(g)2a+2 € - Q(9)-

Indeed, each Q(g)2q is a convex cone of the space R[z]2q. The tuple g determines
the semialgebraic set in (IL2). Obviously, if f € Q(g), then f > 0 on K. To
ensure f € Q(g), we often require f > 0 on K. The quadratic module Q(g) is
said to be archimedean if there exists a single polynomial p € Q(g) such that the
inequality p(z) > 0 defines a compact set in R™. If Q(g) is archimedean, then the
set K must be compact. The converse is not necessarily true. However, if K is
compact (say, K C B(0, R) for some radius R), one can always enforce Q(g) to be
archimedean by adding the redundant polynomial R? — ||z||? to the tuple g. When
Q(g) is archimedean, if f > 0 on K, then we must have f € Q(g). This conclusion
is referred to Putinar’s Positivstellensatz, which was shown in [34]. Interestingly,
when f > 0 on K, we still have f € Q(g), under some optimality conditions [2§].

For a given dimension n and degree d, denote by R4 the space of real vectors
that are indexed by a € N7}, i.e.,

RV = {y= (ya)aeNg D Yo € R}

Each vector in RNd is called a truncated multi-sequence (tms) of degree d. A tms
y € RNa gives the linear functional %, acting on R[z]4 as

(22) Ay (ZaeNgfaxa) = Zaeano‘y""

d

The %, is called a Riesz functional. For f € R[z]; and y € RN, we denote

(2.3) (f:y) = 2y (f)-
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The tms y € RV¢ is said to admit a representing measure supported in a set 7' C R”
if there exists a Borel measure u, supported in 7', such that y, = f x*dp for all
o € N7, This is equivalent to that (f,y) = [ f(z)du for all f € R[z]s. Such p is
called a T-representing measure for y. We refer to |7, 12, 29] for recent work on
truncated moment problems.

For a polynomial p € R[z]a4, the dth localizing matrixz of p associated to a tms

y € RN2a is the symmetric matrix Ll(jd) [y] such that

(2.4) vec(a)” (Lz(,d) [y]) vec(b) = Zy(pab)

for all polynomials a,b € Rx];, with ¢t = d — [deg(p)/2]. In the above, the vec(a)
denotes the coefficient vector of the polynomial a. For instance, when n = 3 and
p =219 — 23, for y € RV, we have

Y110 — Yoo3 Y210 — Y103 Y120 — Yo13 Y111 — Yoo4
L}()s) ly] = Y210 — Y103 Y310 — Y203 Y220 — Y113 Y211 — Y104
Y120 — Yo13 Y220 — Y113 Y130 — Y023 Y121 — Yoi4
Y111 — Yoo4 Y211 — Y104 Y121 — Yo14 Y112 — Yoos

For the special case of constant one polynomial p = 1, Lgd) [y] is reduced to the
so-called moment matrix

(2.5) Myly] == L{Ply).

The columns and rows of L](Dd) [y], as well as My[y], are labelled by @ € N™ with
2|a| + deg(p) < 2d. For instance, for n = 3 and y € RN, we have

Yooo Y100 Yoio Yoor Y200 Y110 Yior Yo20 Yoi1  Yoo2
Y100 Y200 Y110 Yior Y300 Y210 Y201 Y120 Y111 Y102
Yoio Y110 Yo20 Yoi1 Y210 Y120 Y111 Yo3o Yo21 Yoi2
Yoor Yior Yoi1 Yooz Y201 Y111 Yio2 Yo21 Yoi2 Yoo3
M, [y] _ Y200 Y300 Y210 Y201 Y400 Y310 Y301 Y220 Y211 Y202
Y110 Y210 Y120 Y111 Y310 Y220 Y211 Y130 Y121 Y112
Y101 Y201 Y111 Y102 Y301 Y211 Y202 Y121 Y112 Y103
Yo20 Y120 Yo30 Yo21 Y220 Y130 Y121 Yo40 Y031 Yo22
Yo11 Y111 Yo21 Yoi2 Y211 Y121 Y112 Yo31 Yo22 Yoi3
[Yoo2 Y102 Yoi2 Yooz Y202 Y112 Y103 Yo22 Yo13 Yoo4 |

Suppose g := (g1, ..., gm) is a tuple of polynomials in R[z]s4. Consider the cone
of tms of degree 2d

(2.6) S (9)2d == { y € RNza

d d
Maly] = 0, L] = 0., L[y = 0}.

9m

. . n . . .
It is a closed convex cone in RN24. Consider the projection map:

(2.7) T RY SRy u= Yoy, Yo )
Let K be the semialgebraic set as in (I.2)), then
(2.8) K C w(ﬂ(g)zd N{yo = 1})-

This is because for each v € K, the tms y := [u]aq belongs to 7 (g)2q and 7(y) =
u. Therefore, the linear section {yo = 1} of the cone .#(g)2q is a lifted convex
relaxation of the set K. The cone .#(g)24 and the quadratic module Q(g)z24 are
dual to each other. This is because (f,y) > 0 for all f € Q24(g) and y € S (g)24-
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We refer to [20] 23] B0] for these basic properties. Interestingly, the containment in
[23) is an equality when the polynomials g; are SOS-concave [11].

There exists much work for polynomial optimization. The Lasserre type Moment-
SOS hierarchy of relaxations were introduced in [I8]. The Moment-SOS hierarchy
was proved to have finite convergence under some optimality conditions [16] 19, 28].
The flat extension or flat truncation condition can be used to certify its convergence
[7, 13} 26]. For unconstrained optimization, the performance of the standard SOS
relaxations was studied in [31] [32]. For the special case of finite feasible sets, the
convergence was studied in [21] 22] 27]. We refer to [3] 20, 23] [37] for more detailed
introductions to polynomial optimization.

3. THE SAMPLE AVERAGE OPTIMIZATION

Let €M ... €N be given samples for the random vector £&. Consider the sample
average function

N
fn(x) = NZF(:E,{“U“)).
k=1

When F(z,€) is a polynomial in z € R", fy(z) is also a polynomial in z. We
assume that the feasible set K is given as in (), for a tuple g := (g1,...,9m) of
polynomials. Let d be the degree:

(3.1) d= E max{deg(f),deg(g1), . .- ,deg(gm)}].

Instead of solving (IL4]) directly, we propose to solve the sample average optimization
with perturbation

min  fn(x) + €||[z]24]]
(3.2 AN

for a small parameter € > 0. The Lasserre type moment relaxation can be applied

to solve ([B2). Recall the notation [x]2q, Mgly], L_((]f) [y] as in Section 2 Observe
that

fn(@) = (fn;[2l2a),  Mal[el2a] = 0, LD [[2]24] = 0
for all x € K and all i = 1,...,m. If we replace the monomial vector [z]2q by a
tms y € RN2¢, then (3:2) is relaxed to the following convex optimization

min (fn,y) + eyl
(3.3) st Maly] = 0, L[yl = 0(i=1,...,m),
yo =1,y € RN,

It is a semidefinite program, with a norm function in the objective. The relaxation
B3) is said to be tight if its optimal value is the same as that of (8:2). In this paper,
we choose || - || to be the standard Euclidean norm, but any other kind of vector
norms can also be used. The equality constraint yy = 1 means that the first entry
of y is equal to one. The set of all y satisfying linear matrix inequalities in (3.3)
is just the cone .#(g)24, defined as in ([Z6). The cone .#(g)24 and the truncated
quadratic module Q(g)24 are dual to each other. Therefore, the Lagrange function

for B3) is

(fvy) +ellyll = () —v(yo — 1)
(N =g =79 +ellyll +,

L(y,q,7)
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for dual variables ¢ € Q(g)2q¢ and v € R. The function L(y,q,v) has a finite
minimum value for y € RN2¢ if and only if

lvec(fn —a =)l < e,

for which case the minimum value is 7. (The vec(p) denotes the coefficient vector
of p.) Therefore, the dual optimization problem of [B.3)) is

max vy

(3.4) st. fn—p—7 €Q(9)24,
lvec(p)|| <€, p € Rlz]aq.

Because the sample average fy(x) is only an approximation for f(z), it is possible
that there is no scalar  such that fxy —v € Q(g)24. The perturbation term e||y|| in
(B3) motivates us to find the maximum ~ such that fy —p—v € Q(g)ad, for some
polynomial p whose coefficient vector has a small norm. This leads to the following
algorithm.

Algorithm 3.1. Generate samples £, ... ¢ according to the distribution of

&. Choose a small perturbation parameter € > 0.

Step 1 Compute the sample average fy = N~! Egﬂ F(z, %),

Step 2 Solve the semidefinite relaxation problem (33). If (33) is infeasible, in-
crease the value of € (e.g., let € := 2¢), until (3:3) has a minimizer, which
we denote as y*.

Step 3 Let u = w(y*), where 7 is the projection map in (27), or equivalently, let

w= (e, Ye,)

Output w as a candidate minimizer for the sample average optimization
with perturbation [3.2), and stop.

For € > 0, the minimizer of the relaxation (B3) is always unique (if it exists),
because its objective is strictly convex. Our numerical experiments demonstrate
that Algorithm B.1lis efficient for solving (3.2)).

Theorem 3.2. Assume that u* is a minimizer of (3.2) and y* is a minimizer of
(53). Then, for e > 0, the relazation (3.3) is tight if and only if rank My[y*] = 1.
In particular, for the case rank Mgly*] = 1, the point u = w(y*) is a minimizer of

(3.2).

Proof. Let ¥, 92 be optimal values of (32) and (B3) respectively.

“<” Tt is clear that ¥ > ¥, If rankMy[y*] = 1, then for u = m(y*) one can
show that My[y*] = [u]a([u]a)T. Hence, y* = [u]2q, {fn,y*) = fn(u), and each
gi(u) > 0 (see [13], 26]). So, u is a feasible point of ([B.2]) and

U < fv(u) + ell[ulaall = (Fnsy™) +elly™|| = Do

Therefore, ¥; = ¥2, u is a minimizer of [B.2]), and the relaxation [B.3]) is tight.
“=7 Let g := [u*]2q, then fy(u*) = (fn,7) and ||[u*]24|| = ||7]]. If the relaxation
B3) is tight, then 97 = ¥2 and ¢ is a minimizer of (3.3). For € > 0, the objective
of B3) is strictly convex, so its minimizer must be unique. Hence, § = y* and
Maly*] = Malg] = [u]a([u"]a)"
Therefore, rank My[y*] = rank My[g] = 1. O
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When the sample average fy(x) is unbounded from below on the feasible set K,
the moment relaxation ([B.3]) might still be unbounded from below if € > 0 is small.
However, if € > 0 is big, then ([B.3]) must be feasible and has a minimizer. Indeed,
we have the following theorem.

Theorem 3.3. Suppose the feasible set K has nonempty interior. If € > 0 is big,
both (33) and (34) have optimizers and their optimal values are the same.

Proof. When K has nonempty interior, the quadratic module Q(g)2q4 is a closed
cone (see [23], Theorem 3.49]) and the cone .#(g)24 has nonempty interior. For
instance, let v be the Gaussian measure, then the tms

j e L z]oqdv(x
i = o ] (o)

is an interior point of the cone .#(g)24. In other words, My[g] > 0 and all Lé’f) [9] =
0. This is because [, p*dv > 0 and [} gip®dv > 0 for all nonzero polynomials p.
Moreover, §jo = 1. The convex relaxation ([B.3]) is strictly feasible (i.e., there is a
feasible y such that each matrix in ([33) is positive definite). When € > 0 is big,

the SOS relaxation (34 is also strictly feasible. For instance, for the choice

e> | fv —[2lalalall, b = fv — [2]q[zla, 4 = 0,

we have that
fx—p—4 =25 [ € int (z[x]w) Cint (Q(Q)Qd).

In the above, int denotes the interior of a set. Therefore, for big € > 0, both (33)
and (B4) have strictly feasible points. By the strong duality theorem (see [2] [4]),
they have the same optimal value and they both achieve the optimal value, i.e.,
they have optimizers. O

In applications, however, we often choose a small ¢ > 0, because we expect
that (8:2) is a good approximation for (I4). In (B3], the value of e affects the
performance of (33). When € > 0 is too small, (33) might be unbounded from
below and has no minimizers. If € > 0 is big, (33 might give a loose approximation
for (I4). For efficiency, we often anticipate the smallest value of € such that (3.3)
is bounded from below and has a minimizer. When K has nonempty interior, the
relaxation [B.3]) is strictly feasible, i.e., there exists § such that all the matrices
My[y] and Lf]f) [9] are positive definite. Therefore, the strong duality holds between

B3) and B4). To ensure that (3] is solvable (i.e., it has a minimizer), the dual
optimization problem (3] needs to be feasible. Consider the optimization problem

*

e* :=min |jvec(p)||

(3.5) st. fn—p—7 €Q(9)2;
v €R, p € Rlz]aq.

The above is a convex optimization problem with semidefinite constraints. In com-
putational practice, we often choose € > 0 in a heuristic way, e.g., € = 1072, If such
€ is not enough, we can increase its value until [B.3]) performs well.
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4. NUMERICAL EXPERIMENTS

This section gives numerical experiments of applying Algorithm Bl to solve
stochastic polynomial optimization. The computation is implemented in MATLAB
R2018a, in a Laptop with CPU 8th Generation Intel Core i5-8250U and RAM 16
GB. The moment relaxation ([B3) is solved by the software GloptiPoly 3 [14],
which calls the semidefinite program solver SeDuMi [40]. The computational results
are displayed with four decimal digits. We use “PSAA” to denote the perturbation
sample average approximation model ([B.2)). Its relaxation ([B.3) is said to be solvable
if it has a minimizer y*. For such a case, let u be the point given in Step 3 of
Algorithm B] i.e., u = w(y*). Otherwise, (B3] is said to be not solvable and we
use “n.a.” to indicate the relevant values are not available. We use f,;, and v*
to denote the optimal value and the minimizer of (I3)) respectively. The symbol &
stands for the sample average of the random vector & € R”, while &; refers to its
ith entry:

1 1 o)
_:_E (k) ‘.:_E (B) o1 ... p
g N k:1§ ) gl N e 51 , 0 ) T

In our numerical examples, we use the following classical distributions for random
variables (see [6]; let d, denote the Dirac function supported at a):

e Ber(p) denotes the Bernoullian distribution with success probability p,
whose density function is (1 —p)-do+p - d1.

e Geo(p) denotes the geometric distribution with success probability p, whose
density function is Y02 (1 —p)"p- by.

e P(X) denotes the Poisson distribution with parameter A > 0, whose density

. . — n
function is Y0 e 2. 6,

e U(a,b), with a < b, denotes the uniform distribution on [a,b].
o N(u, P) denotes the normal distribution with the expectation p and co-
variance matrix P.

Example 4.1. Consider the stochastic optimization problem
min z) = E|G(x) + H(z,
Wy M S =EOG) - HE)
st. ©1—1>0, 22 —1/2>0, 23 —1/3>0, 24 —1/4 >0,

where

G(x) = (z7 — 223)? + 23(2235 — 32122 + 23) (2] — 37122) — w423 (2273 — 23),

H(z,€) = &3 + &alay, & ~U(0,2), & ~U(0,2).
We have E(¢1) = E(&) = 1. The constraining polynomial tuple is

g=(x1 — 1,290 —1/2,23 —1/3, 24 — 1/4).
The feasible set K is a polyhedron and the exact objective is
f= (a1 = 223)* + w32} — 3w122 + 23)° + 24(a] — 25)° € Q(g)s.

For the optimization (L3)), the optimal value and the minimizer are

fmin = 8.4455¢ — 07, v* = (1.0031,0.7093,1.0031,1.0622).

Since the approximation polynomial f is uniquely determined by &; and &, we can
pick some typical sample averages to explore the performance of our optimization
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model (32) and its relaxation ([B3]). For instance, we consider the samples of £
such that

&1 —E(&)| = |62 —E(&2)| = 1072
There are four cases of the signs:
[:4-E(&) >0, -E(&) >0, T:&4 —E(&)<0,& —E(&) >0,
OI: & —E(&) <0,6 —E(§2) <0, IV:& —E(6) > 0,8 —E(§2) <0.

We solve the optimization model 2] for each case. The computational results are
reported in Table[Il The PSAA model (8:2)) has clear advantages for cases IIT and
IV, when they are compared to the unperturbed case (i.e, e = 0). It gives reliable
optimizers, while the classical SAA model ([[L4)) does not return good ones.

TABLE 1. Performance of PSAA for Example [4.1]

€ 0 10-4 1073 102 1071
solvable? yes yes yes yes yes
I time(sec.) 1.13 1.34 1.23 1.23 1.23
[(fn,y™) — fn(u)| | 1.29e-06 | 6.41e-07 | 2.38e-07 | 1.30e-07 | 4.75e-08
NS Y®) = fonin] | 2.05e-02 | 2.05e-02 | 2.07e-02 | 3.41e-02 | 3.33¢-01
solvable? yes yes yes yes yes
i time(sec.) 1.12 1.29 1.23 1.21 1.22
[(fn,y™) — fn(u)| | 9.15e-07 | 6.41e-07 | 2.06e-07 | 1.27e-07 | 1.53e-08
(NS Y™) = fonin| | 4.84e-04 | 4.86e-04 | 6.91e-04 | 1.38¢-02 | 3.13e-01
solvable? no yes yes yes yes
I time(sec.) 2.14 2.78 1.40 1.16 1.15
[(fn,y™) — fn(u)] n.a. 1.13e+03 | 7.50e-08 | 1.25e-07 | 8.22e-09
[{fN,¥*) = fminl n.a. 7.14e+05 | 3.85e-02 | 7.00e-03 | 2.94e-01
solvable? no yes yes yes yes
v time(sec ) 2.19 2.79 1.40 1.14 1.16
[{fn,y) — fn(u)] n.a. 1.35e+03 | 1.89e-07 | 1.26e-07 | 1.54e-08
[{fN, Y)Y — Frminl n.a. 6.52e+05 | 4.73e-04 | 1.32e-02 | 3.14e-01
Example 4.2. Consider the stochastic polynomial optimization
min  f(x) == E[F(x) + H(x,6)]
z€eR4
(4.2) st. Tz +1> x% + xi, Toxs —T1x4 + 2 >0,
:vzl)’—i—xg—l—xg—i—xi <8,
1 2>0, 22 20, 23 >0, z4 >0,
where

G(z) = :vlacQ + :v2x3 +(1- x2x3)2 +(3-— :le4)2 + T1T223%4,

H(z, )

c-x ([

= G wias + Sasay,

250 o 1))

If f(x) is evaluated exactly, the optimal value and the minimizer of (3] are

Fnin = 1.0655,

v* = (1.5829, 0.6427, 0.9316, 1.4358).
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As in Example 1] we explore the performance of B.2)-(B3]) for the following cases
of samples:

I:6 =E(&)-1072 & =E(&) — 1072,
IT: & =E(&4) — 1072, & = E(&),
II: & =E(&), & =E(&) - 1072

The computational results are reported in Table2l The PSAA model (2] performs
better than the classical SAA model (4] (i.e. € = 0). For all these cases, (3.2)
gives more reliable optimizers. Moreover, solving the relaxation [B.3]) costs less
computational time for cases I and II.

TABLE 2. Performance of PSAA for Example

¢ 0 102 103 102
solvable? yes yes yes yes

I time(sec.) 0.37 0.29 0.15 0.26
|(fny*) — fa(u)] | 1.81e+05 | 1.29e-08 | 5.28e-09 | 9.53¢-09
(N Y™) = fomin| | 1.81e405 | 1.48e-02 | 1.48e-02 | 1.47e-02
solvable? yes yes yes yes

I time(sec.) 0.23 0.12 0.14 0.12
|(fny™) — fa(u)] | 1.87e+05 | 1.29e-08 | 5.61e-09 | 9.64e-09
(N Y™) = fomin| | 1.87e405 | 6.13¢-03 | 6.12e-03 | 6.126-03
solvable? yes yes yes yes

- time(sec.) 0.12 0.13 0.10 0.09
|(fny™) — fa(u)] | 5.58e-02 | 1.29e-08 | 5.61e-09 | 9.70e-09
N Y™ = fonin| | 1.40e-02 | 8.56¢-03 | 8.56¢-03 | 8.55¢-03

Example 4.3. Consider the stochastic optimization

(43) Hé}Rg E{F(z,) = &iwia3 + Satah — Lsawh + Gmixy )
' st. 0<x <2, 1 +22 <4, 1172 <8,

where

1 1 01 03 02
1 01 1 04 03
3(7103 04 1 0.2
1 02 03 02 1

The exact objective f(z) = E[F(z,£)] can be evaluated as

E~N

f(x) = 2123 + 2ia) — 3z123 + 7120,
For the optimization (3], its optimal value and minimizer are
fmin = —27.8444,  v* = (0.3442, 3.6558).

For convenience, we use “¢€ = E(¢) + 0(107%)” to denote a random sample average
of size N = 1000 with error in the order of 10~3. Consider two cases:

[:£=FE¢), II: &=E(&) +0(107%).

The numerical results are reported in Table[8 The PSAA model (3:2]) gives a better
optimizer than the unperturbed one, for both cases.
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TABLE 3. Performance of PSAA for Example [£.3]

€ 0 10~% 1073

solvable? yes yes yes

I time(sec.) 0.17 0.13 0.12
[(fn,y*) — fn(u)] | 1.86e+03 | 4.18e-06 | 3.55e-06
N Y™ = fonin| | 3446401 | 2.09e-04 | 2.30e-02

solvable? yes yes yes

i time(sec.) 0.13 0.14 0.16
[(fn,y*) — fn(u)] | 1.85e+03 | 4.17e-06 | 3.56e-06
N Y™ = fonin| | 3446401 | 1.29¢-02 | 9.87¢-03

Example 4.4. Consider the stochastic polynomial optimization

min  f(z) = E[G(z) + H(z, )]
(44) z€eR
st 21 >0, 23>0, 23>0, 1 —172 >0,

where
G(z) = x‘ll + x1x0ws + 23(1 — x% - x%),
H(z, &) = 26125 — 41 2ias — Emas,
&1 ~ Ber(0.5), & ~ Geo(0.5).

The feasible set K is a simplex, which is compact and satisfies the archimedean
condition. For all samples £, the sample average fy(z) is bounded from below
on K and it has a minimizer. For this example, E(¢1) = 0.5 and E(&2) = 2, so

f(x) = (22 — 22)? + 23(1 — 22 — 22) — 2122(2 — 23).
The optimal value and minimizer of (I3]) are
fmin = —0.5, v* = (0.5, 0.5, 0).
We consider two cases of samples
I: & =E(&)+1073 & =E(&), € ~ 0.001155;
II: & =E(&), &=E(&)+107% € ~7.5875 x 1077,

In the above, €* is the minimum value of (33]). The numerical results are reported

TABLE 4. Performance of PSAA for Example (4.4

€ 0 0.0012 0.004 0.008
solvable? no yes yes yes
I time(sec.) 0.12 0.10 0.07 0.09

[{fn,y*) — fn(u)] n.a. 5.31e-03 | 3.36e-04 | 1.09e-04
[{fN,y*) = fminl n.a. 5.44e-03 | 4.61e-04 | 2.34e-04

€ 0 1074 1073 102
solvable? yes yes yes yes
I time(sec.) 0.08 0.08 0.07 0.06

[, y™) — fa(u)] | 5.03e-09 | 1.84e-09 | 1.61e-09 | 1.86e-09
(N y*) = fminl | 2.50e-04 | 2.50e-04 | 2.50e-04 | 2.50e-04
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in Table @ The PSAA model [B2) performs very well for both cases. Compared
with the classical SAA model (I4) (i.e., e = 0), it has quite clear advantages for
case I. Tt successfully returned a good minimizer, while (L)) is unbounded from
below and does not return a minimizer.

Example 4.5. Consider the unconstrained stochastic optimization
(4.5) min E[G(z) + H(z,¢)]
where

£~ P(2), Gx) = (x3 — xa)" + (21 +22)" + 2] + 23 + a3 + a7,

H(z, &) = & = (& = 26) (w1 — wa) — 2(€ = 1)(w3 — wa)* (w1 + 22)°.
Evaluating the expectation, we get E(¢) = 2, E(¢?) = 6 and

f@@) = (w3 —24)” = (21 + 22)°]* + (21 = )% + (1 + 24)” + 25 + 25
The optimal value and minimizer of (I3]) are
fmin =0, v*=(1,0,0, —1).

Approximate &, &2 by their sample averages &, s, ie., so = + ngvzl ()2 We

make samples of different sizes and compute €* in ([B.0]) for each case. We focus on

TABLE 5. The values of ¢* for Example

I 11 111 v
N 500 1000 5000 10000
¢ 2.11 1.96 2.01 2.02
S9 6.43 5.71 6.13 6.07
¢* 1 0.807543 | 3.3618e-10 | 0.073413 | 0.146826

cases III and IV. The computational results are reported in Table [6l The pertur-

TABLE 6. Performance of PSAA for Example

11 v
€ 0 €* 0.1 0 € 0.2
solvable? no yes yes no yes yes
time(sec.) 0.23 0.20 0.11 0.10 0.16 0.07

[{fn,y*) — fyv(u)] | naa. | 5.30e+01 | 2.02e-01 | n.a. | 6.47e+01 | 2.28e-01
[{fN,y) — fmin| | n.a. | 5.39e+01 | 3.90e-01 | n.a. | 6.49e+01 | 2.96e-01

[l — v*]| n.a. | 3.09e-02 1.28e-01 | n.a. | 5.86e-02 2.73e-01
1.0216 0.9102 0.9591 0.8070
w n.a. 0.0035 0.0071 na. 0.0059 0.0085
0.0035 0.0071 0.0059 0.0085

|—1.0216] | [—0.9102] |—0.9591] | |—0.8070]

bation term in the PSAA model ([B:2]) makes a big difference for computing reliable
minimizers. The PSAA model returned minimizers that are close to the optimizer
of (I3), while the classical SAA model (i.e., ¢ = 0) is unbounded from below and

fails to return a minimizer.
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Example 4.6. Consider the stochastic polynomial optimization
min,  f(z) = E[G(x) + H(z,€)]
(4.6) e
st. 21—-1>0, 22>0, 2—1T2>0
where
G(zf) = 1'411 + CC% + x1T0 — 2($1 + xg) +1,
H(z,§) = &mias [Ga1 + Saxa — (&1 + &2)m132],

0] [t 0 1
E~N|[of,[0 1 1
1 |1 1 3

Note that E(&1&35) = E(£2€3) = 1 and the exact objective is
f=(at —a3)” + (r1a2 — 1) (@1 +22) + (21 — 1)(22 — 1).
Its optimal value and minimizer are

fmin = —0.2500, ©* = (1.0000, 0.7071).

Denote s1 := Zivzl ék) ék), S9 = Zivzl §§k) ék). We make samples of different
sizes and compute €* in (B3] for each case. The values of €* are given in Table [
We focus on cases IT and III, for which the numerical results are reported in Table[8l

TABLE 7. The values of €¢* for Example

I I 111 v
N 500 1000 5000 10000
$1 0.98 1.08 1.01 0.97
52 1.06 0.96 1.02 0.96
€* | 0.023094 | 0.023094 | 0.017321 | 1.1076e-09

While the optimization () is unbounded from below via the classical SAA model,

TABLE 8. Performance of PSAA for Example

11 111
€ 0 € 0.05 0 € 0.05
solvable? no yes yes no yes yes
time(sec.) 0.06 0.21 0.06 0.06 0.13 0.05

[{fn,v*) — fnv(w)] | n.a. | 1.13e402 | 1.36e-02 | n.a. | 5.65e+00 | 6.25e-03
[{fN,Yy) — fmin| | n.a. | 1.13e+02 | 4.21e-03 | n.a. | 5.65e+00 | 2.80e-03

[l — v*]| n.a. | 1.20e-03 | 1.85e-02 | n.a. | 6.08e-03 | 2.58e-02
" na 1.0000 1.0000 na 1.0000 1.0000
o 0.7059 0.6886 o 0.7010 0.6813

our PSAA model [B.2) provides good lower bounds and returns reliable minimizers
for all cases.
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Example 4.7. Consider the stochastic polynomial optimization
min  f(z) = E[F(z,¢)

EASS
xl—lz(), ZCQ-lZO, :1:3—120,

s.t.
8 — X1T2T3 Z O

(4.7)

where £ ~ U(0,2) and
F(x,6) = (=€ + 363 — )zrwoms(v1 + 22 + 23) + (€3 — &) (2122 + T2T3 + T173).
One can see that E(§) = 1,E(£?) = 4/3, E(¢3) = 2, and the exact objective
[ =zixexs(z1 + 22 + x3) + T122 + T223 + T173.
Its optimal value and minimizer are
Frin =6, v* = (1,1, 1).

As in Examples 546, we approximate &, £2,£3 by sample averages where sy =
Z]kvzl (f(k))z, s3 = Zivzl (5(]“))3. Several samples of different sizes are made. The
values of €* in (B are given in Table[@ We apply the classical SAA model (i.e.,

TABLE 9. The values of ¢* for Example 471

I II I
N 500 1000 5000
3 0.99 1.03 1.00
sy | 1.32 1.38 1.33
s3 | 1.97 2.09 1.99
e 1 0.508637 | 0.518810 | 0.508637

e = 0) and the PSAA model (i.e., e = €*) to cases I, IT and III. The computational

TABLE 10. Performance of PSAA for Example [£.7

I I 111
€ 0 €* 0 €* 0 €*
solvable? yes yes yes yes yes yes
time(sec.) 0.07 0.06 0.07 0.06 0.08 0.06
[{fn,y*) — fn(u)] | 7.08e+01 | 1.07e-06 | 7.08e+01 | 8.44e-07 | 7.08e+01 | 1.07e-06
[(fn,y) — fmin| | 2.07e4+01 | 2.00e-02 | 2.07e+01 | 1.00e-02 | 2.07e4+01 | 1.00e-02
lu — v*]] 1.67e400 | 2.97e-08 | 1.67e400 | 2.97e-08 | 1.67e+400 | 2.97e-08
1.9637 1.0000 1.9631 1.0000 1.9631 1.0000
U 1.9637 1.0000 1.9631 1.0000 1.9631 1.0000
1.9630 1.0000 1.9627 1.0000 1.9627 1.0000

results are reported in the Table [0l The PSAA model B2]) performs much better
than the classical SAA model (4), as (B.2]) gives more reliable minimizers for all
cases.
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5. CONCLUSION

This paper proposes a sample average optimization model with a perturbation
term for solving stochastic polynomial optimization. The perturbation optimization
model performs better than the classical one without perturbations. The Lasserre
type moment relaxations are used to solve the perturbation optimization. In partic-
ular, we show that the moment relaxation is tight if and only if the moment matrix
of the minimizer is rank one. Numerical experiments demonstrated advantages of
our perturbation optimization model.
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