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The Fischer decomposition on R™ gives the decomposition of
arbitrary homogeneous polynomials in n variables (x1, ..., zy)
in terms of harmonic homogeneous polynomials. In classical
Clifford analysis a refinement was obtained, giving a decompo-
sition in terms of monogenic polynomials, i.e., homogeneous
null solutions for the Dirac operator (a vector-valued differen-
tial operator factorizing the Laplacian A, on R™). In this paper
the building blocks for the Fischer decomposition in the Hermi-
tian Clifford setting are determined, yielding a new refinement
of harmonic analysis on R*" involving complex Dirac operators
commuting with the action of the unitary group.

1. INTRODUCTION

Clifford analysis is a function theory that is often con-
sidered as a generalization to higher dimensions of the
theory of complex holomorphic functions f(z) in the
plane. The analogue of the Cauchy—Riemann operator
0, is the Dirac operator 9, a vector-valued first-order
differential operator factorizing the Laplacian A,, on R",
and generalized holomorphic functions are called mono-
genic functions. These are Clifford-algebra-valued func-
tions f(z) defined on open regions Q C R™ satisfying
df = 0. This Clifford algebra is then defined as the 2"™-
dimensional algebra obtained by endowing the orthog-
onal space (R",Q,), where Q,(z) = |z|*> = >/ 2?
for all x € R"™, with the following multiplication rules:
eiej + eje; = —20;5. The resulting algebra, denoted by
R,,, is as a vector space isomorphic to the exterior algebra
A(R™) under the canonical isomorphism e;, e;, ---e;, —
dzx;, dx;, - - - dx;, , but it carries a richer multiplicative
structure.

The Dirac operator is then defined by 9 = 2?21 €;0y,,
and in view of the multiplication rules we indeed have
that 9% = —A,,, which means that Clifford analysis is
a refinement of harmonic analysis on R". Since the op-
erator 0 is invariant under rotations, Clifford analysis is
perfectly suited for studying the orthogonal group SO(n),
and in particular its double covering group Spin(n) (see
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[Brackx et al. 82, Delanghe et al. 92, Gilbert and Murray
91]).

In [Sabadini and Sommen 02] and [Brackx et al. 05],
the concept of Clifford analysis in the Hermitian setting
was introduced. The main idea is to start from an even-
dimensional space R?" and to rewrite the vector variable
in the following way:

n n
2= (e +ejentisn) = Y (€2 — i(iejin)Tjsn).
=1 =1

If we set x4, = y; and iej, = €;, and introducing the
Witt basis {f;,} (j =1,...,m),
€4 + €5

ej—ej
=5 5

2
this then gives rise to

and f; =

n

=Y (Fi—Fa+if+)y =D (fiz—fz) =z2—2".
j=1

Jj=1

Note that both sets {f;}; and {f;r }; generate a maximal
isotropic n-dimensional subspace of R?”, and that the
Witt vectors satisty the following multiplication rules:

fifr +efy =0 =ffL + 7f, and 5§ +1f; = 0n

These Witt-basis vectors lead to an interesting char-
acterization of the spinor space Sa, (the so-called Fock
realization), which arises in a natural way as an irre-
ducible representation space for the simple complex Clif-
ford algebra Cs,. For that purpose, it suffices to define
the idempotent I = Iy ---I,, where I; = fjf;, and to
put Sy, = Alge(fl,... fi)I = CAII. We have hereby
defined the (Grassmann) algebra CAf, which will be re-
ferred to below. The subspace generated by products of
k elements will be denoted by (CA])*.

In a completely similar way, we also have

9= (1 =), +ill; +1,)0y,

j=1
Z Oz, = 1}0-,) = 2(2. — ).
In Hermitian Clifford analysis, one then studies the first-

order differential operators 0, and i |, commuting with
the action of the unitary group on functions f(z,z'). In

view of the fact that
1
{001} = 0,00 +010. = A. = 0.,0:, = [ Aoy
J

1 n
Zz:: (02, +02),

the associated function theory leads to a refinement of
harmonic analysis. To some extent, these operators were
studied in [Rocha-Chavez et al. 01] using the language of
forms. Part of the calculus was developed in [Sabadini
and Sommen 02], with an emphasis on the calculation
of resolutions of complexes in several complex variables.
In [Brackx et al. 05] the authors initiated the systematic
development of a basic function theory for the Hermi-
tian version of Clifford analysis, in the special Euclidean
setting.

In this paper we determine the building blocks for the
Fischer decomposition in the Hermitian setting. In order
to underline the importance of knowing these building
blocks, we recall that in the classical orthogonal case the
Fischer decomposition of an arbitrary homogeneous poly-
nomial is completely determined in terms of the Fischer
components of the reproducing kernel; see [Delanghe et
al. 92].

The starting point for the Hermitian Fischer decom-
position is again a reproducing kernel

{z w2l u)!

Rz, zhu uT) ! ,

in terms of which any (k,[)-homogeneous polynomial
Ry(z,2") can be written using a Fischer-type inner
product. As for the orthogonal case, it would be of
great advantage to know the Fischer decomposition of
the (scalar) reproducing kernel Ry, since this would
allow one to calculate the Hermitian Fischer decom-
position of an arbitrary (k,l)-homogeneous polynomial
Ry.1(2,2) in terms of (Hermitian) zonal building blocks
Zia(z, 25 u,uh).

An explicit form for these building blocks for the Her-
mitian Fischer decomposition of the kernel was formu-
lated as a claim in [Brackx et al. 05, Sections 3 through 5],
and the aim of this paper is to investigate this claim. This
is the first step toward explicit formulas for the Hermitian
Fischer decomposition.

2. SPIN-EULER POLYNOMIALS OF TYPES
(k,0) AND (0, k)

Throughout this paper, we will constantly encounter the
following specific Clifford number:

Definition 2.1. The spin-Euler operator (3 is defined as

ZfoJ = + Zeyej+n



This Clifford number is called an operator, because its
action (through multiplication) on a spinor 1 € (CAJ)*IT
is given by B[] = k¢ (for all k =1,...,n).

In view of the fact that CAf, = @_(CAL)", it is
immediately clear that this operator satisfies the equa-
tion B(8 —1)---(8 —n) = 0. This polynomial expres-
sion in [ expresses the fact that the spin-Euler opera-
tor can be considered as a root of the so-called falling
factorial function () defined for all k € N as (x); =
x(x—1)(x=2)---
et al. 94].

They generate the Stirling numbers of the first kind
s(k,j) by means of (z); = Z?:o s(k,j)x’. The Stirling
number of the first kind is usually defined as the num-

(x — k4 1); see, for example, [Graham

ber s(k,j) such that the number of permutations of k
elements containing exactly j permutation cycles is pre-
cisely the nonnegative number |s(k, )| = (—1)*7s(k, j).
This means that s(k,j) = 0 for j > k, s(k,k) = 1, and
S(k, O) = (Sk,o.

In the case (k,l1) = (k,0), the expression that was
proposed in [Brackx et al. 05] reduces to

{z,u™}* 2P (B){z, v} tul
o TE

where Py () denotes a polynomial of degree n in 5. We
call this polynomial, depending on k € N, the spin-Euler
polynomial of type (k,0). To determine this polynomial,
we make use of the monogeneity conditions for the Hermi-
tian building blocks Zj o(z, z';u, u'). Since these depend
only on z and uf, we obtain 0. Zko=0= Zk,OQL~ It is
easily verified that this gives rise to the equation

ﬁ (1 -1+ ﬁ)P’C(ﬁ)>“TZUT{AuT}k‘2 =0,
(2-1)

Zro(z, 25 u,ul) =

where we have made use of the following lemma, which
is easily proved by induction:

Lemma 2.2. If P(3) denotes a polynomial in 3, we have
[P(B),u'z] = 0. This remains true for any combination
of a complex variable and the Hermitian conjugate of a
complex variable. We thus also have that (for example)

[P(B),zA 21 = [P(B),unul] =0.

Note that we restrict ourselves to the cases & > 1 in
the equation for Py(().
In the case k = 1 it suffices to note that

Bsr =0 = ((-1"at+5A(5) )5 =0.
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In general, the zero divisor § cannot be divided out, un-
less we multiply the right-hand side by ', leading to

<(—1)"n! + 4P (6)>uf(ﬂ +1)=0.

Remark 2.3. The condition Zk,OQL = 0 leads to the
same equations for Py (f3), in view of the symmetry. This
in view of the symmetry of
u), the
defining relations for the spin-Euler polynomials will al-

remains true in general:
Zia(z, 2" u,u') with respect to (z,ul) and (2T,

ways follow from monogeneity conditions on z and z!
only.

In view of the claim, we then put P(8) =
>0 gk) 37, where the coefficients cgk) are to be deter-
mined. Plugging this polynomial into (2-1), we are led

to the following equation:

DY+ =0

=0 =0

1+ (k-

This looks like an overdetermined system, since we now
have (n + 2) equations for only (n + 1) unknowns, but
from the fact that (8),, = 0 it follows that gt =
- Z?:o s(n+1,7)37, whence Equation (2-1) reduces to

1+Z(

Arranging this equation into the matrix formalism, we
get MC = R with

)ed — (n+1,j)cg’“))6j+zc§’“)1ﬁj =0.

j=1

k-1 0 0 0o .- —s(n+1,0)
1 kE—1 0 0 —s(n+1,1)
0 1 k—1 0 - —s(n +2,0)
M= o 0 1 k-1 .. —s(n +3,0)
0 0 O 0 k—l—s.(n—o—l,n)
with C = (cO ,...,c&k))T and R = (—1,0,...,0)T. The

existence of the spin-Euler polynomial Pj(5) thus de-
pends on the determinant of the matrix M, for which we
refer to the following lemma:

Lemma 2.4. The determinant of the matrix M is given

by
n+1

M| =" s(n+1,5)|(k —1)7.
j=0

Proof: The result follows from an induction argument. [
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Corollary 2.5. For all k > 1, the matriz M is invertible.
From this the existence of the spin-Euler polynomial of
type (k,0), with k € Ny, immediately follows.

In order to obtain an expression for Py (f3), it suffices
to invert the matrix M. In view of the fact that we will
multiply M ! by R, it suffices to determine only the first
column of this matrix. This is the subject of the follow-
ing lemma, which again follows from a straightforward
induction argument.

Lemma 2.6. The first column of the matriz M~ is given
by
1 o
M(u )i with je{l,...,n+1},
where

n+1
Pt = (=177 s(n 4+ 1,0)|(k - 1)1

This then leads to the following theorem.

Theorem 2.7. The zonal Hermitian complex polynomials
Zio(z, 2 u,ul) are given by

{z,u'}* N 2P (B){z u'}F 1!
! (k—1)! ’

Zk,O(ga ZT u,u )

where the spin-Euler polynomials Py () of type (k,0) are
defined as follows:

Pi(B) = ),

=0

Nty Z?:f|s<n+1,z'>|<k”ij> i1
Pu(B) =3 (=1) <Zy_+; s a1 )7

k > 1. These polynomials solve the equations

j=1

(1+6P1(8))u =0,
(1+(k—1+B8)P(B3) =0 (k>1).

Note that in the case k = 1, the factor u’ cannot be
omitted.

In order to determine the spin-Euler polynomials of
type (0, k), which we will denote by P¥(3), it suffices to
note that up to the subtle difference between the vari-
ables z and z! encoded in the equations

2.1z =B« [zl =n—2,

the defining equations will be completely similar. This

immediately leads to the following conclusion:

Theorem 2.8. The zonal Hermitian complex polynomials
Zox(2, 2T u,ul) are given by

{zf,u}r  2TPRB){2f, u}rtu
K CED

Zox(z, 2" u,ul) =

where the spin-Euler polynomials P*(3) of type (0, k) are
defined by P¥(3) = Pi(n — (). These polynomials solve
the equations

(1+(n- ﬂ)Pl(m)g 0,

(1+(k—1+n—BP*B) =0 (k>1).

3. COMMUTATION BEHAVIOR OF
SPIN-EULER POLYNOMIALS

In this section, we investigate the way in which a poly-
nomial in J behaves under commutation with a complex
variable or the Hermitian conjugate of a complex vari-
able.

Lemma 3.1. For all j € N, we have

J J l .
)= 3okt S (1) b

In this expression, uw may be replaced by any complex
variable.

Proof: The first statement is easily proved by induction
on the power j. In order to prove the second equality, it
suffices to note that if we write

J

J
DB+ =D "ap,

k=0 =0

there is a contribution to each power 8 from all 8*(1 +
B3)?~* with k < 1. This contribution, which is the coeffi-
cient of B'=% in (1+p8)~ k. is given by (l k) To prove
the third equality, we use induction on the parameter [.

|

Corollary 3.2. If P(3) = En_o ;3 denotes a polynomial
of degree n in (3, the commutator of this polynomial with



u s given by

o1 Sotu -3 (5 (o)

i=0  j=i+1

In what follows, we will denote the coefficients of this
polynomial by 72-(0). The index ¢ refers here to the fact
that these coefficients v; depend on the coefficients c; of
the given polynomial.
the commutator of a (spin-Euler) polynomial with a vari-

Because we will often encounter

able u (or z) in what follows, we introduce the following
notation:

Definition 3.3. If a polynomial P(8) = > 7, ¢ is
commuted with a complex variable (for example u or z),
this gives rise to a polynomial of degree (n — 1) in 3,
denoted by

n—1 n—1 n .
3= (X (1)e)s
=0 i=0 j=i+1

We thus, for example, have that [u, P(3)] = [P](5)w.

In a similar way, the following lemma can be proved:

Lemma 3.4. For all j € N we have
J

l . .
uf, 37+ = ; z+j{§<3+;l>}ﬁluf

o S ()

A similar expression is of course obtained if u' is replaced
by the Hermitian conjugate of any complex variable.

Corollary 3.5. If P(3) = >_7_, ¢j3? denotes a polynomial
of degree n in (3, the commutator of this polynomial with
ul is given by

n

Y lul, 3]

j=1

SO NEITTI B

i=0  j=i+1

[u', P(3)] =

In what follows, we will denote the coefficients of this
). The index ¢ refers to the fact that
these coefficients depend on the coefficients c¢; of the given

polynomial by 4 Z(

D. Eelbode: Stirling Numbers and Spin-Euler Polynomials 59

polynomial. Again in view of the fact that we will often
encounter the commutator of a polynomial in 3 with a
conjugated variable uf (or z) in what follows, we intro-
duce the following notation:

Definition 3.6. If a polynomial P(8) = Y7_¢;( is
commuted with the Hermitian conjugate of a complex
variable (for example u! or z'), this gives rise to a poly-
nomial of degree (n — 1) in 3, denoted by

n—1 n—1 n .
=i =3 (3 o ())e)s
i=0 i=0  j=i+1

We thus, for example, have that

!, P(8)] = [P'(B)u'.

Note that in view of the fact that 87 = 3, there is no
need to consider the Hermitian conjugate of the polyno-
mial [P](3) defined earlier, whence the notation [P]'(3)
is unambiguous.

From the previous lemmas, we easily prove the follow-
ing lemma:

Lemma 3.7. If P(B3) denotes an arbitrary polynomial in
3, we have

[P(B),u] =u[P]'(8) and [P(B),u'] = u'[P](8).

Lemma 3.8. For all j € N, we have

[u, (n — 5)"*] Z Fn—-p-1"u
k=0
J+IZ (J + 1) (n— B)u,
', (=B =3 (n = B)" (1L +n =)

(J Jlr 1) (n— B)'ul,

where u and v’ may of course be replaced by z and 2.

Corollary 3.9. If P(3) = >__, c¢j3? denotes a polynomial
of degree n in 3, the previous lemma can be rewritten in
such a way that the duality between [ and (n — 3) may
be observed from the following commutators:

[u, P(B)] = [P](8)u «— [u, P(n — B)] = [P](n — B)u,
wh, P(8)] = [P (B)ul «— [uf, P(n — B)] = [P](n — B)u.
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To end this section, we also mention the following re-
sult.

Lemma 3.10. If P(3) denotes an arbitrary polynomial in
0B, we have

[P(n—B),u] =u[P](n—3),
[P(n— B),ul] = u![P]T(n - B).

4. SPIN-EULER POLYNOMIALS OF TYPE (k, k)
4.1 A First Special Case: k = 1

We begin this section with the calculations for
Z11(2,2"u,u") in order to illustrate how the case in
which both &k and [ are nonzero differs substantially from
the previous calculations. By definition, we put

Zy (2,255 u,ul)

= {z,u"}{z" u}
+ (sz,ll)(ﬁ){zT,u}uT + 2 PR (B){z, U*}U)

+(2AapﬁkmuAuf+zAzU%?WMm2

+zﬁﬂ?wmAuQ
6
+ 122P{ (8)]ul?,

where all the polynomials Pl(ll) (8), with ¢ € {1,...,6},
are to be determined. The monogeneity conditions for
Z1,1 will give rise to six equations.
these, we use the following lemma:

In order to derive

Lemma 4.1. The variables z and 2z satisfy the following
relations:

and

The actions of 9, and 9! give rise to the following
terms:

(V)

and
Pz ut
3T—>u{2,uT}+{iZP ))Tll{ Ju
B+ 4 —n)z Pl(l)u/\uT
. (ﬁa%7wPﬁWF
2P u Al
2Py [uf?

Apart from the terms ngTPl(?l)g and u gPl(’ll)gT, it is im-
mediately clear how to arrange these terms into a system
of six equations. These two exceptional terms will give
contributions to the equations in zf(u A u') and zf|u/?
(and similar terms with z). This eventually gives rise to
the following equations:

(1+ 5P1(,11))@T{§T»@} =0,
(1+ (n— AP )ufz,u} =0,

3 5 2 2
((54‘ )P1(1)+P1(1)+P1() [Pl(,1)]+)ﬂ/\@T:07

z2((B-5 5~ )P1(3)+P1(1) P1(11 [P7)D7/\@T:07
4 6 loo 1,59
B+ )P0 + P - 3P - PRl =0,
1 1
2((8-5 - PR+ PO - 2P - S PP =

It follows immediately that P1(,11) (8) = Pi(B) and

Pl(i)(ﬁ) = P1(B). Before determining the other poly-
nomials, we first prove the following lemma.

Lemma 4.2. For each k € N we have

P(8) + [P](8) = Peya1(P)

and

P*(3) + [P*]T(8) = PFH(B).

Proof: Tt suffices to observe that

(1+(B+k—1)P)u' =0
=t (1+ B +k) (P + [P)) =0,
together with the fact that there is a unique polynomial

solution of degree n. The other statement is proved in a
similar way. O

Subtracting the third and fourth (respectively fifth
and sixth) equations above, we obtain

(n+1)PE(B) + Po(B) + Pa(n—8) = 0

Py(B) + Pa(n — )
n+1

— P (B) = -

)



respectively

%(PQ(n —B) = P(B)) =0

Py(n — B) — P ()
2(n+1) '

(n+1)P7(B) -

— P (8) =

Plugging these expressions back into the third and
fourth (fifth and sixth) equations, we finally obtain

Py(B) + Pa(n — )
n—+1

PE(B) = ~Pan— B) + <ﬁ " )
and

P (3)

s

-4 (i (30 3) B RO0)

4.2 A Second Special Case: k = 2

Before turning to the most general case, it will be useful
to consider Zs o (z, 2 u,ul) as a special case as well. The
reason for this comes from the fact that the case (2,2)
leads to some peculiar features that could not be observed
in the simpler case (1,1). We first introduce the following
definition:

Definition 4.3. For arbitrary (a,b) € N? we define

{z,uf}* {2, ul®

S(a,b) = alb! :

where S refers to the fact that this factor is scalar.

Note that 8,5(a,b) = ufS(a — 1,b) and 9!S(a,b) =
uS(a,b —
follows.

Let Z2(z, 2% u,u’) be defined by

01 10 eS(2,2) + (EPz(lz)S(l, 2)ul + 21 P s(2, 1)3)
Z|u ! '
21 (s (an st p@anat 22t 01 + 22 0 )

1), two relations that will be useful in what

‘Z| |u‘2 LP2(?2)S(1, 1+ (5P2(72)S(0, Dul +5TP2(?2)S<1,0)E)
= (EA!’PQ(?Z)EAQ+5A£TP2(}2())\£|2+\5I2P§,121)£A2T)

12
2l P

This time, there are 12 spin-Euler polynomials of type
(2,2) to be determined. To do so we have to rearrange
all contributions coming from the action of §, and 97
into a system of equations. Let us work out the action of
0,. The action of Qi will give rise to similar terms. When
acting on the zeroth row (by which we mean the terms
multiplied by [z|%u|®), we first of all get the following
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terms, which are more or less the analogues of the terms
obtained for the case (1,1):

(1 1
22U
ZT(6+ HPu A uf
2B+ 5P uf?
ngz(?g)gAyT

+5(1,1)

However, in contrast to the case (1,1), there is another
contribution coming from the terms in the first row: this
is due to the presence of the factor S(1,1) in front of the
second set of parentheses. These terms are given by

u'S(0,1) (z/\zTPz(,SQ) unu+2nzt B uf?+ |22 P u/\uT) :
In view of the fact that

F5(0,1)2P P u nut = |z\ u|25(0, 1)ut PSY.

the last term will contribute to equations coming from
the action of 9, acting on the first row (this will become
clear in a moment). The two remaining terms are new,
when compared with the case (1,1), and will give rise to
additional equations. First of all, note that they are not
independent, for the simple reason that

ul(z A 2N (wAuh)

1 1
iuT\qu Azt —8(1,0)z (2|u|2 —u/\uT> .

In other words, besides another contribution to
S(1,1)zF u A uf and S(1,1)zF|ul?, there are also terms

S(O,l)g”ng/\z ( (3) +P2(4)>.

Next, we consider the action of 9, on the first row.
The obvious contribution is now given by

i
20,12 T (6) ﬁpz S(O Du
2]l ( (0, Du' Py { U]LZTP(S)

+4 B+ 1Py

2B+ 3 )PQ(Q)U/\’U,T )
ETPQ(Q

@AM

while the new contribution, again in comparison to the
case (1,1), comes from the action of 9, on the scalar
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factor |z|?|u|?. This gives

S(1,1)z" Py ju)?

+5(0,1) u|w<”*|W%&“””>

(5
+ 1P (5

TP(9 uAu + 2ZTP(IO |u|?
+ éTP2(,21)@ A uT) .

This means that all terms, except for the first and the
third one, can be added to one of the terms coming from
the obvious contribution. The first term must be added
to terms coming from the zeroth row, while the third
term can be rewritten as

S0, D]ul*PY (' A 2)u!
= S(1, 1)P<7> |2
— 500, Dulful?z A 21 <P2(,72) + [P2(,72)1) -

In the end, this means that the contributions of 9, give
rise to six equations that can be considered as the ana-
logues of the equations found for the case (1,1), to-
gether with a new equation coming from the terms in
ul|ul?z A 21,

Since the equations coming from Qi are very similar,
we continue by giving the system of equations determin-
ing the spin-Euler polynomials of type (2,2). The equa-
tions coming from the first row are given by

1+ (1+ APy =0,
(3+9) PS0 + P2 + P+ 10N =0,

and
(5+0) Pi8+PiY = 5753 — 51R03Y

3 7 7
~ Lo () 1)
The third and sixth equations seem a bit strange, but the
right-hand side is precisely taken care of by the equa-
tion coming from the exceptional terms u'(z A z') and
u(z A z2"):

1 4 7 7
o Pas + B3 — (B3 +[P3)) =o.
Indeed, this turns the third equation into

1
~[P]=0.

3 4 6 1 e
(3+5) P9+ P2 - 3P - 5

The equations from the second row are given by

1 6 3 7 7
P+ F2+ (5 3) (I3 + )~

9 11 8 8
(1+B) P + 2Py + (P + P91 =0,
1+ ) Py + 2P — (R}?g + [P =o.

In a completely similar way, the equations coming from
the action of 8! can be derived:

1+ (1L+n—p)PY =0,
3 3 5 1 1
(5-n-3) R0+ P2 - P~ 1R =0,

1 1
(9-n-3) P8+ P9 - 578 - J1Pf31 =0

1 1
—5P3+P3+ <n -5 - ﬂ) (PSS +P53)7) =0,
9 11 7 7
(8-n—-1) B +2P5) — (P57 + [P)]) = o,
1 1

10 12 7 7
(3-n- Y + 27 - (377 + 51PN ) =

where we have already used the exceptional equation

(P + P11 =0

)

1.3
e

We immediately get that P2(12) = Py(f) and P2(22) =
Py(n — (3). The polynomials P2(32) Ve P2( ) are easily ob-
tained and have the same structure as the ones found in

the (1,1) case.
p® _ _ Ps3(B) + Ps(n — f)

2,2 = it 3) 7
p _ Bs(n—5) — P5(B)

2,2 300 +3) ,
P = —Py(n—B) + (ﬂJr ) PS(@(; fsé;z — 5)7

. 3\ P3(8) — P3(n - )

A= (P (5+5) PO ).

From the exceptional equations, it follows that P2(72) +

[P2(72)] nig 3(83), leading to

P (3)
n+3°

P (B) = -

In a completely similar way, it is immediately found
that

Py(n — 5).

8
B (B) ==



Manipulating the other equations, we then obtain

b _ PaB)+ Pan—B) Py
227 n+3)(n+2) n+2
1) _ Po(B) - P(n—p) _  Pgy
227 9n43)(n+2) n+2
an _ 1
Py —m<P2(n—ﬂ)
Py(B3) + P2(n — 3)
Ry ) )
P2(,122) = _m<P2(n—5)
Py(3) — Po(n— )
HAHATT0 T )

4.3 The General Case

We first introduce notation for all spin-Euler polynomi-
als occurring in the expression for Zj i(z, FUTTE yT). We
will label these polynomials P,Eflz, where j goes from 1 to
6k, according to the scheme below. Let the Hermitian
polynomial Zj x(z, z'; u, ul) be given by

k
pNERITE
=0

P stk — g,k = J)
(EP£G£+1)S(’C ik = ul 42T sk ok - 1)&)
Stk—j—1,k—j—10zAzt Py A ut

St =3 =1k =3 =) (22T POV w2 4 122 P00 n ul)
A few words of explanation might be useful here:

o Zii(z, 2T u,ul) is defined in terms of 6k polyno-

mials. In order to determine these, we expect 6k
equations (we will find more equations, but they
can be reduced to a system of 6k equations). In-
spired by the previous cases, we expect a rearrange-
ment of all terms into k times 6 equations EJ(»l) (with

je{0,....k—1}and l € {1,...,6}):

Each EJ(-Z) represents an equation containing spin-

Euler polynomials P,Ef,)c and polynomials [P,E?,)c] or
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[P,gzl)c]“‘ coming from a commutator with u or wf.
In view of the equations that were found for (k, k) =
(2,2), we also expect additional ezceptional equa-
tions, allowing us to simplify the equations EJ(-Z).
These will be labeled by &; and 5} , where j refers
to the fact that these equations come from

wz N2l S(k—j -2,k —j—1)&;
uz A2 ulS(k—j—1,k—j—2)E].

o The polynomials PGV (5),..., P (6) (with
j=0,...,k—1) always belong together, in the sense
that these have a factor (|z|*|u/?)? in common. We
call these the polynomials of the jth row. Note that
the kth row has only one term |§|2k|g\2kP,§f}:), due
to the fact that we put S(a,b) = 0 as soon as one of
these indices becomes zero.

e Given an index | = 65 +r € {1,2,...,6k}, it is
always possible to determine to which term the cor-
responding polynomial P,El,)g belongs by means of the
following procedure:

r=0— Sk—j,k—7j),
r=1-—zu'S(k—j—1k-j),

r=2— zluS(k—jk—j-1),
r=3—>g/\§J‘gAgTS(k—j—1,k—j—1),
r=4—zAZuPS(k—j—-1Lk—j—1),
r=5— [zfPunu'S(k—j—1,k—j—1).

To determine these polynomials, we consider the ac-
tion of 9, and Qi on Z k(2,27 u,ul). Let us start with
row zero (we prefer to count the rows from zero, in view
of the power j of the scalar factor |u|?|z|?). In what fol-
lows, all terms coming from the action of the operator 0,
are listed, and the equation to which it will contribute is
given in the second column:

S(k—1,k)u’ — EY,
(B+k—1)PL Sk -1,k — BY,

ot (P + (P ) 00— 1.k = )t — B/,

1
2t (ﬁ + 2) P,E?,gS(k —1,k— 1)@/\@r — Eég),

ufz A2t PO Sk =2,k —uAul -7,
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1
2t (5 + 2) PES(k— 1,k —1)u® — B,

ulz A2 P S(k =2,k — 1)|u? -7,
OISk -1,k - Dunut — B,
utzPPO)S(k — 2,k — Dunut —7.

There are three terms for which the corresponding equa-
tion is not a priori clear. The last one, given by

gf|g|2P,£?£S(k —2,k—1DuAu'

1 .
= Sl2PlulS(k - 2,k - Du' A3,

contributes to the equation E%l).

In other words, the
action of the operator 9, on the jth row will always give
a term that mixes up with the unknown polynomials of
the (j+1)th row (except of course for the last row). Using

the fact that

ul(z Azl (uAuh)

1 1
= 5@*\@2;/\&* — 5(1,0)z" <2|u|2 —uAuT> :

it is clear that the remaining terms will contribute to
equations E(()?’) and E((JE)), and to equation &y:

1
luufz A 21 S(k— 2,k — 1) <2P,§?,§ + p,gj*,g) . (41)

Similar conclusions will of course hold for the terms com-
ing from the action of the operator 97 .

Let us now consider the jth row (with j > 0), i.e.,
the scalar factor |z|?/|u|?) multiplied by the (six) terms
inside parentheses. We again focus on the action of 0,.
This operator acts on the scalar term |u|*[z|% as

J
6z(z|2|u2> _ Y, (49

and on the terms in parentheses. When acting on the
terms in parentheses, we get at most three kinds of terms:
terms contributing to equations Ej(l), a term contributing

1)
to By,

For j = k — 1 and j = k, however, the situation is

and two exceptional terms contributing to &;.

different, since there will be no exceptional terms there.
That is why in the special case (1,1) we didn’t observe
this peculiar behavior.

Since the term in (4-2) is still to be multiplied
by the six terms in parentheses, we get the following

contributions:
. i 67 . .
FP 1y 2 P S (k= ok — ),
. 1 )
(1Pl (2z|2 —zm*> P
x S(k—j—1k—jullu,
J(2Pluly 2t BT S (k= j =1,k = j = DuAul,
. ; 6j-+4 . .
J(l2Pluly 2 P OS (= =1,k — j = Dluf?,
(2PluPY 2 PSS (k=5 — 1,k —j = Du Al
The first term reintroduces P,56,z), into equation EJ(5_)1
All the other terms, except the third one, contribute to
the equations E](-l). Using the fact that (z A zDuf =
S(1,0)z" — ufz A 2T, we can see that the third term will
eventually contribute to E](5_)1 and &;_1.
Straightforward (albeit elaborate) calculations yield

the following global form for all spin-Euler polynomials
of type (k, k), up to the first two equations:

EY 1+ (B+k-1)P]) =0,
B 1+ (n-B+k—-1)P7) =0,

1 . 1 56i-1) (69)
Ei -5Pk,£ +Pk,£

2k —1 i i
# (9 25) (P R =0
@ . _ 1 6i-1) (61)
E; ‘_gplc,k +Pk,k
2k — i i i
# (n= e 250) (P + ) o

2k —i—1 i . i
B0 (o S RS a 0rly

+ (PI£,612+2) + [PIE?;+2)}T) =0,

2k —i—1 ; ;
B0 (9= F ) R+ G 0R

6i+1 6i+1
— (R P =0,

Ei(5> : (,3 n i+ 1
2
1/ (6i+2) (6i42)
=5 (P + BT
+ (i + D)k —i— 1) (PET + PG
k—i—1

(6i+3) o
— D =0

) A 0l

B+ (5 =n— T2 ) P i+ DA

1/ (6i+1) (6i+1)

- §(Pk,k +[Pk,k ])

+ @+ Dk —i— 1) (PO + (RO
k—i—1

(6i43) _
- PR =0,



. (6i+7) (6i+7) 6i+4) , 1 (6i+3)
Ei—G+ 1) (P D+ [P + P + FPex =0,

G (PO + U + PO - LR o

1
5%,
This system is then solved recursively:
1
P{(8) = Pu(B),
P(8) = P*(8) = Puln — 8).
Tt is easily shown (by induction) that

6i+1) _ (=1)'D(n + 2k —4)

P = T Vp

.k ilD(n + 2k) w(8),
6i+2) _ (=1)'D(n + 2k — 1)

Pk,k‘ -

Tt on) =8

. _1)it1 i
P}g«’s]?s) _ (=1 T(n+2k—i—1) (Pk+1(ﬁ) FPe(n— ,B)),

i (n + 2k)
R = ey (Pens®) ~ Puatn =)
PO = % (- Perstn-9)
+ (o F ) ),
oo = COLOER D (Bessn—9)
O e I

5.  SPIN-EULER POLYNOMIALS OF TYPE

(k, 1) e N2 (k #1)
The last cases are those in which the indices differ: k # [.
Note that the case in which one of them is equal to zero
has already been treated. We start from the following
expression for Zj ;(z,2";u,u’) (where we first consider
the case k > 1):

l
E (z1?|ul?)?
j=0

Sk — 4,1 — j)Plielj)S(l Lk —1,1)

(zP,ﬁ“{*”sw e N LD A A IO N B R 1)3)
« . v )

Stk—j—1.0—5—1znzl POy At

S(k—j—11—-j— 1)(3A£TP,§€_SIJ+4)I£I2 + \i\zp,i(.iljJrE’)&Aﬂ)

Given an index | = 65 +r € {1,2,...,6] + 1}, one can
easily determine to which term this polynomial belongs
in the expansion for Z (z,z; u, u'), using the following
procedure:

r=0— S(k—j1—7j),
r=1—zu'Sk—j—1,1—j),
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r=2-— Sk —jl-j-1),
r=3—zAzlunu'S(k—j—1,1—j—1),
r=4-—zAZNuPS(k—j-1,1-j-1),
r=5— |zPunu'S(k—j—1,1—-j—1).

To determine all these polynomials, we have to let 0,
and 9! act on Z; ;. The calculations are very similar to
those performed for the case (k, k), up to some minor
changes in the coefficients.
E((Jl) and E((f), given by

Apart from the equations

EM 1+ (B+k-1)P) =0,
E 1+ (n—p+1-1)PY) =0,

and the fact that there is no equation 5111 (which is due

to the fact that k& > [), all equations E;T), &;, and EJT
(with j =0,...,l—1and r=1,...,6) are given by

1 . L ei-1) | (60
Ez' : EPIC,Z + Pk,l

2k — 1 i i
w5+ 220 (R0 + 15) =0,

@, _1p6i-1) | p(6i)
E; '*§Pk,z +Pk,l
20— i i
(s 250 (R 4 1) o
2%k —i—1 ; , i
B (;3 e ) P 4 i+ 1) PO

(L 50) =0
B (ﬁ —n- %_Tz_l) P 4 (i 4+ )P
— (PSP =0,
B (/3 - %) P + i+ 1) PO
- SR 1)
+ @i+ D)k —i—1)(PEFY + PG

k—i—1_(6i+3)
— b =0

B0 (pon = ) R e R

1/ (6i+1) (6i+1)
- §(Pk,z + [Pk,l ])
+ @+ D —i— (PSS 4 [P

l—i—1 _(6i+3)
- 2 Pea =0,

. i i i 1 _(6i
&=+ D(PYTT + ST + POTY + SRS — 0,

e (R IR 5 L <o

1
2
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This system of equations can then easily be solved
recursively, which gives rise to

6i+1) _ (1) T(n+k+1—1)
P = Py
kol iD(n+ k +1) «(8),
©6i+2) _ (=1)'T(n+k+1—1i) _
L R
G6i+3) _ ()" T(n+k+1-i—1)
P, = P P, —
el T kD) (Pes1(8) + Pryr(n—B)),

p6i+a) _ ()T (n+k+1—4i—1)
ki

2iT(n+k+1) (Pk+1(ﬁ) —Pii(n— ﬁ))7

6i+5) _ (=1)T(n+k+1—1) B _
P = S CETE) ( Prii(n—p)
2k —i—1\ Pyg1(8) + Pi41(n — B)
*(BJF 2 ) ntktl—i—1 )
6ive)  (—D)T(n+k+1—1) _
kel T2+ D)ID(n+k+1) (PHl(n A

2k —i—1\ Pry1(8) — Piy1(n—B)
*(‘” 2 ) ntktl—i—1 )

For the case k < [, we of course get exactly the same
polynomials.

We may then conclude this section with the following
theorem:

Theorem 5.1.  The building blocks for the Hermi-
tian Fischer decomposition of the reproducing kernel
Rz, 2, QT) can all be expressed in terms of the spin-
Euler polynomials Py(8) and Py(n — (3). For the explicit
formulas, we refer to the previous sections.
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