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its L-function.

By the proof [Breuil et al. 01, Taylor and Wiles 95] of
the modularity of elliptic curves over Q, we know that
L(E,s) has an analytic continuation for all s € C, and
satisfies the functional equation

AE,s) =wrgA(E,2 - s),

where A(E, s) = (v/Ng/27)*T'(s)L(E, s), Ng is the con-
ductor of F/Q, and wg = %1 is the sign of the functional
equation.

For a primitive Dirichlet character x of conductor f,,
the twist of L(E/Q,s) by x is

L(E,s,x) Zx Yanpn~*®

n>1

We also know that the L-function L(F,s,x) has an
analytic continuation and that if f, is coprime to Ng, it
satisfies the functional equation

A(E757X) :wEX(NE)T(X)QfglA(Evz_5??)7 (171)

where A(E, s, x) = (fxv/Ne/2m)°T(s)L(E, s, x) and 7(x)

is the Gauss sum
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The Birch—Swinnerton-Dyer conjecture asserts that
for any finite extension K/Q,

ords—1 L(E/K,s) =ranky E(K),

where F(K) is the Mordell-Weil group of E/K, and
for a finitely generated abelian group A, ranky A is the
Z-rank of A, i.e., the number of copies of Z in the de-
composition of A into cyclic factors.

The Birch & Swinnerton-Dyer conjecture also asserts
that the first non-vanishing derivative satisfies

LU(E/K,1)  Qg|UI(K)|Rk

il VE)|EEK)

where rg = rank 7 E(K), where Qg is a product of peri-
ods of E, d(K) is the discriminant of K and Ry denotes
the elliptic regulator, i.e. Ry is the absolute value of
the determinant of the height pairing matrix of E(K).
Also II(K) is the Tate-Shafarevich group of E/K, and
the ¢, are the Tamagawa numbers of F/K modified by
a rational factor as in [Do 10].
If K/Q is an abelian extension with Gal(K/Q) =

then there is a factorization

Cp
Tors | 2 p

L(E/K,s)

HLESX

xeG

where G is the group of primitive Dirichlet characters
associated with the extension K/Q. Then LU'<)(E/K, 1)
can be computed in terms of the derivatives L (E. 1, ),
for i < rg and for all y € G.

Let Q, be the real period QF of E/Q if x(—1) =1
and the imaginary part 2~ of the complex period of E if
x(—1) = —1. Then [Mazur 79] defines the algebraic part
L¥8(E,1,x) of L(E,1,x) by

L(E,1,x) = 2(fX)Q LY8(E, 1, ).

Mazur shows that

(B = Y X(@Alam),

a mod fy

where A(a,m) € #Z if ' is the “strong curve” in its
isogeny class, and where ng is an integer depending on
E but not on the character x as long as f, and Ng are
coprime.

It is then clear that L*2(E, 1,x)Y = L¥&(E,1,x") for
any 7 € Gal(Q(x)/Q), where x7(0) = 7(x(0))) for all
o € G. Therefore L(E,1,x) = 0 for some x € G if and
only if L(E,1,x”) =0 for all v € Gal(Q(x)/Q).

Remark 1.1. The conjecture of Deligne-Gross asserts in
a special case that [Deligne 79, p. 323]

ords—1 L(E,s,x7) = ords=1L(F, s, x)

for all v € Gal(Q(x)/Q). It is shown in [Rohrlich 90] that
if we assume the Birch—Swinnerton-Dyer conjecture, in
addition to the above-mentioned conjecture of Deligne—
Gross, then the order of vanishing of L(E/Q,s,x) at
s = 1 is the multiplicity of x in the representation of

Gal(Q/Q) acting on Q ®z E(Q).

In this article we consider the case that K/Q is a cyclic
extension of odd prime degree, [K : Q] = ¢ > 3. Fix a
generator og € G = Gal(K/Q).

We examine the case that the functions L(E, s, x) have
simple zeros at s = 1 for x # xo, and we call this the
x-rank-1 case.

Then the Birch-Swinnerton-Dyer conjecture in the y-
rank-1 case predicts that

rankz E(K) = rankz E(Q) + (¢ — 1).

Hence one expects that

Lt(B/K,1) LU (E/Q 1)
- ] v,

xo#£X€EG
and therefore that
Q[T K )|RK

\Y |d |E Tors

Q+|I_H |R@
- )PE H cp X H L'(E,1,x),
xo#x€EG

H Cp (1-2)

where Qx = (Q7)", since K is a totally real field.

Numerical computations, which we describe below in
Section 9, suggest that for nonprincipal (nontrivial) char-
acters x # Xo,

221,50 = 0 (Plaf (P
where P € E1(K) is a point of infinite order in F(K)
with trace 0 to Q (i.e., Trg/o(P) = 0); A\(P) =
> wec X(0){(P, P?), where (-, -) is the Néron-Tate canon-
ical height pairing on E(Q); and where o (P) and z, are
algebraic numbers in Q(x).

These results can be considered as evidence in sup-
port of the equivariant Tamagawa number conjectures as
formulated in [Burns and Flach 01] and [Burns 10, The-
orem 5.1.1 (i)].
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2. CYCLOTOMIC ANALOGUE

Let L(s, x) denote a Dirichlet L-function with primitive
Dirichlet character x of conductor f,. Then

_Tx) — ol L
L(1,x) = I 2o X(a)log|l = ¢ if x(=1) =1,
—R Ta X if x(=1) = ~1,

where ¢ = exp(2mi/f,) and the sums are taken over in-
tegers 1 < a < f, with (a,f,) = 1. Using the func-
tional equation for Dirichlet L-functions, this translates
at s = 0 to the following:

(0,0 =3 Y x(a)loglt —¢*l, i x(-1) =1,

L(0,x) = —% S x(@)a, if x(~1) = ~1.

In this article, we think of L(0, x) for odd characters
as the analogue of L(F, 1, x) in the case of x-rank 0, and
L'(0, x) for even characters as analogous to L'(E, 1, x) in
the case of x-rank 1.

3. THE ARGUMENT OF L") (E, 1, x)

Suppose that E is an elliptic curve defined over Q with
conductor Ng and let L(FE, s) denote its L-function.

Proposition 3.1. Let x be a primitive Dirichlet character
of conductor f, coprime to Ng and of order at least 3.
Let ry be the order of vanishing of L(E,s,x) at s = 1.
Then there is an algebraic integer z, € Q(x) such that
L™(B,1,x)
T(X)2x

is real. Furthermore, for all v € Gal(Q(x)/Q), z, satis-
fies

Zyr = 7(2x)-

Proof. Differentiating the functional equation (1-1) r,
times and evaluating at s = 1, we obtain

Noting that f,, = 7(x)7(x), we can rewrite (3-1) as

LU(B, 1,x)
7(x)

Therefore (3-2) has the form

LI(E,1,x)

= (—=1)"™>w N,
(=)™ wpx(NEg) 00

z=(z,

where z € C* and ¢ = (—1)™wgx(Ng) is a root of unity
whose order divides twice the order of .

Choose
I 1+¢ if ( = (-1)~wpx(Ng) # —1,
X x(oo) = X(o0) if ¢ = (=1)wpx(Ng) = —1.
Then

ZX = CZ?
and therefore
LB 1,x)  LUI(E,1,x)
7(X)2x T(X) 2y

is real. Clearly, for this choice of z,, we have z» = v(zy)

for all v € Gal(Q(x)/Q). O

Remark 3.2. We note that z, is not unique. If p, is
chosen in the real subfield Q(x)* C Q(x) such that py» =
v(py) for all v € G, then 2} = 2z, p, will work as well.

4. REGULATORS AND HEIGHT PAIRINGS

Suppose that E is an elliptic curve defined over Q and
that K/Q is an arbitrary finite extension. Let h :
E(Q) — R denote the Néron-Tate canonical height func-
tion on E and

() E@Qx E@Q) =R

the canonical height pairing on E (see [Silverman 86,
Section 8.8]). Then the height pairing (-,-) is a positive

definite bilinear form on F(Q) satisfying the following

properties for P,@Q € E(Q):

h(P) >0, and h(P) = 0 iff P € E(Q)1ors,
(P, P) = h(P) >0,
(P,Q)=(Q,P),
(P7,Q%) = (P,Q),

for all o € Gal(Q/Q).
It follows that (Q, P7) = (Q, P) for Q € E(Q) and for

all o € Gal(Q/Q).
Suppose that Pi, P,,...,P. generate a subgroup

E(py C E(K) of rank r. The regulator matrix and the
regulator (determinant) are defined as

,Pr) = (P, Pj>)1§i,j§r’
, Pr) i= | det ((Bi, )|

RM(Py, Ps, . ..
R(Py, Ps,. ..

If Egpy and E(K)ros generate all of FE(K), then
R(P,,Ps,...,P,) = Rg.
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If Q1,Q2,...,Q, generate a subgroup Fyq) of finite
index m in Eyp), then
R(QlaQQv"'vQT) :m2R(P1,P2,...,PT).

Therefore passing to subgroups of finite index introduces
only integral square factors in the regulators.

Let B (K) C E(K) be the subgroup of points of trace
0 to Q, i.e.,

En(K) = {P € B(K) | Triejo(P) = 0},

Since E(K) is a finitely generated abelian group, it fol-
lows from the exact sequence

0 — En(K) — E(K) — Tri/q(BE(K)) — 0
that
rank z B(K) = rank z Trc o (E(K)) + rankz, Er, (K).
On the other hand, we have
(K : QIE(Q) C Trio(E(K)) C E(Q).
Hence
rank z B(Q) = rank z Tr /o (E(K)),

and since
E(Q) N ETr (K) C E(Q)Torsa

we see that the subgroup
E' = ETr(K) ’ E(@)

has finite index in E(K), say [E(K): E'] =m < co. It
follows that the regulator R(E’) is equal to m?R.
We also see that B, (K) is orthogonal to E(Q) with

respect to the canonical height pairing, since for @ €
E(Q) and P € Eqy(K) we have

(@.P) = m@,m;@?’}

L Q,TrK/Q(P)> =0.

wa

Therefore, the regulator matrix of E'(K) (up to finite
index) can be written as

< RM(E(Q)) 0 )
0 RM(En(K)) )

Hence for some integer m, we have

RK = RQ X R(ETY(K)) X mz.

5. K/Q CYCLIC OF PRIME DEGREE

We assume now that K/Q is a cyclic extension of odd
prime degree [K : Q] = ¢ > 3 with Galois group G =
Gal(K/Q) = (00).

Then Er(K) is a module over the ring Z[G]/(Tr) ~
Z[¢] = Oy, where Tr =14 00 + 03 +--- + 05 € Z[G).
Since Oy is a Dedekind domain, there is an ideal A C O,
such that there is an Op-isomorphism

En(K) =~ Ene(K)Tors x OF 71 x 2.

Hence there is a free Op-submodule E*(K) C Er(K)
of finite index with E*(K) ~ O¢. The index [Er(K) :
E*(K)] depends on the order of E1y(K)rors and on the
index of the largest principal ideal of O, contained in 2.
By the finiteness of class number and by Merel’s theorem
[Merel 96] on the boundedness of torsion, the minimal
such index depends only on ¢ (and not on the curve E or
on the character x of order ). It is clear that the Z-rank
ro of Emy(K) satisfies

ro = d(f — 1)

Under the y-rank-1 assumption that ords—1 L(E, s, x) =
1 for y # xo € G and for all v € Gal(Q(x)/Q), it is
a consequence of the Birch—Swinnerton-Dyer conjecture
that d =1 and E*(K) ~ O,.

Therefore there is a subgroup E'(K) C FE(K) of
bounded index, and there is a point of trace zero P &
Em(K) such that

E'(K) ~ E(Q) ® (P,00(P),03(P),...,00 %(P)).

Since F(Q) and E1y(K) are orthogonal with respect
to the canonical height pairing, we see that the regulator
matrix of F'(K) can be written as

RM(E(Q)) 0 o 0
0 (P, P) (P, Po6")
0 <PU§;2 , P) (P ,' P’y

so that there is an integer m such that

Ry = Rg X R(P,00(P),02(P),...,a5 %(P)) x m?.
(51)
But R(P,00(P),03(P),...,05 %(P)) is a group de-
terminant (see [Washington 82, Lemma 5.26]) and can
therefore be computed as

R(P,00(P),03(P), .., 0l *(P)) = ﬁ IT (P,
XF#X0 (572)

where Ay (P) = 3,cq X(0) (P, P).
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6. THE FUNCTION A,

Let E be an elliptic curve defined over the rational field
@, and in this section we let K/Q be an arbitrary finite
Galois extension with Gal(K/Q) = G. For P € E(K)
and x € G a 1-dimensional character of G, we use the
canonical height pairing to define

M(P) = 3 X(0)(P,P7).
ceG

In order to derive the properties of Ay (-), we intro-
duce a two-variable generalization and define the func-
tion Ay (+,-) : E(K) x E(K) — C by

M(P.Q) =Y x(0)(P,Q%).

ceG

Proposition 6.1. The function A\ (P,Q) is bilinear for
P,Q € E(K) and satisfies the following elementary
equivariance properties:

1. If P or Q belongs to E(K)tors, then A\ (P, Q) = 0.
2. A\ (P, P) = \(P).

(
3. M (PT,Q) = x(T)A (P, Q) for T € G.
4. M(P,Q7) =X(1) A\ (P, Q) for T € G.
5. /\X(Pv Q) = /\Y(Pv Q) = )‘X(Qap)

Proof. The bilinearity is immediate from the correspond-
ing property of the canonical height pairing. To prove
assertion 3, we use equivariance properties of the pairing

MPT,Q) =S X(@)(P,Q7) =S x(e)(P,QT )

occG ceG
= Z X(pT)(P, Q") = X(T)Ax (P, Q).
peG
The other statements are proved similarly. O

Corollary 6.2. If P € E(K), then \,(P) = A\(P) =
Ax(P) is real. Furthermore, if £ = 3 .o a,0 and n =
Y wcc boo are elements of the integral group ring Z[G|,
then

M(EP) =
M (EP),n(@Q) =

where X(§) = >, cq aox(o) and x(n) =3 ,cqbox(0).

Proof. This follows immediately from Proposition 6.1.
O

Assume now that K/Q is a cyclic extension of order ¢

with Gal(K/Q) = G = (0y).

Proposition 6.3. Suppose that P € E(K) has infinite
order. If P ¢ E(Q), then A\ (P) is positive for all non-
principal (nontrivial) characters xo # x € G.

Proof. Consider the ¢ x £ group matrix
()

GO

(P, P)

(i)

Then a result of Dedekind—Frobenius (see [Washington
82, Lemma 5.26]) shows that the matrix A has eigenval-
ues A\ (P) = > x(o)(P, P?) and corresponding eigen-
vectors

A:

1
x(00)

Uy = :
X(o5™)

If Trg@(P) has infinite order in E(Q), then A is the

matrix of the quadratic form induced by the Néron—Tate
height-pairing on L(P) ® R, where

L(P) = <P700(P)708(P)7"'70571(P)> C E(K)

is the subgroup of E(K) generated by all the conjugates
of P. By a result of Cassels (see [Silverman 86, Section
8.9]), A is a positive definite matrix whose eigenvalues
Ay (P) are therefore positive.
Suppose now that Trg/g(P) = 0. Since A\y(P) =
A (P) = A (P) is real, the vector (v, — vg) is also a
real eigenvector for A, (P). But then a simple calculation
shows that the vector
) x(o0) —X(00)

Wy = —
X 7

X0t ™) —x(ot )

is a real eigenvector of the (¢ — 1) x (¢ — 1) matrix

(P, P) <P, PU§‘2>
B = z 5
(Fr) ()
<PUO,PUO> <P00’PUS*1>
<Po§71 , Pdo> <P0£71 , Pog’l >
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with eigenvalue A, (P). But as above, B is the matrix
of the quadratic form induced by the Néron—Tate height-
pairing on L'(P) ® R, where

L'(P) = (Poo(P),03(P), .., a4 *(P)) C B(K)

is the subgroup of E(K) generated by all the conjugates
of P. Hence by Cassels’ result, B is a positive definite
matrix. Since A\, (P), x # Xo, is an eigenvalue of B, it is
therefore positive. O

Remark 6.4. It was pointed out to us by R. Loewy that
the positivity could also be proved using the Cauchy in-
terlacing theorem relating the eigenvalues of a real sym-
metric matrix A and those of a principal minor B.

7. x-Rank-1 Critical Values

Let K/Q be a cyclic extension of odd prime degree [K :
Q] = ¢ > 3 with Galois group G = Gal(K/Q) = (o0).
Suppose that F/Q is an elliptic curve defined over Q for
which the twisted L-functions L(E,s,x) have y-rank 1
for all nontrivial x € CAv', ie., ords—1L(E,s,x) = 1 for

Xo# X €G.
If we let z, be as in Proposition 3.1, we know that

L'(E,1,x)
7(X)2x

Then it follows from Corollary 6.2 that if P € Eqy(K)
has infinite order, then

e R.

L/(Ea 17X)fX

oy (P):= 7002, 2 A (P)

X

is also real. Then

L'(E1,x) = @Q"‘/\X(P)zxoﬁ(lj) (7-1)

X
X
with of (P) € R.
We note that if @ € Em(K) is any other point of
infinite order, then the rank-1 assumption implies that

n@ = &(P) for some n € Z, and § € Z[G]. Therefore
using Corollary 6.2, we can write
L/(Ea ]-7X) = @94»)\)((@)2)(0[;(@)7
X

where

HQ) = e (P) (2)

a = a : —
X X

Remark 7.1. From the tabulated computations in Sec-
tion 9 (particularly the septic tables), it is clear that there

are several instance for which the signs of a;g (P) are not
constant as x varies in @, and therefore we conclude that
there is no point @ € Fry(K) for which o (Q) = 1 for
all x € G. That is, given a choice of z, € Q(x), there
need not exist a point @ € E1(K) for which

E(E1) = T @),
for all x € G. This is in contrast to the analogous case
of cyclotomic fields.

A particularly striking example occurs for the curve
61A in Cremona’s tables [Cremona 92]. For this curve
we have z, = 1 for the quintic characters xs91 and x761
of conductors 691 and 761 respectively. The sign patterns
of af (P) for {x,x?} are {—, =} and {—,+}. Since for
any Q € En(K) the sign of o (Q) is the same as that
for af (P) by (7-2), there can be no point Q € Ey(K)
for which o (Q) = a; (Q)=1.

Proposition 7.2. Assume the Birch-Swinnerton-Dyer
conjecture. Then for any P € En(K), the product

II o« ea
Xo#XEG

is rational.

Proof. The Birch—Swinnerton-Dyer conjecture implies
(1-2) and therefore

II ZE L= B @)1 x g,
N Rg
Xo#XEG
where ¢ € Q rational. By (5-1) and (5-2),
R
o= I nprxd
Q ~
Xo#XEG

with ¢’ € Q rational. Dividing and appealing to (7-1),
we obtain

H T§X) zyaf (P) =qq € Q.
xo#x€G X

Since K is totally real, [Washington 82, Corollary 4.6]

proves that
1T 0o = Vid(K)],

xeé
where d(K) is the discriminant of K. But since d(K)
is a square and 7(xo) = 1, we see that [T -&7(x) is

rational. Also
M == I

IT ==
Xo#XEG v€Gal(Q(x)/Q) v€Gal(Q(x)/Q)

7(2x)
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is rational, and therefore

8. RANK-1 ALGEBRAICITY AND GALOIS
EQUIVARIANCE

The results of the computations described in Section 9
suggest that the numbers af (P) are algebraic and are in
the real subfield Q(x)™ of the cyclotomic field Q(x).
More precisely, we suppose that ¢ is an odd prime
(¢ =3,5,7,11 in our computed examples) and that x is
a Dirichlet character of order ¢ and conductor f, coprime
to £. As above, K/Q is the cyclic extension of degree ¢
corresponding to x and G' = Gal(K/Q) = (0¢). Then for

any nonprincipal character y; € G,

{x € GIx # xo} = {X{ |7 € Gal(Q(x)/Q)}.

Then it is clear that z,» = ~v(z,), and by taking
the extension of v € G to the automorphism vy €
Gal(Q(x, exp(27i/fy))/Q) such that 7y is the identity on
Q(exp(2mi/F)))s we have 7(x7) = 70(r(x).

Then the computations of Section 9 suggest the fol-
lowing:

af (P)eQ(x)*
and

ot (P) = y(ai (P)) for all y € Gal(Q(x)/Q)-

A more precise statement is predicted by the equivariant
Tamagawa conjecture in [Burns 10].

9. NUMERICAL DATA

It is our intention in this section to provide numerical
data in support of the conjectures of Section 8. All curves
are identified using the notation in [Cremona 92].

The tables below are expressed to six decimal places
for ease of presentation. The original calculations were
performed to between 15 and 30 decimal places. Most of
the work was performed using PARI, with MAGMA being
used for the height calculations.!

We first searched all elliptic curves of conductor N <
10000 for which there is a Dirichlet character x of prime
order < 11 and prime conductor f, < 10000/v/N such

IMore complete data may be found at http://www.dms.
umontreal.ca/~jack/local/.

that L(E,1,x) = 0. These candidate curves were then
scanned for points over the corresponding number fields
K using a coarse search (looking for points in a small
box). This usually failed but nevertheless succeeded suf-
ficiently often to provide illustrative data.

9.1 Computational Methodology

For a successful search, we have the following data: an
elliptic curve F/Q, a Dirichlet character x of order ¢
and conductor f, for which L(E,1,x) = 0, and a point
P € E(K) for the corresponding cyclic extension K/Q
of degree ¢. In the tables below it is important to fix
precisely the characters and the Galois action.

Let g be the smallest positive primitive root mod-
ulo f. (This is possible because we are considering only
characters x with prime conductor.) Then the Galois

group Gal(Q(exp(27i/fy)/Q) is generated by op:

00 @ exp(2mi/fy) — exp(2mig/fy ).

The field K = Kj_ is the fixed field of o) and is generated
by

t = Trqexp(2ri/iy))/x (€xP(2mi/Fy)).

Fix the character xj, by setting xy, (00) = exp(27i/{).

By abuse of notation we denote oog|K by og. For
example, for the quintic subfield of conductor 11 we
have g = 2, t = 2cos(2n/11), oo(t) = t> — 2, and
Xx(00) = exp(2mi/5).

Similarly, to fix the action of Gal(Q(x)/Q), let b de-
note the smallest positive primitive root modulo ¢ and
define v € Gal(Q(x)/Q) by v(¢) = ¢ for all fth roots
of unity ¢. Then x7(0) = v(x(0)) for all x € G and all
ceG.

9.2 Cyclic Cubic Extensions

The number fields correspond to Dirichlet characters of
conductors 7, 13, and 19 with the relevant properties
shown in Table 1.

Table 2 shows the basic properties of the elliptic
curves, the values of the derivatives of the critical L-
functions, and the values of the Gauss sums.

The data on the trace-zero points appear in Table 3,
where ¢ is a root of the minimal polynomial indicated
above. It should be noted that the point may not nec-
essarily be the generator of the Mordell-Weil group.
An asterisk appearing in certain rows of the table in-
dicates the case in which, in the notation of Section 3,
(=)™ wpx(Ng) = —1.
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Conductor | Minimal Polynomial | Galois Action
7 23 4 a? — 20— 1 ts —t> —t+1
13 a2 +2° —dx+1 t— —t7 =2t +2
19 234 a? —6x -7 ts —t2 44
TABLE 1. Cyclic cubic fields.
Curve | Coeflicients | fy L'(E,1,x;5,) 7(x)
38B1 [1,1,1,0,1] 13 | 2.33706 — 0.610180¢ | 0.910836 + 3.488613%
40A1 [0,0,0,—7,—6] | 7 | 2.92521 + 0.1856347 | 2.37047 — 1.175114
42A1 [1,1,1,—4,5] 19 | 2.52981 —2.293547 | —1.33281 + 4.150134
44A1 [0,1,0,3,—1] 13 | 2.62549 — 0.6854857 | 0.910836 + 3.48861¢
50B1 [1,1,1,-3,1] 19 | 3.69275 + 1.18593¢ | —1.33281 + 4.15013¢
54A1 [1,-1,0,12,8] 7 | 3.40885 + 0.2163267 | 2.37047 — 1.17511¢
54B1 1,-1,1,1,-1] | 7 | 2.84964 + 0.180839 | 2.37047 — 1.17511¢
54B1 1,-1,1,1,—1] | 13 | 1.80693 + 1.83025¢ | 0.910836 + 3.48861:

TABLE 2. Elliptic L-values, cubic case.

Curve | fy Point (P,P%) | Ax(P) | o (P)
38B1* | 13 [—t,2t — 2] —0.40916 | 1.22748 —1
40A1 | 7 [t? —t—2,1] —0.50270 | 1.50811 2
42A1 | 19 | [P +2t—2,2t° + 4t + 2] —0.82421 | 2.47263 —1
44A1% | 13 | [2t% — 3t 4+ 1,10t> — 15t + 3] | —0.78000 | 2.33999 -1
50B1* | 19 | [t*+3t+ 3,4t + 12t +7] | —0.68008 | 2.04025 ~1
54A1 | 7 (2t + 3,4t + 7 —0.82633 | 2.47898 1
54B1 | 7 [t + 2,3t — 4] —0.47027 | 1.41082 1
54B1 | 13 [t? —t+1,3t> — 3t — 1] —0.57726 | 1.73178 1

TABLE 3. Algebraic L-values, cubic case.

9.3 Cyclic Quintic Extensions

The number fields correspond to Dirichlet characters of
conductors 11 and 31 with the relevant properties shown
in Table 4.

Table 5 shows the basic properties of the elliptic
curves, the values of the derivatives of the critical L-
functions, and the values of the Gauss sums.

The data on the trace-zero points appear in Table 6,
where ¢ is a root of the minimal polynomial indicated
above.

It should be mnoted that the point may not
necessarily be the generator of the Mordell-Weil group.
The asterisk in the fourth row of the table indi-
cates the case in which in the notation of Section 3,
(=)™ wpx(Ng) = —1.

The values of o (P) for the above five curves are (up
to our numerical accuracy) roots of

X2 -5X+5=0 for 35Al,
X2 _-5X -5=0 for 106Al,
X2 -5X+4+5=0 for 162B1,
X2 45X +5=0 for 208Cl,
X? 10X +20=0 for 246El.

All these roots lie in the maximal real subfield of fifth
roots of unity.

9.4 Cyclic Septic Extensions

The number fields correspond to Dirichlet characters of
conductor 29 with minimal polynomial

x4+ 28 — 1225 — 72t + 2823 + 142% — 9z + 1
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Conductor | Minimal Polynomial Galois Action
11 2® 4ot — 42 — 327+ 32+ 1 t— 1% —2
31 25 4ot —122% — 212 + o +5 |t (3t* — 3 — 3312 — 241 + 15)/5

TABLE 4. Cyclic quintic fields.

L,(Ev 17 Xfx)
L'(E,1,x7 )

7(x)
T(x7)

Curve | Coefficients | fy
35A1 0,1,1,9,1] | 11
106A1 (1,0,0,1,1] | 11
162B1 | [1,—1,1,-5,5] | 11
208C1 | [0,0,0,1,10] | 11
246E1 [1,0,0,—9,9] | 31

3.44288 — 1.028841
3.22913 + 2.12745i

6.26214 + 2.20060:
0.619026 — 2.250713

2.64258 + 3.82523i
3.85740 — 0.1766361

2.52073 — 3.30149:
3.72533 — 2.976214

4.70188 + 1.605141
2.55763 + 2.009911

2.63611 + 2.01270:
2.07016 + 2.59122i

2.63611 + 2.01270:
2.07016 + 2.591227

2.63611 + 2.01270:
2.07016 + 2.59122:

2.63611 + 2.01270:
2.07016 + 2.59122i

4.55242 — 3.205541
5.22658 + 1.91908:

TABLE 5. Elliptic L-values, quintic case.
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Curve | fy Point (P, P%) A (P) ot (P)
2

(P,P7") | M (P) | afi(P)

35A1 | 11 [t2 —t,¢° —t* + 2t — 2] —0.58449 | 1.32877 3.61803

—0.14401 | 2.31371 1.38197

106A1 | 11 | [—t* 4+ 2 +¢,—2t* + 263 +3¢% — 1] | —0.59455 | 0.522218 | 5.85410
0.08276 2.03674 | —0.854102

162B1 | 11 [t+2,—t" +4t° +t— 2] —0.45014 | 0.443523 | 3.61803

0.04935 1.56043 1.38197

208C1* | 11 [t, t* — 4% + 2t + 4] —0.198200 | 1.87021 | —1.38197
—0.441207 | 1.32683 | —3.61803

246E1 | 31 [t +2t +1,8° 4+ 3t> + ¢ — 3] —0.341737 | 1.55894 7.23607

—0.300348 | 1.65149 | 2.76393

TABLE 6. Algebraic L-values, quintic case.

and Galois action
t > (30t 4 42¢5 — 350t* — 350¢% + 785t + 700t — 160) /17
and conductor 43 with minimal polynomial

27 + 2% — 182° — 352" + 382° + 1042% + Tz — 49
and Galois action
t s (=65 + 3t° + 105t* + 52t3 — 330t% — 153t 4 231)/7.

Table 7 shows the basic properties of the elliptic
curves, the values of the derivatives of the critical L-
functions, and the values of the Gauss sums.

The data on the points appear in Table 8, where ¢
is a root of the minimal polynomial indicated above. It

should be noted that the point may not necessarily be the
generator of the Mordell-Weil group. It should be noted
as well that each point @) in Table 8 is not, in fact, a
trace-zero point. The height and subsequent calculations
are based on the point P = Q@ — Q7°, which does have
zero trace.

The values of of (P) for each of the four curves are
(up to our numerical accuracy) roots of

X3 - 196X — 3927 =0 for 674B1,
X3 —21X% 498X —49=0 for 856Al,
X3 4+21X% 498X —49 =0 for 1329A1,
X3 —126X2 +3528X — 10584 =0 for 1876B1.
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Curve | Coefflicients | fy L'(E,1,x1,) 7(x)
L'(E,1,xy. ) T(x")
L'(E,1,x].) r(x")
674B1 1,-1,1,-6,5] | 29 5.32925 — 1.965007 4.60683 + 2.788751
1.03488 — 4.616621 1.21868 + 5.24546¢
5.89043 + 5.6047617 —4.48716 + 2.977484

856A1 | [0,1,0,—3,2] | 43 | 0.0301342 — 4.92124i | 5.15175 — 4.05703i
3.22624 — 1.68817i 3.91562 — 5.26003i
0.515405 + 7.05781i | 6.48233 + 0.989674i

1329A1 [1,0,1,2,5] 43 | —0.0558510 + 9.12108¢ 5.15175 — 4.05703¢
3.50665 — 1.83489: 3.91562 — 5.26003¢
—0.270492 — 3.704044 6.48233 + 0.989674i

1876B1 | [0,1,0,—29,44] | 43 5.67782 — 7.03101% 5.15175 — 4.05703¢
—0.0943741 — 2.834351 3.91562 — 5.26003¢
4.00073 + 13.0582i 6.48233 + 0.989674i

TABLE 7. Elliptic L-values, septic case.

Curve | fy Point(Q) (P, P°) A (P) ot (P)
(P,P") | Aer(P) | oy (P)
(P,P7") | X 2(P) | &l 2(P)

674B1 | 29 | [t +2, (4% 4+ 9t° — 41¢" — 75¢% + 827 + 99 — 44)/17] | —0.984527 | 0.820468 | 14.9095
—0.419174 | 3.45051 | —2.04354
0.248767 | 3.81356 | —12.8659

856A1 | 43 | [2t + 3, (—2t° + 4t° + 34" — 2613 — 144¢> + 8t +119)/7] | —1.288629 | 0.978168 | 5.97823
0.458858 | 5.28029 | 0.567040
-0.297146 | 1.62996 | 14.4547

1320A1 | 43 | [t? + 3t 41, (—2t5 +33¢* + 4563 — 382 — 73t — 21)/7] | —2.721459 | 1.22222 | —13.4330
1.252466 | 10.8412 | 0.454731
—0.587921 | 2.33500 | —8.02177

1876B1 | 43 [t? —t — 2, —t% + 18t* + 16t> — 50t% — 39t + 28] —0.567253 | 0.582918 | 35.8694
0.180598 | 2.40482 | 3.40224
—0.157113 | 0.818646 | 86.7284

TABLE 8. Algebraic L-values, septic case.

All of these roots lie in the maximal real subfield of sev- For the curve 1329A1, it is
enth roots of unity.

The zero-trace points mentioned above are listed here P = [13941526/34184269%t~6 + 6823816/34184269%t"5
for reference purposes. For the curve 674B1, the point is ~ 272120413/34184269%t"4 - 300304659/34184269%t"3

P=[2338/493%t"6 + 2770/493%t°5 — 27356/493%t~4 + 892749859/34184269%t"2 + 15348359/794983*t -

— 21036/493%t"3 + 59642/493%t"2 + 43475/493%t - 87127871/4883467, -1275747511/11520098653*t"6 -

10248/493, 2946/493+t~6 + 3645/493%t~5 - 34523/493%t~4 2333533755/1645728379*t"5 + 1452560596/267909271%t"4

- 29015/493%t"3 + 75540/493%t"2 + 60104/493*t - * 224356347972/11620095663+¢°3 -

12873/493] 306167740201/11520098653*t"2 -

For the curve 856A1, it is

404336548491/11620098653*t + 36986710930/1645728379]

P = [347/301%t"6 - 2/43*t"5 - 6016/301*t"4 - For the curve 1876B1, it is
5823/301%t"3 + 15455/301%t"2 + 15287/301%t - 655/43,
836/301%t°6 + 373/301%t~5 - 2049/43%t~4 - 21166/301%t"3 P=1[t"2-t-2, -t"6 + 18%t"4 + 16%t"3 - 50*t"2 -

+ 27745/301%t"2 + 53014/301%t + 1758/43] 39xt + 28]
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Curve | Coefficients | fy L'(E,1,x1,) 7(x)
L' (B 1) ()
L'(B,1,7,) (")
L'(B,1,x7,) )
L(B,1,%]) ()
5906B1 | [1,1,0,—32,58] | 23 | 8.43740 + 1.56399¢ 0.489832 + 4.77075%
14.7072 — 7.1672112 4.09821 + 2.49092¢
2.25530 + 4.78838 | —0.0564765 — 4.79550¢
17.2140 + 8.639914 1.83051 + 4.432744
8.76334 — 2.79430:¢ 4.73001 — 0.791844:
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TABLE 9. Elliptic L-values, degree 11 case.

Curve | fy | (P, P”) Ay (P) o (P)
(P, P > A (P) | oy (P)
(P,P"°) A2 (P) ajwz (P)
(P, P°") A s (P) a;S (P)
(P, P"°) A2 (P) a;h (P)

5906B1 | 23 | —1.648409 | 0.273081 | 62.8439
—0.978593 | 2.56805 6.63948
1.129189 | 10.2034 | —0.321316
—0.858499 | 5.15487 2.78561
0.422566 | 3.07181 1.70448

TABLE 10. Algebraic L-values, degree 11 case.

9.5 A Cyclic Extension of Degree 11

One curve was discovered with a point in an eleventh-
degree extension. The curve is 5906B1 with coefficients
[1,1,0,—32,58]. The point was found over a field of con-
ductor 23 with minimal polynomial

M+ 210 — 102° — 928 + 3627 + 2825 — 562° — 35z*
+ 3523 + 1522 — 62 — 1.

The Galois action in this field is
t s t° — 5t3 4 5t
The point Q) discovered in the search was

[—t3 —2t% + 4t + 1, —3t10 — 2% 4 31¢% 4 15¢7 — 11545
— 34¢° + 179" 4 2313 — 96t% — 2t + 8],

and the point P = QQ — Q7° was used in the subsequent
calculations.

Table 9 shows the basic properties of the elliptic curve,
the values of the derivatives of the critical L-functions,
and the value of the Gauss sums.

The data for the trace-zero point are shown in Ta-
ble 10. It should be noted that the point may not neces-
sarily be the generator of the Mordell-Weil group.

The points o (P) are (up to our numerical accuracy)
the roots of

23X°% — 1694X* + 16335X 3 — 45254 X2
+29282X + 14641 =0

and lie in the maximal real subfield of the eleventh roots
of unity.
The point P used in this analysis is

P = [8546182/50807*t~10 - 4840142/50807*t"~9

- 77988935/50807*t"8 + 45093287/50807*t"7 +
10354887/2209%t~6 - 132803588/50807*t"5 -
274532428/50807*t"4 + 128641774/50807*t"3 +
102744505/50807*t"2 - 29991223/50807*t - 5420004/50807,
15797792218/2387929%t~10 - 8729122400/2387929%t"9 -
6276343301/103823%t78 + 81888886062/2387929*t"7 +
441046362414/2387929*t"6 - 242101414169/2387929%t"5

- 507362284341/2387929%t"4 + 234319824740/2387929%t"3
+ 187634372590/2387929%t"2 - 54371726550/2387929%t -
10166772313/2387929]
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