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A new multidimensional slow continued fraction
algorithm and stepped surface
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Abstract

We give a new algorithm of slow continued fraction expansion related to any
real cubic number field as a 2-dimensional version of the Farey map. Using our
algorithm, we can find the generators of dual substitutions (so-called tiling substi-
tutions) for any stepped surface for any cubic direction.

1 Introduction

The main topics of this paper are

(i) to find a good algorithm of slow continued fraction expansion of dimension 2 by
which the expansion of & = (a1, ay) is always expected to be periodic for any Q-basis
a = (1, ay, ag) of an arbitrarily given real cubic number field K such that the unimodular
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matrix Per coming from a period of the expansion has the minimal polynomial of a Pisot
number as its characteristic polynomial,

and

(i) to find a set of generators of dual substitutions for the stepped surface . (a) of
dimension 2 for any Q-basis & of K and to give a finite description (or an effective con-
struction) in terms of six dual substitutions coming from the continued fraction expansion
obtained by our algorithms, see Section [B], Bl for notation.

Notice that by the symmetry of the lattice Z°, we may assume that ag, ay, as > 0
with Qo + 0 + g = 1.

The stepped surface .7 (@), (@ = (ag, a1, . . ., a;)) was introduced as a s-dimensional
version of the sturmian word, cf. [Ito and Ohtsuki 93| Tto and Ohtsuki 94, [Arnoux and Tto 01].
The stepped surface of dimension s = 2 is of special interest, since it is not only a geo-
metrical object related to an aperiodic tiling, but also it has a connection with number
theoretical problems related to simultaneous Diophantine approximations which are best
possible up to constant, cf.[lto et al. 03]. If @ € K" is a Q-basis of certain real al-
gebraic number field K of degree s + 1, there is a beautiful connection between the
stepped surface . (@) and the continued fraction expansion of @ = (ay, s, ..., as) €
K*® provided that the continued fraction is periodic related to the Jacobi-Perron al-
gorithm or the Brun algorithm (including the so-called modified Jacobi-Perron algo-
rithm as its 2-dimensional case). There appeared many papers concerning the construc-
tion of the stepped surface .# (&) for & having a periodic continued fraction expan-
sion, cf. [Ito and Ohtsuki 93, Tto and Ohtsuki 94 [Fujita et al. 00|, [Arnoux and Tto 01l
Arnoux et al. 02 [Fernique 05, Berthé and Fernique 11].

On the other hand, it has been a difficult problem to construct even a part of
the stepped surface .7 (@) for some Q-basis a of some real algebraic number field K,
since there have not been a good deterministic algorithm to get a periodic continued
fraction of @ for s > 2. In a series of papers ([Tamura 04, Tamura and Yasutomi 09,
Tamura and Yasutomi 10, [Tamura and Yasutomi 12} [Tamura and Yasutomi 11],
[Tamura and Yasutomi 12]) we made some good candidates of continued fraction algo-
rithms for 1 < s < 4, equipped with a value function v (see Section [2) by which the
algorithms become deterministic.

The properties/conditions of the matrix Per mentioned in (i), i.e., the unimodularity,
the Pisot property and the irreducibility are essential; in fact, under these conditions,
the stepped surface becomes finitely descriptive, cf. Theorem 5 in [Fernique 05] due to
T. Fernique.

Concerning our algorithm of continued fraction expansion of dimension s = 2, which
is expected to have the properties mentioned in (i) above, let us consider the case where



s =1 for a while. The algorithm ([0, 1],7¢) and its modified version are considered by
many authors (for example see [[to 89, [to and Yasutomi 90]), where the transformation
T on the interval [0, 1] is defined by

x ) 1
12 it zely:= {0,5},
T(x) =
2z — 1 1
< ifxellzz(—,l},
T 2

€ :[0,1] = {0,1} with x € I.(;). Let © = [0;ky, ko, .. .] be the simple continued fraction
expansion, and let F' be the transformation on (0, 1] defined by F' (z) = 2—|1]. Then, one
can see that T*1 k2 = [? () holds. In this sense, ([0, 1],7,¢) can be considered as a kind
of slow continued fraction algorithm. ([0, 1],7" ¢) also has a connection with the Farey
partition. The famous Lagrange’s theorem says that, if we consider the restriction Ty of
T on [0,1] N K for a real quadratic number field K, then every element a € [0,1] N K
becomes a periodic point of Tk, i.e., there exists m # n € Zsq such that T (o) =
T} (). The expansion obtained by the slow continued fraction algorithm ([0, 1],7,¢)
can be considered as an infinite word € (z) e (T (z)) e (T? (z)) - - - over an alphabet {0, 1}.
Consequently, the generators of the dual substitutions on the stepped surface of dimension
1 (the sturmian word of dimension 1) consist of # {0, 1} = 2 primitive substitutions. We
can extend the algorithm ([0, 1], 7€) to certain multidimensional algorithms.

In Section 2, we define a new deterministic algorithms of slow (additive) continued
fraction of dimension 2 equipped with a value function v = v, (a, 3,14, 7). The resulting
expansion by our algorithm can be considered as an infinite word over an alphabet Ind
given by

Ind = {(Za]” 1,J € {Oa 172}7 i 7&]}’

consequently the generators of the dual substitutions on the stepped surface of dimension
2 consist of #Ind = 6 primitive substitutions.

Theorem says the additivity of our algorithms. Theorems 2.5 2.6], 2.7 give some
admissibility conditions of the expansion obtained by our algorithms. Proposition 2.§]
says the convergence of the continued fractions.

Theorem gives infinitely many examples of periodic expansions obtained by one
of the algorithms.

In Section Bl we translate the expansion obtained by our algorithms into canonical
representations of continued fractions of dimension 2, cf. Theorem B.2 We also give
reduction rules by which we can make acceleration of our continued fractions.

In Section M, we made the periodicity test for one of our algorithms (r = 5/2), cf.
Table @ We also gave an experiment, by using PC for pure cubic extensions K =



Q (\78), 2 < d < 10000, v/d ¢ Q, which supports Conjecture [T, that is a cubic

version of Lagrange’s theorem. We also checked that 18797 continued fraction expansions
obtained by our algorithm with » = 5/2 coming from the set N5 are periodic, and the
matrix Per always has the minimal polynomial of a Pisot number as its characteristic
polynomial. Such a Pisot property was supported by another independent experiment
for around 10000 continued fractions obtained by random generation of totally real cubic
number fields.

In Section Bl we give some experiments which describe the generating process of the
whole part of some stepped surfaces in terms of dual substitutions (or tiling substitutions)
related to some real cubic number field K (including both totally real fields and fields
having complex embeddings).

In Section [7, we give two conjectures. Under these two conjectures together with
Fernique’s result (Theorem 5 in [Fernique 05] mentioned above) we shall see that the
stepped surface . (@) becomes finitely descriptive by using only six dual substitutions
for any Q-basis & of any given real cubic number field, see Conclusion

2 A new algorithm

In what follows, K denotes arbitrarily chosen fixed real cubic number field unless other-
wise mentioned. We put

dci= {0 e 2

1, a, B are linearly independent over Q,
O<a,fanda+ <1 '

We need a following lemma.

Lemma 2.1. Let p,q € Z*, (p,q) =1 and p Z 0 (mod 3). Then,
[N(e)| _ [N (B)]

v T implies a = 3,

for all o, B > 0 such that a, B € K\Q.

N N
| Oé’(’?;” N | ﬁlgiﬂ holds for o, f € K with o, 5 ¢ Q and o, § > 0.

Let ¢ = a/B. Then, we have (P = |N(¢)|?. Therefore, we see that N ()P = |N(¢)[*.
Since N(() is a rational number and p is not divisible by 3, we see |[N(¢)| = 1. Thus, we
have (? = 1, which implies ( = £1. Since o, 3 > 0, ( = 1. O

Proof. We suppose that

We put
Ind = {(i,7)| i,j € {0,1,2},i # j}.



We denote domains A and A(4, ) for (i,7) € Ind by

A={(z,y) eR* |2,y >0,z +y < 1},

AL2) = {(z,y) e Al x>y},
A2,1) ={(z,y) e Az <y},
A0,1) = {(zy) €A | 20+y—1 <0},
A1L0) = {(zy) €A | 20+y—1>0},
A0,2) :={(z,y) e A | z+2y —1 <0},
A2,0) = {(z,y) € Al x+2y—1>0}
(see Figure [I]).
(0,1) (0,1) (0,1)
A@.1) (:3) (0,1)[2(2,0)
A<1a2) A(O, 1) A(LO A<072)
(0,0) (L,0) (0,0) (500  (1,0) (0.0) (1,0)

Figure 1: The domains A (7, ), (4,7) € Ind.

For each (7,7) € Ind, let us introduce the maps T(; jy : A (4,7) — A as follows:

rT—y Yy
T(1,2)('T7y) = (1 _yafy) )

We define the value v,.(«, 8,14,7) for r € RT, (o, 8) € Ag and 4,5 € {0,1,2} with



i # 7 as follows:

v (a, B,1,7) =

In what follows, we suppose that r = p/q with p,q € Z*,

this paper.

(_ [o"f"]
[N(a)N(B)]

0"(1 = a = B)|
IN(@)N(1 —a—p)]
Iﬁ’”(l—a )|
(INBN( —a=p)]’

if {i,7} ={1,2},
if {i,j} ={0,1},
if {i,7} = {0,2}.

(p,q) =1 and p # 0 mod 3 in

It follows from Lemma 2] that the element (i, jo) € Ind is uniquely determined by

Ur(aa ﬁ> Z.Oa ]0)

= max{v,

Notice that ¢(«
the transformation T =

T(a, p) =

Thus, we have seen that an algorithm (Ag, T, ¢) can be defined. We put

For n € Z>q we define (a,, 5,) = T"(«

(v, B,4,7)}. We define (v, 5) = ek (a, ) for («
((1,2) if {io, jo} = {1,2} and («, B) € A(1,2),
(2,1) if {ig,jo} = {1,2} and («, B) € A(2,1),
(0,1) if {ig,jo} = {0,1} and (o, B) € A(0, 1),
(1,0) if {ip,jo} = {0,1} and (o, B) € A(1,0),
(0,2) if {ig, jo} = {0,2} and («, 8) € A(0,2),
[ (2,0) if {ip,jo} = {0,2} and («, ) € A(2,0).

TK = TK,T on AK by

T(io,jo) (Oé, 5) if 5(0&

1 01
=10 1 1|, Agy:=
0 0 1
1 10
c=(0 1 0], Auy =
0 0 1
1 01
,2) = 010 5 A(2,0) =
0 0 1

e, B8) poa, B) pula, B)

7

Tn

Mn(aa 5) = (QZ(C% 5) q;z(a> 5) qn(a, 5)) - A€(ao Bo) A€(an71,ﬁn71)5’

(a,B) re,B) rala,B)

B) =

R OoON O, DN OO+

(0, Jo)-

—_ = =

0
of,
1
1 -1
0o -1],
0 1

,B). For n € Z~, we define

, B) is well-defined since 1, «v, 8 is linearly independent over Q. We define



where

1 11
S=1010
0 01

Then, we have following Theorem

Theorem 2.2. For (o, ) € Ag and n € Z>g

(o, ) = (1,2) = <

e(an; Bn) =

(2,1) = <

e(an, Bn) =

0,1) =

e(an, Bn) = (1,0) =

e(an, Bn) = (0,2) = <

e(am, Bn) = (2,0) =

p

Proof. Let e(ap, Bn)

(1,2). Then, we get

p/ri-l-l(a? 5) p/n+1(Oé, 5) pn-l-l(a? 5)
qg-ﬁ-l(av ) q;z—i-l(avﬁ) Qn—l—l(avﬁ)
7";:+1(Oé,ﬁ) T:’L—l—l(a’/B) Tn-l—l(aaﬁ)

= Aa(ao,ﬁo) e

~Aa(an,6n)5 = Aa(aoﬁo) -

O =
N

1
Actan10-1) | 0
0

(Pt 15 Gnr1, Tns1) = (P @ns Tn) + (Pl @y 1)
(gt Gog1s Ts1) = (P @ )
(P 1> Ggrs Tgr) = (P @ 770),
(pn+17Qn+larn+1) (Pns Gny ),
(Prt1s @1 Tn1) = P @y ) + (P Gy Tn)
((Phs 1> Gyrs Tgr) = (0 @ 77))
(Pn+1 Gn+15Tn+1) = (Pny @ns Tn),
(Phsts Gt Tnsr) = (P @ 70) + (P @5 7)),
((Phs1s @nrrs Tnn) = (P G ),
(Pn+1 Gn15Tnv1) = (Pny @ns Tn),
(Pht1s Gt Tn1) = (D @ 170),
L (Phi1s @ngrs Tagn) = (P G 7)) 4 (P @ 7))
((Das1s Gntts 1) = (P Gos ) + (D0, 070,
(gt Gog1s Ts1) = (P @ T
(P 1> Gy Tgn) = (0 @ 77))
(Pn+1 Gn15Tn+1) = (Pny @ns Tn),
(Phs1s Gy Tngr) = (0 @ 70))
((Ds1s @ngrs Tign) = P ds 7) + (P G, )

(10)



Thus, we have (B). We have (@)-(d)) in the similar manner. O

We shall give some theorems concerning matrices Ag; j). We need some definitions.
Let Py (R) be the projective space of dimension 2 over R, i.e.,

P, (R) = (R*\ {0}) / ~,
where ~ is an equivalence relation defined by
T~7 (7,5€R*\{0}) & 0+ 3ceR such that T = cj.

We mean by f : X— — Y a "map” from a set X to a set Y with some exceptional
elements = € X for which the value f(z) is not defined. For a matrix A € M3 (R) (which
denotes the set of 3 x 3 matrices of real components), a map

AP0 . P, (R) — — P, (R)
can be defined by _
APTO) (5 (T)) = wA ()

where k(%) := {cZ | 0#c€R} € P, (R). Notice that the map AP™J is well-defined
and , , .
(AB)prO] _ ApTO]BpTO_] (11)

holds for A, B € M3 (R). We define two maps 7 : P, (R) — — R? and ¢ : R? — R? by

26 @) = (M) oo (20,20, 40) ¢ B
T 20\ 2@ - ’ ) ,
L(z) = Y1,20,2®)  for z = (zV,2?) € R2.

Then, the linear fractional map Af19¢: R?2— — R? (A € M3 (R)) can be defined by
Afrac 7y .= 7 AP, (7).

Notice that this map is also well-defined and the diagram (see Figure 2) commutes.

T
P, (R) —> R?
Kt
APTOj ‘ ‘Afmc
l l

T oo
P, (R) 2 R
Rl

Figure 2: The commutative diagram with respect to AP"* and A/,

Hence, in view of (I1I), we get the following.



Lemma 2.3.
(AB)fmc _ pfracpgfrac (A, B € Ms(R)).

We easily see following Theorem 2.4

Theorem 2.4. For each (i,j) € Ind, A{?EL)C o T ) (resp. Tz © A{Z;L)C) is an identity
map on A(i,7) (resp., A).

For each («, f) € Ak and n € Z>o we define 6, (e, ) by the set of all inner points in

a triangle with the edge points (¢n/pn,7n/Pn), (@,/Py:7/Py) and (q,/pr, 700 /p)y). From
Lemma 2.3] and Theorem 2.4l we have following:

Theorem 2.5. Let (o, ) € Ag. For each n € Zs, (a, 8) € d,(c, B) holds.

The following theorem describes an admissibility of the sequence {e(au, 5,) }n=o01
obtained by the algorithm (Ag, T €).

gooe

Theorem 2.6. Let (o, §) = (ap, fo) and n € Zsy. Then, both

e(nt1, Bns1) # (i, 0(e(am, Bn)))

and

5(an+1a Bn—i-l) 7é (9(8(0%, ﬁn))> i,)

hold, where (o, B,) = (i',7') and 6(i,j) =k € {0,1,2} with k # ¢ and k # j, so that
there are 12 forbidden words e(cu,, Bn)e(ni1, Bui1) (see Tableld).

Table 1: The forbidden words of length 2.

é’:‘(Oén, Bn) 5(O‘n+17 Bn—l—l)
(1,2) (0,1),(1,0)
(2,1) (0,2),(2,0)
(0,1) (0,2),(2,0)
(1,0) (1,2),(2,1)
(0,2) (0,1),(1,0)
(2,0) (1,2),(2,1)

Proof. First, we suppose that e(a,, 8,) = (2,1). Let v, = 1—a, — . From the definition
of the wvalue function, we have

A a7 onfal 1Bl
[N () N(Ba)] = [N (@) N(v)| " [N (an) N (Ba) [ = [N (Ba) N () |

(12)
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([I2) is equivalent to

|Bn|r |7n‘r ‘O‘n|r |’7n‘r .
IN (B IN ()] IN ()] ™ [N ()]

Moreover, let (11, Bny1) and v,11 be

(13)

Qp 6n_an
n+1, Mn =T nyMn) — ) )
(ans+1, Brs1) (atn, Bn) (1_an l—an>
Tn+1 ::]-_an—i-l_ﬁn—i-l: 1 In .

We suppose that 6(Oén—l—lv Bn—l—l) = (27 9(8(0%7 Bn))) or €(Oén+1, Bn—l—l) =
(0(e(awn, Bn)),2), ie., e(antt, Bur1) € {(2,0),(0,2)}. Then, from the analogous above
discussion, we get

‘B;HVILH} }O‘ZHBZH‘
IN (Bry1) N (Yng1)] |N(an+1)N(ﬁn+1)|’
‘ﬁﬁﬂ%rzﬂ} }a:wrl%rwrl}

[N (Br)) N (ns1)l ~ N (@ng1) N (yn41)|

ie.,

‘fﬂﬂ-l‘ > ‘O‘;H-l‘ ‘52-1-1‘ ‘O‘:Hrl‘ ] (14)
IN ()]~ IN ()] [N (Boga)l N (anga)]
From N (af) = N («) N (8), ([I4]) is written by

Tn " Ay, ' ﬁn — Qp " Ay, "
1—a, 1—a, 1—a, 1—a,
> , 5 a > - ,
1—aq, 1—aq, 1—a, 1—aq,
ie.,
R N - M N 5
IN (v~ IN (o)l [N (Bn— )|~ [N (o)
But, ([I3]) contradicts (I3]). Therefore,
€(Oén+1, Bn-l-l) 7£ (27 9(8(0@, BTL)))v (9(5(an, Bn))v 2)
holds. The other cases can be proved analogously. O

Theorem 2.6]says that there are some forbidden words (7, j) in the sequences {&(an, 5,)}52,
obtained by the algorithm (Ag,T,e). On the other hand, there exists (a, f) € A such
that the other words of length 2 except for the forbidden words eventually appear in the
sequences {&(an, 8,) 52, for any real cubic field K:
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Theorem 2.7. For (i,j), (k,l) € Ind, if (k,1) # (,0(i,7)) and (k,1) # (0(i,7),1), then
there exists (o, B) € Ag such that e (a, 8) = (i,7) and e (Tk (e, 8)) = (k,1).

Proof. Let X be the root of x* — 5z + 1 with A > 1. Let K; = Q(\). We note that K; is
a totally real cubic field. By the direct calculation one can check Table 2] given below:

Table 2: (totally real case) The words of length 2 which are not forbidden by Table [II
eventually occur.

(4777) 5K1(C777) TKl(Cﬂl) 5K1(TK1(C777))

(5/39 + TA/39 — 202739, | (2.1) | (6/37 + 6)/37 — \2/3T, 2.1)

2/39 — 5A/39 + TA2/39) _5/37 — 5X/37 + TA2/37)

(6/37 + 60/37 — X2/37, | (2.1) (1/5+ A/5, (1,0)
5/37 — 5A/3T + TA2/37) —2/5— A/5+ A2/5)
(—16/15 + \/15 + 42/15, | (2.1) | (—9/17 + A/17 + 3\%/17, 0.0)

4/5+ A/5 — N2/5) 15/17 4+ 4\/17 — BA2/17)
(/5 + /5 — X275, ) G- 1.2)

_4/15 + 4X/15 + A2/15) _19/3 4 A/3 +4)2/3)

We suppose that K is a totally real cubic field. Let 1pg, opx be distinct embeddings
from K to R over Q different from the non trivial embedding. We define a mapping pg
from Ax to A x R* as follows. For (a, ) € A,

pi(a, B) = (a, B, 1px (), 19K (B), 20K (), 2pK (B))-

Then, it is not difficult to see that px(Ag) is dense in A x R? by virtue of algebraic
number theory (for example see Chapter 1 in [Neukirch 99]). We put (o, 5) = (5/39 +
TA/39 — 22%/39,2/39 — 5)/39 + TA?/39) which is in Table 2. Then, by the analogous
discussion in Theorem 2.6l one can show
ks AL T 1|
L W N »
N INGIOE IN(@)] - IN ()]

and

8ot T
IN (B =a)] ~ INO)I
where v = 1—a’ — ’. We see that there exists § > 0 such that |z —o/| <9, |y — | < 0,
|2 = 1pr, ()] <0, [y = 1o, (B)] < 0,
|x" — 9pK, ()] < & and |y — 2pK, (B')] < & implies

B> 2d,

(17)

lyl" kil £ kil

‘yy/y//| ‘ZZ’Z”‘ ) |JJ$/JJ”| ‘ZZ’Z”‘

(18)
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and r r

ly — | |

((y—2)(y —2)(y" —a")| ~ [22'2

where z=1—2x—y, 2/ =1—2'—y and 2"’ =1 — 2" —y" for every (x,y, 2,y , 2", y") €

A xR*. Since px(Ag) is dense in A x R%, there exists an element («, 3) € Ag such that
IN@B) - INO)IT IN(e)] [N ()]

y > 2w, (19)

//‘7

and
8 —af Rl

IN(B—a)] " [N
where v = 1 —a— 4. From (20) and (1)), it follows ex (e, 8) = (2,1) and e (Tk (o, B)) =
(2,1). By the analogous above discussion, we see that for each (4, j) € {(1,2),(1,0),(0,1)}
there exists (o, 5”) € Ak such that e (o, ") = (2,1) and ex(Tk (", 5")) = (i, 7). By
applying permutations of the coordinates of (v, a, §) we get Theorem 2.7 for the totally
real cubic field K. We consider the case where K has complex embeddings. Let u be the
real root of #3 — 5. Put Ky = Q(i). The direct calculation implies Table [3l

£ > 2a,

(21)

Table 3: (not totally real case) The words of length 2 which are not forbidden by Table
0 eventually occur.

(Cﬂl) 6K2(C77]> Tk, (Cﬂl) ‘ng(TKz <C777))
(1/4 + p/4 — 31%/20, (2,1) | (=2/17 + 6u/17 — p?/17, (2,1)
u?/5) 8/17 — Tu/17 + 4% /17)
(=2/17 + 6p/17 — 2/17, | (2,1) | (=3/26 + 71/26 + 1226, (1,0)
8/17 — Tu/17 + 4% /17) 10/13 — 64/13 4+ p?/13)
(=1/6 + /6 + p*/30, (2,1) | (—1/11 4 3u/22 + p*/22, (0,1)
11/12 — 5u/12 + 7u?/60) 10/11 — 4p/11 + p?/22)
(1 - /~L2/57 (271) (_1 + i, (172)
1/2+4 p/2 — 3u2/10) —1/2 — p/2 + p?/2)

Using Table [3, we can show Theorem 2.7 for the case where K is not a totally real
cubic field. O

For the periodic continued fraction obtained by this algorithm, we have the following
Proposition 2.8 which can be shown by using Theorem [B.7 in a way similar to Perron
[Perron 07]. We denote by AR = AR the set of the periodic points of the transforma-
tion T' =Tk ,, i.e.,

there exist m,n € Zg
AR = AR =S (a, B) € A | such that m # n and . (22)
T}?,T’ (aa 6) = Tlré,r (Oé, 6)
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Proposition 2.8. Let (a, 3) € AZ". Then, there erists a constant c(a,3) > 0 and
(e, B) > 0 such that n(a, ) < 3 and

_ | o . 0) g_Tn < da.P)
Dn - p;?L(OCvB)’ Dn - pn(aﬁ)
/ /
Y P CY) | < (o, B)
P T (pl)nes)’ Pl (pl)nes)’
/! 1
o | < C(a,ﬁ)’ gl < c(a, B)
pr | = (pr)neh) pr = (pr)neh)

hold. Furthermore, n(a, B) = % holds if and only if K is not a totally real cubic field.

We can also give some examples of periodic expansions in the similar manner as in
[Tamura and Yasutomi 09].

Theorem 2.9. Let m € Z~q. Let \ be the real root of x* — ma* — 1. Let K = Q(\).
Then,

1 A 5/2
<1+A+A2’1+A+A2) € Pery

Proof. For n € Zsq let (an, Bn) = K5/2(ﬁ> ﬁ) Then, we will prove for 0 <
kE<m-1
A 5, = A2
m—k+ DX +A+1 " (m—k+ 1A+ r+1
E(akaﬂk) = (0a2)>

A =

A2 (m—Ek)A*+1
ek e o —k+ DA+ A+ 1 Pt = (m—Fk+ A2+ A+ 1
€ (Qmak, Bmsr) = (2, 1),
Qomik = (m_k))\2+1 52 +k = A
" (m—k+1XN+X+1" 77" (m—k+1DA2+X+1
€ (2mtk, Bomsr) = (1,0).

In what follows, we suppose that k € Z. First, let (i, nx and & be
)\2
C’f = y e = ’
(m — k:+1)A2+>\+1 (m—k+1X+A+1
B (m—k)A\?+1
5"C_(m k:+1) A1

Simple calculations show the following:
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1) CGe+mp+ & =1,

(1)

(2) ¢o = ag and no = Po,

(3) (Cksmi) € Ak holds,

(4) T(0,2) (Cka 7719) = (Ck-ﬁ-l)lrlk-i-l) hOldS,
()

i) (<m>77m) = (770,50) holds.

We prove that e(Cx, i) = (0,2) for 0 < k < m. It is easy to see that

1
N =
(Ck> m2+(k2—3k)m—k3+3k2’
1
N =
(nk> m2+(k2—3k)m—k3+3]g2’
k*m — k3 + 1
N(&) =

m? + (k2 — 3k)m — k3 + 3k2’
Therefore, we have

CZ/? B )\5/2(m2+(k‘2—3k)m—k3+3k;2)

N(C) (m—k+ DA+ A+1)p2
772/2 _ )\5(m2 + (l{j2 — Bk)m _ k3 _'_ 3]{;2)
N () B (m—k+ DX+ X+1)52 7
VO ((m = R4 D)2 (m? 4 (K2 — 3k)m — K° + 3K?)
N(&)  (Bm= B D((m =k + DA+ A+ 1)577
. C5/2 5/2 ) .
Since A > 1, we have NGy < ]\?’gnk). We easily see that m2(m — k)2 > k2m — k*+ 1. Since

m < A<m+ 1, we see that
1\ %2
(=024 5) " > min -2 2 K= 441

which implies

5/2 5/2
¢ &

N(CG) ~ N(&)

Thus, we have £((x, nr) = (0,2). We can easily prove that (ay, Br) = (Ck, nx) for 0 < k <
m =1, (mnik, Bnik) = Mk, &) and (Q2mk; Bomir) = (&, Gr) on induction of k. O
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3 Continued Fraction Expansion and Acceleration of
Continued Fraction

As we have already seen that for any given (z,y) € A for any given real cubic field K,
we can consider a sequence {e (v, Bn)},o, defined by

e (an, Bn) = (T, B)) € Ind == {(i,5) | 4,5 € {0,1,2} ;i # 7}

obtained by the algorithm given in Section 2

In this section, we shall describe the continued fraction expansion of 1—11— ﬁ(oz, B)

according to the ”expansion” {e (an, 5,)}.—, of (o, 3). In what follows of this section,
we use column vectors instead of row vectors. We denote by 7 = (2 2 7)) ¢ R?
(resp., T = (2, 2?) € R?) an vector of dimension 3 (resp., of dimension 2), where t
indicates the transpose.

We need some definitions. For n € Z-o and a set S we denote by M(n,S) n x n
matrices with entries in .S. We put

C(a) = 01 ez 23
a) T Eg al’ ac >0 ( )
Pn = (ﬁn—2 ﬁn—l ﬁn) = C (C_LO) C (C_L1> e C (C_Ln) ) dn S Z2207

(0 L Poi= B =" (0 00.002))

where F,, is the unit matrix of size m x m.

We write
1 1/y
T:(/) (x,yER,y#O),
() z/y
_ _ 1
[Go; @1, ..., ) i= G0 + i :
a +
. 1
+—
Qn
and
[C_L(]; C_Ll, C_LQ, . ] = hm [C_L(], C_Ll, C_LQ, ey C_Ln]
n—oo

as far as the limit exists.

Using Lemma 2.3 and

Yy
C (d)fmc (x) =7k |1l+ay| = (a) + %,
Yy x + by b (y)
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where a = <Z), we get the following formula, see for example, |[Nikishin and Sorokin 91

Tamura 95].

Formula 3.1. (1) [ao;ay,...,a,, %] = Pyjfmc () ;

(1)
L (pn
(2) [ag;aq, ..., a4, = O] <§(2)) holds provided pslo) #0.

{

It is convenient to write two dimensional continued fraction [ao;ay,...,a,] (resp.,
[Go; @y, as, . ..]) as a finite word (resp., an infinite word) over Z2:

(CF) apay ...a, := lap;a1,...,a,),
(CF) aoaldg... = [do;dl,ag,...].

For z =" (z,y) € A, we denote by * =" (2*, y*) a vector defined by

= () == ()
T = N B .
y Il—x—y\y

Notice that ! (z*,y*) € R, always holds for any 7 ="' (z,y) € A.

Now we can state our theorem.

Theorem 3.2. Let {e,} -~ ={c (o, Bn)},—, be the expansion of (o, ) € Ag. Then

6*

- (O w0 w00
161 O 5 T G 61

One can check the following lemmas by direct calculation.

<O‘*) = (CF)WoWey .. . We ... (24)

e}

—_

Lemma 3.3. Let A, ) = S™'Au ;S ((i,7) € Ind), where Agjy and S are matrices as
in Section[2. Then,
Az(i,j) = M(i,j) (\V/ (Zaj) € [Tl,d),

where M j) = (Mke)ocp<nococo € GLs (Z) defined by

_{1 k=1/¢ or (l{:,f)Z(i,j)_

0 otherwise
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Lemma 3.4. Let R, U, V be matrices defined by
R=C(0), U=C(u), V=C(v),

where 0 = *(0,0), @ = *(1,0), v = *(0,1), and C(a) (a € Z3%,) is the matriz (23).
Then,

M(1,2) = RR‘/, M(O,l) = R‘/‘R7 M(072) = RRU’
M) = RUR, M0 = URR, M) = VRR.

Proof of Theorem[32. One can see that €y = (7, j) € Ind implies

1 1
A&}j) al~lo].
B B
Hence, by induction, we have
1 1
Q| ~ A€0A€1 e Aenfl Qn |, (gk = (akv ﬁk))v
B Bn
so that

1 1 1
g1 (a) ~ ST ALSS A, S ST AL, S5 (ao) — AT AT AT ST (an) ,
B BO ﬁn

which implies

(a*) _ A:{TGCA:{TCLC---A*JCTGC (Oz;)’

B* En—1 B;’;
a’\ 1 o a,\ 1 Qp
() == (2 -=a=m (i)
which together with Lemma [B.3] and Lemma 3.4 we get Theorem [3.21 O

We can make reduction of the continued fraction of the form (24]) in Theorem 3.2 by
applying the following reduction rule:

- (OO 59

in particular
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We give an example. Let A be the real root of 23 —ma? — 1, (m € Z+) as in Theorem
Then, Theorem says that

]' 5 m m m m m m
1—¢—7 <77) = (CF)W(O,z)W(z,l)W(l,o)W(0,2)W(2,1)W(1,0) T (25)
¢ = 1 B A
1A+ i

Hence, applying the reduction rule repeatedly, we get periodic continued fractions:

=) = @OOEEE G0

- @REEEOEOE)

)06

which is an accelerated continued fraction of ([25). In other words, if we say (20) is
a canonical continued fraction, then the expression (24]) given in Theorem can be
considered as a (slow or additive) continued fraction expansion of a canonical continued
fraction. For n € Z-o M € M(n,Z>q) is called primitive, if there exists an positive
integer m such that M™ € M(n,Z~y).

Lemma 3.5. Let {e,} = {e (an, Bn)} -, be the expansion of (a, B) € Ax. We suppose
that {e,},—, is purely periodic and the length of the period is l. Then, every eigenvalue
of the matriz M --- M., , is in K\ Q.

Proof. We suppose that an eigenvalue A of the matrix M, - - - M, , denoted by C' = (¢; ;)
associated with the eigenvector /(1 — o — 3, a, ) is a rational number. Then, we have

l—a—-p l—a—-p
C a = ! . (27)
B B

Since 1 — a — 8, «, 8 are linearly independent over Q, C' = AE, where E is the unit
matrix. Let (¢, j') = €. Then, C' = M,, --- M., , implies that ¢; ; > 1, which leads to
the contradiction that C' = \FE. O

Remark 3.6. The irreducibility of the matriz M., - - - M.

., follows from Lemma[33 as
far as we are concentrated with cubic field K.

Theorem 3.7. Let {e,},—, = {€ (o, Bn)} oy be the expansion of (o,) € Ag. We
suppose that {,} - is purely periodic and the length of the period is l. Then, the matriz
M, --- M., . is primitive.

o’ €l—1



19

Proof. For each n € Z>, we put C,, by
Cp = (nCij) = M, -+ M.

We see easily that ,,¢; ; < 116 ; for each n € Z>¢ and ¢, j with 0 < ¢, 5 < 2. We suppose
that there exists g, jo with 0 < g, jo < 2 such that lim,,_,o »¢;, ;, = 0, Which is equivalent
to that for every n € Z>o nc¢ij, = 0. Since we see oc;; = 1 for every ¢ with 0 < ¢ < 2,
we have ig # jo. For simplicity, we consider the case where (ig,jo) = (0,2). First, we
suppose that lim,,_,o, »co,1 = 0, which is equivalent to that for every n € Z>¢ ,co1 = 0.
Since |C,|=1 for every n € Zsq, it follows that ,coo = 1 for every n € Z>g. Then, we
have

'Cy

O O =
|
O O =

which implies that 1 is an eigenvalue of M, - - - M,,_,, which contradicts Lemma[3.5l Next,
we suppose that lim,,_,o »co1 > 0, which is equivalent to that there exists ng € Z>( such
that ,,co1 > 0. We see that if n > ng, then ¢, ¢ {(0,2),(1,2)}. Therefore, by the pure

periodicity of {e,}., we get &, ¢ {(0,2),(1,2)} for all n € Z>,. Hence, we can write

* % 0
C'l—l = * % O )
* % 1
so that
0 0
C'l—l 0 = 0 )
1 1

which contradicts Lemma B3l Thus, we have proved the theorem for the case where
(10, jo) = (0,2). We can do the same for the other cases. O

4 Numerical experiments

We put

p
i (2) s= (o + 1), Logio o]+ 11}, ah(0) =0
for £ (p,q € Z are coprime). The function dh can be extended to Q[z]:

dh(g) := max{dh(a;)},

0<i<n



20

for g(x Z a;z' € Q[z]. We define dh , dhg and rdhp by

dh(a) = n}? }{dh(%i)},

dhy (n; @) := dh(Tg(a)),

rdhg(n; o) = %7
dhp(a) == g%fo{th(n; a)},
by (a) == max {rdhg (n; )},

for o = (n, a2) € Ak and n € Zsg, where ¢,, € Q[z]| (i € {1,2}) is the monic minimal
polynomial of «;. The function dhg(n;«) (resp., rdhg(n;«)) is referred to as the nth
decimal height of « (resp., the nth relative decimal height of o) . We computed the

length of the periods of ((\/_>/2 <\/_2)/2) for Ty, with K = Q(/m),r = 5/2 for

all m € Z with 2 < m < 10000 (¥/m ¢ Q) and these decimal heights, cf. Table [
given below, where (z) is the fractional part of z. For the calculation of the tables, we
used a computer equipped with GiNaC [GiNaC 13] on GNU C++l]. We confirmed that

(<\F>/2, <\/_>/2> € A, for all m with 2 < m < 10000 (¢/m ¢ Q).

Table 4: The result of periodicity test for
((W) /2, (v/m2)/ 2) for all noncubic positive inte-
gers 2 < 'm < 10000 with r = 5/2.

Range of m (m1 <m <my) La(mi,ma) Ha(mi,my) Ra(mi,mo)
2 <m <200 4494 7 3
201 <m <400 13641 8 7/3
401 < m <600 13578 8 2
601 < m < 800 30447 8 2
801 < m < 1000 36963 8 2
1001 <m <1200 31119 9 9/4
1201 < m < 1400 68529 9 9/5
1401 < m <1600 65310 9 9/5
1601 < m < 1800 62598 9 9/5
1801 < m < 2000 52551 9 9/5
2001 < m < 2200 74931 10 2

Continued on next page

!The routine that was written for this purpose can be downloaded from the web site
http://www.lab2.toho-u.ac.jp/sci/c/math/yasutomi/mfarey.html


http://www.lab2.toho-u.ac.jp/sci/c/math/yasutomi/mfarey.html

Table 4 — continued from previous page

Range of m (my < m < my) La(mi,ms) Ha(my,ms) Ra(mi,ms)
2201 < m < 2400 177570 9 9/5
2401 < m < 2600 97446 9 9/5
2601 < m < 2800 79923 9 9/5
2801 < m < 3000 121134 10 9/5
3001 < m < 3200 107577 9 9/5
3201 <'m < 3400 107919 10 2
3401 < 'm < 3600 95388 10 9/5
3601 < m < 3800 150393 10 9/5
3801 < m < 4000 133650 10 9/5
4001 < m < 4200 137787 10 2
4201 < m < 4400 242391 10 2
4401 < m < 4600 322374 10 2
4601 < m < 4800 180246 10 2
4801 < m < 5000 124335 10 2
5001 < m < 5200 282870 10 2
5201 < m < 5400 169845 10 2
5401 < m < 5600 134589 10 2
5601 < m < 5800 236004 10 2
5801 < m < 6000 298266 10 2
6001 < m < 6200 439470 10 2
6201 < m < 6400 249141 10 2
6401 < m < 6600 188673 10 2
6601 < m < 6800 176733 10 2
6801 < m < 7000 462093 11 2
7001 < m < 7200 160650 10 5/3
7201 < m < 7400 619809 10 5/3
7401 < m < 7600 241893 10 5/3
7601 < m < 7800 254790 10 5/3
7801 < m < 8000 232170 10 5/3
8001 < m < 8200 398433 11 11/6
8201 < m < 8400 211460 11 11/6
8401 < m < 8600 264786 10 5/3
8601 < m < 8800 293934 11 11/6
8801 < m < 9000 785715 10 5/3
9001 < m < 9200 265377 11 11/6
9201 < 'm < 9400 377157 11 11/6
9401 < m < 9600 258939 10 5/3
9601 < m < 9800 269877 10 5/3
9801 < m < 10000 276768 10 5/3

21
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In Table @ La(my,ma), Ha(mq, my) and Ra(my, ms) are numbers defined by

La(my,msy) := the maximum value of the length of the shortest period of
the expansion of ((¥/m)/2, (V'm2)/2) for my < m < m, with ¢/m ¢ Q,
Ha(my,msy) := max dhp((/m) /2, (Vm?)/2),

m1<m<mg, ¥Ym¢Q

Ra(my, my) := max rdhg ((¢/m) /2, (Vm2) /2),
m1<m<mg, ¥me¢Q,
which are well-defined by the periodicity. This Table dl together with following numerical
experiments by PCs for some totally real cubic fields etc. support Conjecture [[.1] given at
the end of our paper, which says that Ax = A?}f]j holds, cf. (22)). On the other hand, the
explosion phenomenon takes place if we apply classical algorithms (the Jacobi-Perron
algorithm, the modified Jacobi-Perron algorithm etc.), cf. [Tamura and Yasutomi 09,
Tamura and Yasutomi 11, [Tamura and Yasutomi 10].

Let K be a real cubic field and let a®, o, a® be its positive Q-basis with

e Ne)

a:a@+am+am’5zdm+dn+dw

Let {e,},—, be the expansion of the (a,3). Suppose that ey, ...,eg—1 is the period
of the expansion. Then (1 — ay — Bk, g, Br) becomes an eigenvector with respect to
an eigenvlaue of M., --- M., , which will be denoted by A(a,3). The eigenvalue is

important for the Diophantine approximation to (a, 5). We denote by N; a set

1 o « is the positive maximal root of
l+a+a?’ 1+a+a? some irreducible p € P, ’

Pi= {2+ ayx® + ayxr + agla; € Z, |a;| <t fori=0,1,2} (t>0).

We put ny, ps, ¢, 14, S¢, 7hy as follows:

ne = Ny,
p = t{(a,B) € Ny| (o, ) is periodic by our algorithm },
¢ = #{(a,B) € N¢| Q(c, 5) has a complex embedding }
re = f{(a,5) € N:| Q(a, p) is a totally real cubic field } ,
ss = #{(a,8) € N;| Aa, B) is the Pisot number }

rhy = max{rdhr (o, )| (a,B) € N; }.

Then, we get ni5 = 18797, p15 = 18797, c¢15 = 7689, r15 = 11108, s;5 = 18797 and
rhis = 7/3, i.e., every («, ) € Ni5 is periodic by this algorithm, and A(«, f) becomes
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Pisot number for all the element («, ) € N5 without any exceptions (cf. Conjecture
[[.2] given in Section [7 ). For this calculation, we used a computer equipped with GiNaC
[GiNaC 13] on GNU C++ B, We note that the maximal eigenvalue of [[ycx s e M
(A < 00) is not always a Pisot number, where BM = {M; ;| 0 <4,5 <2,i# j}. For
example, M1 0)M,1)M2,0)M0,2) has a non-Pisot maximal eigenvalue.

5 Stepped surfaces and Substitutions

We shortly prepare the geometric tools. Let us denote by é; (i =0,1,2) the canonical
basis of R?, i.e.,

Go:= '(1,0,0), & = '(0,1,0), & := '(0,0,1).
For 7 € Z3,i=0,1,2, we mean by (Z,i*) a unit square defined by
(Z,i") :=={Z +tée; +uéx | t,ue0,1], {i,7,k} ={0,1,2}}

(see Figure [3)).

Figure 3: ((:], i*) and 2?:0 ((:),z*)

Let @ ="' (@, a®,a®) € R and o, oV, a® be linearly independent over Q.
Notice that without loss of generality, we may assume a(®) +a® +a® =1 . We consider
the sets P (&), P~ (@), and P= (@) :

Pa) = {eR’| (z,a)=0},
P> (@) = {TeR® (7,a)>0},
P=(a) = {zeR’| (z,a)>0}.

2The routine that was written for this purpose can be downloaded from the web site
http://www.lab2.toho-u.ac.jp/sci/c/math/yasutomi/mfarey.html


http://www.lab2.toho-u.ac.jp/sci/c/math/yasutomi/mfarey.html
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where (-, -) means the inner product. We put

S(@&) = {(Fi)]i=0,1,2, (7,@) >0, (T—&,a) <0},
S&) = {(Fi)]i=0,1,2, (7,a) >0, (7 —&,a) <0},

which are subsets of Z3 x {0*,1%,2*}. By the definition of . (@) (and .7’ (@)), we see
that .7 (&) (and .’ (@)) consists of the nearest unit squares clinging to the plane P (&) .
< (@) (and .7’ (@) will be referred to as the stepped surface with respect to the direction
a. We also says that . (@) (and . (@)) is the stepped surface of the plane P (@).

Remark 5.1. The difference between & (a) and " (@) is that & (@) \&" (&) = {(€i,1") }i—0.1.2»
L@\ (@) = {(0,5) }, o1,

Moreover, we define S (&):
S(a) ={A|#A < +o0, AC Y (a)}.
We denote by G (@) the Z-free module generated by all the finite squares:

TeZ? ie{0,1,2},
G (@) = Y maen (&) mEe €2, (7,i%) € 7 (a), . (28)
(3,i%)mz 0)70 #{(Z,0") | mEm #£0} < 400

Remark that the sum on the right-hand side of (28) is a formal sum. Hence, we
have G (@) = {X,ca A | A C 7 (@), #A < +00, my € Z} . In what follows, we only
consider the case my = 1. When my = 1, we call the element ) ,_, A of G (&) a patch
of #(a). In some cases, {A\},c, of S(&) is also called as a patch, but an element
of § (@) and G (@) should be distinguished. It will be convenient to define two maps,
Uy :S(@) = G (@) and (U, : G (@) — S (a) as follows: for A € S (a)

sy <{)‘}>\GA) = Z AeG(a) (for {A}yoy € S(a)),

AEA

R <Z A) = {Mhep €S(@)  (for Yy A €G(@)).
AEA

For example, for Z?:o (e;,1*) and {(e;, i*)}izo’m, Vs (Z?:o (e, z*)) =

{(ei, i) }icon00 s¥y <{(ei,i*)}i:0’172> = Z?:o (e;,1*). For v, 6 € G(a), we denote v < &

if ;U,(vy) C ,V,(0). Taking .’ (&) instead of .7 (@), we can define S’ (@) and G’ (&)
similarly. For each (7,7) € Ind, we consider the substitution oy; j) as follows:

T
6Dk =k (k£d)
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And the so-called incidence matrix L; jy of 0(; ;) is the square matrix of size 3 x 3 defined
by L = (lyj) where ly; is the number of occurrences of a letter ¢ appearing in
oG (4'). Notice that L; jy = M;, for each (i, j) € Ind where M, ;) is the matrix given
in Lemma 33l For (o, ) € Ak, we put 7 (o, 8) :="(1 — a — §,«,3). In the sequel we
fix an arbitrary (a, ) € Ak and an arbitrary n € Z>o. Then, the dual substitution ©.,
of o.,, which is an endomorphism from G (v (11, Bns1)) to G (7 (ay, Br)) introduced in

[Arnoux and Ito 01], can be defined by

O., (z,i") == L 'T + Z > (L 9.5, (29)

for i = 0,1,2, where f(w) = "(|wl|,, |wl|,,|w|,) (Jw|, is the number of occurrences of
a symbol i appearing in a finite word w € {0,1,2}"), and P (resp., S) means that the
prefix (resp., suffix) of i of o () with o (j) = PiS and

In particular,

(see Figure []).

Figure 4: O, (U), U =37, (e:,i*), € € Ind.

In view of definitions, we have
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Lemma 5.2. There exists a constant c,, satisfying

v (an-i-la 6n+1) = CntLg_nllj (Oén, 6n)

where

Proof. Let ¢, = (1,2), then from the fact that

(Oén+1> 5n+1) = T(1,2) (Oém ﬁn) = (ozn —bn o ) )

1- ﬁn ’ 1- ﬁn

we have

- 1

v (an+17 ﬁn+1) 1 — 6 ! (1 - Qp — ﬁna Oy — Bna Bn)

) 10 0 1—an—fB,
= 13 01 —1 an = cntL(_lTQ)D (o, Br) -
"\0 0 1 B

The proof for the other cases is analogously done. O

We define ¢, : R* — R3 by

Tp = ! (LL’n, Yn, Zn) = ©n (§n+1> = (pnt (xn-l-l? Yn+1, Z"+1) = L6_n1 ' (x"'H’ Ynt1, Z”+1> :
Then, we have

Lemma 5.3. Let ¢, be numbers given in Lemma[2.3. Then,

1

<§0n‘%n+1> v (am 571)) = C_ <§n+1> v (an+1> 5n+1)> > ‘%n-i-l S R3

holds.

Proof. By Lemma [5.2] we get

<¢n§n+la v (ana ﬁn» = <L;3§n+1a v (ana 6n)> = <§n+17 tLg_nllj (arw 5n)>
1

= — <‘%n+1? v (an-i-la 6n+1)> :
Cn
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From Lemma [5.3] it follows
Corollary 5.4. We have

©n (P~ (
on (P~ (

(g1, Bus1))) = P~ (0
(A1, Bns1))) = P70 (o, Bn)) -

NN

The following theorem is important related to the stepped surface.
Theorem 5.5 ('Bijectivity’ of ©). Let us assume that (o, 5,) € Ak, then
O, : G (V (ant1, But1)) = G (V (an, Bn))
satisfies the following:
(1) if (z,3*) is a unit square of G (V (i1, Bns1)), then the image O, (Z,i*) belongs to
G (7 (an, Bn));

(2) two distinct unit squares are sent to disjoint images (which are patches of squares)
except for their boundaries;

(3) for any (Z,k*) € G (v (o, Bn)), there ezists a square (Z,1*) €
g( (an-‘rla ﬁn-l—l)) SUCh tha’t @En (ia Z*) -~ (573*)

Proof. For instance, we consider the case where ¢, = (2,0). We shall show the following
three properties:
(1) if (2,7) € G (¥ (nt1, fnta)), then Oap) (,7%) € G (¥ (an, Fn));

(2) if (E’Z*) 7é (_?ja]*) ((i’,l*) ( )_G g(lj( Qg laﬁn-l-l)))’ then
o Vs (B0 (7,1)) N g ¥a (O (7,57) = 0;

(3) if for any (2, k*) € G (v (a, Bn)), then there exists (z,i*) €
g (Ij (Oén+1, ﬁn-l—l)) such that ("‘) (2,0) (i‘, Z*) b (E’ ]{Z*>

About (1): If (Z,7*) € G (v (nt1, Bnt1)), @ = 0, 1,2, then

Q) (7,07) L(2 0)5 0") + (LG (5 +8),27).
O (7,27) L 0)5: 7"

follow from (B0). Hence, it suffices to show
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From the definition of (Z,i*) € G (V (11, Bne1)), we know that
{

‘% i(an+1>5n+1)> > Oa (32)
V(anst, Bni1)) < 0, (33)

where the equality of (83)) holds only for T = &;. We suppose that (Z,0*) € G (7 (i1, fni1))-
By Lemma [5.2] and (32),

(x — e,

<‘%>5(an+175n+1)> > 0,

and by Lemma [5.2] and
<L(_2,0) (f B go) ’ v (an,ﬁn>> = <'% - éO7tL(_2%O)5 (anv/Bn > =
) 0

S
&
=0
Kl
|
[l
2
Rl
Q
3
=
I
~~———"
I

)
1 _ _
. Hence, we obtain (L_}O):E,O*) € G(V(an,Bn)). By

<1' — €0,V (Qnt1, Brs1)

Lemma-and 32)), < 2,0) (§+§2),5(an,ﬁn)> =
<E—|—ég, L(;lo)u(an,ﬁn)> =

(T + ez, (apy1, Put1)) > 0 and by Lemma 5.2 and (33),

Cn

.
<L(—2}0)<f+é2> 2,7 (s ) ) = (Lighyy (7 = 20) 7 (ans Ba) ) = (T = o, "Ligly 7 (ns ) )
1

(:)f" €o, U (an+1, Bni1)) < 0. Therefore, we get (L(_z%o) (Z+é3),2 ) € GV (an, Bn)).

We can show NZ ) , <L(_2}O)x ) € G (v (an, 5,)) in a similar manner.
About (2): For

(2,4°),(5,57) € G (7 (a1, Buyr)) satisfying (Z,1%) # (7,57) (34)
(7,

we will check whether there exist a common unit square between © 5 gy (7, 7*) and O 2y (¥, 7*)-

There are six patterns of the combinations of ¢* and j* as
{(07,07), (07, 17), (07, 27) , (17, 17), (1%, 2) , (27, 27) }.

(i) Case of O ) (Z,0%) and O (y,0%): By (B0),

Kl

09 = (LT 0") + (L) (
B0 (¥,0°) = L(zo y,0") + L(20(

CDH

\_/

[\D
\_/

_I_
+

Nl

Cbn

\_/

[\D
v

Thus, if there exist a common square between O, o) (7,0*) and
@(2,0) (?ja O*)v then

holds which implies & = y. This contradicts (B4]). Therefore, there are no common
unit squares between O,y (7,0%) and O(y0) (y,0%).
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(ii) Case of O(2) (7,0%) and B2y (y,1%): from (B0,

O20) (7,07) = (L, 0") + (L(‘zfo) (Z+ &), 2*) :
@(2,0) ('g> 1*) = L(_Q{O)?j, 1*

It is clear that there does not exist a common square between
@(2,0) (Z%', 0*) and @(270) (?7, 1*)

(ili) Case of O (7,0%) and Oz ) (y,2*): By ([B0),

O0 (7,07 = (L5y®.07) + (Lgly (7 +2).27),
90 (4,2°) = (Luny 2"

Thus, if there exist a common square between O, ) (Z,0*) and
@(2,0) (ga 2*)7 then

ie.,
T=y—é. (35)
On the other hand, from (z,0%),(y,2*) € G (v (apns1, Bny1)), we have
<§7 1:) (an+17 ﬁn+1)> >0 (36)
<ﬂ - 527 5 (an—i-la 6n+1)> S 0. (37)

However, using (35) and (37), we get

<§7ﬁ(a”+17ﬂn+1>> = <§ - é2vﬁ(an+laﬂn+1>> < 07

which contradicts (B€]). Therefore, there are no common unit squares between
@(2,0) (J:J, 0*) and @(270) (ﬂ, 2*).

The other cases can be proved analogously.

About (3): For(z,i*) € G (v (o, B,)), we have

T = Loz (40)
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(z,0%). In fact, from (B0) and ([0), it follows
(1) (i 552
)+ (L(—;O) (T + &) ,2*) = (2,0%).

such that ©s,0) (Z,0%) >

@(2,0) (iaO*) -
~ (5.0

By (@0), Lemma 5.2 and (38)), we get

(Z, v (nt1, Botr)) <L(2,o zZ, U (a1, ﬁn+1)>

)
= <§,tL(2 0V (an+1 5n+1)>
cn (Z,0 (a, Bn)) > 0.

By ([@0), Lemma 5.2} and (39), we get

<LL’ - 607 (an+17 ﬁn+1)>
(L2,0)Z — €0, U (tng1, Bns1)) = (L2y0) (2 — &), (Oén+175n+1)>
<Z - 60, L(2 )14 (an+1a 6n+1)> = Cn <§ é 5 (am 571))

*Y € G (U (apy1, Pny1)) satisfying

(ii) For (z,1*) € G (v (a, b)), there exists (z, 1
i‘ - L(270)§ (41)
such that O 0y (Z,1%) > (Z,1*). In fact, from (B0) and (@), it follows
O (7,1%) = (L(—Q}O)ig, 1*) = (5,1) = (5,17).
By (@), Lemma [5.2] and (38), we get
<§7 v (Oén+1, Bn-l—l))
<L(2 0)57 v (Oén+17 5n+1)> = <§7 tL(2,0)5 (Oén+17 5n+1)>
= ¢, (2,0 (an, Bn)) > 0.
By (@), Lemma 5.2, and (39), we get
(T — €1,V (nt1, Brs1))
<L(2 O)E - él> (O‘n-l-l?ﬂn—i-l > — <L 2,0) E él) (an+1aﬁn+1)>
<§ — 517151‘/(2,0)1j (i1, Bn+1)> = ¢, (Z —e1,0(ay, Br)) <0.
(iii) For (z,2%) € G (v (am, Bn)),
(a) if
<Z - 62 + 607 (anv Bn)) > 07 (42)
then there exists (z,0%) € G (v (11, Bnt1)) satistying
T = LpZ— e (43)
= (2,2%);

such that © ) (7,0%)



(b) if
<§ - 52 + EO) v (O‘naﬁn» S 0,

then there exists (z,2%) € G (V (apy1, Bur1)) satisfying
T = Lpopz
such that ©p ¢ (,2%) > (Z,2%).
About (a): From (30) together with (@3], it follows
Op0) (7.0 = (L5ly®.0%) + (L5l (7 + ), 2")
(Lé 070" ) + (5,27 = (5,29).
By (@3)), Lemma B2l and ([{2)), we get,

@7 v (oan, 5n+1)> = <L(2,0)§ — €2,V (an+175n+1)>
= (L) (2— e+ €0) , 7 (ang1, Brg))
= <§ — €3 + €, tL(2 oY v (o1, 5n+1)>
= ¢, (Z— &+ €,V (an, By)) > 0.

By (@), Lemma [5.2] and (39)]),
(T —e0, v (any1, Bnt1)) = <L 20)2 — €2 — €0, U (g1, 6n+1)>
= <L 20) (2 — €2) ﬁ(an+176n+1>>

<Z —&,'L 77( n+1>5n+1)>
Cn (Z — €2,0 (an,ﬁn» <0.

About (b): From (B0) together with ([4H]), it follows
O (7,2") = <L(2 072" ) (7,2) = (3,27).
By (@), Lemma [5.2] and (38)), we get,

<‘%’ Ij (an+1a ﬁn-ﬁ-l))
<L(2,0)Z (a1, 6n+1)> = <§7 tL(270)77 (Qns1, 6n+1)>
= Cp <§> 5 (Oén, ﬁn)) > O

By (43)), Lemma (5.2l and ([44]), we get,

(T — €2, 7 (a1, Bns1)) = (L20)Z — €2,V (g1, Bot1))
- <L(270) (2 — €2+ €), v (a1, ﬁn+1)>
- <E — & + €0, ' Liz,0)7 (Qn 1, 5n+1)>
= (Z—éy+ €y,, 0 (am, Brn)) < 0.

31
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By the arguments (i)—(iii), we obtain the assertion (3).

Other cases can be proved analogously. O

Corollary 5.6. Let K be a real cubic field and (v, Bo) € Ak. Moreover, we assume
that the sequence {(aun, Bn,€n) } g1, 9 periodic with a period of length p, i.e.,

dm > 0, Elp >1: (ama 6m>5m) = (am+p> ﬁm-i-pagm—i-p) . (46)

Then, the stepped surface . (v (v, Bo)) can be presented by

Y (7 (7 (a0, o)) = Ocy 0Oz, 0+ 00, (Vg (7 (7 (m, ) (47)

and the stepped surface . (U (aum, Bm)) can be characterized as the fized point of the tiling
substitution © = ©,, O, ., - O ., by

O (Vg (L (7 (am, Bm)))) = ¥y (F (7 (tm, Bin))) - (48)

Remark 5.7. Notice that by the bijectivity of O, , the right-hand side (resp., left-hand
side) of (47) (resp., (48)) can be defined by extending the finite sum of squares to an
infinite sum. We can do the same for sV, and ,Vs.

Proof. 1t is clear that (48] is valid by (46). Moreover, by the bijectivity of O, , n =
0,1,...,m—1, we get (7). a

Let U and U’ be fundamental patches

2 2

U= (€,1"), U := Z ((:),Z*) :

=0 =0

We put

Yo = Ogf...0. 0. (U) forld €G(v(an, b)),
(resp., 7, = O ...0., .0,  (U) forld € G (v(an, b)),

which is a sequence of patches of .7 (v (a, Bo)) (resp., & (v (ap, Bp))). Then we have
the following.

Corollary 5.8. (1) The difference of 7, and ., is that
o Vs (1) \gWs () = g Ws (U),  gWs (77) \g¥s () = W5 (U)

(2) Yo = Yus1 for alln.

(3) UnZoa¥s (1n) © 7 (7 (a0, fo))-
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6 Examples

We give some examples.

Example 6.1 (K is not totally real). Let § be the real root of 23 — 2, K = Q(4) and
a=2/3—-25/3+06%/6, 8B =2/3+03/3—06%/3. Then (a,B) € Ag and the expansion
{en}iy of (o, B) obtained by our continued fraction algorithm is given by

{entnee = (2T0),(0,2),(2,1),(%1),(0>1),(1>0),(0,2%(0,2),(1,2),(2,1%
(1,0, (1,0), ...,

and the eigenvalue A(a, B) > 1 coming from the period of the expansions is a Pisot number
with x® — 57z + 3x — 1 as its minimal polynomial (see Figure[d). On the other hand, we
can observe the explosion phenomenon (as in the example in [Tamura and Yasutomi 09])
related to the expansions obtained by the Jacobi-Perron and the modified Jacobi-Perron
algorithms; consequently, we can not expect the periodicity of the expansions.

Example 6.2 (K is totally real). (1) Let § be the root of 2° — 62 + 7z —1 with § > 4,
K=Q(b) and o = —1/3—45/3+6%/3, B = —2+50 — 6%. Then, (a, ) € Ak and
"(1—a—p,a,p) is an eigenvector of M0y Mo,1)M2,0)M0,2)M0,1) with respect to
its eigenvalue 6. We note that § is not a Pisot number (see Figurel[d).

(2) On the other hand, we have the expansion of («, B) as follows:
{6”}20:0 :(17 0)7 (07 2)7 (27 1)7 (27 1)7 (27 1)7 (17 0)7 (17 0)7
(1,0),(0,2),(2,0),(1,0),(2,0),(0,1),(1,0),(2,0), ...,
and X «, B) is a Pisot number having its minimal polynomial x3 — 13z 4+ 10x — 1

(see Figure[7).

Example 6.3 (K is not totally real). (1) (Completely non-admissible)
Let § be the real root of x3 —52% —2x —1, K = Q(4) and a = 11/5+96/5 — 262 /5,
B=-7/5+76/5—06%/5. Then, (a, ) € Ak and '(1—a— B, «a, B) is an eigenvector
of Mo,1yM2,0)M1,2) Mo,1yM2,0)M(1,2) with respect to its eivenvalue . We note that
(0,1)(2,0), (2,0)(1,2), (1,2)(0,1), (2,0)(1,2), (1,2)(0,1) are forbidden words given
in Table[d and 6 is a Pisot number (see Figurel[§).

(2) We have the expansion of (a, ) as follows:

{en}2y =(0,2), (2,1),(1,0), (1,0), (0,2), (2,1), (2,1), (1,0),(0,2), ...,

and X (a, B) is a Pisot number having x3 —292? — 6x — 1 as its minimal polynomial
(see Figure[9).
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Zoom in

n =2

n

Figure 5: (0020)0(02921021)00.)010902002012021010010)" U) in Ex-
ample where the point is located at (1,1, 1).
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Figure 6: (@(1,0)@(071)@(2,0)9(072)@(0,1))n (Z/{) in Example (1)
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Figure 7: ©(1,0)0(02)©2,1)02,1)02101,001.0) (01,0©(0,2©200(1,0©2.0©0,1)0(1.0O20) " (U)

in Example (2).



Figure &: (@(071)@(2’0)@(172)@(0’1)@(270)@(172))n (Z/{) in Example (]_)
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Figure 9: (@(0’2)@(271)@(1,0)@(170)@(0,2)@(271)@(2,1)@(170)@(0,2))n (Z/{) in Example (2)
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7 Conjectures

We give following conjectures which are supported by the numerical experiments.

Conjecture 7.1. Let K be a real cubic field and r = 5/2. A = AR holds for any real
cubic field K.

Conjecture 7.2. Let K be a real cubic field and let o9, oM, a® be its positive Q-basis
with

1) 2)

o
2® + ol + o@"

T a® 4+ 4ol

o ) ) /8 -
Let {e,},—, be the expansion of the (o, B). Suppose that exy1, ..., exq is the period of

the expansion. Then, M, ... M., has a Pisot number as its eigenvalue.

The following theorem (Theorem 5 in Fernique [Fernique 05]) together with Conjec-
tures [7.] implies Conjecture [7.5l

Theorem 7.3 (Fernique). Let . (&) be a stepped surface of such that there exist two
generalized substitutions © pye, and Ope, verifying:

S (&) = Oppey (F) with & = Ope, ().

If Ope, is of Pisot type and bijective on .7, then there exists a finite patch P of . such
that

(@) = Oprey (lim Oper (P)).

Remark 7.4. Theorem[7.3 gives an effective generation of any stepped surface under the
Pisot condition.

Conjecture 7.5. Let & = (g, a1, ) be any Q-basis of arbitrarily given real cubic
number field. Then the stepped surface .7 (@) is finitely descriptive, i.e., there exist a
finite word ege1 -+ €1 € Ind* = UZOZO Ind™, and a nonempty word exeps1 - Exri—1 €
Ind* (k> 0, 1 > 1), and a patch P consisting of finite squares such that

54 (O:‘) = glI]S (980961 e @@cfl <nh_>r20 (@Ek@5k+1 e @EkJrl—l)n (P)>> .
Remark 7.6. Conjecture[7.3 says that any stepped surface . (@) for any Q-basis & € K
for any given real cubic number field K is finitely descriptive and generated only by 6
substitutions. For notation of O, (¢ € Ind), see Section [4. Notice that without loss of
generality, we may assume o, a1,y > 0 and oy + oy + as = 1 by the symmetry of the
lattice Z3.
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