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s Abstract We consider a nonconvex and nonsmooth group sparse optimization problem
s where the penalty function is the sum of compositions of a folded concave function and
7 the f5 vector norm for each group variable. We show that under some mild conditions a
s first-order directional stationary point is a strict local minimizer that fulfils the first-order
o growth condition, and a second-order directional stationary point is a strong local minimizer
0 that fulfils the second-order growth condition. In order to compute second-order directional
u stationary points, we construct a twice continuously differentiable smoothing problem and
» show that any accumulation point of the sequence of second-order stationary points of the
13 smoothing problem is a second-order directional stationary point of the original problem. We
1 give numerical examples to illustrate how to compute a second-order directional stationary
15 point by the smoothing method.
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1 1 Introduction

K
» Let x = (XlT,"- ,X})T € R"™ with x; = (.Ti(l),“' ,xi(di))T € Rdi, d; > 1, Z d; = n. We
i=1
2 consider the following optimization problem
K
min - f(x) = £(x) +> (), (1.1)
i=1

» where £ : R" — R is a twice continuously differentiable function, and ¢ : Ry — R4
» 18 a concave penalty function satisfying the following properties: (i) ¢ is locally Lipschitz
» continuous and non-decreasing on [0, 00) with ¢(0) = 0 and ¢(t) > 0 for t > 0; (ii) ¢'(0+) >
» 0. Throughout this paper, || - || denotes the ¢5 vector norm.
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2 Dingtao Peng, Xiaojun Chen

In practice, many loss functions are twice continuously differentiable, for example, square
m

loss function £(x) = 5= || Ax — b||?, exponential loss function £(x) = L 21 exp(—bj(a] x)),
]:

and logistic loss function

m
L(x) = —% Z {bj log(1 4+ exp(—ajTX)) + (1 —b;)log(1 + exp(a;rx))} ,
j=1
where b € R™, A = (a;, - ,a,,) € R™*",

Problem is called group sparse optimization due to the group structure in its vari-
able. When K = n and dy = -+ = d, = 1, problem (|L.1]) reduces to the standard sparse
optimization which is aimed to find a sparse solution to minimize the function £(x). Sparse
optimization has attracted considerable attention in signal processing, machine learning and
statistics in recent years. To yield a sparse solution, a penalty term is often used. Tibshirani
[28] suggested using the ¢; penalty to obtain a sparse vector of regression coefficients in linear
regression problem, which results in a convex optimization problem, called Lasso, and can
be solved by many efficient algorithms. However, Fan and Li [12/[13] pointed out that the
solution of the ¢; penalized optimization does not possess some good statistical properties
such as unbiasedness and oracle property. Fan and Li [I2[13] then proposed a folded concave
penalty and showed that there exists a local solution with the desired statistical properties
for the resulting non-convex optimization. Till now, many specific folded concave penalty
functions are widely used in signal reconstruction, image restoration, and variable selection,
for example, logarithm penalty [12], fraction penalty [25], hard thresholding penalty (HT-
P) [6L20], capped ¢; penalty (CapLl) [36], minimax concave penalty (MCP) [35], smoothly
clipped absolute deviation (SCAD) [12].

Although there exist some local minimizers with good statistical properties for a folded
concave penalized optimization, how to find such local minimizers has not been addressed
satisfactorily. Fan, Xue and Zou [I4] proposed a local linear approximation algorithm to
obtain an oracle solution with an initial point being sufficiently close to the true solution. In
[23], the authors developed a concept of subspace second-order optimality which is related
to subspace optimality in [3/[4,9,10], and showed that under some conditions the station-
ary point of subspace second-order optimality can be an oracle solution with high prob-
ability. In 1985, Yuan [33] studied convergence of trust region algorithms to a first-order
d(irectional)-stationary point of nonsmooth optimization. Recently, [1,26] adopted a first-
order d(irectional)-stationary point for optimality, and showed that a first-order d-stationary
point must be one of other stationary points using the first-order information of the objec-
tive function. Moreover, [7,27] proposed the concept of second-order directional derivatives
and the concept of second-order d(irectional)-stationary points, and showed that under some
mild conditions second-order d-stationary points can fulfil the second-order growth condition.
However, how to compute second-order directional derivatives and second-order d-stationary
points is unknown for problem .

Group sparse problem was studied by many authors, e.g., see [11L[15,16,17,18,19,24,
30,32,34.37]. It has wide applications in statistics, machine learning, and computational
biology such as joint covariate selection [I6L17.34L37], multi-task learning [19,32], and gene
finding [I5,24]. Most of the literatures use group ¢; penalty which yields group Lasso model.
Huang and Zhang [17] showed that group Lasso is superior to standard Lasso for strongly
group-sparse signals. In consideration of the good performance of folded concave penalties
comparing to £ penalty for standard sparse optimization, some authors used group folded
concave penalties such as group SCAD [5122129], group MCP [5,22,29], ¢,(¢,) (0< ¢ <1<
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Second-order d-stationary points of group sparse optimization 3

p) [15] and £y(¢3) [19] for group sparse problems. However, these works only used first-order
information of objective functions which is weaker than second-order information.

In this paper, we will provide a deep analysis of the second-order directional stationarity
for folded concave penalized group sparse optimization. Our main contributions are presented
as follows.

In Section 2, by virtue of an explicit formula for computing the directional derivative of
the objective function, we show that under some mild conditions a first-order d-stationary
point of problem is a strict local minimizer that fulfils the first-order growth condition.

In Section 3, we provide an explicit formula for computing the second-order directional
derivative, and show that under some mild conditions a second-order d-stationary point of
problem is a strong local minimizer that fulfils the second-order growth condition.
Moreover, we establish lower bounds of the £y vector norm of nonzero groups of second-
order d-stationary points of problem . These lower bounds are important for theoretical
analysis and numerical algorithms.

In Section 4, we construct a twice continuously differentiable smoothing approximation for
the nonsmooth objective function in problem , and show that any accumulation point
of the sequence of second-order stationary points of the smoothing problem is a second-
order d-stationary point of the original problem. This result provides a theoretic basis for
computing second-order d-stationary points of problem using the gradient and Hessian
of the smoothing function.

Notations. For any X € R™ and the groups X1,--- ,Xx, denote
I(X):={ic{l,--- K} :|x]| #0}, Ji(X):={je{l, - ,di} : Ty(jy # 0} for i € I(X),

i¢IR)ifie{l, K}\IR), j¢J(R)ificlI®) andje{l, - d}\ L),
VL&) = VL&), [VL®)ia) s VLE) == (VLR VL)) T,

where Z;(;y € R denotes the jth entry in X; and [VL(X)];(;) denotes the jth entry in [VL(X)];.

i(J

2 First-order d-stationary points

This section provides the local optimality and some properties of first-order d-stationary
points of problem (|1.1)).

2.1 Local optimality of first-order d-stationary points

Let us introduce the concept of first-order d-stationary points [IL[7,26127].

Definition 2.1 X € R"™ is called a first-order d-stationary point of problem if the
directional derivative satisfies

Vo 2y o d B =X)) = f(X)
f'(xx—X) .—ltlﬁ)l " >0,

V¥ x € R™. (2.1)

According to [1L26], first-order d-stationary points are sharper than lifted stationary
points, critical points, and C-stationary points for the local optimality. It is known that
first-order d-stationary points have the following locally optimal properties.
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4 Dingtao Peng, Xiaojun Chen

Theorem 2.2 Let f : R™ — R be locally Lipschitz continuous and directionally differentiable
at X € R™. The following two statements hold:

(i) If X is a local minimizer of f, then X is a first-order d-stationary point of f.

(ii) X is a strict local minimizer that fulfils the first-order growth condition, i.e., there
exists a neighborhood W of X and a positive number § such that

fx) = fX) +llx =X, VxeW, (2.2)
if and only if X satisfies that
fxx—%)>0, VxeR"\{x}. (2.3)

If f is differentiable at x, then f'(x;z) = (Vf(x),z). Inequality does not hold
at any differentiable point of f, but it may hold at some non-differentiable points of f.
Many local minimizers of problem are non-differentiable points of f, which makes
conclusion (ii) of Theorem [2.2] very interesting. For example, let f(t) = 2 +log(1 +|¢|), then
1(0;8) =s| >0 (s #0), and f(t) > |t| for any t € R.

To have a clear presentation, we denote the £5 vector norm as a function

2

d;
m(u) = [ul= [ | , YueR" ic{l, - K} (2.4)

Although the dimensions of the vectors may be different, we believe that it will not cause
any confusion according to the context.
Since m(u) is differentiable at all points except u = 0, we have that for any u, w € R%,

|wl|, ifu=0,

(Ww) o,
[[ull

t —
R Ll e

2.
t10 t ( 5)

2.2 First-order d-stationary points of problem (1.1

In this subsection, we use an explicit formula of directional derivative to provide sufficient
and necessary conditions for first-order d-stationary points of problem .
Our analysis is based on a difference-of-convex (DC) form of the penalty function so that
the directional derivative of the objective function in can be explicitly expressed.
Assumption (Al): The penalty function ¢ : R4 — R4 is a DC function given by

o(t) = g(t) — h(t), with h(t) = 1@3§E{hu(t)} for some integer v > 1, (2.6)

where g and h, (1 < v < 7) are convex and differentiable in ¢ € (0, 00) with ¢’(0) := ¢'(0+)
and h!,(0) := hl,(04) for 1 <v < p.
Consequently, our group sparse optimization model (1.1)) is rewritten as

min  f(x) +§: (Il = AllxilD]- (2.7)

x€R™
From the literatures (e.g., [1,221]), we know that several folded concave penalty functions
can be formulated as DC functions satisfying Assumption (A1), such as logarithm penalty,

fraction penalty, CapLl, HTP, MCP and SCAD. In particular, as given in [I] we have the
following expressions:
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CapLl: @UaPll(t) = gCarLl(y) — pCarll(y) with
At

Calet -
g )=~

MCP: oMCP (1) = gMCP () — hMCP(#) with

RCPLL (1) = maX{O, M A} , (a>0,A>0);
«Q

t2 :
MCP MCP =, ifo<t<al
)=, h t) = 207 a>1,12>0);
g7 () {At—a;,if t>al, ( )
SCAD: SCAD () = ¢SCAD (1) _ pSCAD () with
0, if0<t<A,
SR = A, BSCAP(f) ={  {EALL i A<t<al, (a>2,A>0).

A — 0D ey g

v Theorem 2.3 Under Assumption (A1), the directional derivative of the objective function

v fin has the following form

K
F(&x = %) = (VLE),x = %) + Y ¢ (IRl )m’ (%i; xi — %)
i=1
K
— max hill(HﬁzH)m/(ﬁuxz - iz) (28)

2o wWith .Al(iz) = {Vi € {1, s ,D} : hyl(
A { g IR),

(.. . L) =
m (X'L;X'L X’L) %’ if 7 [ I(ﬁ’b)

xi|[) = h([[x:])} and
(2.9)

10 Proof Under Assumption (A1), problem can be written as (2.7). Since h: Ry — Ry
m and m : R% — R, are both convex, h om : R% — R, is directionally differentiable.
1 According to the chain rule for directional derivatives and the differentiability of each h,,
m fori=1,---,K, we have

(hom)’(ﬁi;xi — il) = h’(”ﬁ,”,m'(iz,xz — ﬁz)) = max h:j( iz”) m’(ii;xi — iz)

vi€A;(X;) ‘

1 Since £ and g are differentiable, we obtain the directional derivative at X for x — X in ([2.8]).
135 D

136 The following lemma shows that at any first-order d-stationary point of (1.1)), the entries
v of the gradient of the loss function £ for i € I(X) can be presented by the derivatives of g
s and hui‘

1 Lemma 2.4 Suppose Assumption (A1) holds. Let X € R™ be a first-order d-stationary point
o of problem (1.1)). Then for i € 1(X), we have

(VLX)]ijy =0, Vij¢Ji(X), (2.10)

1

Iy

w o and

9" (I1ill) = P, (%D - [ |
%

VL&) ()| = L Ve di(R), Ve A4R).  (2.11)
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6 Dingtao Peng, Xiaojun Chen

Proof From Theorem we have

(VL(R),x — x+z (lI%:ll) = Ay, (

A‘H)}m/(ﬁz‘;xi - X;)

K

> (VL(x),x —X +ZQ 1% () (%33 xi — %) — g}AafA)h (% ])m (%35 % — %)
i=1" i

>0, VxeR" (2.12)
where v; € A;(X;), i = 1,..., K, and m/(X;;x; — X;) is given by (2.9). It is obvious that

inequality ([2.12)) also holds for any x € X(X) := {x € R™ : x; = 0 whenever 7 ¢ I(X) }. This
combining with formula (2.9)) yields that

> <M®]i+ [g<|yx¢||>”;jw<uxi||>];%Xi_§i>ZO, Vxex®)

i€I(R)

According to the arbitrariness of x € X'(X), we obtain

VL®), + 2 (HX”')H;j”i( ‘”)ii =0, VielX). (2.13)

Therefore, we have

VLX)i) =0, Viel(x), j¢ Ji(x),

and
9" ([[%:]) = Ao, (%) - 7| A _
B = VL), Vi€ IR), j € Ti(R).
The conclusion is obtained. OJ

By applying Lemma to CapLl, MCP and SCAD, we can get the following lower
bounds of the ¢y vector norm of nonzero groups of first-order d-stationary points, whose
proof is omitted.

Corollary 2.5 Suppose there exists a nondecreasing function C : R — Ry such that |V L(x)||
< C(L(x)) for any x € R™. Let X € R™ be a first-order d-stationary point of problem (1.1)),
and x° € R™ be a point such that L(X) < L(x"), then the following statements hold:

(i) For CapL1, if 2 > C(L(x")), then either |X;|| =0 or |X;|| >, i=1,--- , K.

(ii) For MCP, if X > C(L(x")), then either ||X;|| = 0 or |X;|| > aX —a - C(L(x")) > 0,
i=1--- K.

(iii) For SCAD, if A > C(L(x")), then either ||X;]| = 0 or |[|X;]| > aX—(a—1)-C(L(x")) >
Ni=1,--, K.

Remark 2.6 The existence of the nondecreasing function C : R — R4 means that the norm

of the gradient VL(x) can be bounded by the function value L£(x) via C(-). This condition
can be easily satisfied, for example, for the square loss function L(x) = 5||Ax—b||?, C(t) =

|All24/ 2t meets the requirements since

HA”2

IVLEN = AT (Ax = b)] < 12 A — b)) = 4]y > £0)
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Second-order d-stationary points of group sparse optimization 7

When ¢ is the difference of two differentiable convex functions in (0,00), such as pMCF
and pSCAP | we have the following corollary, which will be used in Theorem to derive the
consistency of the second-order stationary point.

Corollary 2.7 Suppose Assumption (A1) holds with v = 1, that is, p = g — h where g, h
are both convexr and differentiable in (0,00). Let X € R™ be a first-order d-stationary point
of problem , then the following statements hold:
() F&x=%)= T (VL)L x) + ¢ O)lxill] for any x € R™.
i¢I(R
(1) [|[[VLEX)]i|| < ¢'(0) whenever i ¢ I1(X).
(i17) f'(X;x —X) = 0 implies x; = 0 whenever i ¢ I(X) and ||[[VL(X)];|| < ¢'(0).

Proof (i) From Theorem f/(X;x — X) has the following form

(%) =P RD] . >

f&x—x)= Z <[V£(§)L + B XiyXi — Xj
icl(%) Xi
+ 3 [V x) + (9'(0) = B©O) x| (2.14)
g I(X)
Since X is a first-order d-stationary point of problem ({1.1]), equation (2.13)) holds with h,, = h.
Hence (2.14) can be simplified as

Flex-%= Y [(VE@x) + 2 O]
igI()
where ¢'(0) = ¢’(0) — h'(0) > 0.
(ii) Since X is a first-order d-stationary point of problem (L.1), f'(X;x —X) > 0 for all
x € R”, that is,

Fax-0= Y [(Ve@lx)+¢ O] 20, vxeR. (215
i¢1(X)
For each fixed ¢ ¢ I(X), if we take x; = —[VL(X)]; and the other entries of x are all zeros,

then we get
f&x=%) = [[[VLE)L[ - |£'(0) — H[Vﬁ(ﬁ)]i!\] > 0. (2.16)

IE[VLE)l = 0, then [[[VLE)][| = 0 < ¢'(0). If [[[VLE)]i[| > 0, then from (2.16), we
obtain ¢'(0) > |[[VL(X)||-
(iii) It follows from (i), (ii) and Cauchy-Schwartz inequality that

FEx=%) = > [(VLE)xi) + /(0]
i¢I(R)
> Y [ = VL@l > 0.
i¢1(X)
Hence, if f/(X;x —X) = 0, it must hold that ||x;|| = 0 whenever ¢ ¢ I(X) and ||[[VL(X)];]| <
¢'(0). O
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8 Dingtao Peng, Xiaojun Chen

3 Second-order d-stationary points

In this section, we provide second-order optimality conditions for problem (|1.1]) using second-
order directional derivatives.

3.1 Local optimality of second-order d-stationary points

Second-order directional derivatives for nonsmooth functions have been studied by many
authors (e.g., see [2[7,27,[31]) with different definitions for one direction or two directions. In
this paper, we use the definition of the second-order directional derivative for one direction in
[7,27] to define the second-order d-stationary point of problem . We show that second-
order d-stationary points of problem are local minimizers fulfilling the second-order
growth condition under some mild conditions.

Definition 3.1 [7,[27] Let 0 : R™ — R be a locally Lipschitz continuous and directionally
differentiable function, and X,z € R™. If the limit

(X +ty) — 0(X) —t0'(X;y)
y—>;, 10 %tQ

(3.1)

exists, it is called the second-order directional derivative of 0 at X for z, denoted by 62 (X;2).
If for every z € R™, 62 (X;z) exists, 0 is called twice directionally differentiable at X.

Indeed, to say that limit (3.1]) exists and equals 6(?)(X;z) is to say that whenever x”
converges to X from the direction of z, in the sense that [x” — X]/t” — z for some choice of
t” 1 0, one has

)

0(x”) — () — 0'(X; X" — %)

e — 03 (x; ).

Clearly, if limit (3.1]) exists, then
(X +tz) — 6(X) — t0'(X; z)

0 (%;z) = lim 2

10

1
2

It is obvious that if 6 is twice directionally differentiable at X, then for any z € R™ there
exists 0 > 0 such that

O(x+ty) =0(x)+t0'(X;y) + %tQG(g)(i; z) +o(t?), Vtc(0,6) andVy € N(z,0),
and particularly
0 +12) = 0(R) + 10/ (% 2) + %t20(2)(§; 2) +o(2), Vte(0,0).
Moreover, if § is twice differentiable at X, then
0% (%;2) = (V?0(R)z,2), VzeR"

From [7,27], we also know that if # is convex and twice directionally differentiable at X,
then

02 (%;2) >0, VzeR"

For a vector-valued function ¢ : R” — R™ with component functions &; for<=1,--- ,m,
&) (x;z) is defined to be the m-vector with components @£2)(x; z) fori=1,--- ,m.
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Second-order d-stationary points of group sparse optimization 9

Lemma 3.2 Let o : R™ — R be locally Lipschitz continuous at ®(x) € R™, and & : R" —
R™ be locally Lipschitz continuous at x € R™, then the composite function § = po® : R™ — R
1s twice directionally differentiable at x under either one of the following three conditions:
(a) o0 is semismoothly differentiable at ¢(x) (i.e., o is differentiable near ®(x) and Vo is
semismooth at ¢(x)), and P is twice directionally differentiable at x.
(b) o is twice directionally differentiable at ¢(x) and @ is piecewise affine near x.
(c) o is piecewise affine near ¢(x) and P is twice directionally differentiable at x.
Moreover, we have, for all z € R,

0P (x;2) = &' (x;2) " (Vo) (8(x); ¥ (x:2)) + Vo(P(x)) @) (x;2), if (a) holds; (3.2)

0 (x;2) = 0 (D(x); ¥ (x;2)), if (b) holds, (33)
and
02 (x;2) = o (P(x); D (x;2)), if (¢) holds. (3.4)

Proof Conclusions (3.2) and (3.3) have been proved in [7, Prop. 3.2]. It is easy to prove
conclusion ([3.4) under condition (c) by noting that ¢’ (u;v) exists and ¢® (u;v) = 0 at any
point u for any direction v when p is piecewise affine. ]

Definition 3.3 [7] Let 0 : R™ — R be twice directionally differentiable at X € R™. X is
called a second-order d-stationary point of 0 if X is a first-order d-stationary point of 6, and
for any z € R,

0'(%;2z) =0 implies 03 (X;2) > 0.

According to [7, Theorem 1] and [27, Theorem 13.24], if 6 is twice directionally dif-
ferentiable, then second-order d-stationary points of 6 have the following locally optimal
properties.

Proposition 3.4 Let 6 : R™ — R be twice directionally differentiable at X € R™. The
following two statements hold:
(i) If x € R™ is a local minimizer of 0, then X is a second-order d-stationary point of 0.
(i) X € R™ is a strong local minimizer of 0, i.e., there exist a neighborhood VW of X and
a scalar § > 0 such that
O(x) > 0(X)+6|x—xX||?, VxeW,
if and only if X is a first-order d-stationary point of 0 and satisfies that for any X # x € R™,

0'(X;x —X) =0 implies 6P (%;x — ) > 0.

In the following parts, we will use the second-order directional derivative of ¢5 vector
norm function. Recall that m(u) = |Ju/|, and that

Vu,veR%.

(s v) = tign P2 VI lall I ifu =0,
A t v ifu £ 0,

It is easy to know that m(-) is twice differentiable at all points except u = 0, and that

[u+ v = l[al] = tm’(u; v)

@(ww) = i
meww) =, I
0, if u=0,
Z{uwWW—mmPﬁu%O ¥ u,w e R™. (3-5)
[al? : 7
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10 Dingtao Peng, Xiaojun Chen

3.2 Second-order sufficient and necessary conditions for problem (1.1

To study second-order d-stationary points of problem (|1.1]), we need the following assump-
tion.
Assumption (A2) The penalty function ¢ : Ry — Ry is a DC function given by

p(t) = g(t) — (1), (3.6)
where g is affine in t € [0,00) with ¢’(0) := ¢’(0+), and h is convex and semismoothly
differentiable in ¢t € (0, 00) with A/(0) := A'(0+).

We can easily check that several folded concave penalty functions satisfy Assumption
(A2), such as logarithm penalty, fraction penalty, HTP, MCP and SCAD.
In general the second-order directional derivative of a function is not easy to compute.

The following lemma provides an explicit formula for computing the second-order directional
derivative of the objective function of problem (1.1)).

Lemma 3.5 Under Assumption (A2), the second-order directional derivative of the objective
function f in has the following form

K
fPFx-%) = (VLR)(x-%),x—%)+ ) [g’(llﬁi\l) = (%)) |m® (%i; xi — i)
i=1
K
= m/ (Rixi — R)H' (Rl m/ (Ris i — Ri)), (3.7)
i=1
where m/ (X;;x; — X;) is given by (@),
0 if i & I(X)
R x — %) = e 2 e ’
m (XX — X;) = e MR N2 — (R 30— N2 o ~ 3.8
( ) {(” i zH“ 1||||)§ZH3I< iy,Xq 2>| , IfZGI(X), ( )

and H(t) := h'(t) for any t € [0, +00).

Proof Since L is twice continuously differentiable, £ (X;x — X) = (V2L(X)(x — X),x — X).

Since g is affine in [0, 00) with ¢’(0) = ¢'(0+), (gom) (Xi;x; —Xi) = ¢ (||Xi])m/ (Xi; x4 — Xi),

g (||%i]]; m' (Xi5%; — %X;)) = 0. By Lemma

(gom)® Rix; — i) = g/ (IR )m® (R xi = %i) + @ (|[Ralls ' (R x5 — %a) ) (Ris %3 — i)
= o' (I%:)m™® (i3 xi — %)

fori=1,--- ,K.

Since h is semismoothly differentiable in (0, 00) with h’(0) = h'(0+), h is twice direction-
ally differentiable and (hom)’(X;;x; — X;) = B/ (||%;||)m/(X;;x; — X;). By Lemma[3.2]
(hom)® (Riix; — %) = B (|R])m® (Ris x; — %5) + b (|R]; m/ (R % — Ra))m/ (R x5 — %)

= B (% [)m® (Ris xi — %i) + H' (% (Ris xi = %)) (Ris xi — %)
fore=1,---, K.
Then we have
K

FOGx = %) = (VLE)(x = R).x = %)+ 3 [o/(IRl) = K (IRl)|m i xi = %)

K
= m/ Risxi — R)H (Rl m/ (Risxi — Ri)),
=1

where m/(X;;x; — X;) and m® (X;;x; — X;) are given by (2.5)) and (3.5) respectively. O
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Second-order d-stationary points of group sparse optimization 11

From Definition Proposition [3.4] and Lemma we obtain the following theorem.

Theorem 3.6 Suppose Assumption (A2) holds andX € R™ is a first-order d-stationary point
of problem (1.1]), then the following two statements hold with f'(X;x —X) and AR x—%)

given by (@ and respectively.

(i) X is a second-order d-stationary point of problem if and only if for any x € R",
f'(%;x —X) = 0 implies P (%;x — %) > 0.

(i1) X is a strong local minimizer of problem if and only if for any X # x € R",
f'(X;x — %) =0 implies fP(X;x —X) > 0.

The following theorem shows that the second-order directional derivative at a second-
order d-stationary point can be simplified and is nonnegative on a special set.

Theorem 3.7 Under Assumption (A2), let X € R™ be a second-order d-stationary point of
problem , and

X(X)={x € R":x; =0 whenever i ¢ I(X)}, (3.9)
then for any x € X(X),
(VL@ -2 x -0+ Y [(g0m) D @ix — %) - (hom)®(Rix, —%)] =0
i€l (R)
where for i € 1(X),
(gom)® (Ri;xi — %i) = ¢'(I%i])m® (%i; xi — %),
(hom)® (Risx; — %) = m' (R x; — X)) H' (|| Rl ' (%35 %; — %5))
B ([[%ll)m® (%35 xi — %i),
m'(Xi;x; — Xi) = M,
1%l
%) = (Ixi — >A<z‘|||!§i||)i —3|<>A<uxi — Xi)| ,
%]

H(t) =1 (t) for any t € (0,00).

2

m? (R x; —

Proof Since X is a second-order d-stationary point of problem (1.1, it is also a first-order
d-stationary point of problem (1.1]), which means
(VLER),x — %) + Z (%) = P (%)) m’ (X3 % — %) >0, VxeR™

By the same argument in the proof of (2.13)), we have

VLR 4 gl -riixle _ g ;e I(%).

%]
Therefore, we get
N / /\,L _ h/ ’\’L N .
Z <[VE(X)]¢ + g% |)H§H (I H)xi,xi — xi> =0, VxeR". (3.10)
icl(R) ¢

For any x € X (X), by (2.9 . and direct computation, we obtain

(VL(X),x - X+Z (I%l1) = A/ (15 [) m” (Ri5x; — %i) =0,
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12 Dingtao Peng, Xiaojun Chen

that is, f/(X;x — X) = 0, which together with that X is a second-order d-stationary point of

problem (T.1)) yields that f)(%X;x —X) > 0. From (2.9), (3.§) and x € X (X), we have that
for i ¢ I(X), m/'(Xi;x; — %) = m® (X;;x; — X;) = 0, and that for i € I(X),

m' (X% — X;) = 7<Xi7xi_ Xi>7
%]

(Ibe; = Rilll1%i])? — [, x; — %) |?
3¢ 1° ’

(go m)@) (Xisx —X;) = 9/(||§z'||)m(2) (Xi3 % — X4),

m(z) (il, X; — ﬁz) =

(h o m)@) (ﬁz, X; — iz) = m'(ﬁi; X; — iZ)HI(H/}ElH, m’(ﬁi; X; — iz))

(|3 ])m® (Ris xi = %),
where H(t) = h/(t) for any t € (0,00). Hence we get

(VLR (x-R),x—R)+ > [(g om)® (R xi — %) — (hom)® (Riyx; — ﬁi)}
i€l()
= fPE;x-x) >0.

The proof is finished. O

3.3 Lower bound theory of second-order d-stationary points

In this subsection, we analyze the lower bound of the /5 vector norm of nonzero groups of
second-order d-stationary points of problem . We will see that the second-order lower
bounds are tighter than the corresponding first-order lower bounds. At first, we give a useful
lemma which provides an upper bound for the second-order directional derivative of the
penalty function h at any second-order d-stationary point.

Lemma 3.8 Under Assumption (A2), let X € R™ be a second-order d-stationary point of

problem , then

(VLER)RR) > (&l max{H (Rl 1), ~H([Rilli~1)}, Vi € I(R),
where V2L(x) denotes the principal submatriz of V2L(x) corresponding to the group x;.
Proof For each fixed i € I(X), let x!,x% € R™ be taken as

i =\ ~ P . Xir =5~  .p- .
E Xir, if i/ # 1, E Xir, if i’ # .

1 {23\ci7ifi’:i, 2{0, if ¢/ =1,
/

Then it is easy to check that x!,x? € X(X) which has been defined by (3.9). By Theorem
we have

(VLER =R x" =%+ Y [(gom) P Reix] = %) = (hom)® (R x) - %)
i el(R)
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2 where, according to the definitions of x! and x? as well as formulas and (| .,

(V2L(R)(xT — %), x" — %) = (VILX)X, %), n=1,2,
! (R % — %) = { % 1 ¢ 27l Rk~ %) = {0—’||xz-||, it =+
m(Q)(xZ/,x?, Xir) = vi=1,-,K, n=12,
— Xy ) (||Xz"||)m(2)(>?¢f;xz —Xy) =0, n=12,
= Xy) = m' (R X = Rir) H' (|[Rar ;' (Rars s = %ir))
+R (% [ )mP (Rir; x}) = Rir)

— ! Ry — R ) B (R | R — %)), =12,

H(t) = h'(t) for any t € (0, 0).

(g Om)(2) (me

n
4
n

,L/

2s Therefore, by taking the above terms into inequality (3.11]), we get
(VILE)Z: %i) 2 IRl - max{ H'(|%:; [1%ll), —H'(I1%ll; ~1%:0)}, Vi € I(%).

20 By the positive homogeneity of H'(||X;];-) and [|X;|| > 0, we derive the desired result. [

IN

w Theorem 3.9 Suppose Assumption (A2) holds and there exists M > 0 such that |[V2L(x)]|2
s M for all x € R™. Let X € R™ be a second-order d-stationary point of problem , then
s the following statements hold:

203 (i) For MCP, if M < 1, then either |X;|| =0 or |X;]| > e, i=1,-- K.

304 (it) For SCAD, if M < L5, then either |X;|| < X or [|%;]| > aX, i=1,--- K.

305 (1ii)For SCAD, suppose, in addition, there exists a nondecreasing function C : R — R4
ws  such that ||VL(x)|| < C(L(x)) for all x € R™. If there exists x° € R™ satisfying L(x°) >
w L(X), ¢'(0) > C(LX")), and L5 > M, then either |%;]| =0 or ||| > @, i=1,--- K.

ws  Proof Since ||V2L(x)||2 < M for all x € R", we have

(V2L(x)z,2) < M||z||?, Vx,ze€R" (3.12)
t .
. ) MCP/p\ _ (2MCPv/ sy _ ) w0 if 0 <t < al,
(i) For MCP: recall that H (t) = (hM=)(t) = { S if £S an we have

1 1 -
MCP\/ /4. 1y _ ) oo if 0 ST < al, MCPv/(p. 1y _ ) — o HO<T < al,
(H )(t71)_{0,if p>an, TVESD = S

Assume, on the contrary, that 0 < ||X;|| < @, then

(HMPY (I1%]151) < —(HMPY (%]l -1) =

o~

w  From Lemma and (3.12)), we have

| —

M > —(HMPY (%] -1) =

=0 which contradicts the condition M < 1. Therefore, we have ||X;|| > @\ for any i € I(X).
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14 Dingtao Peng, Xiaojun Chen

o if0<t< ),
— 1,1f)\<t<0z)\ we have
A, if t> al,

(ii) For SCAD: recall that HSCADP(¢) = (hSCADY/(3) =

0, ift €[0,\)UJ[al, +o0),
SCAD\/ (4. _ ’
(HZE) 1)_{11,11-’156 I\ ),

SCADY/(. _ 1) — 0, ifte(0,A]U(al +00),
(H )t —1) = {_11, if t € (A, ).

Assume, on the contrary, that A < ||X;|| < @, then

max{(H>P) (|[%;: 1), —(H>AP) (|[%il]; ~1)} =

From Lemma and (3.12), we have

1

M>—,
a—1

which contradicts the condition M < —=. Therefore, we have either [|X;]| < A or ||X;]| > @A

(iii) Since X is a second-order d-stationary point of problem , it is also a first-order
d-stationary point of problem . Combining (ii) with Corollary (iii), we derive the
desired result. g

Remark 3.10 The condition in Theorem means that the operator V2L(x) has an uni-
form bound M on R™. We can easily check that £L(x) = 5| Ax — b||? satisfies this condition

since | V2L(x)|p = 1A Al — ”ﬁ‘g-

4 Smoothing functions and consistency of stationary points

As we have seen, first-order and second-order d-stationary points have good locally optimal
properties. How to compute such points is an interesting and challenging problem. Smooth
approximations are widely used in optimization and scientific computing, e.g., see [8,9,10]. In
this section, we construct a twice continuously differentiable smoothing function of the objec-
tive function f of problem , and show that the first-order and second-order d-stationary
points of problem can be obtained via the first-order and second-order stationary points
of the smoothing problem. We should notice that in problem (L.I), the term ¢([|X;]|) is a
composite of two nonsmooth functions ¢ and || - ||. Using the special structure of these two
functions, our smoothing function can be easily constructed.
For p € (0,00) and m(u) = ||u, let

=VI|ul2+p, YueR%, (4.1)
then m,(u) is always positive and twice continuously differentiable with

([uf® + )T — uu”
([al? 4+ 3727

u

Vil + 4

Vm,(u) = Vi, (u) = (4.2)

and

0 < it (u) —m(u) = V][l +p - Ju < p2, (4.3)
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Second-order d-stationary points of group sparse optimization 15

where I denotes the identity matrix. One can also check that m,(u) satisfies the following
three properties:
(i) lim Oﬁzu(v) = m(u) for all u € R%;

v—u,

(ii) (Consistency or weak consistency of directional derivatives)

lim (Vi (v),w) = (Vm(u),w) =m/(u;w), VO0#ucR% VwecRY (4.4)

v—u,ul0
, ~ , (v, w) . twlf?
limsup (Vm,(v),w) = limsup —————= = limsup —————
v—0,ul0 e v=0,ul0 /[[VI2+ 0 tloudo /B2 ||W[2 4 p
2
= limsup Mﬂ = |w| = m'(0;w), V w € R%; (4.5)
110,000 /W2 + 5

(iii) (Consistency or weak consistency of second-order directional derivatives)

lim (VZm,(v)w,w) = (Vim(u)w, w)

v—u,nl0

=mP(w;w), YVO#AueR% VweR%, (4.6)

2 2 (T2 2
lim inf <V2ﬁLM(V)W,W> = liminf vl (v w)" + plwl
v—0,1]0 v—0,1]0 (||V||2 + M)S/Z
2
— lir%info Iwll 379
v—0, vlI2
=0=mP(0;w), VweR%: (4.7)

Under Assumption (A2), h is semismoothly differentiable in (0, 0o). If A is not twice con-
tinuously differentiable in (0, 0o), for each p > 0, let h, be a twice continuously differentiable
function in (0, co) such that

: 7 _ : 77 _ ; T 3
Jim B9 =h),lim T =K, lm Fs) = H0) (48)
lim inf Eg(s) =min{H'(¢t;1),—H'(t;—1)}, and (4.9)
s—t,ul0
lim Supﬁ’é(s) =max{H'(t;1),—H'(t; -1)}. (4.10)
s—t,ul0

Note that if h is twice continuously differentiable at ¢ > 0, then H'(¢;1) = —H'(t;—1) =
R (t).
For example, in MCP,

£ ifo<t< t
pMOP(y =z HOSE<ad, :)\t—)\/ (1-5) dr (@>1,0>0).
At —eg—, if t> al, 0 aX/ +

Let

EffCP(t):)\t—;‘/ot [((1—@1)2+u> +<1—Oj)\)] dr, (4.11)
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s then one can check that for each 1 > 0, ﬁll\fcp is twice continuously differentiable in t € (0, 00)
us  with

A t\? i t
MYy = a2 [ (1- = 1- —
Py = A~ (( = +u> (-5
TMCP\/ 1 1 - L)\
h t)=— @ 1
B0 = g | =41
(1= 35)" +u
u and satisfies the following three properties:
w47 (i) litmi0 hll\fcp(s) = hMCP(¢) for all ¢ € [0, 00);
S,

3.

49 (iii) For any t € (0, a)) J(aA, 00),

by

s (ii) lim (iNLffCP)’(s) = (WMCPY(#) for all t € (0,00), and lim (Tzll\fcp)’(s) = (WMCPY(0+);
s—t,pl0 50,140

1 1-=

1‘ %MCP 1 — 1 = a\ 1
Jm (7)) = lim oo ) rn +
~ m 1 sign(1 — =) 1] = L0 <t<a,
T sotul0 200 1+ 10, if t>al,

(1- M)Q
= (HMP) (1;1) = —(HMP) (1 -1) = (BMP)"(1);

w0 for t = a,

=~ 1 sien(1l — =
lim inf (FMCPY(5) = liminf - | SER0~ ax)
s—t,ud0s M s—t,10 20x 1+

~ 1 si - = 1
lim sup(h)'“")"(s) = limsup — sign(l ~ ax). +1| == =—(HMPY (¢, -1).
s—t,ul0 s—t,ul0 4¢ 1+ @ «a

# _ Now, under Assumption (A2), we have a twice continuously differentiable approximation
s f,(x) of the objective function f(x) in problem ({1.1)),

fu )+ Z [gomﬂ X;) h oﬁlu(xi)},

s with  lim fu( z) = f(x) for any x € R"™. It should be noted that although g(||-||) — (H 1D

z—%, 1.0

s is not differentiable at x; = 0, gom,(-)— hu om,,(-) is twice continuously differentiable at any
s point x; € R% since m,,(x;) is always strictly positive for any p > 0. Consequently, f;() is
s twice continuously differentiable at any point x € R™. Thus we obtain a twice continuously
ss7  differentiable optimization problem

min 7, (x). (1.12)
s By the standard definitions for twice differentiable optimization problems, X* is called a first-
0 order stationary point of problem if Vﬁ(ﬁ“) = 0; and X" is called a second-order
w0 stationary point of problem if Vﬁ(ﬁ“) =0 and

(V2f.(%")z,2) >0, VzeR" (4.13)
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Second-order d-stationary points of group sparse optimization 17

Let {xX**} denote a sequence of first-order or second-order stationary points of problem
(4.12) with pp > 0, k=1,2,---,and pr — 0 as k — oo. We will investigate the accumulation
points of {x#*}.

Theorem 4.1 (Consistency of first-order stationary points) Suppose Assumption (A2) hold-
s. Let {xt*} be a sequence of first-order stationary points of problem with = p.
Then any accumulation point of {XM*} is a first-order d-stationary point of problem .

Proof Let X be an accumulation point of {X**}. Without loss of generality, we may assume
that {X**} converges to X.
Since X#* is a first-order stationary point of problem (4.12)) with u = py, then

(9" 0 i (RY*) = B, 0 i, (RES) | Wi, (RE)
Vo (R1) = VL(RM) + : = 0.

Hk

97 0 iy (REE) = © i (REE) | Vs, (R5)

Therefore, for any z € R™ we have

0= (V[ (%), 2)
K

= (VLE™),2) + 3 [ 0 M (K%)= o, 0, (RE)] (Vi (&), ). (414)

i=1

Let kK — oo, then we get pup — 0 and X** — X, consequently, m,, (i“’“) — m(i,) g o

My, (XE*) = ¢ o m(X;) and %Lk o my, (Xi*) — h' o m(X;). Moreover, from and ([L.F)),

we have

lim (Vm,,, (X£%), z;) = m'(X;;2;) if X; #0,

k—o0

and

limsup(Vm,,, (X*),2z;) = m'(X;;2;) if x; = 0.
k— o0

By the condition ¢'(0) := ¢'(0+) = ¢'(0+)— h’(0+) > 0, we know that g’om(ﬁz) h'om(X;) >
0 if X; = 0. Hence when k is sufﬁ(nently large, g’ o m,,, (X4'*) — h’ L 0my, (XI*) > 0 for the
index 7 such that x; = 0. From , we derive that for any z € ]R”

0= lim (Vf,, (3"),2)

K
= lim (VL(x"*), z) hm Z [9 o My, (X*) — h, o O Ty (X )] (Vi (X°), )

k— o0
= (VL®),2) + lim [ 0 Ty (REE) = B, o T, (R )}(vmw(iﬂk),m
1 X; 70
+lim > [g’omuk@fk)—%;komuk(ﬁ 9] (1 (), 20
7 )/Ei:O
<<V£(§),z>—|—nz¢okli_>m |9/ © iy (RE%) = T, © i (RE%)] - T (Wi, (R24), 2:)

+ > lim [g'om#k(ﬁgk)_E;kom#k(ggk)} i sup (Vi (%), 2)
i )?7;20 oo
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= (VL®)2)+ > g om(&i) — b o m(&)|m' (% 2:)
ir R;7#0

+ Z {g o m(X;) h’om(ii)}m/(ﬁi;zi)

i Xi=

= f'(%;2),
s which shows that X is a first-order d-stationary point of problem (1.1)). O

380 Before discussing the consistency of second-order stationary points, we first study the
1 property of second-order stationary points of the smoothing problem (4.12)).

3

o

w Lemma 4.2 Under Assumption (A2), let X' € R™ be a second-order stationary point of
problem with p = pk, then the following two statements hold fori=1,--- | K:

3

%
@

. ~ 3k <H Hx Ml
s ) NIVERMLN = |9 0y (R%) = T, o e (867)| il —.
wo (i) Bl o iy (RY) i < (VELGRARES REY)
N A Y ~ Sk pe || %5501
386 +|:g O My, (Xi ) h,uk O My, (Xi ):| (||§fk||2+,uk)2 .

s Proof (1) Since X** is a second-order stationary point of problem (4.12]), we have
|97 0 T (RE%) = T, 0 0, (RE) | W (R%)
V fu (R) = VL") + : =0,

(97 © T (R42) = B © 7, (R | Vi, (%)

% where, according to (4.2), Vm,, (Xi*) = % fori=1,.-., K. Therefore, we get
X Mk
ik
SHENT N — | SHEY T ~ Sk ”X H
2GRVl = o o Ty (RE) = B © i RE)| e

39 (ii) Since X** is a second-order stationary point of problem (4.12]), we know that VQE% (xH*x)
w 18 positive semi-definite, and then (V2f,, (X/*)z,z) > 0 for any z € R". For each fixed
wm =1, , K, let Z; = X/"" and other entries of Z are all zeros, then we get

0 < (V2 [, (X')2,2)

= (VELERMRIRIY) + g 0 0, (RU) = B, 0 i (RE%)] - (V20 (R RS RI)
~ 2
o iy, (R >[<Vm#k< AOR-DIE (4.15)
where, according to and m,, (X)) = /[IX5 12 + e,
ey F IR e g g T
(Vi (% ”k>,x¢k>} - (V2 (RERYE RIY) = .
& EAEEITEAN (IRE 12 + ar) B



392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

415

416

417

418

419

420

421

422

423

Second-order d-stationary points of group sparse optimization 19

Thus, from (4.15)), we obtain

’];// o (i“k) ||§fk||4
p RN 4 s

s
(A + pae)

The proof is completed. 0

< (VELEM)RI ) + | g 0 iy (RE*) = by, 0 i, (X)) 3

Now we begin to discuss the consistency of second-order stationary points. If h is twice
differentiable in (0, 00), such as logarithm penalty and fraction penalty, there is no need to
smooth h, but AMCF and hSCAP are not twice differentiable in (0, 00). In the following part,
we focus on that h is not twice differentiable in (0, c0).

Assumption (A3) Under Assumption (A2),

D(h) :={t € (0,00) : h is not twice differentiable at ¢} (4.16)

has finite many points. In this case, we denote I, := min{t : t € D(h)}, Ly := max{t : t €
D(h)}.

We can easily check that several penalty functions satisfy Assumption (A3), such as MCP
(I, = Ly = aX) and SCAD (I, = A, L, = aX). We also observe that the values of I}, and
Ly, are highly consistent with the corresponding lower bounds obtained in Corollary and
Theorem Since g is affine in Assumption (A2), we know ¢ = g — h is also not twice
differentiable at ¢ for ¢t € D(h).

Lemma 4.3 Suppose Assumption (A3) holds and the following four conditions hold.

(a) There exists a nondecreasing function C' : R — Ry such that [|[VL(x)| < C(L(x))
for any x € R™.

(b) There exists x° € R™ satisfying ¢'(0) > C(L(x?)).

(c) There exists M > 0 such that |V2L(x)||2 < M for all x € R™.

(d) If l, = Ly, it holds that inf max{H'(t;1),—H'(t;—1)} > M; if l;, < Ly, it holds

t€(0,L1]
that inf ¢'(t) > ¢'(0) and that inf max{H'(t;1),—H'(t;—1)} > M, where H(t) =
te(0,1p] te(ln,Ln]

R (t).

Let {x'*} be a sequence of second-order stationary points of problem with p = p
satisfying L(xF*) < L(x%), and X be any accumulation point of {XF*}, then the following
three statements hold:

(i) [VLE)|| < #'(0).

i) min ||X;|| > Ly
(i) wmin |%il| > L
(iii) For any subsequence {XM*}rcxc converging to X, we have
~ L . ~
P (Lo KR < 2 = e (1K) R = 0) = T

for all sufficiently large k € IC,
Proof Without loss of generality, we may assume that {X**} converges to X.
(i) By Condition (a) and £(x**) < L(x"), we have

IVLE")] < C(LE")) < C(L(x")).
Then it follows from the continuity of VL(-), X** — X and Condition (b) that
IVLE)| < C(L(x")) < ¢'(0).
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The first conclusion is proved.
(ii) We consider an arbitrary nonzero group of X, say X; # 0. Since p; — 0 and X" — X;,

it follows from and . ) that

oS xHE
muk( ) — m(xz) = ”XzH ?é B 5l B — 1, and

N EAI T (4.17)
(R — Tl g (R)

— |9 om(X;) — b om(Xi)| = ¢'([[xill) = 0
As a consequence of Lemma [£.2] (i), {£.17) and ||[VL(x**)];|| — [[[VL(X)]:]|, we get

VL&) = ¢ (I1%:])- (4.18)
From Lemma [4.2] (ii) and Condition (c), we derive
Br ()14
?L// HE HX ”
> ) et 7

/Mc”2

X

<A(V2L(xHR)RIE X +[ om I, om A”k} x|
< (3 ( ) (3 1 > g /—Lk( ) Nk( ) (quk”z_{_'uk)%
fue]|%5 12

(IIE )12 + )2

< MR |2+ g © i, (RE%) = T, 0 1, (RE4)]

Since [|xX{*|| = |IX;|| > 0, when k is sufficiently large the above inequality can be simplified
as

~ / R
Tl// Om“ (§uk) H #k||2 <M+ [g Omuk( ) hILk Om,uk( % ):|Nk
: 02 + e~ (IR )12 + ) %
Let k — 0 in the above inequality. By (4.10) and (4.17]), we obtain
max{H'(||x;[|; 1), —H'(||x:]|; =1)} = limsupi;;:k omy, (Xi'*) < M. (4.19)

k— o0

To verify the second conclusion, let us consider two cases.
Case 1: [, = L. In this case, assume, on the contrary, that ||X;|| < L;. Then by the first
part of Condition (d), we obtain

max{H'(||x;[|;1), —H'(||x:]; =1)} > 1nf }max{H’(t 1),—H'(t;-1)} > M,
te(0

which is in contradiction with (4.19). Hence, we must have ||X;|| > L.
Case 2: lj, < Ly, In this case, assume at first that ||X;|| < l,. Then by the second part of
Condition (d), we obtain

o' (%) > tel(lgflh]w() ¢'(0).

But equality (4.18)) and Conclusion (i) yield that
o (I%ill) = VL&) < IVLE)I < #'(0),
which is a contradiction. Hence, we must have ||X;|| > [j.
Secondly, assume that I, < [|X;|] < Lj. Then by the second part of Condition (d), we
obtain
max{H'(||x;||;1), —H'(||x:]|; =1)} > 1lnfL ]maX{H'(t; 1),-H'(t;-1)} > M,
te(

hyLh
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which is in contradiction with inequality (4.19)). Hence, we must have ||X;|| > Ly
Taken together, we have shown that ||X;|| > L whenever X; # 0, which means mi;l % >
Z)/EZ 0

Ly,.

(iii) Let a subsequence {X'*}pcx — X, then {X!*}rex — X; for each i = 1,--- | K.
Suppose i € I, then %; = 0. Since {||X!"*||}rex — [|Xi] = 0, we have ||x}*| < L& for all
sufficiently large & € K. That is, ¢ € I'** for any sufficiently large k& € K, which shows
I' ¢ I'*. Now we suppose i € I'M* then ||x{*| < L—; If i ¢ I', then X; # 0, therefore
|%;|| > Lp according to (ii). It follows from {X!*}rex — X; that ||X[*| > Z: for any
sufficiently large & € K. This contradiction shows ¢ € I', thus I'** C I" for all sufficiently
large k € IC. Therefore, I'** = " for all sufficiently large k € K. g

Remark 4.4 Condition (d) in Lemma is very important to ensure the lower bound
given by Conclusion (ii) when h is differentiable but not twice differentiable in (0,00). We
can see that MCP and SCAD meet this condition. In fact, for MCP, l;, = L, = a) (a >
1), then te(i(l)lth] max{H'(t;1),—H'(t;—1)} = L > M whenever « is taken such that 1 <

a < 375 and for SCAD, I, = A < aX = Ly, (a > 2), then . i(]gfl ]go’(t) =X = ¢'(0) and
€(0,ln

(ilnfL ]max{H’(t; 1),—H'(t;-1)} = ﬁ > M whenever a is taken such that2 < a < ﬁ—i—l.
te(ln,Ln

Theorem 4.5 (Consistency of second-order stationary points) Under the conditions of Lem-
ma let {xXM*} be a sequence of second-order stationary points of problem with
p = p satisfying L(x**) < L(x%), then any accumulation point of {XM*} is a second-order
d-stationary point of problem .

Proof Without loss of generality, we may assume that {X**} converges to X. Since X** is a
second-order stationary point of problem (4.12)) with u = ug, we have

Vi ®*) =0 and (V2f,, (X"*)z,2) >0, VzeR"

According to Theorem X is a first-order d-stationary point of problem , that is,
f'(x;z) > 0 for any z € R™.

In the following arguments, we only consider such z € R"™ that makes f'(X;z) = 0.
According to Lemma [4.3] (i), it holds that max VLX) < VLX) < ¢'(0). By virtue

of this inequality and Corollary - (iii) 1t ylelds from f’(X;z) = 0 that z; = 0 whenever
X, =0.
By using z; = 0 whenever X; = 0, we have

0 < (V2] (%")z,2)
= (V2L(XM)z,2)

K
#3000 (R8°) 0 (K1) (9 (1)

—Zhukomuk ) (T (2,2
=<v2c<§“k>z,z>+ D |9 0 (RE) = B 0, (R (V0 (R, )
i:%;#£0

=S W e, () - [V ), 2] (1.20)

’L’:)’Eifo
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w  According to Lemma (ii), we have Ipi;l |X;|| > Lp. Under Assumption (A3), this in-
1:X; 7£0

o equality means that h is twice continuously differentiable at each ||X;|| whenever X; # 0.

an Since for each i, hm X =%, hm muk( Xy =m(x;) = |Ix,

Jim g o i, (R1%) = ), 0, (RE%)] = g/ om(%s) — ' o m(%s),
and for X; # 0,

lim (Vi (RE%), ;) = m (%3 24),

k— o0

hm (V M, (X5%) 24, 25) = mP (X;;24),

lim fy;, o, (%)%) = H'(|%ill; 1) = —H'(|%:]); ~1),

k—o0

a2 then from (4.20]), we obtain
0 < lim <V2J?uk (xH*)z, z)
k—o0
= lim (V?L(X"*)z, z)

k—o0
+.,Z;O’fh—>rgo [g omy, (X)) — h' L 0y, (X ’“‘)} kli_)r{;(Vzka(A“ VZ;, Z;)
=Y o &) [ lm (Vi (8).2)]
iR, 70
= (VL(X)z,z) + Z [g’om(xl) h' om(x )}m( )(Ri525)
1:X;7#0
=) H'(R; ) (R, )]
:X;#0
(V2LR)z,2)+ Y [ om(®) = B om(Ri)|m® (%)
1:X; #0
— Z H'(x;m (X4, 2:))m’ (X;, 2;)
1:X;#0
K K
(V2L(X)z,2) + Z {g om(X;) — h om(ii)}m( (Ris2;) — ZH (Xi;m/ (X4, 2:))m’ (X, ;)
= [P (%;2)

where the third equality is due to
H' (X )[m (X, 2:)]? = —H' (Xi; —1)[m/ (X4, 2:))* = H' (Ri; m' (X, 25))m/ (X4, 27)
when ||X;|| > Ly, and the fourth equality is due to
z; =0, m'(X;,2;) = mP(X;;2;) =0

3 when X; = 0.

a4 As a summary, we have shown that X is a first-order d-stationary point of problem
a5 and that for any z € R”, f/(X;2z) = 0 implies f(?(X;2z) > 0. Therefore, X is a second-order
6 d-stationary point of problem . O
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a7 Now, we use an example of problem (/1.1 to illustrate how to compute a second-order
s directional stationary point by the smoothing method.
s  Example 4.1. Consider the following problem

min_f(z,22) = 2@+ o — 174 QM () + M (o), (421)
z1,2€R 2

where the parameters in pMCF satisfy o > 1 and A > 0. In Tables we present the sets

of the first-order d-stationary points, second-order d-stationary points, local minimizers, and

global minimizers of with different parameters. From the tables, we can see the relation

between these sets for problem :

first-order d-stationary < second-order d-stationary <= local minimizer <= global minimizer

450 For example, when 0 < a\ < %, A< 1 let 7 := (21,%2)" = (1 +a), —a)\)T, then
w T+ Ty =1, |T1| > a), and |T3| > a). It is easy to check that for any d := (dy,d2)" € R2,
482 f/(.l_?, d) =0 and

) 11 —2 do > 0,
@ (z:d) = (dqr.d < > di.do)" + a 2
f (.’E, ) ( 15 2) 11 ( 1 2) O7 d2 < 0,

_ ) (di+do)? - %3’ dy >0,
(d1 + do)?, dy < 0.

« Since it cannot ensure f(2)(z;d) > 0 for any d, Z is a first-order d-stationary point but not
w a second-order d-stationary point of (4.21]).

Table 1 First-order d-stationary points of (4.21))

parameters first-order d-stationary points
0<aX< % A< (1,o)T, (0,7, {(z1,22)7 : 21 + 22 = 1, |x1| > a),|z2| > X}
lcar<1l a<1 (1,007, (0,1)7, (2= 2T T (01, 29) T s a1 + 22 = L, e1] > a, |22 > A}
al>1 A<l (%,O)T, (0, O‘S_l)‘)) , O‘Q(;_’l\), az.(i:’l\))T, {(z1,22) T 121 + 22 = 1, |21] > @), |2z2| > @}
ax>1 A>1 (0,007, {(z1,22) T s 21 + 22 = 1,|z1| > @, |z2| > )}

Table 2 Second-order d-stationary points / local minimizers of (4.21))

parameters second-order d-stationary points / local minimizers
0<a>\§% A< (1,0)T, (0,)7, {(z1,22)7 : @1 + @2 = 1, |21]| > @, |z2| > a)}
%<a)\§1 A<l (L,o)T, (0,7, {(z1,22) " : 21 + 22 = 1, |x1]| > a),|z2| > ar}
ax>1 A< (a(a1 IA),O)T7 (0, a(l A))T {(z1,22)T 1 21 + 22 = 1,|21| > @, |z2| > @}
al>1 A>1 0,07, {(xl,:vg)T cx1 +xe =1, x| > al\ |z2]| > ar}
485 To test the smoothing method and the consistency theory of stationary points, we use the

w smoothing trust region Newton (STRN) method proposed in [9] with an initial point (1,1)"
w7 to solve problem where the smoothing function of AMCF is taken EPI\L/ICP as (4.11)).
w8 The numerical results are listed in Table , where f* means the global minimum of (4.21]),
% and T is the output solution of the STRN method. Table [] shows that Z is a second-order
w0 d-stationary point and a global minimizer of problem .
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Table 3 Global minimizers of (4.21]

parameters global minimizers
0<arx<i A<1 (1,o)T, (o,1)T
1<ar<1l A<l (1,007, (0,1)T
a(l=X) T a(I=2)\T
ad>1 A<1 | (F=50)", (0, =)
ar>1 A>1 (0,007

Table 4 Numerical results of the STRN method for (4.21]) with different values of o and A

«a A global minimizers f* output solution Z f(@)
a=2 | A=025 (1,007, (0,)T 0.0625 (1,07 0.0625
a=15| A=05 (1,007, (0,)T 0.1875 (1,007 0.1875
a=3 A=0.5 | (0.75,0)7, (0,0.75)T | 0.3125 (0.75,0) T 0.3125
a=2 A=1 0,007 0.5 0,0)T 0.5

5 Concluding remarks

This paper shows that the first-order and second-order d-stationary points of folded concave
penalized group sparse optimization problem are local minimizers fulfilling the first-
order and second-order growth conditions respectively under some mild conditions. Moreover,
we construct a twice continuously differentiable smoothing approximation for the nonsmooth
objective function, and show that any accumulation point of the sequence of second-order
stationary points of the smoothing problem is a second-order d-stationary point of problem
. The result provides a theoretic basis for computing first-order and second-order d-
stationary points of the problem by using the gradient and Hessian of smoothing functions.
Our results can be used for developing second-order algorithms for folded concave penalized
group sparse optimization problems, and verifying the optimality of numerical solutions
obtained by any algorithms. A simple example shows the validity of our theory and numerical
method.

Acknowledgements. The authors would like to thank two referees for their helpful
comments.
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