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We investigate the effects of round-off errors on quasi-periodic

motions in a linear symplectic planar map. By discretizing co-

ordinates uniformly we transform this map into a permutation

of Z2 , and study motions near infinity, which correspond to a

fine discretization. We provide numerical evidence that all or-

bits are periodic and that the average order of the period grows

linearly with the amplitude. The discretization induces fluctu-

ations of the invariant of the continuum system. We investigate

the associated transport process for time scales shorter than the

period, and we provide numerical evidence that the limiting

behaviour is a random walk where the step size is modulated

by a quasi-periodic function. For this stochastic process we

compute the transport coefficients explicitly, by constructing

their generating function. These results afford a probabilistic

description of motions on a classical invariant torus.

1. INTRODUCTIONIn this paper we consider the e�ects of discretiz-ing the phase space of a smooth area-preservingplanar mapping that supports quasi-periodic mo-tions, and we study the statistical properties of theresulting discrete representations of invariant tori.Discretization of the phase space can be achievedin many ways, and the most natural ones amountto restricting the dynamics to discrete subsets ofthe phase space, most notably those containingperiodic orbits. For instance, in the case of theAnosov di�eomorphisms of the torus|a class ofstrongly chaotic systems|the periodic orbits cor-respond to points with rational coordinates, whichcan be e�ectively represented as algebraic num-bers in the �eld generated over the rationals bythe eigenvalues of the mapping [Percival and Vi-valdi 1987; Bartuccelli and Vivaldi 1989; Keating
c
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1991]. In the case of polynomial mappings over thecomplex �eld, the relevant discrete sets are tow-ers of algebraic number �elds containing the pe-riodic and eventually periodic orbits [Vivaldi andHatjispyros 1992; Bousch 1992; Morton and Patel1994]. The thermodynamical formalism and theapparatus of dynamical zeta functions provide alink between the dynamics over these discrete setsand the statistics of their continuous counterpart(see [Ruelle 1978; Artuso et al. 1990; Artuso 1991]and references therein).The discretization introduced by round-o� is sig-ni�cantly more di�cult to deal with. In this casethe discrete and continuous systems are relatedonly weakly, the discrete phase space does not haveany useful algebraic structure, there is no frame-work for relating periodicity to the statistics of
uctuations, and the limit of �ne discretizationis plagued by singularities and slow convergence.(For a survey on this issue from an ergodic-theoryangle, see [Blank 1989; 1994]. Some aspects ofthe relationship between exact and computed or-bits are addressed by shadowing theory; see, forexample, [Hammel et al. 1987; Blank 1991b].)Computers make routine use of the 
oating-pointrepresentation of the reals, which consists of a �nitesubset of the rationals [Knuth 1981, Vol. 2, Ch. 4].This set is not closed under any of the four arith-metical operations (even if we ignore over
ow andunder
ow), so the dynamics does not restrict nat-urally to it. Moreover, the 
oating-point numberscluster exponentially about zero, so that as a rulethe 
oating-point dynamics is not a permutation,even when the map being represented is invertible.Yet every symplectic map is a permutation, andany discrete model that is to be consistent withsymplectic geometry must possess this property.Permutations can sometimes be constructed by dis-cretizing coordinates uniformly, that is, by replac-ing the reals with the integers. In this case arith-metical errors may result only from division.The uniform discretization of a symplectic mapwas �rst studied in [Rannou 1974]. This device wassubsequently used in order to mimic quantum ef-

fects [Chirikov et al. 1981], to achieve invertibilityin a delicate numerical experiment [Karney 1983],to represent maps as cellular automata [Kaneko1988], and to construct numerically reversible sym-plectic integrators [Scovel 1991]. A detailed numer-ical study of computer dynamics in the standardmap was performed in [Earn and Tremaine 1992],where both reversible and 
oating-point discretiza-tions were considered.The statistical e�ects of round-o� are sometimeslikened to those of a small stochastic perturbation,and as such can be expected to generate a di�usiveprocess, which interacts with the dynamics in acomplicated manner.However, this picture requires careful veri�ca-tion [Blank 1989; 1994]. The very fact that thecomputer arithmetic is well-de�ned implies thatthe round-o� errors have null Kolmogorov com-plexity, that is, they have a nonrandom depen-dence on coordinates [Alexeev and Yakobson 1981;Ford 1983]. Thus, along any nonrandom (non-chaotic) orbit, the round-o� perturbation cannotdepend randomly on time, which hardly justi�esthe stochastic model. Of equal signi�cance is thefact that round-o� alone cannot induce exponentialinstability, since the error per iteration is boundedby the size of the discretization. Thus it is a matterof both theoretical and practical signi�cance to as-certain what kind of statistical behaviour round-o�perturbations can generate.In this work we consider the simple setting ofa uniform discretization of the phase space of alinear planar mapping that supports quasi-periodicmotions. The continuous mapping is discretized insuch a way as to become a permutation of Z2 . Inthis model the size of the discretization is �xed, andthe asymptotics of �ne discretization correspondto motions near in�nity. Because the continuousmotions are regular and very well understood, thee�ect of round-o� will be isolated quite clearly.In Section 2 we introduce our model (2.1) and in-vestigate the asymptotics of its periodic behaviour.We show that the period of the orbits must divergeat in�nity, and derive a lower bound for its growth
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rate as a function of the amplitude (Theorem 2.1).We then provide numerical evidence that the av-erage order of the period grows linearly with theamplitude, that is, with the inverse of the discret-ization length (a comparison with the dissipativecase is instructive; see [Beck and Roepstor� 1987]).In Sections 3 and 4 we deal with the transportproblem. We analyze the dynamical evolution ofthe unperturbed (continuum) invariant, and showthat its irregular behaviour originates from the in-teraction between two frequencies whose ratio be-comes singular in the limit. We then investigatethe associated transport process for time scalesshorter than the period, and provide evidence thatits asymptotic behaviour is that of a random walkwhose step size is modulated by a quasi-periodicfunction. For this stochastic process we computethe transport coe�cients by constructing their gen-erating function (Theorem 4.1), and we conjecturethat this function is the correct one for the round-o� problem as well.Section 5 contains concluding remarks.The results presented here suggest a probabilis-tic characterization of motions on a classical invari-ant torus. All reported computations refer to thegolden mean rotation number, but we have occa-sionally tested other diophantine cases. We makeno claim for frequencies that are well approximatedby rationals, such as Liouville numbers.We remark that the choice of the model (2.1)was dictated by mathematical considerations, notby a desire to simulate round-o� errors in actualnumerical experiments. For instance, we insistthat the discrete mapping be a permutation, whichis seldom the case in practice. For this reason,the question of the applicability of our results tomore general situations should be considered withcare.
2. PERIODICITYWe consider the following mapping � : Z2 7! Z2 :�(x; y) = (b�xc � y; x); (2.1)

where bxc is the largest integer smaller or equalto x and � is a real parameter. This mapping isa permutation of Z2 , as easily veri�ed. De�ning	 : R 2 7! R 2 by	(x; y) = (�x� y; x)and setting "(x) = �x � b�xc, we may view � asa discrete approximation of 	, that is, � = 	� ".This interpretation becomes meaningful at largeamplitudes, since " remains bounded: 0 � " <1. This asymptotic regime corresponds to a �nediscretization.The dependence of " on x is periodic if � is ra-tional, and quasi-periodic otherwise. In the formercase "(Z) is a �nite subset of rationals, uniformlyspaced in the unit interval. In the latter, "(Z) con-sists of the number zero and a set of irrationalsdense in the unit interval.The mapping 	 admits the invariant quadraticform Q(x; y) = x2 � �xy + y2; (2.2)whose level sets are symmetrical with respect tothe axes x = �y. We are interested in boundedquasi-periodic motions, corresponding to j�j < 2and an irrational rotation number; the rotationnumber � is related to � by � = 2 cos(2��). All or-bits of the continuous system are dense on ellipses,and the stability problem for its discrete counter-part arises naturally. Combinatorially speaking,stability amounts to nonexistence of cycles of in�-nite length, which would correspond to orbits es-caping to in�nity in both time directions.A few values of � lead to trivial dynamics. For� = 1, 0 and �1, we have "(x) = 0 for all x,the mapping � is a restriction of 	 to Z2 , and allorbits are periodic with minimal period six, fourand three, respectively. From cyclotomy one knowsthat for j�j < 2 these are the only cases in whichboth � and � are rational (see [Marcus 1977, Ch. 2],for example), and for all other rational rotationnumbers, � is irrational and algebraic.The set of � that corresponds to rational (non-integer) � is more di�cult to characterize (it is
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tempting to conjecture that any such � must betranscendental, although this issue seems di�cultto settle). Letting �n = 2 cos(2�n�), for n =1; 2; : : : , one sees that �1 = � and �n = 2Cn( 12�),where Cn(x) is the n-th Chebyshev polynomial ofthe �rst kind. Since the latter has integral coef-�cients, all numbers �n belong to the same �eldas �.If the rotation number is irrational, an invarianttorus is typically represented by a cloud of pointsirregularly arranged along an unperturbed invari-ant set: see Figure 1 and [Earn and Tremaine 1992,Fig. 7].In this case the period must diverge at in�nity,as established by the following result:
Theorem 2.1. Let T (x;y) be the (possibly in�nite)period of the orbit of � through the point (x;y),and let�(r) = minfT (x;y) : (x;y) 2 Z2 and Q(x;y)� r2g:Then, if � is irrational , limr!1 �(r) =1. More-over , for almost all values of � and any � > 0, thereexists a positive constant c such that�(r)> cr1=(2+�): (2.3)

Proof. Let � be irrational, and let pn=qn be a con-vergent of its continued fraction expansion. Thefollowing inequality holds [Khinchin 1964, Theo-rem 13]: ����pnqn � ����� > 1qn(qn + qn+1) (2.4)for n = 0; 1; : : : . Let w = (u; v) 2 Z2 . Now conver-gents of continued fractions are the best rationalapproximants of the second kind [Khinchin 1964,theorem 17]. Therefore, if J is the Jordan form of	|that is, a rotation by 2��|the point Jqnw isthe closest to w among the �rst qn points in theorbit. Letting r2 = u2 + v2, the estimate (2.4)yields kJ tw � wk > 4rqn + qn+1 (2.5)

0 50 100 150x

0
�50
�100
�150

y

FIGURE 1. A discrete representation of an invari-ant torus of golden mean rotation number, by aperiodic orbit of period 1927.for n = 0; 1; : : : and t = 1; : : : ; qn, where k � k is theeuclidean metric on the plane.Let M be a linear conjugacy between 	 and itsJordan form, so that 	 =MJM�1, and let Mw =z = (x; y). We have
kJ tw � wk = kM�1(MJ tw �Mw)k= kM�1(	tz � z)k� �k	tz � zk; (2.6)where � is the norm of M�1. Without loss of gen-erality we may assume that M is chosen so as topreserve the value of the corresponding form, thatis, u2 + v2 = Q(x; y) = r2. Then, combining (2.5)and (2.6), we obtain

k	tz � zk > 4r� 1qn + qn+1 (2.7)

for n = 0; 1; : : : and t = 1; : : : ; qn. Let �t be thenorm of 	t, and let � = supt2Z�t. Then � < 1
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because the motion is bounded, and the followingestimate holds:k�tz �	tzk < �t for t � 1: (2.8)Indeed this inequality holds for t = 1, becausek�z �	zk < 1for all z 2 Z2 , and � � 1 since 	 is area-preserving.Assuming (2.8) to be true for some t � 1, we havek�t+1z �	t+1zk� k�t+1z �	t�zk+ k	t+1z �	t�zk= k�t�z �	t�zk+ k	t(	z � �z)k< t�+ �k�z �	zk < (t+ 1)�;which completes the induction. Using the trian-gular inequality we conclude from (2.7) and (2.8)that k�tz � zk > 4r� 1qn + qn+1 � �qnfor n = 0; 1; : : : and t = 1; : : : ; qn. The right-handside of this inequality is positive (implying thatT (x; y) > qn) for all su�ciently large r|more pre-cisely, for r > 14��(q2n + qnqn+1):This shows that �(r) > qn for such values of r. The�rst assertion of the theorem now follows from thefact that qn !1.To prove the estimate (2.3) we note that the con-vergence of the integralZ 1a dqq1+�(where a > 0 and � > 0) implies that, for almostall rotation numbers �, there exists a constant c0such that the inequality����pq � ����� > c0q2+�is satis�ed for all positive integers p and q [Khin-chin 1964, Theorem 32]. Replacing (2.4) with this

inequality and repeating the above argument, weconclude that � > qn for
r > ��4c0 q2+�n ;

from which the desired result follows. �The bound (2.3) is too weak for an e�ective compu-tation of the function � . For this reason, in place of� we consider the simpler function f(r) = T (r; 0),which measures T on a single representative pointof the level set Q(x; y) = r2, for integer r. Clearly,f(r) � �(r). This simpli�cation is not as crude asit may seem: we have found numerically, by sam-pling a few rotation numbers, that some two-thirdsof the orbits have a representative point on the x-axis (which is not a symmetry axis).A log-log plot of f(r) for the golden mean rota-tion number � = 12(1+p5) is displayed in Figure 2.The large 
uctuations are not unexpected, giventhe arithmetical nature of f . The lower enveloperepresents a lower bound of the form cr2=3, whichsuggest that the bound (2.3) can be improved. Theupper bound is somewhat greater than linear (the

10 102 103 104r101
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f(r)

FIGURE 2. The period f(r) of the orbits throughthe points (x; y) = (r; 0). The solid curve repre-sents the average order of f . The lower and upperenvelopes have slope 23 and 1110 .
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exponent is equal to 1110). The thick solid curverepresents the average order F of f , given byF (r) = 1r Xk�r f(k); (2.9)

which is introduced to suppress 
uctuations.Figure 3 plots F (r)=r for the same rotation num-ber. Comparison between domain and range showsthat, asymptotically, F is dominated by a linearterm, but the persisting 
uctuations leave doubtsabout the existence of a limit.

0 100000 200000 300000r6:86:9
7:07:1
7:2

F (r)=r

FIGURE 3. The function F (r)=r for the goldenmean, where F is the average order of f , givenby (2.9).
3. DIFFUSIONWe consider variations of the 	-invariant form Qde�ned in (2.2). Let (xt+1; yt+1) = �(xt; yt). Wehave Q(xt+1; yt+1) = Q(xt; yt) + �Q(xt; yt);where�Q(xt; yt) = (2yt � �xt)"(xt) + "(xt)2= (yt � xt+1)"(xt):In place of �Q we consider the normalized function�(x; y) = "(x)�(x; y), where�(x; y) = 2y � �x2pQ(x; y) :

We have j�(x; y)j � 1 becausej2y � �xj � 2pQ(x; y);and, since j"(x)j < 1, the function � is normalized:j�(x; y)j � 1.For the continuum map 	, the function � = �(t)can be computed explicitly, giving�(t) = cos(2��t+ �);where � is a constant depending on � as well as onthe initial conditions. Thus, if � is irrational, � isquasi-periodic, with invariant density��(z) = 1�p1� z2 (3.1)for z = �(x; y), jzj < 1. This distribution, whichis independent of �, is well approximated by thatcomputed on a su�ciently long discrete orbit (seeFigure 4, top left).Our " is the source of 
uctuations. When � isirrational, the values of " are distributed uniformlyin the unit interval, although the 
uctuations arelarger that those of � (Figure 4, top right). As-suming " and � to be independent, one �nds that� has density
��(z) = 1� ln�1 +p1� z2jzj �

(3.2)for z = �(x; y), jzj < 1, which is compared withthe density computed on a discrete orbit in Figure4, bottom, showing a good agreement. This resultveri�es numerically the independence of " and �.(Adapting the above consideration to the case ofrational � is not di�cult, but we shall not do ithere.)The normalized variation �(t) of Q after t itera-tions is de�ned by
�(t; x0; y0) = t�1Xk=0�(xk; yk)' Q(xt; yt)�Q(x0; y0)2pQ(x0; y0) : (3.3)
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FIGURE 4. Probability distributions computed along an orbit of period 25805783. Top left: distribution for thevariable �. The solid curve represents the estimate (3.1). Top right: distribution for ". Bottom: Distributionfor �. The solid curve represents the estimate (3.2).
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A typical evolution of � over a time interval shorterthan the period is displayed in Figure 5, whichsuggests that this process possesses nontrivial sta-tistical properties. Because the period of the or-bits diverges at in�nity, it is possible to investigatethe long-time asymptotics of (3.3) on suitable se-quences of periodic orbits.

0 200 400 600 800 1000t
�20
24
6

�

FIGURE 5. A typical evolution of �(t), computedalong an orbit of period 7553.We are interested in the long-time behaviour ofthe cumulants �k(t) of the distribution of �(t),computed according to some average h�i (to bede�ned below) with respect to the initial point(x0; y0). First we write the (as yet formal) ex-ponential generating function for the cumulants[David and Barton 1962, Ch. 3]:
Kt(z) = ln
exp(z � �(t))� = 1Xk=1 �k(t)zkk!for t = 1; 2; : : : . We then de�ne [Artuso 1991;Wang and Hu 1993]

P (z) = limt!1 1tKt(z) = limt!1 1Xk=1 �k(t)t zkk!= limt!1 1Xk=1 pk(t)zkk! ; (3.4)

where pk(t) = �k(t)=t. If Kt is analytic at zero forall t, and if the limit (3.4) exists for all k, then P

is analytic at zero, and it becomes the exponentialgenerating function of the transport coe�cients pkP (z) = 1Xk=1 pk zkk! : (3.5)

If the limit (3.4) does not exist for some k, onespeaks of anomalous transport (see, for example,[Wang and Hu 1993; Artuso et al. 1992] and refer-ences therein).We are interested in the behaviour of pk(t) forsmall values of k. Letting �k = h�(t)ki be the k-th moment of �, standard theory gives [David andBarton 1962, p. 43]�1=�1;�2=�2��21;�3=�3�3�1�2+�31;�4=�4�3�22�4�1�3+12�2�21�6�41;�5=�5�5�4�1�10�3�2+20�3�21+30�22�1�60�2�31+24�51;�6=�6�6�5�1�15�4�2+30�4�21�10�23+120�3�2�1�120�3�31+30�32�270�22�21+360�2�41�120�61:We have computed the functions pk(t) for theprocess (3.3), for 1 � k � 6 and t � 200. For eachvalue of t, the phase averaging was done over thepoints of a single orbit of period 1128946 (Figure6, top) and 116803411 (bottom). (A more rigor-ous averaging procedure will be discussed below.)Although all functions pk(t) are necessarily peri-odic, with period equal to that of the orbit, weare only interested in the very early part of the pe-riod, which corresponds to relaxation to the regimeof in�nite period.For the �rst three odd values of k, the functionpk was found to vanish identically within numer-ical accuracy, as expected from the symmetry ofthe �-distribution. In both panels of Figure 6 wehave plotted the �rst three even transport func-tions p2(t), p4(t) and p6(t). The dotted lines rep-resent their conjectured limiting valuesp2 = 124 ; p4 = � 1320 ; p6 = 54032 (3.6)
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(see next section); p2 is the di�usion coe�cient andp4 is the Burnett coe�cient. For �xed t, the con-vergence of p2k(t), in terms of the size of the av-eraging sample, becomes quickly troublesome ask increases. Within the relatively limited statis-tics of Figure 6 (top), only the di�usion coe�cient(k = 2) appears to relax to some limiting value,while the other coe�cients 
uctuate wildly. Theimproved statistics of Figure 6 (bottom) con�rms
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k = 6k = 4

k = 2

FIGURE 6. The transport functions pk(t), for k = 2,4 and 6, computed by averaging over all pointsof a periodic orbit of period 1128946 (top) and116803411 (bottom).

the convergence of p2. The behaviour of the othercoe�cients is consistent with convergence to thelimits (3.6), although at this stage the evidenceis rather weak. In Section 4, we shall strengthenthis argument by analyzing the asymptotics of astochastic process closely related to (3.3), which isamenable to analytical investigation.From a theoretical angle, the averaging over asingle long orbit adopted above is unsatisfactory.A �rmer procedure could consist in �rst averagingover all lattice points belonging to su�ciently longperiodic orbits, and then letting the period go toin�nity. More precisely, let W = W (t) be the setof lattice points z = (x; y) 2 Z2 for which T (z) > t,and let V (r; t) be the intersection ofW (t) with thesolid ellipses Q(z) � r2. For a lattice function gwe de�ne the averagehgit = limr!1 1jV (r; t)j Xz 2 V (r; t) g(z)assuming that the limit exists. Because the com-plement of W in Z2 is �nite (from Theorem 2.1),the set W (t) will include the exterior of a su�-ciently large ellipses, whence jV (r; t)j � r2. Finallyhgi = limt!1hgit:We conjecture that for all positive integers k ands, the functions pk(s) converge with respect to thisaverage.
4. A STOCHASTIC PROCESSIn order to strengthen the case for a probabilisticinterpretation of the round-o� 
uctuations, and tosupport the interpretation of the results presentedin the previous section, we compare the determin-istic process (3.3) with the stochastic process

��(t) = tXs=1 �"s sin(2��s); (4.1)where the �"s are random variables uniformly dis-tributed in the unit interval. The key assumptionsbehind the introduction of (4.1) as a model for
21 August 1996 at 14:34
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(3.3) are the randomness of " and its independencefrom �.The long-time statistical behaviour of the pro-cess (4.1) is described by the following result:
Theorem 4.1. Let ��(t) be given by (4.1) and let � beirrational . Then, for jzj < 2�, we have�P (z) = limt!1 1t ln
exp(z � ��(t))�= 1Xn=1 B2n22n+1n(n!)2 z2n;where Bk is the k-th Bernoulli number .A comparison of the right-hand side of this equa-tion with (3.5) yields at once the transport coe�-cients p2n = (2n� 1)!B2n22n(n!)2for n = 1; 2; : : : , which is the formula used to ob-tain (3.6).Before proving the theorem, we estimate the er-rors in the numerical evaluation of pk(t) (for �xedt) that result from the �niteness of the averag-ing sample. The data displayed in Figure 7 wereobtained by averaging over 100 million values of the
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k = 6 k = 4

k = 2

FIGURE 7. The transport functions of the stochas-tic process (4.1), computed by averaging over 100million data.

random variable �"(k) produced by a random num-ber generator, so as to obtain a statistics similarto that of Figure 6 (bottom). The di�erence be-tween the behaviour of (3.3) and (4.1) was foundto be comparable with the 
uctuations observedby changing random sequence. On this basis, weconclude that these results are consistent with thehypothesis that the two processes share not onlythe same asymptotics, but also all functions pk(t).
Proof of Theorem 4.1. Let ��s = sin(2��s). Then��s = �"s��s is a random variable, with density

�s(x) = � j��sj�1 x 2 [0; ��s]0 otherwise (4.2)

Because the variables �s are independent, the cu-mulants of �(t) are the sum of the cumulants ofthe �, that is,
�P (z) = limt!1 1t tXs=1 ln
exp(z � ��s)�: (4.3)

We have 
exp(z � ��s)� = 1Xk=0
��ks�zkk! : (4.4)

From (4.2) we compute
��ks� = �ksk + 1 ;which, combined with (4.4), yields
exp(z � ��s)� = 1z��s (ez��s � 1) :
Thus (4.3) becomes

�P (z) = limt!1 1t tXs=1 ln ez��s � 1z��s :
For irrational �, the sequence s 7! 2��s mod 2�is uniformly distributed in the interval [0; 2�]. Be-cause the logarithmic function in this last expres-
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sion is continuous in that interval, we obtain, fromthe ergodic theorem,�P (z) = 12� Z ��� ln ez sin(x) � 1z sin(x) dx:
Let y = 12z sin(x). We rewrite the integrand aboveasln e2y � 12y = y+ln sinh yy = y+ 1Xk=1 ln�1+� y�k�2�:The �rst term is odd in x and integrates to zero,and we get�P (z) = 1� Z �=2��=2 1Xk=1 ln�1 + � y�k�2�dx= 2� 1Xk=1 Z �=20 ln�1 + � z2�k�2 sin2(x)�dx:Integrating we obtain (see [Gradshteyn and Ryzhik1980, Eq. 4.399], for example):�P (z) = 2 1Xk=1 ln 1 +p1 + (z=2�k)22 :
Next we expand the logarithmic function [Grad-shteyn and Ryzhik 1980, Eq. 1.515] to obtain, forjzj < 2�,�P (z) = 1Xk=1 1Xn=1(�1)n+1 2(2n� 1)!22n(n!)2 � 12�k�2nz2n= 1Xn=1(�1)n+1 2(2n� 1)!22n(n!)2(2�)2n �(2n)z2n;where � is the Riemann zeta function. For anypositive integer n we have [Apostol 1984, Theo-rem 12.17] �(2n) = (�1)n+1 (2�)2n2(2n)!B2n;where the Bk are the Bernoulli numbers. Combin-ing this with the value of �P (z) yields the desiredformula. �

5. DISCUSSIONIn this work we have explored the dynamical andstatistical e�ects of round-o� errors, in a modelproblem where the coordinates of a regular dy-namical system|linear quasi-periodic motions ontori|are discretized uniformly.As it is frequently the case in discrete dynamics,obstructions to predictability originate from com-putational di�culties of the time complexity type(programs take too long to run). This is in sharpcontrast with the case of continuum systems, whererandomness and unpredictability are rooted in thepositive algorithmic complexity of the orbits (pro-grams are too large) [Alexeev and Yakobson 1981;Ford 1983].The problem of predicting the period of an orbit(which was found to depend irregularly on coordi-nates) serves as an illustration. Specifying a latticepoint near the invariant curveQ(x; y) = r2 requiresO(log2(r)) bits of information, with which we cangenerate an orbit whose period grows faster thanlogarithmically. Thus the algorithmic complexityof any orbit is zero.On the other hand, the mechanism that causesan orbit to become periodic has a strong probabilis-tic 
avour. Even though the period|particularlywhen small|tends to be the denominator of a goodrational approximant of the rotation number (of-ten a convergent of its continued fractions), thesheer size of the 
uctuations raises the questionof whether or not a polynomial-time algorithm forcomputing the period exists. Without that, theonly computational strategy would be essentially\wait and see", which would make this problemintractable. For instance, the computation of Fig-ure 3, based on direct iteration, required some 600hours of CPU time on a Sun Sparcstation 2.A natural question concerns the existence of a\continuum limit", which can be de�ned, for in-stance, in terms of convergence of discrete invari-ant measures to the continuum ones [Blank 1989].This question is closely related to the growth rateof the period of the orbits. Indeed in order to en-
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sure that, asymptotically, the discrete torus haszero relative \thickness", one must establish thatthe period of the orbits grows slower than r2. Ourresults lead us to conjecture that such bound existsfor (almost all) irrational rotation numbers. How-ever, we have also found strong indications thatfor some rational rotation numbers the continuumlimit|in the sense indicated above|may not ex-ist. (The boundedness of all orbits of a uniformdiscretization of an irrational symplectic rotationwas �rst conjectured in [Blank 1991a].)The main open question on the transport prob-lem is to decide whether or not the generating func-tion (3.4) is actually given by the function �P ofTheorem 4.1. We believe this to be the case, al-though the evidence presented here is not conclu-sive. In particular, one cannot rule out nonanalyticbehaviour for P , that is, anomalous transport.These problems are currently under investiga-tion.
ACKNOWLEDGEMENTSI am grateful to Michael Blank for bringing severalreferences to my attention, and to Ya. G. Sinaifor a useful clari�cation concerning the materialpresented in Section 4.
REFERENCES[Alexeev and Yakobson 1981] V. M. Alexeev and M.V. Yakobson, \Symbolic dynamics and hyperbolicdynamical systems", Phys. Reports 75 (1981), 287{325.[Apostol 1984] T. A. Apostol, Introduction to analyticnumber theory, Springer, New York, 1984.[Artuso 1991] R. Artuso, \Di�usive dynamics andperiodic orbits of dynamical systems", Phys. Lett.A160 (1991), 528{530.[Artuso et al. 1990] R. Artuso, E. Aurell, andP. Cvitanovi�c, \Recycling strange sets: I. Cycleexpansions", Nonlinearity 3 (1990), 325{359.[Artuso et al. 1992] R. Artuso, G. Casati and D.L. Shepelyanski, \Fractal spectrum and anomalous

di�usion in the kicked Harper model", Phys. Rev.Lett. E68 (1992), 3826{3829.[Bartuccelli and Vivaldi 1989] M. Bartuccelli andF. Vivaldi, \Ideal orbits of toral automorphisms",Physica D39 (1989), 194{204.[Beck and Roepstor� 1987] C. Beck and G. Roepstor�,\E�ects of phase space discretization on the long-time behavior of dynamical systems", Physica D25(1987), 173{180.[Blank 1989] M. Blank, \Small perturbations of chaoticdynamical systems", Russian Math. Surveys 44(1989), 1{33. Reprinted in Dynamical systems andstatistical mechanics (edited by Ya. G. Sinai), Adv.in Sov. Math., 3, Amer. Math. Soc., Providence, RI,1991.[Blank 1991a] M. Blank, \Marginal singularities,almost invariant sets, and small perturbations",Chaos 1 (1991), 347{356.[Blank 1991b] M. Blank, \Phase space discretization inchaotic dynamical systems", pp. 1{13 in Dynamicalsystems and statistical mechanics (edited by Ya. G.Sinai), Adv. in Sov. Math. 3, Amer. Math. Soc.,Providence, RI, 1991.[Blank 1994] M. Blank, Pathologies generated byround-o� in dynamical systems, Physica D78 (1994),93{114.[Bousch 1992] T. Bousch, \Sur quelques probl�emes dela dynamique holomorphe", Ph.D. thesis, Universit�ede Paris-Sud, Centre d'Orsay, 1992.[Chirikov et al. 1981] Chirikov, F. M. Izrailev, and D. L.Shepelyansky, \Dynamical stochasticity in classicaland quantum mechanics", pp. 209{267 in SovietScienti�c Reviews C, vol. 2, Gordon and Breach, NewYork, 1981.[David and Barton 1962] F. N. David and D. E. Barton,Combinatorial chance, Gri�n, London, 1962.[Earn and Tremaine 1992] D. J. D. Earn and S.Tremaine, \Exact numerical studies of hamiltonianmaps: iterating without roundo� errors", PhysicaD56 (1992), 1{22.[Ford 1983] J. Ford, \How random is a coin toss?",Physics Today 36 (1983), 40{47.
21 August 1996 at 14:34



Vivaldi: Periodicity and Transport from Round-Off Errors 315

[Gradshteyn and Ryzhik 1980] I. S. Gradsthteyn and I.M. Ryzhik, Table of integrals, series, and products,Academic Press, New York 1980.[Hammel et al. 1987] S. M. Hammel, J. A. Yorke and C.Grebogi, \Do numerical orbits of chaotic dynamicalprocesses represent true orbits?", J. Complexity 3(1987), 136{145.[Kaneko 1988] K. Kaneko, \Symplectic cellular au-tomata", Phys. Lett. A129 (1988), 9{16.[Karney 1983] C. F. F. Karney, \Long time correlationsin the stochastic regime", Physica D8 (1983), 360{380.[Keating 1991] J. P. Keating, \Asymptotic propertiesof the periodic orbits of the cat maps", Nonlinearity4 (1991), 277{308.[Khinchin 1964] A. Ya. Khinchin, Continued fractions,University of Chicago Press, Chicago, 1964.[Knuth 1981] D. E. Knuth, The art of computerprogramming, Addison-Wesley, Reading, MA, 1981.[Marcus 1977] D. A. Marcus, Number Fields, Springer,New York, 1977.

[Morton and Patel 1994] P. Morton and P. Patel, \TheGalois theory of periodic points of polynomial maps",Proc. London Math. Soc. 68 (1994), 225{263.[Percival and Vivaldi 1987] I. C. Percival and F.Vivaldi, \Arithmetical properties of strongly chaoticmotions", Physica D25 (1987), 105{130.[Rannou 1974] F. Rannou, \Numerical studies ofdiscrete plane area-preserving mappings", Astron.Astrophys. 31 (1974), 289{301.[Ruelle 1978] D. Ruelle, Thermodynamic Formalism:The Mathematical Structures of Classical Equilib-rium Statistical Mechanics, Addison-Wesley, Read-ing, MA, 1978.[Scovel 1991] C. Scovel, \On symplectic lattice maps",Phys. Lett. A159 (1991), 396{400.[Vivaldi and Hatjispyros 1992] F. Vivaldi and S.Hatjispyros, \Galois theory of periodic orbits ofrational maps", Nonlinearity 5 (1992), 961{978.[Wang and Hu 1993] X.{J. Wang and C.{K. Hu,\Anomalous di�usion in dynamical systems: trans-port coe�cients of all order", Phys. Rev. E48 (1993),728{733.
Franco Vivaldi, School of Mathematical Sciences, Queen Mary and West�eld College, University of London, MileEnd Road, London E1 4NS, England (F.Vivaldi@qmw.ac.uk)
Received October 20, 1994; accepted February 9, 1995

21 August 1996 at 14:34


