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ADMM FOR MULTIAFFINE CONSTRAINED OPTIMIZATION

WENBO GAOf, DONALD GOLDFARB', AND FRANK E. CURTIS?

ABSTRACT. We expand the scope of the alternating direction method of multipliers (ADMM). Specif-
ically, we show that ADMM, when employed to solve problems with multiaffine constraints that sat-
isfy certain verifiable assumptions, converges to the set of constrained stationary points if the penalty
parameter in the augmented Lagrangian is sufficiently large. When the Kurdyka-Lojasiewicz (K-L)
property holds, this is strengthened to convergence to a single constrained stationary point. Our
analysis applies under assumptions that we have endeavored to make as weak as possible. It ap-
plies to problems that involve nonconvex and/or nonsmooth objective terms, in addition to the
multiaffine constraints that can involve multiple (three or more) blocks of variables. To illustrate
the applicability of our results, we describe examples including nonnegative matrix factorization,
sparse learning, risk parity portfolio selection, nonconvex formulations of convex problems, and neu-
ral network training. In each case, our ADMM approach encounters only subproblems that have
closed-form solutions.

1. INTRODUCTION

The alternating direction method of multipliers (ADMM) is an iterative method which, in its original
form, solves linearly-constrained separable optimization problems with the following structure:

inf - f(z) +9(y)
Ax+ By —b=0.
The augmented Lagrangian L of the problem (P0), for some penalty parameter p > 0, is defined to be
Lia,y,w) = [(@) + g(y) + (w, Az + By = b) + £|| Az + By - b|[*.

(P0)

In iteration k, with the iterate (z*,y*,w*), ADMM takes the following steps:

(1) Minimize £(z,y"*,w*) with respect to = to obtain z¥*1,

(2) Minimize £(z**1 y, w*) with respect to y to obtain y**!.
(3) Set wFtl « wk + p(Az**! + Byttt —b).

ADMM was first proposed [20} 21] for solving variational problems, and was subsequently applied
to convex optimization problems with two blocks as in (P0). Several techniques can be used to an-
alyze this case, including an operator-splitting approach [I6] 41]. The survey articles [I7, [6] provide
convergence proofs from several viewpoints, and discuss numerous applications of ADMM. More re-
cently, there has been considerable interest in extending ADMM convergence guarantees when solving
problems with multiple blocks and nonconver objective functions. ADMM directly extends to the
problem

inf fi(@) + fa(@2) + ..+ fu(wn)

(P]_) T1,L2,...,Tp
A11'1+A2132++An13n7b:0
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2 MULTIAFFINE ADMM

by minimizing £(z1,...,Z,,w) with respect to x1, s, ...,z, successively. The multiblock problem
turns out to be significantly different from the classical 2-block problem, even when the objective
function is convex; for example, [9] exhibits an example with n = 3 blocks and fi, f2, f3 = 0 for which
ADMM diverges for any value of p. Under certain conditions, the unmodified 3-block ADMM does
converge. In [39], it is shown that if f3 is strongly convex with condition number x € [1,1.0798)
(among other assumptions), then 3-block ADMM is globally convergent. If fi,..., f, are all strongly
convex, and p > 0 is sufficiently small, then [24] shows that multiblock ADMM is convergent. Other
works along these lines include [37, [38], [34].

In the absence of strong convexity, modified versions of ADMM have been proposed that can
accommodate multiple blocks. In [I3] a new type of 3-operator splitting is introduced that yields a
convergent 3-block ADMM (see also [46] for a proof that a ‘lifting-free’ 3-operator extension of Douglas-
Rachford splitting does not exist). Convergence guarantees for multiblock ADMM can also be achieved
through variants such as proximal ADMM, majorized ADMM, linearized ADMM [49], 36}, (14} [10, [40, 5],
and proximal Jacobi ADMM [I4] 55| [52].

ADMM has also been extended to problems with nonconver objective functions. In [25], it is
proved that ADMM converges when the problem (P1) is either a nonconvex consensus or sharing
problem, and [57] proves convergence under more general conditions on f1,..., f, and Ay,..., A,.
Proximal ADMM schemes for nonconvex, nonsmooth problems are considered in [33] 60} 28] [5]. More
references on nonconvex ADMM, and comparisons of the assumptions used, can be found in [57].

In all of the work mentioned above, the system of constraints C(z1,...,xz,) = 0 is assumed to be
linear. Consequently, when all variables other than x; have fixed values, C(z1,...,z,) becomes an
affine function of z;. However, this holds for more general constraints C(-) in the much larger class
of multiaffine maps (see Section . Thus, it seems reasonable to expect that ADMM would behave
similarly when the constraints C(z1,...,z,) = 0 are permitted to be multiaffine. To be precise,
consider a more general problem than (P1) of the form

inf [ T o
(PQ) L1,Z25--+,Tn f( ! )
0(331, ces ,Jjn) =0.

The augmented Lagrangian for (P2) is
Ll@r, ooy w) = f(@1, @) + (0, Clar, oy wn) + S0, ),
and ADMM for solving this problem is specified in Algorithm

Algorithm 1 ADMM

Input: (29,...,29),w% p
for k=0,1,2,... do
fori=1,...,ndo
k+1 : k+1 k+1 k ko,
Compute z; 7" € argmin,, L(xy™, ..., 2,7, 2, Ty, .., 2, w")
end for
whHL Wk 4 pC(h Tkt
end for

While many problems can be modeled with multiaffine constraints, existing work on ADMM for
solving multiaffine constrained problems appears to be limited. Boyd et al. [6] propose solving the
nonnegative matrix factorization problem formulated as a problem with biaffine constraints, i.e.,

inf 3|2 - B
(NMF1) Z,XY
Z=XY,X>0Y >0,

by applying ADMM with alternating minimization on the blocks Y and (X, Z). The convergence
of ADMM employed to solve the (NMF1) problem appears to have been an open question until a
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proof was given in [QS]H A method derived from ADMM has also been proposed for optimizing a
biaffine model for training deep neural networks [53]. For general nonlinear constraints, a framework
for “monitored” Lagrangian-based multiplier methods was studied in [4].

In this paper, we establish the convergence of ADMM for a broad class of problems with multiaffine
constraints. Our assumptions are similar to those used in [57] for nonconvex ADMM; in particular,
we do not make any assumption about the iterates generated by the algorithm. Hence, these results
extend the applicability of ADMM to a larger class of problems which naturally have multiaffine
constraints. Moreover, we prove several results about ADMM in Section [f] that hold in even more
generality, and thus may be useful for analyzing ADMM beyond the setting considered here.

1.1. Organization of this paper. In Section [2] we define multilinear and multiaffine maps, and
specify the precise structure of the problems that we consider. In Section we provide several
examples of problems that can be formulated with multiaffine constraints. In Section [d] we state our
assumptions and main results (i.e., Theorems and . In Section [5] we present a collection
of necessary technical material. In Section [ we prove several results about ADMM that hold under
weak conditions on the objective function and constraints. Finally, in Section[7] we complete the proof
of our main convergence theorems (Theorems and , by applying the general techniques
developed in Section [f] Appendix [A] contains proofs of technical lemmas. Appendix [B] presents an
alternative biaffine formulation for deep neural network training. Appendix [C] organizes the major
assumptions in tabular form. Appendix [D| presents additional formulations of problems where all
ADMM subproblems have closed-form solutions. Appendix [E] presents several numerical experiments.

1.2. Notation and Definitions. We consider only finite-dimensional real vector spaces. The sym-
bols E,Eq,...,E, denote finite-dimensional Hilbert spaces, equipped with inner products (-,-). By
default, we use the standard inner product on R™ and the trace inner product (X,Y) = Tr(Y7X) on
the matrix space. Unless otherwise specified, the norm || - || is always the induced norm of the inner
product. When A is a matrix or linear map, ||A||,p denotes the Ly operator norm, and || A||. denotes
the nuclear norm (the sum of the singular values of A). Fixed bases are assumed, so we freely use
various properties of a linear map A that depend on its representation (such as ||A4||op), and view A
as a matrix as required.

For f : R™ — R U {oo}, the effective domain dom(f) is the set {z : f(x) < oo}. The image of a
function f is denoted by Im(f). Similarly, when A is a linear map represented by a matrix, Im(A) is
the column space of A. We use Null(A) to denote the null space of A. The orthogonal complement
of a linear subspace U is denoted U+.

To distinguish the derivatives of smooth (i.e., continuously differentiable) functions from subgradi-
ents, we use the notation Vx for partial differentiation with respect to X, and reserve the symbol 0
for the set of general subgradients (Section ; hence, the use of Vf serves as a reminder that f is
assumed to be smooth. A function f is Lipschitz differentiable if it is differentiable and its gradient
is Lipschitz continuous.

When X is a tuple of variables X = (Xo,..., X,,), we write X for (X; : i # ¢). Similarly, X5,
and X.p represent (X; :4 > ¢) and (X, : i < {) respectively.

We use the term constrained stationary point for a point satisfying necessary first-order optimal-
ity conditions; this is a generalization of the Karush-Kuhn-Tucker (KKT) necessary conditions to
nonsmooth problems. For the problem min,{f(z) : C(z) = 0}, where C is smooth and f possesses
general subgradients, x* is a constrained stationary point if C(2*) = 0 and there exists w* with
0 € 0f(z*) + VC(z*)Tw*.

2. MULTIAFFINE CONSTRAINED PROBLEMS

The central objects of this paper are multilinear and multiaffine maps, which generalize linear and
affine maps.

1[23] shows that every limit point of ADMM for the problem (NMF) is a constrained stationary point, but does not
show that such limit points necessarily exist.
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Definition 2.1. A map /\/l Ei® ... E, — E is multilinear if, for all i < n and all points
(X1, X1, Xig1,---,Xp) € @]# i the map M; : E; — E given by

Xi — M(Yl, A ,Yi_l,Xi,yH_l, Ce ,Yn)

is linear. Similarly, M is multiaffine if the map M, is affine for all i and all points of @j# E;. In
particular, when n = 2, we say that M is bilinear /biaffine.

We consider the convergence of ADMM for problems of the form:
inf X, Z
P T
A(Xa ZO) + Q(Z>) = 07
where X' = (X07 s 7XTL)’ zZ = (ZOaZ>)7 Z> = (Z17Z2)7
(X, Z) = f(X)
_ Al(
and A(X,Z) + Q(2>) =

+(Z)
X, Zy) + Q1(Z1)
A (X) + Q2(Z2)

with A; and A5 being multiaffine maps and @1 and @2 being linear maps. The augmented Lagrangian
L(X, Z, W), with penalty parameter p > 0, is given by

L(X,Z,) = 6(X, Z) + W, A, Zo) + Q(Z)) + LAY, Z0) + Q(25)

where W = (Wq, W3) are Lagrange multipliers.

We prove that Algorithm [I| converges to a constrained stationary point under certain assumptions
on ¢, A, and @, which are described in Section[d Moreover, since the constraints are nonlinear, there
is a question of constraint qualifications, which we address in Lemma,

We adopt the following notation in the context of ADMM. The variables in the k-th iteration are
denoted X%, ZF W* (with Xk Zf, WP for the i-th variable in each component). When analyzing a
single iteration, the index k is omitted, and we write X = X* and X+ = X**1. Similarly, we write
Lk = L£(x*, 2k WF) and will refer to £ = £* and £+ = £F for values within a single iteration.

3. EXAMPLES OF APPLICATIONS

In this section, we describe several problems with multiaffine constraints, and show how they can
be formulated and solved by ADMM. Many important applications of ADMM involve introducing
auxiliary variables so that all subproblems have closed-form solutions; we describe several such refor-
mulations in appendix [D] that have this property.

3.1. Representation Learning. Given a matrix B of data, it is often desirable to represent B in
the form B = X xY, where x is a bilinear map and the matrices X, Y have some desirable properties.
Two important applications follow:

(1) Nonnegative matriz factorization (NMF) [31] [32] expresses B as a product of nonnegative
matrices X >0,Y > 0.

(2) Inezxact dictionary learning (DL) [43] expresses every element of B as a sparse combination
of atoms from a dictionary X. It is typically formulated as

oL { L s+ IVl 51X - B

where ¢g is the indicator function for the set S of matrices whose columns have unit Lo norm,
and here [|Y|; is the entrywise 1-norm }, , [Yj;|. The parameter x is an input that sets the
balance between trying to recover B with high fidelity versus finding Y with high sparsity.
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Problems of this type can be modeled with bilinear constraints. As already mentioned in Section
[6, 23] propose the bilinear formulation (NMF1) for nonnegative matrix factorization. The inexact
dictionary learning problem can similarly be formulated as:

. I
(DL1) A es(X)+ YT+ 512 - Bl
Z = XY.

Other variants of dictionary learning such as convolutional dictionary learning (CDL), that cannot
readily be handled by the method in [43], have a biaffine formulation which is nearly identical to (DL1),
and can be solved using ADMM. For more information on dictionary learning, see [I8], 50} 511 43, [56].

3.2. Non-Convex Reformulations of Convex Problems. Recently, various low-rank matrix and
tensor recovery problems have been shown to be efficiently solvable by applying first-order methods
to nonconvex reformulations of them. For example, the convex Robust Principal Component Analysis
(RPCA) [26] [8] problem

inf [|L]l. + AlIS]lx

(RPCA1) { L.S
L+S=B8B

can be reformulated as the biaffine problem

Jufo SUUIE -+ IVIE) + AllST

(RPCA2) UvT +S=8B
U e Rka, Ve Ran7S c Rmxn

as long as k > rank(L*), where L* is an optimal solution of (RPCA1). See [I5] for a proof of this,
and applications of the factorization UV7T to other problems. This is also related to the Burer-
Monteiro approach [7] for semidefinite programming. We remark that (RPCA2) does not satisfy all
the assumptions needed for the convergence of ADMM (see A and Section , so slack variables
must be added.

3.3. Max-Cut. Given a graph G = (V, E) and edge weights w € R the (weighted) maximum cut
problem is to find a subset U C V so that Y  wy, is maximized. This problem is well-known
ueU,vgU
to be NP-hard [30]. An approximation algorithm using semidefinite programming can be shown to
achieve an approximation ratio of roughly 0.878 [22]. Applying the Burer-Monteiro approach [7] to
the max-cut semidefinite program [22] with a rank-one constraint, and introducing a slack variable
(see A [1.2)), we obtain the problem
sup % > wuv(lfzuv)jL% Z(Zuu*1)2+%”5“2
(MC1) Z,z,y,s weEE ueV
Z=xy", z—y=s.

It is easy to verify that all subproblems have very simple closed-form solutions.

3.4. Risk Parity Portfolio Selection. Given assets indexed by {1,...,n}, the goal of risk parity
portfolio selection is to construct a portfolio weighting = € R™ in which every asset contributes an
equal amount of risk. This can be formulated with quadratic constraints; see [3] for details. The
feasibility problem in [3] is

(RP) {aﬁxﬁb, 1+ ...+x,=1

where ¥ is the (positive semidefinite) covariance matriz of the asset returns, and a and b contain lower
and upper bounds on the weights, respectively. The authors in [3] introduce a variable y = z and
solve (RP) using ADMM by replacing the quadratic risk-parity constraint by a fourth-order penalty
function f(z,y,0) = >, (z;(Xy); — #)®. To rewrite this problem with a bilinear constraint, let o
denote the Hadamard product (x o y); = z;y; and let P be the matrix ( 0 0 ), where e,, is

n—1 “in-1
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the all-ones vector of length n. Let X be the set of permissible portfolio weights X = {z € R" : a <
x<byn{zr € R":elz =1}, and let 1x be its indicator function. Then we obtain the problem
inf ux(z) + 5([12l° + [Is]?)

ZT,Y,z,8
(RP1) P(zoy)==z2
Yy— 2T =35

where we have introduced a slack variable s (see A .

3.5. Training Neural Networks. An alternating minimization approach is proposed in [53] for
training deep neural networks. By decoupling the linear and nonlinear elements of the network, the
backpropagation required to compute the gradient of the network is replaced by a series of subproblems
which are easy to solve and readily parallelized. For a network with L layers, let X, be the matrix of
edge weights for 1 < ¢ < L, and let ay be the output of the ¢-th layer for 0 < ¢ < L — 1. Deep neural
networks are defined by the structure ay = h(Xpap—_1), where h(-) is an activation function, which
is often taken to be the rectified linear unit (ReLU) h(z) = max{z,0}. The splitting used in [53]
introduces new variables z; for 1 < ¢ < L so that the network layers are no longer directly connected,
but are instead coupled through the relations z; = Xya,—1 and ay = h(zy).

Let E(-,-) be an error function, and R a regularization function on the weights. Given a matrix of
labeled training data (ag,y), the learning problem is

inf E(zp,y)+ R(X1,..., X
{Xe}{ae}{ze} ( L y) ( 1 L)

(DNN1) 20— Xpap_1 =0for 1<0<L
ap—h(zg))=0for 1 << L-1.

The algorithm proposed in [53] does not include any regularization R(-), and replaces both sets of
constraints by quadratic penalty terms in the objective, while maintaining Lagrange multipliers only
for the final constraint z;, = Wya;_1. However, since all of the equations zy = Xpay_1 are biaffine,
we can include them in a biaffine formulation of the problem:

E(zr,y)+ R(X1,..., X))+ ngll(ag — h(z))?

inf
(DNN2) {(Xe} {ary {ze} {
zp — Xpap_1 =0for 1 <t < L.

To adhere to our convergence theory, it would be necessary to apply smoothing (such as Nesterov’s
technique [44]) when h(z) is nonsmooth, as is the ReLU. Alternatively, the ReLU can be replaced
by an approximation using nonnegativity constraints (see Appendix . In practice [b3, §7], using
the ReLU directly yields simple closed-form solutions, and appears to perform well experimentally.
However, no proof of the convergence of the algorithm in [53] is provided.

4. MAIN RESULTS

In this section, we state our assumptions and main results. We will show that ADMM (Algo-
rithm applied to solve a multiaffine constrained problem of the form (P) (refer to page |l produces
a bounded sequence {(X*, Z¥)}2° . and that every limit point (X'*, Z*) is a constrained stationary
point. While there are fairly general conditions under which Z* satisfies first-order optimality condi-
tions (see Assumption [l and the corresponding discussion in Section of tightness), the situation
with X* is more complicated because of the many possible structures of multiaffine maps. Accord-
ingly, we divide the convergence proof into two results. Under one broad set of assumptions, we prove
that limit points exist, are feasible, and that Z* is a blockwise constrained stationary point for the
problem with X fixed at X'™* (Theorem. Then, we present a set of easily-verifiable conditions under
which (X*, Z*) is also a constrained stationary point (Theorem . If the augmented Lagrangian
has additional geometric properties (namely, the Kurdyka-Lojasiewicz property (Section )7 then
{(X*, ZF)}22,, converges to a single limit point (X*, Z*) (Theorem .
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Algorithm 2 ADMM

IHPUt: (X((])aaX?L)v(Z((J)az?,Zg)a(WlOaWQO)ap
for k=0,1,2,... do

for i =0,...,ndo
Compute XikJr1 € argmin y, E(X(’fﬂ, . ,Xikfll, X, Xf+1, o, XE L ZE WE)
end for

Compute Z¥*1 € argminz £(X*+1, Z, WF)
WHEL  WF 4 p(A(XHT, Zo™ ) + Q(25511)
end for

4.1. Assumptions and Main Results. We consider two sets of assumption for our analysis. We
provide intuition and further discussion of them in Section (See Section |5| for definitions related
to convexity and differentiability.)

Assumption 1. Solving problem (P) (refer to page[f), the following hold.
A 1.1. For sufficiently large p, every ADMM subproblem attains its optimal value.
A 1.2. Im(Q) D Im(A).

A 1.3. The following statements regarding the objective function ¢ and Qo hold:
(1) ¢ is coercive on the feasible region Q = {(X, 2Z) : A(X,Zy) + Q(Z~) = 0}.
(2) Y(Z) can be written in the form

Y(Z2) = h(Zo) + 91(Zs) + g2(Z2)

where

(a) h is proper, convex, and lower semicontinuous.

(b) Zs represents either Zy or (Zy,Z1) and gy is (my, My)-strongly convex. That is, either
91(Z1) is a strongly convex function of Zy or g1(Zo, Z1) is a strongly convex function of
(Z(), Zl)

(¢) g2 is Ma-Lipschitz differentiable.

(3) Q2 is injective.

While Assumption [I] may appear to be complicated, it is no stronger than the conditions used in
analyzing nonconvex, linearly-constrained ADMM. A detailed comparison is given in Section [4.2

Under Assumption [I} Algorithm [2] produces a sequence which has limit points, and every limit
point (X*, Z*) is feasible with Z* a constrained stationary point for problem (P) with X fixed to X*.

Theorem 4.1. Suppose that Assumption holds. For sufficiently large p, the sequence {(X*, Z*, W’“)},;“;O
produced by ADMM is bounded, and therefore has limit points. Every limit point (X*, Z*, W*) satis-
fies A(X*, Z3) + Q(2%) = 0. There exists a sequence v* € 0z L(X*, Z¥ WF) such that v* — 0, and
thus

(4.1) 0€dzy(2*)+CL.wr

where Cy« is the linear map Z — A(X*,Zo) + Q(2s) and CL. is its adjoint. That is, Z* is a
constrained stationary point for the problem

min {(2) : A(X*, Zo) + Q(25) = 0},

Remark 4.2. Let 0 := Mpin(QY Qo) [l and sy = %—i One can check that it suffices to choose p so
that

ap M22 M2 { 2M1K,1 1 { 1 (1 +2,‘{1)2 }}
42) ———= > — and p>maxq ———, — (M + My)max< o™ -, —————— .
“2) A+ (QT Q1) 2( ' 2) A+ (QT Q)

2Gee Section H for the definition of A,y and Ay 4.
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Note that Assumption [I| makes very few assumptions about f(X) and the map A as a function
of X, other than that A is multiaffine. In Section [6] we develop general techniques for proving that
(X*, Z*) is a constrained stationary point. We now present an easily checkable set of conditions, that
ensure that the requirements for those techniques are satisfied.

Assumption 2. Solving problem (P), Assumption and the following hold.
A 2.1. The function f(X) splits into

n
f(X) = F(X07 s aX’rL) + Zfl(Xl)
i=0
where F' is Mp-Lipschitz differentiable, the functions fy, f1, ..., and f, are proper and lower semi-
continuous, and each f; is continuous on dom(f;).

A 2.2. Foreachl1l</{< nE| at least one of the following two condition holds:

(1) (a) F(Xo,-..,X,) is independent of X,.
(b) fo(Xy) satisfies a strengthened convexity condition (Definition[5.19).
(2) (a) Viewing A(X,Zy) + Q(Z2~) =0 as a system of constmmtsﬂ , there exists an index r(¢)
such that in the r(£)-th constraint,

Ar0)(X, Zo) = Re(Xy) + Ay(Xpq, Zo)

for an injective linear map Ry and a multiaffine map Aj. In other words, the only term
in Aoy that involves Xy is an injective linear map Ry(Xy).
(b) fe is either convex or My-Lipschitz differentiable.

A 2.3. At least one of the following holds for Zy:

(1) h(Zy) satisfies a strengthened convezity condition (Definition [5.15).

(2) Zo € Zs, so g1(Zs) is a strongly convex function of Zy and Z;.

(3) Viewing A(X,Zy) + Q(Z>) = 0 as a system of constraints, there ezists an index 7(0) such
that A0y (X, Zo) = Ro(Zo) + Ap(X) for an injective linear map Ry and multiaffine map Aj.

With these additional assumptions on f and A, we have that every limit point (X*, Z*) is a
constrained stationary point of problem (P).

Theorem 4.3. Suppose that Assumption@ holds (and hence, Assumption and Theorem u} Then
for sufficiently large p, there exists a sequence v* € AL(XF, ZF WF) with v* — 0, and thus every
limit point (X*, Z*) is a constrained stationary point of problem (P). Thus, in addition to , X*
satisfies, for each 0 < i < n,

(4.3) 0 Vx, F(X*) + 0x, fi( XF) + Aﬁi,(,@“zg)w*

where AXi,(X;i,Za‘) is the X;-linear term of X — A(X, Zo) evaluated at (X7, Z7) (see Deﬁm’tion
and Aii»(X;isz) is 1ts adjoint. That is, for each 0 < i <n, X} is a constrained stationary point for
the problem

min {F (X2, Xi) + [i(X) « A(XZ;, X, Z5) + Q(22) = 0}

3Note that we have deliberately excluded £ = 0. A is not required to hold for Xjo.
4That is, either (1a) and (1b) hold, or (2a) and (2b) hold.
5As an illustrative example, a problem may be formulated with constraints Xo X1 + Z1 = 0, Xo + P1(X1) + Z2 =
0,X0X2 + Z3 =0, Po(X2) + Z4 = 0, where Py, P> are injective linear maps. The notation A(X, Zp) + Q(Z>) denotes
the concatenation of these equations, which can also be seen naturally as a system of four constraints. In this case, the
indices r(¢) € {1,2,3,4}, and A 2a) is satisfied by the second constraint Xo + Pi(X1) + Z2 = 0 for the variables
Xo0,X1 (ie. (0) =r(1) =2 and Rg = I, R1 = P1), and by the fourth constraint P»(X2) + Z4 = 0 for Xs.
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Remark 4.4. One can check that it suffices to choose p so that, in addition to (4.2]), we have p >
max{ A, (RFRy) (e + Mp)}, where the mazimum is taken over all £ for which A|2.4(2) holds, and

min
_ 0 if fo conver
He = My if fo nonconvex, Lipschitz differentiable.

It is well-known that when the augmented Lagrangian has a geometric property known as the
Kurdyka-Lojasiewicz (K-L) property (see Section , which is the case for many optimization prob-
lems that occur in practice, then results such as Theorem can typically be strengthened because
the limit point is unique.

Theorem 4.5. Suppose that L(X,Z,W) is a K-L function. Suppose that Assumption@ holds, and
furthermore, that A (2) holds for all Xo, X1,... ,Xrﬂ and A (2) holds. Then for sufficiently

large p, the sequence {(X*, ZF W*)}2° | produced by ADMM converges to a unique constrained sta-
tionary point (X*, Z*, W*).

In Section [6] we develop general properties of ADMM that hold without relying on Assumption [I]
or Assumption In Section [7] the general results are combined with Assumption [I] and then with
Assumption [2] to prove Theorem and Theorem [4.3] respectively. Finally, we prove Theorem
assuming that the augmented Lagrangian is a K-L function. The results of Section [f] may also be
useful for analyzing ADMM, since the assumptions required are weak.

4.2. Discussion of Assumptions. Assumptions[I]and[2]are admittedly long and somewhat involved.
In this section, we will discuss them in detail and explore the extent to which they are tight. Again, we
wish to emphasize that despite the additional complexity of multiaffine constraints, the basic content
of these assumptions is fundamentally the same as in the linear case. There is also a relation between
Assumption [2|and proximal ADMM, by which A 2) can be viewed as introducing a proximal term.
This is described in Section

4.2.1. Assumption . This assumption is necessary for ADMM (Algorithm [2) to be well-defined.
We note that this can fail in surprising ways; for instance, the conditions used in [6] are insufficient
to guarantee that the ADMM subproblems have solutions. In [IT], an example is constructed which
satisfies the conditions in [6], and yet the ADMM subproblem fails to attain its (finite) optimal value.

4.2.2. Assumption [1.4 The condition that Im(Q) 2 Im(A) plays a crucial role at multiple points
in our analysis because Z-., a subset of the final block of variables, has a close relation to the dual
variables W. It would greatly broaden the scope of ADMM, and simplify modeling, if this condition
could be relaxed, but unfortunately this condition is tight for general problems. The following example
demonstrates that ADMM is not globally convergent when A does not hold, even if the objective
function is strongly convex.

Theorem 4.6. Consider the problem
min{z? + % : 2y = 1}.
T,y

If the initial point is (x°,0,w°), or if wk = p for some k, then the ADMM sequence satisfies (%, y*) —
(0,0) and wk — —oo.

Even for linearly-constrained, convex, multiblock problems, this conditiorﬂ is close to indispensable.
When all the other assumptions except A are satisfied, ADMM can still diverge if Im(Q) 2 Im(A).
In fact, [9, Thm 3.1] exhibits a simple 3-block convex problem with objective function ¢ = 0 on which
ADMM diverges for any p. This condition is used explicitly [57) B3], 28] and implicitly [25] in other
analyses of multiblock (nonconvex) ADMM.

6Note that Xy is included here, unlike in Assumption
"For linear constraints A1@1 + ...+ An@, = b, the equivalent statement is that Im(Ay) D U;:ll Im(A;).
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4.2.3. Assumption[I.3 This assumption posits that the entire objective function ¢ is coercive on the
feasible region, and imposes several conditions on the term (Z) for the final block Z.

Let us first consider the conditions on . The block Z is composed of three sub-blocks Zy, 77, Z,
and ¥ (Z) decomposes as h(Zy) + g1(Zs) + g2(Z2), where Zg represents either Z; or (Zy, Z1). There
is a distinction between Zy and Zs = (Z1, Z3): namely, Zy may be coupled with the other variables
X in the nonlinear function A, whereas Z- appears only in the linear function Q(Z-) which satisfies
Im(Q) 2 Im(A).

To understand the purpose of this assumption, consider the following ‘abstracted’ assumptions,
which are implied by A [I-3}

M1: The objective is Lipschitz differentiable with respect to a ‘suitable’ subset of Z.
M2: ADMM yields sufficient decrease [2] when updating Z. That is, for some ‘suitable’ subset
Z of Z and some € > 0, we have L(XT, Z, W) — LIXT,ZT, W) > ¢||Z — ZF]|°.

A ‘suitable’ subset of Z is one whose associated images in the constraints satisfies A By design,
our formulation (P) uses the subset Z5 = (Z1, Z3) in this role. M1 follows from the fact that g1, g2
are Lipschitz differentiable, and the other conditions in A are intended to ensure that M2 holds.
For instance, the strong convexity assumption in A 2) ensures that M2 holds with respect to 2
regardless of the properties of Q1. The concept of sufficient decrease for descent methods is discussed
in [2].

To connect this to the classical linearly-constrained problem, observe that an assumption corre-
sponding to M1 is:

AL: For the problem (P1) (see page 1)), fn(zn) is Lipschitz differentiable.

Thus, in this sense Z< alone corresponds to the final block in the linearly-constrained case. In the
multiaffine setting, we can add a sub-block Zj to the final block Z, a nonsmooth term h(Zy) to the
objective function and a coupled constraint A;(X, Zy), but only to a limited extent: the interaction
of the final block Z with these elements is limited to the variables Zj.

As with A it would expand the scope of ADMM if AL, or the corresponding M1, could be
relaxed. However, we find that for nonconvex problems, AL cannot readily be relaxed even in the
linearly-constrained case, where AL is a standard assumption [57), B3], 28]. Furthermore, an example
is given in [57 36(a)] of a 2-block problem in which the function fa(x2) = ||z2|/1 is nonsmooth, and
it is shown that ADMM diverges for any p when initialized at a given point. Thus, we suspect that
AL/M1 is tight for general problems, though it may be possible to prove convergence for specific
structured problems not satisfying M1.

M1 often has implications for modeling. When a constraint C'(X) = 0 fails to have the required
structure, one can introduce a new slack variable Z, and replace that constraint by C'(X) — Z = 0,
and add a term g(Z) to the objective function to penalize Z. Because of M1, exact penalty functions
such as A||Z]|; or the indicator function of {0} fail to satisfy A so this reformulation is not exact.
Based on the above discussion, this may be a limitation inherent to ADMM (as opposed to merely an
artifact of existing proof techniques).

We turn now to M2. Note that AL corresponds only to M1, which is why A [I.3is more complicated
than AL. There are two main sub-assumptions within A that ensure M2: that g; is strongly
convex in Zi, and the map )2 is injective. These assumptions are not tightﬁ since M2 may hold
under alternative hypotheses. On the other hand, we are not aware of other assumptions that are
as comparably simple and apply with the generality of A hence we have chosen to adopt the
latter. For example, if we restrict the problem structure by assuming that the sub-block Zj is not
present, then the condition that g; is strongly convex can be relaxed to the weaker condition that
V291(Z1) + pQTQy = mI for m > 0. However, even in the absence of A one might show that
specific problems, or classes of structured problems, satisfy the sufficient decrease property, using the
general principles of ADMM outlined in Section [0}

8in the sense that this ezact assumption is always necessary and cannot be replaced.
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Property M2 often arises implicitly when analyzing ADMM. In some cases, such as [25] 47], it
follows either from strong convexity of the objective function, or because 4,, = I (and is thus injective).
Proximal and majorized versions of ADMM are considered in [28] [33] and add quadratic terms which
force M2 to be satisfied. The approach in [57], by contrast, takes a different approach and uses an
abstract assumption which relates || Ay ()7 — z4)||? to ||z} — 2x]|?; in our experience, it is difficult to
verify this abstract assumption in general, except when other properties such as strong convexity or
injectivity of A hold.

Finally, we remark on the coercivity of ¢ over the feasible region. It is common to assume coercivity
(see, e.g. [33,[57]) to ensure that the sequence of iterates is bounded, which implies that limit points
exist. In many applications, such as (DL) (Section , ¢ is independent of some of the variables.
However, ¢ can still be coercive over the feasible region. For the variable-splitting formulation (DL3),
this holds because of the constraints X = X’ + X” and Y = Y’ +Y”. The objective function is
coercive in X', X", Y’, and Y, and therefore X and Y cannot diverge on the feasible region.

4.2.4. Assumption|2.1. The key element of this assumption is that Xg, ..., X,, may only be coupled by

a Lipschitz differentiable function F'(Xo, ..., X,,), and the (possibly nonsmooth) terms fo(Xo), ..., fn(Xn)

must be separable. This type of assumption is also used in previous works such as [12] 28] [57].

4.2.5. Assumption [2.3 We have grouped A A together here because their motivation is
the same. Our goal is to obtain conditions under which the convergence of the function differences
L(XE, Xo, Xop, Z,W) — L(XD,, X[, Xop, Z,WW) implies that || X, — X;7|| — 0 (and likewise for Zj).
This can be viewed as a much weaker analogue of the sufficient decrease property M2. In A and
A we have presented several alternatives under which this holds. Under A 2.2(1) and A [2.3(1),

the strengthened convexity condition (Definition [5.13)), it is straightforward to show that

(4.4) L(XZE,, Xp, Xogy ZWV) — LIXE, X[ Xop, Z0) > A(| X — X))

(and likewise for Zp), where A(t) is the O-forcing function arising from strengthened convexity. For
A (2) and A 2), the inequality holds with A(t) = at?, which is the sufficient decrease
condition of [2]. Note that having A(t) € O(t?) is important for proving convergence in the K-L
setting, hence the additional hypotheses in Theorem

As with A the assumptions in A and A are not tight, because may occur under
different conditions. We have chosen to use this particular set of assumptions because they are easily
verifiable, and fairly general. The general results of Section [6] may be useful in analyzing ADMM for
structured problems when the particular conditions of A are not satisfied.

4.2.6. Connection with proximal ADMM. When modeling, one may always ensure that A (2a) is
satisfied for X, by introducing a new variable Z3 and a new constraint X, = Z3. This may appear to
be a trivial reformulation of the problem, but it in fact promotes regularity of the ADMM subproblem
in the same way as introducing a positive semidefinite proximal term.

Generalizing this trick, let S be positive semidefinite, with square root S'/2. Consider the constraint
\/%Sl/Q(Xg — Z3) = 0. The term of the augmented Lagrangian induced by this constraint is || X, —

Z3||%, where ||-||s is the seminorm || X ||% = (X, SX) induced by S. To see this, let Wj be the Lagrange
multiplier corresponding to this constraint.

Lemma 4.7. If WY is initialized to 0, then for all k > 1, Z§ = Xé“ and W¥ = 0. Consequently,
the constraint \/%51/2()(@ — Z3) = 0 is equivalent to adding a prozimal term || X, — XF||% to the
minimization problem for X,.

Note that proximal ADMM is often preferable to ADMM in practice [35,[19]. ADMM subproblems,
which may have no closed-form solution because of the linear mapping in the quadratic penalty term,
can often be transformed into a pure proximal mapping with a closed-form solution, by adding a
suitable proximal term. Several applications of this approach are developed in [19]. Furthermore, for

proximal ADMM, the conditions on f; in A2b) can be slightly weakened, by modifying Lemma
and Corollary (see Remark [6.10]) to account for the proximal term as in [28].
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5. PRELIMINARIES

This section is a collection of definitions, terminology, and technical results which are not specific to
ADMM. Proofs of the results in this section can be found in Appendix[A] or in the provided references.
The reader may wish to proceed directly to Section [6] and return here for details as needed.

5.1. General Subgradients and First-Order Conditions. In order to unify our treatment of
first-order conditions, we use the notion of general subgradients, which generalize gradients and sub-
gradients. When f is smooth or convex, the set of general subgradients consists of the ordinary
gradient or subgradients, respectively. Moreover, some useful functions that are neither smooth nor
convex such as the indicator function of certain nonconvex sets possess general subgradients.

Definition 5.1. Let G be a closed and convexr set. The tangent cone Tg(x) of G at the point
x € G is the set of directions Tg(x) = cl{y —x : y € G}). The normal cone Ng(z) is the set
Ng(z) ={v: (v,y —z) <0 Vy € G}.

Definition 5.2 ([45], 8.3). Let f : R™ — RU{oc0} and x € dom(f). A vectorv is a regular subgradient
of f at x, indicated by v € Of (x), if f(y) > f(x) + (v,y — ) + o(||ly — ||) for all y € R™. A vector
v is a general subgradient, indicated by v € Jf(x), if there exist sequences x, — x and v, — v with
flxn) = f(z) and v, € gf(xn) A wector v is a horizon subgradient, indicated by v € 0 f(x), if
there exist sequences T, — x, A, — 0, and v,, € 5]"(90”) with f(xz,) — f(x) and v, — .

The properties of the general subgradient can be found in [45] §8].
Under the assumption that the objective function is proper and lower semicontinuous, the ADMM
subproblems will satisfy a necessary first-order condition.

Lemma 5.3 (J45], 8.15). Let f : R" — R U {oco} be proper and lower semicontinuous over a closed
set G CR™. Let x € G be a point at which the following constraint qualification is fulfilled: the set
0® f(x) of horizon subgradients contains no vector v # 0 such that —v € Ng(x). Then, for x to be a
local optimum of f over G, it is necessary that 0 € df(x) + Ng(z).

For our purposes, it suffices to note that when G = R", the constraint qualification is trivially
satisfied because Ng(z) = {0}. In the context of ADMM, this implies that the solution of each
ADMM subproblem satisfies the first-order condition 0 € L.

Problem (P) has nonlinear constraints, and thus it is not guaranteed a priori that its minimizers
satisfy first-order necessary conditions, unless a constraint qualification holds. However, Assumption ]
implies that the constant rank constraint qualification (CRCQ) [27, [42] is satisfied by (P), and min-
imizers of (P) will therefore satisfy first-order necessary conditions as long as the objective function
is suitably regular. This follows immediately from A and the following lemma.

Lemma 5.4. Let C(z,2) = A(z) + Qz, where A(x) is smooth and Q is a linear map with Im(Q) 2
Im(A). Then for any points x,z, and any vector w, (VC(x,z))Tw = 0 if and only if Q7w = 0.

5.2. Multiaffine Maps. Every multiaffine map can be expressed as a sum of multilinear maps and
a constant. This provides a useful concrete representation.

Lemma 5.5. Let M(X4,...,X,) be a multiaffine map. Then, M can be written in the form
M(Xy1,...,X,) = B+ Z;n:l M;(D;) where B is a constant, and each M;(D;) is a multilinear
map of a subset D; C (Xq,...,X,).

Let M(X7,...,X,,Y) be multiaffine, with Y a particular variable of interest, and X = (X1,...,X,)

the other variables. By Lemma grouping the multilinear terms M; depending on whether Y is
one of the arguments of M, we have

mi m

(5.1) M(X1,.. X, Y)=B+Y M;(DY)+ > M;(D))
j=1 j=mi+1

where each D; C (X1,...,X,).
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Definition 5.6. Let M(Xy,...,X,,Y) have the structure (5.1). Let Fy be the space of functions

fromY — Im(M). Let 6; : Dj — Fy be the mmﬂ gwen by (0;(X))(Y) = M;(D;,Y). Here, we use

the notation 0;(X) for 0;(D;), with D; taking the values in X. Finally, let My x = 3771 0;(X).
We call My x the Y-linear term of M (evaluated at X ).

To motivate this definition, observe that when X is fixed, the map Y — M(X,Y) is affine, with

the linear component given by My x and the constant term given by Bx = B + Z;nzml 11 M;(Dy).
When analyzing the ADMM subproblem in Y, a multiaffine constraint M(X,Y) = 0 becomes the
linear constraint My x(Y) = —Bx.

The definition of multilinearity immediately shows the following.

Lemma 5.7. 6, is a multilinear map of D;. For every X, 0;(X) is a linear map of Y, and thus
My x is a linear map of Y.

Example. Consider M(X1, X2, X5, X4) = X1X2X3 + Xo2X35X4 + Xo + B = 0 for square matrices
X1, X, X3, Xy. TakingY = X3 as the variable of focus, and X = (X1, Xo, X4), we have (01(X))(Y) =
X1 XY, (0:(X))(Y) = XoY Xy, (05(X))(Y) = Xy, (04(X))(Y) = B, and thus My x is the linear
map Y — X7 XY + XoYV Xy

Our general results in Section [f] require smooth constraints, which holds for multiaffine maps.

Lemma 5.8. Multiaffine maps are smooth, and in particular, biaffine maps are Lipschitz differen-
tiable.

5.3. Smoothness, Convexity, and Coercivity.

Definition 5.9. A function g is M-Lipschitz differentiable if g is differentiable and its gradient is
Lipschitz continuous with modulus M, i.e. ||[Vg(x) — Vg(y)|| < M|z — y|| for all x,y.

A function g is (m, M)-strongly convex if g is convex, M-Lipschitz differentiable, and satisfies
9(y) = g(z) + (Vg(z),y — z) + Z|ly — z||* for all z and y. The condition number of g is r = L.

m

Lemma 5.10. If g is M-Lipschitz differentiable, then |g(y) — g(z) — (Vg(z),y — z)| < Y|y — z||%.

Lemma 5.11. If g(-,-) is M -Lipschitz differentiable, then for any fized y, the function hy(-) = g(-,y)
is M -Lipschitz differentiable. If g(-,-) is (m, M)-strongly convez, then hy(-) is (m, M)-strongly convex.

Definition 5.12. A function ¢ is said to be coercive on the set Q if for every sequence {zx}3>,; C
with ||zg|| — oo, then ¢(xg) — oo.

Definition 5.13. A function A : R — R is 0-forcing if A > 0, and any sequence {tx} has A(ty) — 0
only if tp, — 0. A function f is said to satisfy a strengthened convexity condition if there exists a
0-forcing function A such that for any x,y, and any v € Of(x), f satisfies

(5.2) fy) = f(x) = {v,y — ) = A(lly — z|).

Remark 5.14. The strengthened convexity condition is stronger than convezity, but weaker than
strong convexity. An example is given by higher-order polynomials of degree d composed with the
Euclidean norm, which are not strongly convex for d > 2. An example is the function f(x) = ||z|3,
which is not strongly conver but does satisfy the strengthened convexity condition. This function

appears in the context of the cubic-regularized Newton method [59]. We note that ADMM can be
applied to solve the nonconvexr cubic-reqularized Newton subproblem

1
min ixTAa: + 0Tz + %Hx”%

by performing the splitting min q(x) + h(y) for q(z) = 327 Az + bTx and h(y) = &|z|3.
x’y

Since we will subsequently show (Theorem that the sequence of ADMM iterates is bounded,
the strengthened convexity condition can be relaxed. It would be sufficient to assume that for every
compact set G, a 0-forcing function Ag exists so that (5.2]) holds with Ag whenever x,y € G.

9When j > ma, 0;(X) is a constant map of Y.
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5.4. Distances and Translations.

Definition 5.15. For a symmetric matriz S, let Apnin(S) be the minimum eigenvalue of S, and let
A4 (S) be the minimum positive eigenvalue of S.

Lemma 5.16. Let R be a matriz and y € Im(R). Then ||ly||> < \{L(RTR)|RTy|>.

Lemma 5.17. Let A be a matriz, and b,c € Im(A). There exists a constant aq with dist({z : Az =
b}, {z: Az = c}) < aa||b— c||. Furthermore, we may take aa < \/A7} (AAT).

Lemma 5.18. Let g be a (m, M)-strongly convex function with condition number k = %, let C be a
closed and convex set with C; = a+C and Ca = b+ C being two translations of C, let § = ||b—a|, and
let v* = argmin{g(z) : x € C1} and y* = argmin{g(y) : y € C2}. Then, ||z* —y*| < (1 + 2k)J.

Lemma 5.19. Let h be a (m, M)-strongly convex function, A a linear map of x, and C a closed and
convex set. Let by, by € Im(A), and consider the setsUy = {x: Ax+ by €C} andUs ={z: Ax+ by €
C}, which we assume to be nonempty. Let ©* = argmin{h(z) : © € Ur} and y* = argmin{h(y) :
y € Us}. Then, there exists a constant v, depending on k and A but independent of C, such that
lz* = y*[| < l[b2 — b1

5.5. K-L Functions.

Definition 5.20. Let f be proper and lower semicontinuous. The domain dom(9f) of the general
subgradient mapping is the set {x : df(z) # 0}.

Definition 5.21 ([2], 2.4). A function f : R™ — R U {oo} is said to have the Kurdyka-Lojasiewicz
(K-L) property at x € dom(0f) if there exist n € (0,00], a neighborhood U of x, and a continuous
concave function ¢ : [0,n7) = R such that:

(1) (0) =0

(2) ¢ is smooth on (0,n)

(3) For all s € (0,m), ¢'(s) >0

(4) Forally e UN{w: f(z) < f(w) < f(x) +n}, the Kurdyka-Lojasiewicz inequality holds:

@' (f(y) — f(x)) dist(0,0f () > 1

A proper, lower semicontinuous function f that satisfies the K-L property at every point of dom(9f)
is called a K-L function.

A large class of K-L functions is provided by the semialgebraic functions, which include many
functions of importance in optimization.

Definition 5.22 (2], 2.1). A subset S of R™ is (real) semialgebraic if there exists a finite number of
real polynomial functions Pij, Qs : R™ — R such that

P q
S = U m{x cR": Pij(l‘) = O7Qij(l’) < 0}
j=1i=1
A function f : R™ — R™ 4s semialgebraic if its graph {(z,y) € R*™™ : f(x) = y} is a real
semialgebraic subset of R,

The set of semialgebraic functions is closed under taking finite sums and products, scalar products,
and composition. The indicator function of a semialgebraic set is a semialgebraic function, as is the
generalized inverse of a semialgebraic function. More examples can be found in [I].

The key property of K-L functions is that if a sequence {xk}zozo is a ‘descent sequence’ with respect
to a K-L function, then limit points of {z*} are necessarily unique. This is formalized by the following;

Theorem 5.23 ([2], 2.9). Let f : R™ = R be a proper and lower semicontinuous function. Consider
a sequence {xk}z"zo satisfying the properties:
H1: There exists a > 0 such that for each k, f(z*T1) — f(zF) < —al|x*+1 — 2¥||2.



MULTIAFFINE ADMM 15

H2: There exists b > 0 such that for each k, there exists wk*t! € 9f(2*+1) with [wk*!|| <
bl|zk+t — 2F||.
If f is a K-L function, and z* is a limit point of {x*} with f(x*) — f(x*), then z¥ — x*.

6. GENERAL PROPERTIES OF ADMM

In this section, we will derive results that are inherent properties of ADMM, and require minimal
conditions on the structure of the problem. We first work in the most general setting where C' in the
constraint C'(Uy,...,U,) = 0 may be any smooth function, the objective function f(Uy,...,U,) is
proper and lower semicontinuous, and the variables {Uy, ..., U,} may be coupled. We then specialize
to the case where the constraint C(Uy, ..., U,) is multiaffine, which allows us to quantify the changes
in the augmented Lagrangian using the subgradients of f. Finally, we specialize to the case where the
objective function splits into F(Uy,...,U,) + > 9:(U;) for a smooth coupling function F, which
allows finer quantification using the subgradients of the augmented Lagrangian.

The results given in this section hold under very weak conditions; hence, these results may be of
independent interest, as tools for analyzing ADMM in other settings.

6.1. General Objective and Constraints. In this section, we consider
{ Uo,i?fvn fWo,...,Up)
CcU,...,U,) =0.
The augmented Lagrangian is given by
Lo Uns, W) = f(Uo, .. Un) + (W.C (U, ... Un)) + SIC (W0, ..., U
and ADMM performs the updates as in Algorithm [l We assume only the following.
Assumption 3. The following hold.
A 3.1. For sufficiently large p, every ADMM subproblem attains its optimal value.
A 3.2. C(Uy,...,Uy,) is smooth.
A 3.3. f(Uy,...,U,) is proper and lower semicontinuous.

This assumption ensures that the argmin in Algorithm [1| is well-defined, and that the first-order
condition in Lemmal5.3| holds at the optimal point. The results in this section are extensions of similar
results for ADMM in the classical setting (linear constraints, separable objective function), so it is
interesting that the ADMM algorithm retains many of the same properties under the generality of
Assumption [3] We defer the proofs to the appendix.

Lemma 6.1. Let U = (Uy,...,U,) denote the set of all variables. The ADMM update of the dual
variable W increases the augmented Lagrangian such that LUT, WT) — LUT, W) = p||CU)|? =
%HW —WH|2 If [W = WT| = 0, then Vi LU, W*) — 0 and every limit point U* of {U*},
satisfies C(U*) = 0.

Consider the ADMM update of the primal variables. ADMM minimizes L(Uy,...,U,, W) with
respect to each of the variables Uy, ..., U, in succession. Let Y = U; be a particular variable of focus,
and let U = Uyzj = (U; : i # j) denote the other variables. For fixed U, let fy(Y) = f(U,Y). When

Y is given, we let U~ denote the variables that are updated before Y, and Us the variables that are
updated after Y. The ADMM subproblem for Y is

min £(U, Y, W) = min fu (V) + (W, C(U,Y)) + £ |C(0, V)]
Lemma 6.2. The general subgradient of L(U,Y, W) with respect to Y is given by
Iy LUY, W) =0fy(Y)+ (VyCU. Y)W + p(VyC(U,Y))TC(U,Y)
where Vy C(U,Y) is the Jacobian of Y — C(U,Y) and (VyC(U,Y))T is its adjoint.
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Defining V(U,Y,W) = (VyC(U,Y)NTW + p(VyC(U,Y)NTC(U,Y), the function V(U,Y,W) is
continuous, and Oy L(U,Y,W) = 0fy(Y) + V(U,Y,W). The first-order condition satisfied by Y+ is
therefore

0€dfys v (V) + (VyCUL Y U)W + p(VyC(UL YT, Us) CUL, Y, US)

= 6fUiﬂU> (Y+) + V(UI, Y+7 U>7 W)
For the next results, we add the following assumption.

Assumption 4. The function f has the form f(Uy,...,U,) = F(Uy,...,Upn) + .1 9:(Us), where
F is smooth and each g; is continuous on dom(g;).

Lemma 6.3. Suppose that Assumptions@ and hold. The general subgradient Oy L(UFH1 Yr+1 Wwk+1)
contains

V(UET, YR Ut i) — v(uEH Yy R Uk W)
+ Vy F(UET YR Ub+ly — vy F(UET YR UE).

Consider any limit point (U*,Y*, W*) of ADMM. If |W+ — W|| — 0 and |[US — Us| — 0, then
for any subsequence {(UF®) YFE) WkE)YI2 - converging to (U*,Y*,W*), there exists a sequence
v® € Oy LIUFE) YFE) WEE)) with v° — 0.

Lemma 6.4. Suppose that Assumptions @ and hold. Let (U*,Y*,W*) be a feasible limit point.
By passing to a subsequence converging to the limit point, let {(U®, Y5, W*)} be a subsequence of
the ADMM iterates with (U, Y5, W*) — (U*,Y*, W*). Suppose that there exists a sequence {v°}
such that v® € Oy L(U®, Y, W?) for all s and v* — 0. Then 0 € 0g,(Y*) + VyF(U*,Y™") +
(VyC(U*, Y*NTW*, so (U*,Y*, W*) is a constrained stationary point.

Corollary 6.5. If Assumptions[d and[f| hold, and |UF ' —UF|| — 0 for £ > 1, and [|[W*+!1—W*| — 0,
then every limit point is a constrained stationary point.

Remark 6.6. The assumption that the successive differences U; —U;r converge to 0 is used in analyses
of nonconver ADMM such as [29, [58]. Corollary shows that this is a very strong assumption: it
alone implies that every limit point of ADMM is a constrained stationary point, even when f and C
only satisfy Assumptions[3 and [}

6.2. General Objective and Multiaffine Constraints. In this section, we assume that f satisfies
Assumption [3] and that C' is multiaffine. Note that we do not use Assumption [4]in this section.

As in Section let Y be a particular variable of focus, and U the remaining variables. We let
fu(Y) = f(U,Y). Since C(U,Y) is multiaffine, the resulting function of Y when U is fixed is an affine
function of Y. Therefore, we have C(U,Y) = Cy(Y) — by for a linear map Cy and a constant by .
The Jacobian of the constraints is then VyC(U,Y) = Cy with adjoint (VyC(U,Y))T = CF such
that the relation (W, Cyy(Y)) = (CHZW,Y) holds.

Corollary 6.7. Taking VyC(U,Y) = Cy in Lemma the general subgradient of Y — L(U,Y, W)
is given by Oy L(U,Y,W) = 0fy(Y) + CEW + pCL(Cy(Y) — by). Thus, the first-order condition for
Y = L(U,Y,W) at Y+ is given by 0 € dfy (Y ) + CEW + pCE(Cuy (Y T) — by).

Using this corollary, we can prove the following.

Lemma 6.8. The change in the augmented Lagrangian when the primal variable Y is updated to Y+
is given by

LUYW) = LOY W) = fu(¥) = fuY ) = (0,Y = YT) + T Cu(Y) = Cu (¥ )P

for some v € dfy(Y™T).
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Proof. Expanding L(U,Y,W) — L(U, Y+, W), the change is equal to
fo(Y) = fu(¥5) + (W.Cu(Y) = Co (v ) + E(ICu(¥) = bu* = [Co (Y ) = bu?)
(6.1) = fu(Y) = fu(Y ")+ (W,Cy(Y) - Cuy(YT))
+p(Cu(Y) = Cu(Y ), Cu(Y ™) = bu) + El|Cu(Y) = Cu (Y )%
To derive (6.1]), we use the identity ||Q — P||?> — |R — P||* = ||Q — R||* + 2(Q — R, R — P) which holds
for any elements P, Q, R of an inner product space. Next, observe that
(W,Cy(Y) = Cu(YT)) + p(Cu(Y) = Cu(YT),Cy(YT) = bu)
=(Cu(Y) = Cu(Y),W + p(Cu(Y™) — bu))
= (Y =Y CEW +p(Cu(YT) = bu)))
From Corollary [6.7] v = CEZW + pCE(Cy(Y+) — by)) € —0fu(Y+). Hence
LWUY,W) = LUYTW)=f(Y) = fYT) = {v,Y =YT) + §||CU(Y) —Cu(Y )%
([l

Remark 6.9. The proof of Lemma[6.8 provides a hint as to why ADMM can be extended naturally
to multiaffine constraints, but not to arbitrary nonlinear constraints. When C(U,Y) = 0 is a general
nonlinear system, we cannot manipulate the difference of squares to arrive at the first-order
condition for Y, which uses the crucial fact VyC(U,Y) = Cy.

Remark 6.10. If we introduce a prozimal term ||Y —Y*||%, the change in the augmented Lagrangian
satisfies LU, Y, W) — LU, YT, W) > ||Y — Y F||%, regardless of the properties of f and Cm This is

usually stronger than Lemma [6.8. Hence, one can generally obtain convergence of prozimal ADMM
under weaker assumptions than ADMM.

Our next lemma shows a useful characterization of Y+.
Lemma 6.11. It holds that Y+ = argminy {fy(Y) : Cy(Y) = Cy(Y 1)},

Proof. For any two points Y7 and Y with Cy (Y1) = Cy (Y3), it follows that L(U, Yy, W)—L(U,Ys, W) =
fu(Y1) — fu(Ys). Hence Y+, the minimizer of Y — L(U,Y,W) with U and W fixed, must satisfy
fu(YT) < fu(Y) for all Y with Cy(Y) = Cy(Y™). That is, Y = argminy {fu(Y) : Cy(Y) =
Cy(Y ™)} O

We now show conditions under which the sequence of computed augmented Lagrangian values is
bounded below.

Lemma 6.12. Suppose that Y represents the final block of primal variables updated in an ADMM
iteration and that f is bounded below on the feasible region. Consider the following condition:

Condition 6.13. The following two statements hold true.
(1) Y can be partitioneﬂ into sub-blocks Y = (Yo, Y1) such that there exists a constant My such
that, for any U, Yy, Y1, Y{, and v € 0fy (Yo, Y1),

My

fu(Yo, YY) — fu(Yo, Y1) — (v, (Yo, Y{) — (Yo, Y1)) < 3 1Yy — 1>

10T see this, define the prox-Lagrangian LT (U,Y,W,0) = L(U,Y,W) + ||V — O||% By definition, Y+ decreases
the prox-Lagrangian, so L (U, Y+, W,Y*) < £P(U,Y*,W,Y*) = L(U,Y, W) and the desired result follows.
T motivate the sub-blocks (Yo, Y1) in Condition [6.13] one should look to the decomposition of 9(Z) in Assump-
tion |1} where we can take Yp = 0} an 1 = Z>. Intuitively, Y7 is a sub-block such that is a smooth function o
ion |1} wh ke Y( Z, d Y1 = Z-. Intuitively, Y7 i b-block such that 1 i h f i f
Y1, and which is ‘absorbing’ in the sense that for any Ut and YO+, there exists Y1 making the solution feasible.



18 MULTIAFFINE ADMM

(2) There exists a constant ¢ such that for every UT and Y produced by ADMMFEL we can find
a solution

Y1 € argminy, { fu+ (Ysh, Y1) : o+ (Y55, Y1) = by )]
satisfying Vi — Vi [|* < ([ Cu+ (V) = by |12,

If Condition holds, then there exists p sufficiently large such that the sequence {ﬁk},;“;o 18
bounded below.

Proof. Suppose that Condition holds. We proceed to bound the value of £ by relating Y
to the solution (YOJF,?]). Since f is bounded below on the feasible region and (U+,Y0+,?1) is
feasible by construction, it follows that f(U +,YO+,)/}1) > v for some v > —oo. Subtracting 0 =
(W, Cu+ (YgH, Y1) — by+) from LT yields

(62) L8 = fure (V) (WF, Cue (VF = (Y, F0))) + 11 Cure (V) = b 2

Since Y is the final block before updating W, all other variables have been updated to U™, and
Corollary implies that the first-order condition satisfied by YT is

0€0fu+ (Y )+ CLW + pCLy (Cys (YT) — b+ ) = Ofy+ (Y T) + CLLWT.
Hence v = C5+ W+ € —0fy+(YT). Substituting this into (6.2), we have
L5 = e (V) 4 (0, Y = (%5, F0) + 2 Cpe (V) — by |
Adding and subtracting fy+ (Y, }71) yields
L£F = fue (", 1) + El|Cu (V) = by |2
- (fU*(}/V()Jr?i}l) - fUJr <Y+) - <_Ua (YVOJrvi}l> - Y+>)
Since Y+ = (Y3, ¥;") and —v € 9fy+ (Y), Condition implies that
N N My~
Jor (V" V1) = foe (V) = (=0, (%7, 1) = V) < =5V =P

Hence, we have

~ M -~
LF > fue (Y T1) + EllCu (V) = by« |2 = 217 - ¥t

. ~ My¢
(63 > fu (05T 4 (25 ) 10 () = b
It follows that if p > My, then £F > v for all k > 1. O

The following useful corollary is an immediate consequence of the final inequalities in the proof of
the previous lemma.

Corollary 6.14. Recall the notation from Lemma . Suppose that f(U,Y) is coercive on the
feasible region, Condition holds, and p is chosen sufficiently large so that {L*} is bounded above
and below. Then {U*} and {Y*} are bounded.

1 is assumed to hold for the iterates UT and Y+ generated by ADMM as the minimal required condition, but
one should not, in general, think of this property as being specifically related to the iterates of the algorithm. In the
cases we consider, it will be a property of the function f and the constraint C' that for any point (lj, 37), there exists
Y1 € argminy, {f5 (Yo, Y1) : C5 (Yo, Y1) = bg} such that ||[Y1 — Y[ < ¢[|C5 (Y ) — by [

137g clarify the definition of 371, the sub-block for Yj is fixed to the value of YO+ on the given iteration, and then 1
is obtained by minimizing fi;+ (Y0+, Y1) for the Y7 sub-block over the feasible region Cy+ (Y0+, Y1) =by+.
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Proof. Under the given conditions, {£¥} is monotonically decreasing and it can be seen from
that {f(U*, Y¥, VF)} and {||Cpx (Y*) — byx ||} are bounded above. Since f is coercive on the feasible
region, and (U*, Y}, Y}) is feasible by construction, this implies that {U*},{Y{}, and {Y}} are
bounded. It only remains to show that the ‘true’ sub-block {Y*} is bounded. From Conditionh
there exists ¢ with ||V} — Y{¥||2 < ¢||Cye (YF) — by ||2. also implies that {||Cyx(Y*) — by %} is
bounded. Hence {Y}} is also bounded. O

6.3. Separable Objective and Multiaffine Constraints. Now, in addition to Assumption [3| we
require that C(Uy,...,U,) is multiaffine, and that Assumption @l holds. Most of the results in this
section can be obtained from the corresponding results in Section[6.1} however, since we will extensively
use these results in Section |7}, it is useful to see their specific form when C' is multiaffine.

Again, let Y = U; be a particular variable of focus, and U the remaining variables. Since f is
separable, minimizing fy(Y') is equivalent to minimizing f;(Y"). Hence, writing f, for f;, we have

Oy LU,Y,W) = 8f,(Y) + Vy F(U,Y) + CLW + pCf (Cu(Y) — by)
and Y satisfies the first-order condition 0 € 8f,(Y ")+ Vy F(U,Y ) + CEW + pCL(Cu (Y ) — by).
The crucial property is that 0f,(Y") depends only on Y.

Corollary 6.15. Suppose that Y is a block of variables in ADMM, and let U-,Us be the variables
that are updated before and after Y, respectively. During an iteration of ADMM, let C(Y) = be
denote the constraint C(UL,Y,Us) = bo as a linear function of Y, after updating the variables
U, and let O~ (Y) = b denote the constraint C(UL,Y,UL) = bs.. Then the general subgradient
Oy LWUE, YT UL W) at the final point contains
(CL = COW + CZWH = W) + p(CL = CL)(C=(YT) = bs)

+pCL(Co(YF) —bs = (C<(YF) = b))

+VyFUL, YT, UD) - VyFUL, YT, US)
In particular, if Y is the final block, then CL(W+ — W) € oy L(UL, Y+, WH).

Proof. This is an application of Lemmal6.3] Since we will use this special case extensively in Section 7]
we also show the calculation. By Corollary [6.7]

NLUL, YT UL, WH) =0f,(Y )+ VyFUL, YT ULD) + CIWT + pCL(C=(YT) — b>)
By Corollary —(VyF(U, YT, Us) + CIW + pCL(C(Y ") — bo)) € 0f,(YT). To obtain the
result, write CZW+ — CZW = (CL — CLYW+ + CL(WT — W) and
CL(Co(YT) —bs) = CL(C(YT) = bo) = (CL = CEY)(C(YT) —bs)
+ CT(OS(YT) —bs — (C(YT) —b2)).

Lemma 6.16. Recall the notation from Corollary[6.15 Suppose that

(1) W =W =0,

(2) [C> —C =0,

(3) ||b> —b<|| = 0, and

(4) {Wk}, {Y*}, {CE}, {CE(Y) — b} are bounded, and

(5) UL =T —o.
Then there exists a sequence v* € Oy LF with v* — 0. In particular, if Y is the final block, then only
condition and the boundedness of {C%} are needed.

Proof. If the given conditions hold, then the triangle inequality and the continuity of Vy F show that
the subgradients identified in Corollary [6.15 converge to 0. O
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The previous results have focused on a single block Y, and the resulting equations Cy (YY) = by.
Let us now relate Cy, by to the full constraints. Suppose that we have variables Uy, ...,U,,Y (not
necessarily listed in update order), and the constraint C(Uy, . ..,U,,Y) = 0 is multiaffine. Using the
decomposition and the notation 6;(U) from Definition we express Cpy and by as

(6.4) Oy = iej(U), by = —(B + Zm: 0,(U7)).
j=1 j=mi+1

This allows us to verify the conditions of Lemma when certain variables are known to converge.

Lemma 6.17. Adopting the notation from Corollary assume that {UE}, {Y*}, {UX} are
bounded, and that |[US — Us|| — 0. Then ||Cs — C<|| = 0 and ||b> — b<|| — 0.

Proof. Unpacking our definitions, C~ corresponds to the system of constraints C(UL,Y,Us) = b,
and Cs corresponds to C(UZ,Y,UL) = b. Let U = (UL,Us) and U’ = (UL, UT). By (6.4), we
have Cs — Cc = Z;n:ll 0;(U’) — 0;(U). From Lemma [5.8, each 6; is smooth, and therefore uniformly
continuous over a compact set containing {UX,Y* U%}% . Thus, |[US — Us| — 0 implies that
|ICs — C<|| = 0. The same applies to b~ — b.. O

7. CONVERGENCE ANALYSIS OF MULTIAFFINE ADMM

We now apply the results from Section |§| to multiaffine problems of the form (P) that satisfy
Assumptions [T] and [2]

7.1. Proof of Theorem Under Assumption [I we prove Theorem The proof appears at
the end of this subsection after we prove a few intermediate results.
Corollary 7.1. The general subgradients 0z L(X, Z, W) are given by

02,L(X, Zo, 21, 22, W) = 02,0(2) + A, 2 W + pAZ, 1 (A(X, Zo) + Q(Z5)) and

in‘C(X, ZOv Zla ZQa W) = in'l/}(Z) + Q;TWZ + pQ?(AZ(X, ZO) + Ql(Zl)) fOT’ i€ {1’ 2}

Proof. This follows from Corollary Recall that Az, x is the Zy-linear term of Zy — A(X, Zy)
(see Definition [5.6)). O

Corollary 7.2. For all k > 1,
(71) - lew(Zk) = Q?Wzk fO’f’i € {17 2}

Proof. This follows from Corollaries and and the updating formula for W+ in Algorithm
Note that g1 and go are smooth, so the first-order conditions for each variable simplifies to

~Vz(Z7) = Qf (Wi + p(Ai(XF, Z§) + Qi(Z]1))) = QT Wi
Hence, (7.1) immediately follows. O
Next, we quantify the decrease in the augmented Lagrangian using properties of h, g1, g2, and Q3.

Corollary 7.3. The change in the augmented Lagrangian after updating the final block Z is bounded
below by

mi po — My
(7. yzs - 231+ (252 12 - 23 P

where o = Amin(QzTQ2) > 0.
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Proof. We apply Lemma to Z. Recall that ¢ = h(Zy) + 91(Z1) + g2(Z2). The decrease in the
augmented Lagrangian is given, for some v € Oh(Z7), by
(7.3) W(Zo) = MZ5) = (v, Zo = Z3) + 91(Zs) — 91(Z5) — (Vo1(25), Zs — Z3)

+92(Z2) = 92(25) — (Vg2(25), Zo — Z3)

+ 1AL 2o = Z5) + (2 = ZD)IP + £11Qa(Z2 - 25

By A we can show the following bounds for the components of ([7.3):

(1) his convex, so h(Zy) — h(Z3) — (v, Zo — Zg) > 0.

(2) g1 is (my, My)-strongly convex, so g1(Zs) —gl(Zg) — (Vgl(Z;r), Zg — Z;} > | Zs — ZgHZ.

(3) g2 is M-Lipschitz differentiable, so go(Z2) — g2(Z5 ) — (Vga(Z5), Zo— Z5 ) > =22 || Z,— 25 ||%.
Since Q5 is injective, Q¥ Qo is positive definite. It follows that with o = A\, (Q2 Q2) > 0, 2Q2(Z2 —
ZNN? > Lo||Zy — ZF||2. Since 2||A1(XF, Zo — ZF) + Q1(Z1 — Z{7)||? > 0, summing the inequalities
establishes the lower bound (|7.2) on the decrease in L. O

We now bound the change in the Lagrange multipliers by the changes in the variables in Z.
Lemma 7.4. We have |[W — W |2 < B1||Zs — Z&||? + B2l| Z2 — Z5 ||?, where B1 = MEATL(QT Q1)
and B2 = MENTL(QEQ2) = MZo~1.
Proof. From Corollary [7.2} we have QTW; = =V z,4(Z) and QTW;* = -V ¢(Z+) for i € {1,2}.
By definition of the dual update, W;" — W; = p(A;(X*+, ZJ) + Q:(Z;")). Since Im(Q;) contains the
image of A;, we have W;* — W; € Im(Q;). Lemma applied to R = Q; and y = W;” — W, then
implies that
Wi = Wi |12 < AL (QF QIIQTWi = QEWTI? = AT (Q7 Q)IIV24(2) — Yz p (27
Since ¥(Z) = W Zo) + g1(Zs) + g2(Z2), we have, for Z;, the bound
IV2,0(2) = V2,0 (Z29)|? = V2,01(Zs) = V2,91(Z5)II?
<|IVg1(Zs) = Var(ZH)|?* < M7\ Zs - Z§|)?

and thus ||y — Wit |2 < MEATL(QT Q1) Zs — ZE||? = B1]|Zs — Z&||?. A similar calculation applies
to Wa. Summing over ¢ € {1,2}, we have the desired result. O
Lemma 7.5. For sufficiently large p, L(X*, Z, W) — L(X+, 2+, WT) > 0, and therefore {LF} is
monotonically decreasing. Moreover, for sufficiently small € > 0, we may choose p so that L — LT >
c(1Zs = ZEIP + 1122 = ZS°|1?).

Proof. Since the ADMM algorithm involves successively minimizing the augmented Lagrangian over
sets of primal variables, it follows that the augmented Lagrangian does not increase after each block
of primal variables is updated. In particular, since it does not increase after the update from X to
X, one finds

L—LT=LX,ZW)—- LA, ZW)+LXT,ZW)—-LXT,ZT,W)
+ L(XT,ZT W) — L(xT, 2t W)
>LXT,ZW) = LT, ZT W)+ LXT, ZY W) — (X, 2T, wh).

The only step which increases the augmented Lagrangian is updating W. It suffices to show that the
size of L(XT,Z, W) — L(XT, Z1 W) exceeds the size of L(X T, ZT, W) —L(XT, ZT,WT) by at least
c(12s = Z5|? + 1122 — Z{|1?).

By Lemma [6.1} £(XF, 2T, W) — L(XT, 2+, WF) = —L|W — WH|2. Using Lemma this is
bounded by — (81 Zs—Z4 |+ B2/ 22— Z3 ||?). On the other hand, eq. equation of Corollary
implies that L(X+, Z,W) — L(XT, 2+, W) > || Zg — ZF||> + (%) | Zo — Z5 ||?. Hence, for any

0 < e < 7, we may choose p sufficiently large so that =5+ > B—pl + € and L2M2 > ﬁ—: +e. |
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We next show that £* is bounded below.

Lemma 7.6. For sufficiently large p, the sequence {L*} is bounded below, and thus with Lemma
the sequence {L¥} is convergent.

Proof. We will apply Lemma [6.12] By A ¢ is coercive on the feasible region. Thus, it suffices to
show that Condition holds for the objective function ¢ and constraint A(X, Zp) + Q(Z2s) = 0,
with final block Z.

In the notation of Lemma we take Yo = {Zo}, Y1 = Z5 = (Z1, Z3). We first verify that Con-
dition [6.13|(1) holds. Recall that 1) = h(Zy) + g1(Zs) + g2(Z2) with g1 and go Lipschitz differentiable.
Fix any Zy. For any v € 0¢(Zy, Z~), we have

V(Zo, 2L) — (2o, 25) — (v, (Zo, 2L) = (Zo, 25))
= 91(Zo, Z1) — 91(Zo, Z1) — (V91(Zo, Z1), (Zo, Z1) — (Zo, Z1))
+ 92(Z3) — 92(Z2) — (Vg2(Z2), Z — Za)

M, Ms
< 7”21 - Z1|? + THZé — Zo|?

Thus, Condition 1) is satisfied with My, = £(M; + Mo).

Next, we construct é;, a minimizer of ¢(Z;, Z-.) over the feasible region with X+ and Z; fixed,
and find a value of ( satisfying Condition 1) There is a unique solution 22 which is fea-
sible for Ay(XF) 4+ Q2(Z2) = 0, so we take Zo = —Q; Ax(XT). We find that ||Zo — Z |2 <
A (QF Qa)|Q2(ZF — Z2)1* = A (QF Q2) [ As(XF) + Q2(Z5) 2. Thus, if ¢ > A}, (QFQ2), then
12 — Z31 < ClAx(X%) + Qa(ZH ).

To construct Z7, consider the spaces Uy = {Z1 : Q1(Z1) = — A1 (X, Z{f)} andUs ={Z1: Q1(Z1) =
Q1(Z)}. From Lemma (Zy, Z]) is the minimizer of h(Zy) + g1(Zo, Z1) over the subspace

Us ={(Zo, Z1) : Av(XT, Z0) + Q1(Z1) = AL (X, Z7) + Q1(Z1)}-

Consider the function go given by go(Z1) = g1(Z7, Z1). It must be the case that Z;" is the minimizer
of go over Us, as any other Z] with Q1(Z}) = Q1(Z;") also satisfies (Z;, Z}) € Us. By Lemma
go inherits the (mq, M;)-strong convexity of g;. Let

7, = argming {go(Z1) : Z1 € U1 }.

Notice that we can express the subspaces Uy, Us as Uy = {Z1|Q1(Z1) + A1(XT,ZF) € C} and Up =
{Z,|Q1(Z1) — Q1(Z]) € C} for the closed convex set C = {0}. Since Z; is the minimizer of gy over
Uy, Lemma [5.19| with h = go, and the subspaces U; and Us, implies that

1Zy = Z{7 || < A (X T, Z5) + @u(Z7)]|

where « is dependent only on xk = %—i and Q1. Hence, taking ¢ = max{y?, )\T_n%n(QgQg)},

125 = 2517 = 122 — Z5I° + 120 - 2 |
< C(IA2(XT) + Q2(ZN)|? + 1AL (X, Z57) + Qu(ZD)IP).
Overall, we have shown that Condition [6.13|is satisfied. Having verified the conditions of Lemma[6.12
we conclude that for sufficiently large p, {£*} is bounded below. O
Corollary 7.7. For sufficiently large p, the sequence {(X*, Zk, Wk)}> ' is bounded.

Proof. In Lemma we showed that Condition holds. By assumption, ¢ is coercive on the
feasible region. Thus, the conditions for Corollary are satisfied, so {X*} and {Z*} are bounded.

To show that {WF} is bounded, recall that W+ — W € Im(Q) by A and that QTWT =
—Vi(z, Zz)w(ZJr) by Corollary Taking an orthogonal decomposition of W° for the subspaces
Im(Q) and Im(Q)*, we express W? = WY + W3, where WY € Im(Q) and W) € Im(Q)*. Since
Wt — W € Im(Q), it follows that if we decompose WF* = Wg + Wk with Wk € Tm(Q)*, then
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we have W = W9 for every k. Thus, |WF|]? = HVV%H2 + [IWS||? for every k. Hence, it suffices
to bound Wl Observe that QTWF = QTWE + Q"W = QTW§, because WP € Im(Q)* =
Null(QT). Thus, by Corollary QTWEQ = —V(z,,2)%(Z%). Since {Z*} is bounded and g; and
g2 are Lipschitz differentiable, we deduce that {|Q"Wg|} is bounded. By Lemma IWEII? <
AL(QTQ) ||QTW5 |?, and so {HW(% |} is bounded. Hence {W*} is bounded, completing the proof. [

Corollary 7.8. For sufficiently large p, we have |Zs — Z&|| — 0 and || Z2 — Z5 || — 0. Consequently,
IW —=WT|| — 0 and every limit point is feasible.

Proof. From Lemma we may choose p so that the augmented Lagrangian decreases by at least
(|| Zs — ZE||* + || Z2 — ZF||?) for some € > 0 in each iteration. Summing over k, € p || ZE —
ZEYN2 4125 — Z5T)? < £° — limy, £F, which is finite by Lemma hence, ||Zs — Z&| — 0 and
122 = Z; || — .

Using Lemma W —=WH|? < Bil|Zs — ZE|1? + B2l Z2 — ZF||2, so |[W — WH|| — 0 as well.
Lemma then implies that every limit point is feasible. (|

Finally, we are prepared to prove the main theorems.

Proof (of Theorem , Corollary implies that limit points of {(X*, Z¥, W¥)} exist. From Corol-
lary every limit point is feasible.

We check the conditions of Lemma Since Z is the final block, it suffices to verify that
W —Wt|| — 0, and that the maps {C%} are uniformly bounded. That ||[W —W*|| — 0 follows from
Corollary [7.8] Recall from Corollary that C¥ is the Z-linear term of Z — A(X*, Zy) + Q(Z-);
since A is multiaffine, Lemma and the boundedness of {X*}2° / (Corollary|7.7) imply that indeed,
{C%} is uniformly bounded in operator norm. Thus, the conditions of Lemma are satisfied. This
exhibits the desired sequence v* € 9z L(X*, Z*¥ WF) with v* — 0 of Theorem Lemma then
completes the proof. O

7.2. Proof of Theorem Under Assumption [2] we proceed to prove Theorem For brevity,
we introduce the notation X.; for the variables (Xo, ..., X;-1) and X5, for (X;41,...,Xn).

Lemma 7.9. For sufficiently large p, we have || X,— X || — 0 for each 1 <€ <n, and || Zo—Z7 || — 0.

Proof. First, we consider X, for 1 < ¢ <n. Let Ax(Xy) = bx denote the linear system of constraints
when updating X,. Recall that under Assumption [2, f(X) = F(X) + >0, fi(X;), where F is a
smooth function. By Lemma the change in the augmented Lagrangian after updating X, is given
(for some v € dfe(Xy)) by

(T4) X0~ flX]) = 0. Xe = X + Sl Ax (Xe) - Ax (X))
+F(X:€aXZaX>Z) - F(XJZ’XZ_7X>€) - <VX5F(X2_€’XZF7X>€)7X€ - er>

By Lemma the change in the augmented Lagrangian from updating W is less than the change
from updating Z. Since is nonnegative for every /, it follows that the change in the augmented
Lagrangian in each iteration is greater than the sum of the change from updating each X,, and
therefore greater than for each ¢. By Lemma the augmented Lagrangian converges, so the
expression must converge to 0. We will show that this implies the desired result for both cases
of AR2l

1: F(Xo,...,X,) is independent of X, and there exists a 0-forcing function A, such that for
any v € 0fo(X,0), fo(Xe) — fo(X)F) — (v, Xe — X1) > Ag(|| X, — X¢|]). In this case, is
bounded below by A,(|| X, — X||). Since converges to 0, A([| X, — X¢||) — 0, which
implies that || X, — X,[|| — 0.

2: There exists an index r(¢) such that A, ) (X,Z) can be decomposed into the sum of a
multiaffine map of X, Zy, and an injective linear map R,(X,). Since Ay = Vx,A(X, Zy),
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the r(¢)-th component of Ax is equal to Ry. Thus, the 7(£)-th component of Ax (X,)—Ax (X,")
is Ro(Xo — X1).

Let pg = My if fy is My-Lipschitz differentiable, and pp = 0 if f; is convex and nonsmooth.
We then have

‘C(X:ga Xla X>£a Z? W) - ‘C(Xi_ga er7 X>Zv 27 W)

= Jo(X0) = Jo(X]) = (0. Xe = X[) + £ Ax (X0) = Ax (X[

+F(XI[aXZaX>Z) - F(XIZ’XZ_7X>Z) - <VX5F(XIZ’X2_7X>€)7X€ - XZ_>
(pe + Mp) P
> —f“Xe - X 17+ §||R4(Xe - X7
1
(7.5) Z 5 (PAmin (R} Re) — pe — Mp) | X, — X1 |1°.

Taking p > A} (RT Re)(pe + Mr), we see that || X, — X,/|| — 0.

It remains to show that ||Zy — Zg || — 0 in all three cases of A Two cases are immediate.
If Zy € Zs, then || Zy — ZF|| — 0 is implied by Corollary because || Zs — Z&|| — 0. If h(Z)
satisfies a strengthened convexity condition, then by inspecting the terms of equation (|7.3)), we see
that the same argument for X, applies to Zy. Thus, we assume that A(S) holds. Let Ax(Z2) = bx
denote the system of constraints when updating Z. The third condition of A 2.3] implies that for
r = r(0), the r-th component of the system of constraints A;(X,Zy) + Q1(Z1) = 0 is equal to
AL(X) + Ro(Zy) + Qr(Z1) = 0 for the corresponding submatrix @, of Q1. Hence, the r-th component
of Ax(Z) is equal to Ro(Zy) + Q(Z1). Inspecting the terms of equation (7.3)), we see that

LT, Z0) = L, 25 W) 2 LlIRo(Zo) + Qr(22) = (Ro(Z]) + Qo (Z)

Since £* converges, and the increases of £¥ are bounded by %HW —W*| — 0, we must also have

LXT,Z W) — LXT, ZH, W) — 0, or else the updates of Z would decrease L¥ to —oo. By Corol-
lary |Z1— Z;|| — 0, since Z; is always part of Zs. Hence || Ro(Zo— Z; )| — 0, and the injectivity
of Ry implies that || Zo—Z; || — 0. Combined with Corollary we conclude that || Z—Z7F|| = 0. O

Proof (of Theorem . We first confirm that the conditions of Lemma hold for {Xo,..., X, }.
Corollaries and together show that all variables and constraints are bounded, and that |[W —
WT|| — 0. Since | X — X,f|| = 0 for all £ > 1, and |2 — Z¥|| — 0, we have |[US — Us| — 0,
and the conditions ||Cs — C<|| — 0 and ||bs — b<|| — 0 follow from Lemma Note that X
is not part of X~ for any ¢, which is why we need only that {X%} is bounded, and || X, — X}'H —
0 for £ > 1. Thus, Lemma implies that we can find v¥ € 9xL(X*, ZF WF) with vF — 0;
combined with the subgradients in 9z L(X*, ZF WF) converging to 0 (Theorem and the fact that
Vw L(XF* ZF WF) — 0 (Lemma , we obtain a sequence v* € L(X*, ZF WF) with vk — 0.
Having verified the conditions for Lemma Lemma then shows that all limit points are
constrained stationary points. Part of this theorem (that every limit point is a constrained stationary
point) can also be deduced directly from Corollary and Lemma ]

7.3. Proof of Theorem [4.5l

Proof. We will apply Theorem to L(X, Z,W). First, for H2, observe that the desired subgradient
wk*t1 is provided by Lemma Since the functions V' and VF are continuous, and all variables
are bounded by Corollary [7.7, V and VF are uniformly continuous on a compact set containing
{(xk, ZF WF)}22 .. Hence, we can find b for which H2 is satisfied.

Together, Lemma |7.4] and Lemma imply that H1 holds for W and Z-. Using the hypothesis
that A 2) holds for Xy, X1, ..., X,, the inequality implies that property H1 in Theorem
holds for Xy, X1,...,X,. Lastly, A 2) holds, so Zg = (Zy, Z1) and thus g; is a strongly convex
function of Zy, so Corollary [7.3] implies that H1 also holds for Zy. Thus, we see that H1 is satisfied
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for all variables. Finally, Assumption [2| implies that ¢, and therefore £, is continuous on its domain,
so Theorem [5.23| applies and completes the proof. O
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APPENDIX A. PROOFS OF TECHNICAL LEMMAS

We provide proofs of the technical results in Sections [ to [} Lemmas [5.10} [5.11} [5.16] and [5.17] are
standard results, so we omit their proofs for space considerations.

A.1. Proof of Theorem [4.6l

Proof. The augmented Lagrangian of this problem is £(z,y,w) = 22 + y? + w(zy — 1) + Elzy — 1),
and thus %ﬁ(m, y,w) =22+ py?) +y(w —p). If y = 0 or w = p, the minimizer of the ;—subproblem
is #7 = 0. Likewise, if z = 0, then y™ = 0. Hence, if either y* = 0 or w* = p, we have (27,77) = (0,0)
for all j > k. The multiplier update is then w™ = w — p, so w* — —oo. ([l

A.2. Proof of Lemma

Proof. We proceed by induction. Since Z3 is part of the final block and W¥ = 0, the minimization
problem for Z5*! is ming, ||SY/?(Zs — X 1)|?, for which Z¥™! = X is an optimal solution. The
update for W5 is then Wit = p(XF+! — Z5T1) = 0. O

A.3. Proof of Lemma [5.4l

Proof. Observe that VC(z,z) = (VA(z) Q). The condition Im(Q) 2 Im(A) implies that for every
z, Im(Q) 2 Im(VA(z)), and thus Null(QT) C Null((VA(x))T). The result follows immediately. [

A.4. Proof of Lemma [5.51

Proof. We proceed by induction on n. When n = 1, a multiaffine map is an affine map, so M(X;) =
A(X,) + B as desired. Suppose now that the desired result holds for any multiaffine map of n — 1
variables. Given a subset S C {1,...,n}, let Xg denote the point with (Xg); = X; for j € S, and
(Xs); =0for j ¢ S. That is, the variables not in S are set to 0 in Xg. Consider the multiaffine map
N given by
N(leaXn):M(Xla7Xn)+ Z (_1)n_‘S‘M(XS)
[S|<n—1

where the sum runs over all subsets S C {1,...,n} with |[S| < n — 1. Since Xg — M(Xg) is a
multiaffine map of |S| variables, the induction hypothesis implies that M(Xg) can be written as a
sum of multilinear maps. Hence, it suffices to show that N (Xy,..., X,,) is multilinear, in which case
M(X1,. ., Xn) = N(X, ., X)) — S g(—1)"¥IM(X) is a sum of multilinear maps.

We verify the condition of multilinearity. Take k € {1,...,n}, and write U = (X : j # k). Since
M is multiaffine, there exists a linear map Ay (Xy) such that M(U, Xi) = Ay (Xk)+M(U,0). Hence,

we can write

(A1) MU, Xy, + \Y3) = M(U, X)) + AM(U, Y3,) — AM(U,0).
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By the definition of N, N (U, X, + A\Y}) is equal to
MU, Xi + AY5) + (=) BEIM(Us, X + AVe) + Y (1) ¥IM(Us,0)
kes k¢S

where the sum runs over S with |S| < n — 1. Making the substitution (A.1]) for every S with k € S,
we find that NV (U, X}, + AY}) is equal to

(A.2) MU, Xi) + AM(U, Yz) — AM(U, 0)
+ Z )" (M Us\iy Xie) + AM(Usvi, Yie) = AM(Us1,, 0))
kes
+ Z n |S|M US )
k¢S

Our goal is to show that N'(U, Xj, + A\Yy) = N (U, Xj) + M (U, Y%). Since
N(U i) = MU Y) + > (=1)" EIMUs\i, Vi) + D (1) FIM(Us, 0)
kes k¢S

we add and subtract A Zkgs(fl)”7|S‘M(U5, 0) in (A.2) to obtain the desired expression N (U, Xi) +
AN (U,Y}), minus a residual term

A(M(U,O)+Z(— )IEIMUsyi, 0) + > (-1 SIM(Us, ))

kes k¢S

It suffices to show the term in parentheses is 0.
There is exactly one set S with k ¢ S with |S| = n — 1, and for this set, Us = U. For this S, the
terms M(U,0) and (—1)"~ (=YD M(Ug,0) cancel out. The remaining terms are

(A.:3) > EUTEMUs 0+ > (D) EIM(Us, 0)
keS,|S|<n—1 k¢S,|S|<n—2
There is a bijective correspondence between {S : k ¢ S,|S| <n —2} and {S: k € S,|5] <n-—1}
given by S < SU{k}. Since |[SU{k}| = |S|+ 1, (A.3) becomes
> (T () MU, 0) = 0
k¢S, |S|<n—2
which completes the proof. O

A.5. Proof of Lemma We prove two auxiliary lemmas, from which Lemma follows as a
corollary.

Lemma A.1. Let M be a multilinear map. There exists a constant opr such that |[M(Xq,..., Xp)| <
oum [TIXil-

Proof. We proceed by induction on n. When n = 1, M is linear. Suppose it holds for any multilinear
map of up to n — 1 blocks. Given U = (Xy,...,X,_1), let My be the linear map My (X,,) =
M(U, X,,), and let F be the family of linear maps F = {My : || X1|| = 1,...,[|Xn-1]| = 1}. Now,
given X,,, let Mx, be the multilinear map Mx, (U) = M(U, X,,). By induction, there exists some
ox, for Mx, . For every X,,, we see that

Sup [ Mo (X)) = sup{IM (X1, X)X = 1 X = 1)
- sup |Mx, ()] < ox, < o0
(IX1[=1,.. . [ Xn—1]|=1
Thus, the uniform boundedness principle [48] implies that

om = sup |[Myllop = sup (IM(X1,...,X,)| < oo
F 1X1 =1, | X0 [l =1

Given any {X1,..., X, }, we then have |[M(Xy,...,Xp)| <oum [TI1X:]- O
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Lemma A.2. Let M(Xy,...,X,) be a multilinear map with X = (X1,...,X,) and X' = (X1,...,X])
being two points with the property that, for all i, || X;|| < d, | X]|| < d, and || X; — X!|| < e. Then
[M(X) — M(X")|| < noyd™ e, where oar is from Lemmal[A.1]

Proof. For each 0 < k < n, let X}! = (Xy1,...,Xp, X} 4y,...,X},). By Lemma IM(X}) —

MXG_ ) = IM(Xq, e, X1, Xie — X, Xpq, -, X)) is bounded by oprd™ ™ || X — Xif] <
omd™ te. Observe that M(X)— M(X') =37, M(X}) — M(X]_,), and thus we obtain | M(X) —
M(X)|| € nopd™ e O

A.6. Proof of Lemma [5.18

Proof. Let d = b — a, and define 6 = ||d||. Define 2’ = y* —d € C1, y = z* +d € Cy, and
s=a' —x* € T, (z*). Let 0 = g(y') — g(z*). We can express o as 0 = fol Vg(z* +td)Td dt. Since
Vg is Lipschitz continuous with constant M, we have

9(y*) —g(z') = /0 Vg(z' +td)"d dt
=0+ /1(V9(:c’ +td) — Vg(a* +td))"d dt
0

and thus |g(y*) —g(z') — o] < fol IVg(z' +td) — Vg(z* +td)||||d|| dt < M||s||d, by Lipschitz continuity
of Vg. Therefore g(y*) > g(z') + 0 — M||s||d. Since g is differentiable and C; is closed and convex,
x* satisfies the first-order condition Vg(z*) € —Ng, (z*). Hence, since s € Tg, (z*) = Ne, (¢*)°, we
have g(az') > g(a*) + (Vg(z*),s) + Z[s||* > g(z*) + Z|s||*. Combining these inequalities, we have
9(y*) = g(x*) + o+ Z|s||* — M||s]|. Since y* attains the minimum of g over Cz, g(y') > g(y*). Thus

* * * m
9() = g(z") + 0 > g(y") = g(z") + o + T [ls||* — M|s[|5

We deduce that Z||s||* — M||s[|6 < 0, so ||s|| < 2ké. Since y* — z* = s+ d, we have [z* — y*|| <
sl + lld|| < &+ 2k6 = (1 + 2k)4. =

A.7. Proof of Lemma [5.19

Proof. Note that x € U is equivalent to Az € —b; + C, and thus Uy = A~(—b; + C), where
A71(S) = {z : Az € S} is the preimage of a set S under A. Since U is the preimage of the closed,
convex set —b; + C under a linear map, U; is closed and convex. Similarly, Uy = A~ (—by + C) is
closed and convex.

We claim that Uy, Us are translates. Since by, b € Col(A), we can find d such that Ad = by — bs.
Given z € Uy, A(x +d) € —bs +C, so x + d € Uy, and thus U; + d C Uy. Conversely, given y € Us,
Aly—d) € =by +C,s0y —d € Uy and Uy + d O Us. Hence Us = Uy + d. Applying Lemma to
Uy, Uz, we find that ||2* — y*|| < (1 + 2k)||d||]. We may choose d to be a solution of minimum norm
satisfying Ad = by — by; applying Lemma to the spaces {x : Az =0} and {x : Az = b; — by}, we
see that ||d|| < a|by — b2||, where o depends only on A. Hence ||z* — y*|| < (1 + 2k)a|by — b1]|. O

A.8. Proof of Lemma [6.1]
Proof. The dual update is given by W+ = W + pC(U™). Thus, we have
1
LUTWF) = LU W) = (WT =W, CUT)) = p|CU|* = ;HW - WA

For the second statement, observe that Vi L(U, W) = C(U). From the dual update, we have
W+ —W = pC(Ut). Hence [|C(UT)| = %HW — WH|| = 0. It follows that Vy £(U*, W*) — 0 and,
by continuity of C, any limit point U* of {U*}$° , satisfies C(U*) = 0. O
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A.9. Proof of Lemma [6.2]
Proof. Since (W,C(U,Y)) + §||C(U,Y)]||? is smooth, [45 8.8(c)] implies that
Oy L(U.Y, W) = 0fu(Y) + Vy (W,C(U,Y) + Vy (2Cv))?)

A.10. Proof of Lemma [6.3]
Proof. Let g, denote the separable term in Y (that is, if Y = U}, then g, = g;). By Lemma

0 € Of st e (YY) 4 V(UETL YR ok Wk

= Vy F(UEL YR UEY 4 g, (YY) + V(UETL YL UE W),

Hence,
(A4) — (Vy F(UERL YR U08) 4 V(OB YR 08 W) € ag, (YA,
In addition, by Lemma [6.2]

ayﬁ(Uk+1, Yk+1, Wk+1)

= 0g,(Y*) + Vy F(UET  YFH UL + V(UET Yy okt wkth),

Combining this with (A.4) implies the desired result.
Applying this to dy L(U*E), Y*E) JWEE)) we obtain the subgradient

v = V(U§<s)7yk(s>7 U§<s>’ W)y — V(UE(S)vyk(s% U§<s>—1, W1
+ Vy FUED, Y*E) UE®) - vy puh®) ke gho=h),

Since {(UF®), YFE) WEE)1o0 | converges, and ||[US™ — U || — 0 and |[W**+! — W¥|| — 0 by assump-
tion, there exists a compact set B containing the points {Ui(s), Ui(s)_l,Yk(S)*,Wk(s), Whs)—11e
V and Vy F are continuous, so it follows that V' and Vy F' are uniformly continuous over B. It follows
that when s is sufficiently large,

V(UE(S)7 Yk(s), Ui(s)’ Wk(s)) _ V(Ui(s), Yk(s), Ui(s)fl, Wk(s)—l)

and
VY-F(IJE(S)7 Yk(s)’ Ui(s)) _ VYF(UE(S), Yk(s)7 Ui(s)fl)

can be made arbitrarily small. This completes the proof. O
A.11. Proof of Lemma We require the following simple fact.

Lemma A.3. Let f : R™ = RU{oo}. Suppose that we have sequences x, — © and v € Of (xy) such
that f(xg) — f(x) and vy — v. Then v € df(x).

Proof. This result would follow by definition if vy € 5f(wk), but instead we have v, € Jf(xp).
However, for each k, there exists sequences x;, — x and vj € Of(x;x) with f(z;r) — f(zk)

and v, — v,. By a simple approximation, we can select subsequences ys — ,2s € 0f(ys) with
f(ys)%f(x)vzs_)v' D

Proof (of Lemma[6.4). By Lemmal6.2] 9y L(U*,Y*, W*) = 8g, (Y*)+Vy F(U*,Y*)+V (U*,Y*, W*).
Since V is continuous, the sequence {V(U®,Y* W*)} converges to V(U*,Y*, W*), which is equal
to (VyC(U*,Y*))TW* because (U*,Y* W*) is feasible. Likewise, {Vy F(U*,Y*)} converges to
Vy F(U*,Y™).
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Since v* € dy L(U*,Y*, W?) for all s and v* — 0, we deduce that there exists a sequence {v; } such
that v € dg, (Y*) for all s and v5 — —(Vy F(U*,Y*)+(VyC(U*,Y*))"W*). Hence, by Lemma
applied to g, and the sequences {Y*} and {v}, we find —(Vy F(U*,Y*) + (VyC(U*,Y*))TW*) €
0gy(Y*), as desired.

O

A.12. Proof of Corollary

Proof. If [WHE+1 —W¥|| — 0 and ||U; ™ —UF|| — 0 for all £ > 1, then the conditions of Lemma 6.3|are
satisfied for all blocks Uy, ...,U,. Thus, Lemma [6.1] implies that U* is feasible, and by Lemma
(U*, W*) satisfies the first-order conditions. Note that we do not need to assume |[UST — U¥|| — 0
because Uy is not part of Us for any block. O

APPENDIX B. ALTERNATE DEEP NEURAL NET FORMULATION

When h(z) = max{z,0}, we can approximate the constraint ay—h(z;) = 0 by introducing a variable
aj, > 0, and minimizing a combination of |la, — 2z¢||?, ||a, — ac||*>. This leads to the following biaffine
formulation, which satisfies Assumptions [I]and [2] for the deep learning problem:

inf  E(zr,y) + Yo elap) + 4 S5 el + el + R(Xa, ..., X1)
XLG,L,1 —ZI = 0
Xgag,1 I 0 O v
ay — I I 0Of |s)| =0 forl1<e¢<L-—1.
ay — ag 0 0 I

N

>
~

APPENDIX C. TABLE OF ASSUMPTIONS

We organize Assumptions [T] and [ in tabular form and present them in Tables [I] and

TABLE 1. Contents of Assumption

Assumption

Z-block operator Im(Q) 2 Im(A4)

¢ coercive on feasible region

¢ splits as f(X) +¢(2)

Z-block objective function ¢ | 4 splits as h(Zp) + g1(Z2) + g2(Z2)

Total objective function ¢

h(Zp) h(Zy) is proper, convex, and lower semicontinuous
a1 (Zs) g1 is strongly convex, and either
e /g =1/Uq,or
° ZS’ = (Zo, Zl)
92(Z2) 92(Z2) is Lipschitz differentiable
Zy-operator Qo Q- is injective

Note that Assumption [2]is a superset of Assumption [I} and introduces additional assumptions on
the function f(X).

14The assumption that each g; is continuous on dom(g;) was introduced in Assumption |4|to ensure that g, (Y*) —
gy(Y™), which is required to obtain the general subgradient dg, (Y*).
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TABLE 2. Contents of Assumption

Assumption B|
X-block function f | f(X) splits into F(Xo,...,X,) + Y i fi(X;)
F(Xo,...,X,) F(Xy,...,X,) is Lipschitz differentiable
fo(Xo), .-, fu(Xn) | fi(X;) is proper and lower semicontinuous, and continuous
on dom(f;)

Xy, for1<4<n One of the following cases holds:

Case 1: F(Xy,...,X,) is independent of X,, and
fe(Xy) satisfies a strengthened convexity condition
(see Definition [5.13).

Case 2: fy is either convex or Lipschitz differentiable.
Viewing A(X, Zp) + Q(Z2s) = 0 as a system of con-
straints, there exists an constraint in the system, with
index r(¢), such that in the r(¢)-th constraint, we
have A,4)(X, Zo) = Re(X¢) + Ay(Xe, Zo) for an in-
jective linear map R, and a multiaffine map A}.

Zy One of the following cases holds:
Case 1: h(Zj) satisfies a strengthened convexity con-

dition (Definition [5.13).

Case 2: Zy € Zg, so g1(Zg) is a strongly convex func-
tion of Zy and Z.

Case 3: Viewing A(X, Zp) + Q(Z~) = 0 as a system
of constraints, there exists an index r(0) such that
Ar0)(X, Zo) = Ro(Zo)+ Aj(X) for an injective linear
map Ry and multiaffine map Aj.

APPENDIX D. FORMULATIONS WITH CLOSED-FORM SUBPROBLEMS

D.1. Representation Learning. Observe that in (NMF1), the ADMM subproblems for X and Y,
which have quadratic objective functions and nonnegativity constraints, do not have closed-form solu-
tions. To update X and Y, [23] proposes using ADMM to approximately solve the subproblems. This
difficulty can be removed through variable splitting. Specifically, by introducing auxiliary variables
X’ and Y”, one obtains the equivalent problem:

inf UX) + oY) + L1Z - B|?
(NMFQ) X, X"\Y\Y"zZ
Z=XY, X=X.Y=Y",

where ¢ is the indicator function for the nonnegative orthant; i.e., ¢(X) =0if X > 0 and «(X) = o0
otherwise. One can now apply ADMM, updating the variables in the order Y, Y’ X', then (Z, X).
Notice that the subproblems for Y and (Z, X) now merely involve minimizing quadratic functions
(with no constraints). The solution to the subproblem for Y,

2

3

: v/ B _ n2 _ /_ l
(D.1) Y1;12f0<W, Y+ 2HY Y| = Ylpzfo HY (Y + pW)

is obtained by setting the negative entries of Y + %W to 0. An analogous statement holds for X".
Unfortunately, while this splitting and order of variable updates yields easy subproblems, it does

not satisfy all the assumptions we require in A (see also Section . One reformulation which

keeps all the subproblems easy and satisfies our assumptions involves introducing slacks X" and Y
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A (32x32)
X (512x512) Y (512x512)

FIGURE 1. An example of 2D circular convolution.

and penalizing them by a smooth function, as in
UX") +o(Y") + 511Z = BIP + SIX"|* + 511V

inf
(NMF3) X,X',X”lg/,ygyu,z
Z=XY, X=X+X"Y=Y'+Y".

The variables can be updated in the order Y, Y/, X, X', then (Z, X", Y"). It is straightforward to
verify that the ADMM subproblems either involve minimizing a quadratic (with no constraints) or
projecting onto the nonnegative orthant, as in .

Next, we consider (DL). In [43], a block coordinate descent (BCD) method is proposed for solving
(DL), which requires an iterative subroutine for the Lasso [64] problem (L;-regularized least squares
regression). To obtain easy subproblems, we can formulate (DL) as

: / / ® _ 2
oLy { xrBloys $E) I+ 412 - Bl
Z=XY, Y=Y X=X

Notice that the Lasso has been replaced by soft thresholding, which has a closed-form solution. As
with (NMF2), not all assumptions in Assumption |1| are satisfied, so to retain easy subproblems and
satisfy all assumptions, we introduce slack variables to obtain the problem

vs(X) + YL+ 21 Z = B3 + 551 X712 + 5 [Y7[13

(DL3) { X,X’,X”l,r)l/f,Y’,Y”,Z
Z=XY, Y=Y +Y", X=X"+X".

D.2. Risk Parity Portfolio Selection. As before, we can split the variables in a biaffine model to

make each subproblem easy to solve. The projection onto the set of permissible weights X has no

closed-form solution, so let Xp be the box {z € R" : a < x < b}, and tx, its indicator function. One

can then solve:

,cinf e (@) BRI (127 P+ 122
x,r',\Yy,z,2" 2" 2
(RP2) Plaoy) =z y=Su+
r=a'+2" elz=1+2".
The variables can be updated in the order z, 2, y, (2, 2/, 2", 2"""). Tt is easy to see that every subproblem

involves minimizing a quadratic function with no constraints, except for the update of z’, which
consists of projection onto the box Xpg and can be evaluated in closed-form.

APPENDIX E. NUMERICAL DEMONSTRATION

In this section, we provide several numerical illustrations of ADMM applied to multiaffine problems.
We consider an instance of the representation learning problem (Section [3.1]and appendix [D.1]) known
as spherical blind deconvolution. In this setting, data Y is generated by the circular convolution Ax X
of a kernel A and a sparse matrix X. An example of the convolution operation is shown in Figure

The data generating process for blind deconvolution can be modeled as

(E.1) Y =AxX +bl+¢,
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1
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(A) True Kernel A* (B) Observations Y (¢) Objective value over time (s). The left plot shows
ADMM-SLACK, and the right shows ADMM-EXACT.
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(E) Kernel matrices A for ADMM-EXACT at iterations k& = 0, 10, 50, 100, 150.

FicUure 2. ADMM-sLACK and ADMM-EXACT, noiseless.

where b1 is a bias term added to each entry, and £ denotes random noise. Recovering A and X in the
ideal (noiseless) case can be formulated as the multiaffine optimization problem:

X1
Ax X +b1 =Y

As discussed in Appendix this formulation does not satisfy A We can introduce a slack
variable Z to ensure that Assumption [1]is satisfied.

i 2|72
(SBD1) Agl(l,il,z X1+ S1Z1%
Ax X +b01-2=Y

The algorithm obtained by applying ADMM to (SBDO0) will be referred to as ADMM-EXACT, and
the one based on (SBD1) will be referred to as ADMM-SLACK.

We first compare ADMM-EXACT and ADMM-SLACK on noiseless data to assess the impact of the
slack variable in (SBD1), which makes the formulation inexact. Figuresto@ show the performance of
ADMM-EXACT and ADMM-SLACK on synthetic problems generated according to with ¢ = 0.
The top row of each figure shows the true kernel, the observation data Y, and the objective values
over 60 seconds for ADMM-sLACK and ADMM-EXACT. To measure both the sparsity and accuracy,
the objective function reported is given by #5[|X|1 + 3[|Y — A% X — b1[|%. The next two rows
shows the kernel matrix A recovered by each method at various stages of progress. In the noiseless
case, the performance of ADMM-EXACT and ADMM-SLACK appears to be similar. We also observe

empirically that the convergence is sublinear, which is consistent with the general rate O(%) for
ADMM.

min
(SBDO) { AXb
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(A) True Kernel A* (B) Observations Y (¢) Objective value over time (s). The left plot shows
ADMM-SLACK, and the right shows ADMM-EXACT.
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(E) Kernel matrices A for ADMM-EXACT at iterations k& = 0, 10, 50, 100, 120.

FicUure 3. ADMM-sLACK and ADMM-EXACT, noiseless.
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(A) True Kernel A* (B) Observations Y (C) Objective value over time (s). The left plot shows
ADMM-SLACK, and the right shows ADMM-EXACT.
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(E) Kernel matrices A for ADMM-EXACT at iterations k£ = 0, 10, 20, 50, 100.

FIGURE 4. ADMM-sLACK and ADMM-EXACT, noiseless.
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E.1. Noisy Observations. We next consider the case where the observations Y are corrupted by
noise. In this case, the formulation (SBD1) is more natural because A* X +b1 =Y cannot be satisfied
exactly, even by the true A, X, b. The slack variable Z then serves to absorb the noise term &.

5 100 150 200 250 300 350 400 450 500 0 10 20 30 40 50 60 o 0 20 EY 40 50 60

(A) True Kernel A* (B) Observations Y (C) Objective value over time (s). The left plot shows
(with noise) ADMM-SLACK, and the right shows ADMM-EXACT.

E) s w15 ow m w

(D) Kernel matrices A for ADMM-SLACK at iterations k& = 0, 10, 20, 50, 100.

ERE) g D

EREEED

) Kernel matrices A for ADMM-EXACT at iterations k = 0, 10, 50, 100, 200.

Ficure 5. ADMM-sLACK and ADMM-EXACT on noisy observations.

We observe in Figure 5] that while ADMM-SLACK converges even in the presence of noise, ADMM-
EXACT eventually begins to diverge. Since the constraint cannot be satisfied exactly, the Lagrange
multipliers grow over time, causing A, X to behave erratically to overfit to the noise and decreasing
the relative importance of the sparsity of X. This suggests that for practical applications, where a
certain amount of noise is unavoidable, the formulation (SBD1) with the slack variable Z is both more
practical, as well as being provably convergent within our framework.

Figures [6] and [7] show additional examples in the noisy setting.
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(A) True Kernel A* (B) Observations Y (C) Objective value over time (s). The left plot shows
(with noise) ADMM-SLACK, and the right shows ADMM-EXACT.
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(E) Kernel matrices A for ADMM-EXACT at iterations k& = 0, 10, 20, 100, 200.

FicUure 6. ADMM-sLACK and ADMM-EXACT on noisy observations.
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(A) True Kernel A* (B) Observations Y (¢) Objective value over time (s). The left plot shows
(with noise) ADMM-SLACK, and the right shows ADMM-EXACT.
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FIGURE 7. ADMM-sLACK and ADMM-EXACT on noisy observations.
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