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Abstract

In differential geometry of surfaces the Dirac operator appears intrinsi-
cally as a tool to address the immersion problem as well as in an extrinsic
flavour (that comes with spin transformations to comformally transfrom
immersions) and the two are naturally related. In this paper we consider
a corresponding pair of discrete Dirac operators, the latter on discrete
surfaces with polygonal faces and normals defined on each face, and show
that many key properties of the smooth theory are preserved. In particular,
the corresponding spin transformations, conformal invariants for them,
and the relation between this operator and its intrinsic counterpart are
discussed.

1 Introduction

The Dirac operator for Riemannian manifolds was originally constructed by
Atiyah and Singer as an example for their index theorem (we will give the
defintion of the Dirac operator in section [4] for more details please refer to |1
). Since then a wide range of applications have been discovered in geometry,
topology and physics. In particular people found it a viable way to deal with
the immersion problem of manifolds, e.g., the immersion problem of surfaces
in R3, 83, and R* (see [7,[17]): Suppose X is a surface with a metric, then a
solution to the Dirac equation

D¢ = H¢

of unit length corresponds to an isometric immersion in R? with mean curvature
H.
On the other hand a Dirac-type operator
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was developed to study conformal transformations of immersed surfaces in R?
[10]. Since it depends on a reference surface f : X — R3, we call it the extrinsic
Dirac operator. Any solutions to the equation

Dy¢ = po

where p is a real scalar, gives a new immersed surface by means of the spin
transformation

df =¢-df-¢
with a mean curvature (p + H)|¢|?. Given this, it is not surprising to see the
following relation between the extrinsic and intrinsic Dirac operators:

D=D;+H

Recently some beautiful numerical applications of Dy have been created by
Keenan, Pinkall and Schréder [5] [6]. Yet a solid mathematical discrete theory
remains unknown.

In this paper we propose a discrete differential geometric framework for

both the extrinsic and intrinsic Dirac operators. We will begin in section
with the extrinsic Dirac operator which is defined on a set of discrete surfaces
called face-edge-constraint surfaces. The integrated mean curvature, which arises
naturally in this setting by means of Steiner’s formula, can be manipulated by
the Dirac equation. One can use this idea to construct discrete minimal surfaces
and their associated families, which turns out to be a generalization of the two
types of minimal surfaces appearing in |[14]. Note that our discretization has
induced some applications in computer graphics [1§].
In the section 5] we consider a more abstract intrinsic net, i.e., a cell complex with
a length assigned to each edge. A discrete spinor bundle, together with a spinor
connection, can then be constructed over this net. Furthermore, several results
coming from the smooth theory can be shown to still hold in our setting: an even
Euler characteristic implies the existence of a spin structure and the first Betti
number determines the number of spin structures. The discrete intrinsic Dirac
operator follows naturally and one can build a realization of the intrinsic net
with prescribed integrated mean curvature in R?, which is a face-edge-constraint
net, by solving the Dirac equation.

In the end we will see that just as in the smooth case, there is a nice connection
between the extrinsic and intrinsic Dirac operators.

2 Preliminaries:
Quaterinionic interpretation of 3D rotations
We start by gathering some basic notions about quaternions and how they encode

rotations in R3. Let H denote the algebra of quaternions: the four dimensional
real vector space H = span{1,1,j,k} together with the product relations i =



j? = k> = —1,ij = k,jk = i, and ki = j. Then Im(H) := span{i,j, k} is a
three-dimensional subspace canonically isomorphic to R3 via

(z,y,2) — zi+ yj + zk.

Given a vector w € R3 the rotation of w around a non-vanishing vector u € R3
can be described in the following way: First let the vectors w and u be embedded
in the imaginary quaternions in the above way. Then the rotation can be
computed by:

Ri(w)=q¢ " w-q

where R? denotes the rotation of w around u through the angle 6 and

al(cos 5 —sin 5 1)

= cos — — sin — —

4= laILeos g 2 Ju]

Note that the angle 6 is measured by the counterclockwise angle as one sees in
the opposite direction of .

Lemma 2.1. Let wy, wy and u be non-vanishing vectors in Im(H) such that
|wi| = |wz| and let 0 € (—m, ) denote the dihedral angle between two the planes
P, = spanf{wi,u} and Py = span{ws, u}.

1. If wi — we L u, then there is an uniquely defined unit quaternion q such

that
malm(g)] 6#0
m(g) = ¢ lul
Im(q) {0 0—0 (2)
and
g wi g =ws (3)

2. If w1 + wy L u, then there is an unique real number H such that
(H+u)"'wy - (H+u) = —ws
and we have 0
H = |u|tan —.
2
Proof. Let wy,ws,u and 6 be as above.

1. Since w; — w2 L u, wy can be obtained by rotating w; around w by the
angle . There are two quaternions ¢ = :l:(cosg — sin %‘%) satisfying
eq. , but only one of them

satisfies eq. .



2. Since wy + ws L u, —wy can be obtained by rotating wy around u by the
angle 6 + 7.

6
H—|—u:|u|tan§+u

[ul (tang + V%‘)

lu| . 0 0 u
= 0<smf+cosf—)

Cos 5 2 2 |ul
oy ( T 0 .m0 u)
_cosg COS(2+2)+Sln(2+2)|u|
| ( T+ 6 . m+0 u>
=— cos — sin —
cos & ( 2 ) ( 2 )|u\

It follows that (H 4+ u)™! - w; - (H + u) = —w, and it is also the unique
quaternion with the imaginary part being exactly u.

O

3 The extrinsic Dirac operator

Given an immersed smooth surface f : X — R? C H and a smooth quaternion-
valued function ¢ : X — H, a smooth scale-rotation of every tangent plane can
be constructed by (see |10, [11])

df)=6-df - ¢ (4)

If there exists a further smooth surface f such that d(f) = (df), then it follows
that

0=dd(f)=d(df) =d(@- f-¢)

which gives the equation:
Ds(¢) =0

where Dy = T‘df%;i is called the Dirac operator with respect to the immersion f.

Since Dy depends on the immersion f (and in order to distinguish it from the
intrinsic Dirac operator by Atiyah), we call it extrinsic Dirac operator in the
following context.

We are now interested in a discretization of Dy. Note that a point-wise inner
product (-,-) on the 1-forms induced by the metric can be defined by

(w,n) dvol :=w A *n .
Then Dy can be formally reformulated as

df Ade

—W=<df,*d¢> . (5)

Dy(¢) =

4



Hence, in the discrete setting it is more natural to think of ¢ as the function of
the dual vertices.
A net is a cell complex X = (V, E, F) such that

1. The faces are all polygons, but not necessary planar.
2. The intersection of two adjacent faces contains always only one edge.

By oriented nets we mean in every face we choose a preferred direction for every
edge such that the common edge in two adjacent faces has the reversed direction
(fig. . An immersed net is a net with each vertex assigned with a position in
R3. The notation df;; indicates the immersed edge incident to the faces A; and
A; and with the orientation in face A;. It is clear that

dfi; = —dfy;

\

Figure 1: Orientation

Our basic object is the face-edge-constraint net, which looks similar as the
one in [9]. Instead of considering normals at the vertices, we consider the normals
defined on the faces. The vertex-based normals lead to a generalization of several
existing discrete integrable surfaces such as discrete integrable minimal surfaces
and CMC surfaces. However, it is difficult to obtain the notion of the discrete
mean curvature and corresponding Dirac operator in that setting. We will see in
the following that the face-based normals would fill this gap. A generalization
that merges these two types of edge-constraint nets is one of our goals for future
research.

Definition 3.1. A face-edge-constraint net X = (X, f,n) is an oriented net
X = (V,E,F) with an immersion f : V — R? and unit normals n : F — S?
assigned to each face, such that

n; +n; L dfi; (6)

holds for every pair of adjacent faces A; and A;, where df;; := f(v;) — f(v;) is
the discrete 1-form.

Remark 3.2. An immersed oriented net with all faces being planar and n; being
the normal of the face A; is always a face-edge-constraint net. We call such nets
classical nets.



An advantage of the face-edge-constraint nets is that they come with a natural
notion of mean curvature that arises from a face offset Steiner’s formula, as we
will see below. We are then able to introduce a discrete spin transformation and
Dirac operator such that the Dirac equation guarantees the closing condition of
the spin transformation. Moreover, one can control the mean curvature with the
Dirac equation exactly as in the smooth case.

Definition 3.3. Given a face-edge-constraint net the dihedral angle 6;; from
the face A; to A; is defined to be the angle from the plane P; to P;, where

P, = span{n;, df;;} and P; = span{n;,df;;} (fig. [2).

n;

Figure 2: Dihedral angle

Definition 3.4. For a face-edge-constraint net the integrated mean curvature
of the edge e;; is defined by

1 0;;
Hy; = S ldfyy| tan 2. (7)

The mean curvature of a face is defined to be the sum of the mean curvatures of
all the edges around the face:

H; =) Hj;
J

where j runs through all the adjacent faces of A;.

Remark 3.5. Suppose X is a smooth immersed surface and X; is the surface
offset obtained by shifting every point of X along the normals with distance ¢.
Then, Steiner’s formula for the infinitesimal area dA of X, gives

dA(X;) = (1 +2Ht + Kt*)dA(X) (8)

where H and K stand for the mean curvature and Gauss curvature of X
respectively. In order to be consistent with the terminology in |6} [10], we choose
the sign of H which is different from the one in [12].

Now let us consider a classical face-edge-constraint net X. If we move the plane



of the face A; along n;, as well as all the faces A; adjacent to A; along nj, with
the distance ¢, then we obtain the face offset Al. The area of Af is

mz;{(iAi)t + o(tQ))Area(Ai) (9)

hence our mean curvature can be thought of as the the mean curvature integrated
over the face A;.

Area(Al) = (1 +

Proof. See |12, Thm 2.4]. O

The next definition ties together all the edge-located information in one
quaternionic object:

Definition 3.6. The hyperedge E;; € H is a quaternion whose real part is
the mean curvature of the edge e;; and whose imaginary part is the natural
embedding of the edge into H, i.e.,

E;; = 2H,; + df;
It is easy to see the following two properties of hyperedges:
Proposition 3.7. For any hyperedge one finds:
1. E;j=Ej;
2. If the dihedral angle 0;; = 0, then E;; = df;; is purely imaginary.
One can read hyperedges as rotation quaternions. This way we obtain

Proposition 3.8.
Eigl 7 Eij = —nj

Proof. Direct computation yields

6
Eij = tan - |dfy;| + dfi;

.. .0, 0. df”
= |df;,| cos = (sm Y 4 cos -2 >
dfiglcos 2 2 ldfi;]
= |dfi;| cos 057 < oS 6”;” + sin 9”;” fis > )
|df ]

Apparently n; gets mapped to —n; by the rotation around the axis g}cj i with
ifii
the angle 0;; + .

Definition 3.9. Let H be the space of functions from the set of faces F' to H.
We also refer to the elements in H as the spinors. The discrete extrinsic Dirac
operator, also denoted by Dy, is defined as follows:

Df:,HH’H

Dy (9)|i = ZEij -(¢; — ¢s), for all facesi e F,
J

where j runs through all the neighboring faces of i.



Dy has a similar form as its smooth counterpart eq. . Since the sum of
the imaginary parts of hyperedges around a face vanishes, the Dirac operator
can be rewritten as

1 1
D¢ (9)]s = §ZE2']’ “¢;— 5(2&'3‘) - ¢
J J
1
§ZEU ¢ — (D_Hij)o
J J

1
3 ZEij ¢ — Hig;
J

Proposition 3.10. Let (-,-) be the scalar product defined on H
= ot
where © runs through all the faces of X and suppose X is a closed net. Then,

the discrete extrinsic Dirac operator Dy is self-adjoint.

Proof. Let j; be the indices of the faces neighbouring to .
(Dyo, ) = Z Dy

= Z Z §Ez‘j “¢j, — Hidithi
i i
7 _
=20 Gig Bt — Hidits
i Ji
If X is closed then we can switch the indices in the first term and it yields
1 _
(Do, h) = ZZ <2¢iEjii"/}ji - Hi¢ﬂl)i>
1__ _
=> > <2¢iEiji'¢ji - Hz¢z‘¢i>
i i
: 1 . 2 174 Ji 1%
z Ji
= Z%’Dﬂ/}i

= (¢, Dyy))

O

We will now define a scale-rotation type of transformation for face-edge-
constraint nets in the spirit of together with a condition for the result to be
integrable into a new face-edge-constraint net:



Definition 3.11. Let X be a face-edge-constraint net. The discrete spin transfor-

mation sg with respect to ¢, which is a map from faces to quaternion ¢ : F — H,
is given by (fig. [3):

s¢(Eij) = ¢i - Eij - ¢;
Sp(ni) = ¢ " ni- ¢y

54 (Eoi)=¢0-Eoi-¢i s¢(Eos)
Eo3 ¢o EBoz e
Eo1

Figure 3: Discrete spin transformation

s¢(Eo2)

54 (Eo1)

Theorem 3.12. For a simply-connected net X, if

Di¢ = pg (10)

where p: F — R is a real function, then the imaginary parts of the hyperedges
obtained by spin transformation are closed around every face.

Proof. The spin transformation of the face A; is
Y se(By) =Y i Eij- ¢
J J
= (ZEU - 0j)
J

=2¢,(p; + H;)o;
=2(p; + Hy)|s|?

which is a real number. Hence the imaginary parts of the transformed hyperedges
add to zero. O

The following proposition shows that the spin transformation maps a face-
edge-constraint net again to a face-edge-constraint net.

Proposition 3.13. Let s be a spin-transformation as above. Then

s(Bij) " - s(ng) - s(Eij) = —s(ny).



Proof. A direct calculation yields:
S(Eij) ™" -s(ni) - s(Eij) = (bi By - b))~ - 67" i ¢ - (bi - Eij - b)
:¢J‘_1'Ei;1'”j'Ei§1'¢j
= —¢; "0y 0,
= —s(n;).
O

Let X be the space of all face-edge-constraint nets. For every f € X, every
solution ¢ to gives rise to a new transformed face-edge-constraint net f. Its
mean curvature H changes from the original one H in the following way:

H = (p+ H)|¢f* (11)
Remark 3.14. In smooth case we have the formula (see [10])
H|Af| = H|df| + pldf| (12)
Let h = H|df| be the mean curvature half-density, then (12]) turns to
h=h+pldf| (13)

Since the integrated mean curvature H is approximately H|df|?, we define the
discrete mean curvature half-density by

h e H, H;
“Uldf| /Area;

then by Area; ~ |¢|*Area; we have

p
vV Area

therefore if we think of p as the integrated curvature potential, i.e., p ~ p|df|?,
it yields

ha~h+

h; ~ h + p|df| (14)

which concides with the equation in smooth case ([13)).

3.1 Minimal Surfaces and their Associated Family

Definition 3.15. We call a face-edge-constraint net a minimal surface, if H; = 0
for all 4.

We know that if ¢ is a solution to the Dirac equation

D¢ = —Ho (15)

10



then the spin transformation gives a minimal surface by eq. . Recall that in
smooth case a minimal surface doesn’t come alone but always with an associated
family [2]. In complete analogy, we will now see that there is a corresponding
construction for face-edge-constraint minimal surfaces. Suppose ¢; is a solution
to , then it is easy to verify that the following quaternionic functions
parametrized by A all satisfy as well

d(N)]i = (cos A +sin An;) - ¢;
The explicit formula tor the associated family then is given by

s(A)(Eij) = ¢(A)iEijd(A); (16)
(cos X +sin An;)@; Esj - (cos A + sin An;)@;

(cos A — sin An; ) Ejj(cos A + sin An;)¢;
(COS /\EU — sin /\’I’LiEij)(COS A + sin )\le)(]ﬁj
(

5 (cos? AE;; + cos Asin AE;;n;

bi
i
i

7
i

—sin Acos An; Eyj; — sin? A Eiin;)d;
= @(COS 2/\Eij — sin 2)\niEij)¢j
In |14] Lam shows that there exists an associated family which contains
two types of well-known minimal surfaces, A-minimal surfaces coming from

the discrete integrable system and C-minimal surfaces coming from an area
variational approach.

Definition 3.16 ([14]). Let X = (V| E, F') be an oriented net with the immersion
f:V — R3 and unit vectors defined on faces n: F — S2. (X, f,n) is called an
A-minimal surface if and only if

dfi; x (n; —nj;) =0, for all edgese;; € F (17)
(n; +nj,dfij) =0, for all edges e;; € E. (18)

Definition 3.17 ([14]). Let X = (V, E, F') be an oriented net, f : V — R3 be
the immersion with planar faces and n : F — S? be the real face normals. Let
0 = Z(ni,n;) be the angle between neighbouring face normals. (X, f,n) is
called a C-minimal surface if and only if

0
Hi = Z|dfu|tan7j (19)
J

vanishes for all faces i € F', where j runs through all neighboring faces of i.

Theorem 3.18. The two types of discrete minimal surfaces above are both
special face-edge-constraint minimal nets.

1. The A-minimal surface is the face-edge-constraint minimal net with van-
ishing integrated mean curvature over edges, i.e., H;; = 0 for all edges

€ij-

11



2. The C-minimal surface is the classical face-edge-constraint minimal surface.
Proof.

1. Tt is easy to see that the condition is our condition of face-edge-
constraint @ Moreover, and imply that the vectors n;, n; and
dfi; are coplanar, hence the dihedral angles 6;; (definition vanish for
all edges e;; € . Therefore H;; = 0 for all edges e;;.

2. Clearly, when n; is the real face normal, (X, f,n) is always a face-edge-
constraint net (we call it a classical net, remark [3.2) and only differs
from our integrated mean curvature by a constant factor.

O

It is then not surprising to see that the associated family given in [14] can
be reformulated with our spin transformation . Moreover, our face-edge-
constraint minimal surface is a generalization of the minimal surfaces in [14].

Remark 3.19. While the definitions in |14] can model the minimal surface with
curvature-line parameterization (C-minimal surface), asymptotic parameteriza-
tion (A-minimal surface) and their associated family, our new definition covers
more general minimal surfaces with arbitrary parameterization.

A Weierstrass representation Recall that in [15] Lam and Pinkall define
a discrete holomorphic quadratic differential ¢ : £ — Im(C) on a planar tri-
angulated mesh z : V — C, X = (V,E,F) in the complex plane and they
show that this gives rise to the two types minimal surfaces (definition and
definition by means of a discrete analogue of the Weierstrass representation.
By remark we know that our face-edge-constraint minimal surfaces can be
considered as a generalization of these two types minimal surfaces and indeed
we can generalize the discrete holomorphic quadratic differential, removing the
restriction on ¢ of being purely imaginary, and obtain the following generalized
discrete holomorphic quadratic differential:

Definition 3.20. Given a planar net on the complex plane z : V — C. A
holomorphic quadratic differential is a funtion ¢ : £ — C such that

Zqij =0, for all verticesi eV
J
ZQij/dZ(eij) =0, for all vertices i €V,
J

where j runs through all the neighboring vertices of .

Now, we are going to show that this holomorphic quadratic differential always
gives a family of minimal surfaces in a similar manner to [15].

12



Theorem 3.21. Let z : V — C be a realization of a simply connected triangular
mesh and q : E — C a holomorphic quadratic differential. Then there exists a
minimal face-edge-constraint net X,:

m (1= 2ziz)d + (L + 2i25)f + (20 + Zj)]k)>

where Re means taking the real part of each component of the quaternion.

Proof. To see that the imaginary parts of the hyperedges are closed around each
face, we refer to the proof of Theorem 6.3 in |15]. By direct computation we
have

Ez-gl s Ny Eij = —nj

indicating that X, is indeed a face-edge-constraint net. Note, that the integrated
mean curvature for an edge is H;; = Re(g;;), hence

Hi = ZRe(qij) =0
J

at any face A; by assumption, showing that X, is minimal. O

Remark 3.22. We can construct the associated family of a minimal surface by
rotating g;; with a constant unit complex number, g;; — quij, which is basically
equivalent to what we have done in .

3.2 A Spin Multi-Ratio

In this section we shall investigate an invariant of the spin transformation. It
turns out that this invariant — we will call it the spin multi-ratio — actually fully
characterizes face-edge-constraint nets up to spin equivalence.

Definition 3.23. A path in a net X is a sequence of faces

where (i) and (i + 1) are neighbouring faces or v(i)y(i + 1) € E*. The length
of the path is defined by the number of dual edges in the path, i.e.,

Iy =(v(1),7(2), - ,v(n))|=n—1

Given a face-edge-constraint net X = (X, f,n) the spin multi-ratio cry is a map
from the set of all the paths to the quaternions

1 .
cr(y) = {Evumz)_l Ey@a@) o Bynae - Dl s even
Eywa@  Ey@na@) - Bymenam - Il isodd

13



Definition 3.24. A loop at A; is a path starting and ending both at the same
face A;(fig. . Let’s define an equivalence relation on the sets of all loops at ¢
by:

CEITT R ETES PN (RPN
Then the set of all the loops at A; modulo the equivalence relation is endowed
with a group structure by:

Yoy = ((1),71(2), -+ ;71 (1), 72(1),72(2), - -+, y2(m), 12(1))
where 71 = (v1(1), -+ ,71(n),7(1)) and 72 = (y2(1),- - ,72(m),72(1)) and

nyl = (’71(1),71(7’1), te 771(2)7’71(1))

We denote this group at ¢ by O;. Furthermore, O{"*" is the subgroup which
consists of all the loops of even length at i, i.e.,

077" = {y € O;] || is even}
Note that the map cry restricted on Of¥¢" is a group homomorphism to H.

The next proposition shows how the spin multi-ratio changes under a spin
transformation.

Proposition 3.25. Let sy be the spin transformation
S¢ - X=X
with respect to the spinor ¢. Then

¢t erx(vi) ¢ |l is even

cry () = _ ——1 .
{qbi Loerx(vi) @i |l s odd

Therefore the argument and the norm of the spin multi-ratio are preserved if the
length of the loop is even.

From now on we simply index the faces in the loop by v = (1,2,--- ,n,1).

14



Remark 3.26. The norm of the spin multi-ratio contains the information of the
edge length as well as the dihedral angles:

ler(y)| = |E| - |[Eas| -+ - | B |5V

0L1|71n+1

0
:|C05§\"'~|cos '|612|71"""6n1‘(71)n

Proposition 3.27. For a loop v = (1,2,--- ,n,1) of even length the azis of the
spin multi-ratio cr(y) is always parallel to the normal ny on v(1). For a loop
with odd length the spin multi-ratio is always purely imaginary and perpendicular
to ny.

Proof. Consider the rotation of ny by cr(y):

cr(y) ™t my - er(y)

it can be decomposed to successive rotations and each of these rotations takes
the normal n ;) to the —n.(;41). Hence after an even number of rotations the
normal n; comes back to itself, i.e.,

er(y) ™t onger(y) = my

Since n; is a fix point of rotation represented by cr(y), the axis of cr() is exactly
ni.
In case of an odd number of rotations one ends up with

er(y)7t-ng cer(y) = —m
so cr(y) must furnish a 180 degree rotation (thus it is purely imaginary) with an
axis perpendicular to n;. O

With remark and proposition we have a clear understanding of the
geometric meaning of the norm and direction of the spin multi-ratio. Next we
are going to show some geometric interpretation of its argument. Since now we
only care about the argument, we use a modified version of spin multi-ratio,
denoted by cr, for the purpose of simplicity.

ér(’y) = E12 . E23 ceee e Enl

which differs from the true spin multi-ratio only by a scalar factor.

The rough idea is the following: one can rigidly unfold a classical net so that
the spin multi-ratio would be factorized into two parts, both of which are easily
understood. If the net is not classical one can first project the edges onto the
planes perpendicular to the normals and carry out the unfolding.

Lemma 3.28. Let d Z] be the pure imaginary quaternion with the same length
as E;; and parallel to the projection of df;; onto the plane perpendicular to n;,
ie.,
i — |Eij | - (dfij — (dfij, ni)ni)

! \dfi; — (dfij, ni)nal
Then Eij can be factorized into E;; = df}; - hij, where hij is the quaternion
satisfying the following properties:

15



1. hyj is a unit quaternion with positive real part.
2. The axis of hi; is perpendicular both to n; and n;. (20)
3. h;l Ny hij =n;.
Proof. Tt is easy to show that |df{;| = |E;;| and hence |h;;| = 1. Then we have
hij = € (=dfi; + (dfij, ni)ni) - Eij

0
=€ (—dfij + <dfij, n,}nz) . (tan 7J|df”| + df,‘j)
2 2 0i 03
= € |df”| — <df¢j, le> — tan ?|dflj |df1] + tan ?|dfw|<dflj, le>’ﬂ,l

+ (dfij, ni)ng x dfij)

where € is some positive number. It follows that
Re(hi;) = |dfij|* — (dfij, na)* = |dff;]> > 0
and
(Tm(hij), me)
= (—tan %|dfij‘dfij + tan %|dfij|<dfij,ni>m + (dfij, na)ni X dfij,ng)
= —tan %] |dfi;|{dfij; ni) + tan %|dfij|<dfij; ni)
=0.

Note that Tm(df;) L n; and df; - n; - (df{;)~" represents the transformation
which rotates n; around the axis Im(df;;) about 180 degree, hence

) N
dz’lj'ni'(dz’zj) =N
and therefore

hz_jlnzhsz;ld;an(d;J)ilEZj
= —Eij -n; - Ejj

which as well implies that
Im(hij) 1 n; .

16



Lemma 3.29. Lety=(1,2,---,n,1) be a loop. The modified spin multi-ratio
can be written as
crx(y) = [crx(y)[(e12 - eaz - - ep1) - (haz - 1)

where ¢; ;11 are pure imaginary quaternions such that ¢; ;41 L ny and ny is the
normal of the face v(1). If X is classical then

L(ei—1,i, ¢ i+1) = Z(dfi—14, dfiit1)-

Proof. Factorizing all the hyperedges E;; the spin multi-ratio becomes

= df112 “hyg - df223 hogg e dfpy - hn
= dfiy - (P2 - dfzs - hip) - (hazhas - dfgy - hog hiy) -
(hazhas - by dfft bty hyghy)
(h1g - has - hy1nhna).
Let
Ciit1 =N1o - him1 - dfi i h;,lu """ his, (21)
then, by we have ¢; ;11 L ny and ¢r(y) has the form

Crx(y) = [crx(7)|(e12 - e23 -+ - en,1) - (hag - hn1)-
If X is classical, then df{; = dfi; and

L(dfirirdfiivr) = Z(dfivis hizv - dfiivr - by )

because the axis of h;_; ; is parallel to df; ;—1. Applying the same rotation on

€i—1,i and hifl)i C €41 h;fl,i we get

L(ei—1,i, ¢ i41) = Z(dfi—14, dfiit1)-
O

Therefore, up to scaling, the spin multi-ratio can be written as the product
of two factors: We call ej - 23 - ... - ¢, 1 the edge part and hia - hog - ...  hy 1
the curvature part. To understand the edge part we need the following lemmas:
Lemma 3.30. Suppose n is an even number. Let ¢ = coswii + sinwij and

n n

q; = cos(wy — Zwi)ﬁ + sin(wy — Zwi)j

=2 =2

(see fig. @ Then

{cos(@) + sin(®)k n=0 mod4
q1-q2-...4n =

—cos(®) —sin(P)k n=2 mod4
n/2

where ® = 3 wo;.
=1

?
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Figure 5: The product of quaternions in ij-plane

Figure 6: A fundamental loop

We can prove the case that n = 2,4 by direct computation and generalize it
by the induction.
Since ¢; ;41 are all coplanar, by lemma we have:

12 - €23 < ... ep 1 = £(cos(P) + sin(P)k)

n/2
where ® = )" wy; and w; is the angle between the edges ¢;_1,; and ¢; ;11.
i=1

3.2.1 The Argument of the Spin Multi-Ratio and the Angular Defect

The angular defect around a vertex is known to be a polyhedral analog of
Gaussian curvature and as such plays an important role in discrete differential
geometry and we will show that it is closely related to the argument of the spin
multi-ratio.

From now on we consider, for simplicity, a special set of loops which enclose
only one vertex without duplicated dual edges. We call these loops fundamen-
tal(fig. @ The even fundamental loops are the fundamental loops enclosing a
vertex with even degree. In the following cr(v) denotes the spin multi-ratio of the
fundamental loop enclosing the vertex v. If no starting point of the fundamental
loop is specified then cr(v) is well-defined up to conjugation in H.

A vertex is called regular if and only if

(dfiiv1 ¥ dfi—1,i,m5) >0 (22)
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holds for all incident edges. The angular defect of a regular vertex is defined by
K(v)=2m— Z w;
i=1

where w; is the angle between ¢;_; ; and ¢; ;41 defined in .

Lemma 3.31. Let h; ;11 be the quaternions satisfying the conditions (20)). Then

K K
hiz-hoz - - hny :COS¥+sin¥nh

where ny is the normal of the first face ~v(1).
Proof. There are two unit quaternions, which differ by a sign, satistying h,_ z'1+1 .
N - R j+1 = Niy1, SO R, ;41 with positive real part is uniquely defined. Note that

h;,11 e h1—21 nq - hyg e By =y
the axis of hig - -+ - hy,1 is parallel to n; hence indeed
hlg'”-'hn)l S {a+b~n1|a7b€R,a2+b2= 1}.

If we cut along the edge e, 1, fix the face A; and unfold the faces along the path,
then it gives a planar pattern, where the original edge e, ; incident to face A; is
denoted by el ; and the edge en,1 incident to A, is denoted by en 1+ 1t follows

that "
h 11 o hle 6}171 hig -+ by = 62,1
and hence
hig -+~ hpi==% <cos @ + sin K;v)n1> .

To see that it indeed gives the right sign, observe that any pattern of vertex
star can be deformed continuously to a planar pattern. Moreover we can always
continously increase the angular defect while it’s negative and decrease it while
it’s positive until K = 0. During the deformation the value hiy - -+ - hy 1
changes continuously until it becomes 1 and it will never go through the value
—1. Therefore we only have to check the sign for the planar pattern and the
sign of the other cases will be determined accordingly. In fact, the planar vertex
star has K = 0, and all h;; would be just 1. Hence we have

hig- -+ hpy = 1.

Remark 3.32. We can take the following example to visualize the map
(—2m,27) — {a+b~n1 la,b € R, a®+b* = 1},

0 — 9+ i
COS — Sin —Nnq.
2 ot
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Figure 7: A sketch of the map K(v) — cos @ + sin @nl.

Assuming that two vertex stars Sy and Ss in fig. [7] have the same rotation
angle between 6711,1 and ey, ;, we can determine their positions up to the antipodal
points on the circle. Observe that S; can be deformed to the planar vertex
star without going through any pattern with angular defect 4+, which are
corresponding to the points £n; on the circle. Hence S; should sit in the first

quadrant. By the analogous argument S5 should sit in the third quadrant.
As a result the the argument of the spin multi-ratio can be characterized as
follows:

Theorem 3.33. Suppose v = (1,2,--+ ,n,1) is a loop of even length. The spin
multi-ratio can be written as

(0] P
M = :l:(cos— +sin—n1>
lerx ()] 2 2
n/2

where ® = K(v) +2- > wo; and ny is the normal of the face y(1).
i=1

Remark 3.34. The argument of a vertex star with angular defect K is the sum
of the angles for the shaded regions in fig. 8

n
Since K = 27 — Y w;, we can rewrite the argument as the alternating sum of

=1
the angles w;:

b =27+ Z(fl)iwi .
i=1

3.3 Spin equivalence

We are now able to show, that the spin multi-ratio determines the net up to spin
transformations.
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Figure 8: The argument of the spin multi-ratio.

Definition 3.35. Given two face-edge-constraint nets X and X’ if there exists
a spinor ¢ with |¢;| # 0 for all ¢ such that

Sd?(x) = :{/7

where s is the spin transformation introduced in definition [3.11} then we say
that X and X’ are spin equivalent.

Theorem 3.36. Given two face-edge-constraint nets X and X', if crx(y) and
cry/(7y) have the same argument and norm for all v € O™ then they are spin
equivalent. Moreover, if all the vertices in X have even degree then there are
a family of the spinor ¢, parametrized by S*, giving the spin transformation
between X and X'. If there exists at least one vertex with odd degree then the
SpInor 1S unique.

Proof. First consider the case with only even degree vertices, then all the loops
have even length. Choose the ¢; such that n; = ¢;1 -n; - ¢;. Note that all the
possible choices form a S'-parametrized set. Now we want to determine the
value at the face j. First take a path from i to j

7:(221727771:])

and by induction let

¢m+1 = E;%lm-l-l . ¢'7ﬂ1 : Evln,erl (23)

for m = 1,--- ,n — 1. Now, we just need to check that the value of ¢ is
independent on the choice of path. Suppose 7; and s , with |y1| = m; and
|v2| = mgo are two paths connecting ¢ and j. Label the in-between vertices by:

m=0=701),7(2), - ,7(m)=j)

and

Y2 = (i =72(1),72(2), -, -, 72(m2) = j).
Since |y1]| 4 |y2] is even, |y1| and |yz| are either both even or both odd. Suppose
that they are both even, then computing the value of ¢; along the path v; we
obtain that

/o1 . 1 /
D5 =B =1 om) T B 02@ 9 Bl ) o) B ma 1) (o)
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Then, computing the value of ¢; along the path v, we find

" _ -1 . 1 !
P =B ma—1)ya(ma) @ 9 By @) Bratma—1)92(ma)-

Note that 7, -y, ! forms an even loop, so cry (1 - v, +) and crys (71 - 75 ') have
the same argument and norm. Besides, the axis of X(v; - 75 1) is parallel to n;
and the axis of crz/(y1 - 75 1) is parallel to n}. Therefore we have

¢yt rerx(y vy ) ¢ = cre (e )
where by definition

_ _—
ax(% ) =Eymme Bu@me) By 2)7(1)
and .
—1 - / /
ax(n-7 ) =E e Baeme  FPra@aea)
It then follows that

—1 Enl —1 —1
¢ = ya(ma—1)y2(ma) Eon)me@) oty (172 ) - ¢

—1\ =1
e (7172 ) 1) @) B (ma—1) a(ma)
— 4

The argument is analogous for the case of |y1| and |y2| both being odd.

If there exists an odd loop 7, € O;, then we can first determine all the values of ¢
lying on the loop 7, by . Since crx(v,) and cry/(7,) are both pure imaginary
and perpendicular to n; and n} respectively, there is a unique ¢, satisfying the
following conditions:

o7t n g =l
@i - crx (7o) - ¢ = etz (o).

Fixing this ¢;, the values of the other ¢ on the loop ¢, are then all compatibly
determined.

To determine the values of ¢ on the other vertices j away from -, we just need
to again take some path between ¢ and j, if the path has even length, we are
done. Otherwise we can precompose the path with v, and obtain a even path.
It remains to determine the values of ¢ on this path by . O

4 The smooth intrinsic Dirac operator
In this section we are going to describe the exact connection between the extrinsic
and intrinsic Dirac operators (for a more detailed treatment of spin structures

and Dirac operators see [16]). The notation I'(P) stands for the space of sections
of some fiber bundle P.
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Again we start with the smooth setup: Suppose X is an oriented surface
and f: X — R? is an immersion. Let Cl3 — R? be the trivial Clifford bundle
over R? and let Sgs — R? be the corresponding trivial spinor bundle. These
two bundles both can be pulled back to X through the map f: Cl3|x = f*(Cls)
and Sgs|x = [*(Sgs). Furthermore since there is a natural identification
Cly = CI§°*™ by v — n - v where n is the normal of X in R3, we can define the
Clifford representation

p: Cly — End(S) (24)
v p3(n-v)
where pj3 is the Clifford representation of Cls.
Suppose ¢ is a section of the spinor bundle, i.e., ¢ € T'(Sx), the Dirac operator
is
D : F(Sx) — F(Sx)
¢ = p(el) : vel(b + p(eQ) ’ Vez(b

where {e1, €2} is an oriented orthonormal frame of X and V is the spin connection

of X.
Let ¢ € T'(Pspin(R?)) be a global parallel section of the spin bundle. Since

e The intrinsic spinor bundle Sx can be identified with the trivial ambient
spinor bundle Sgs by .

e Any section of the spinor bundle Sgs can be represented by a pair (¢, ¢.),
where ¢. € C°(R3,H), because Sgs is defined as an associated bundle
Sgs 1= Popin(R?) x o H, where ~ is given in (28).

¢ induces an isomorphism:

[ F(Sx) = Fx(SRa) — COO(X, H)
o= (c,9c) = de.
Theorem 4.1. Let f : X < R3 be an isometric surface immersion. Then we

have
co(D—H)oc ' =Dy,

where Dy 1is the extrinsic Dirac operator and H is the mean curvature of f.

Proof. Note that the covariant derivative of the ambient space and its hypersur-
face differ by a second fundamental form (see [8])

V_)(Y = ?XY — (@XY,NM
== 6Xy+ <Y,§X’I’L>

=VxY —1I(X,Y)n

n
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and the corresponding spinor connection satisfies
Vx¢=Vx¢— %Il(el,X)el n-¢— %H(eg,X)eg n-g.
It yields
D¢ = p(e1) - Ve, ¢+ p(ez) - Ve,

= pan) - paer) (?m ~ SlH(er,ex)ps(en) - ps(n) -

- %H(eh e2)ps(e2) - p3(n) '¢> + p3(n) - p3(ez2) - (Ve2¢ (25)

— STH(en,en)psler) - pa(n) - 6 — STH(es, e2)ps(ea) - ps(n)- ¢>

= p3(N) - ps(er) - Ve, &+ p3(n) - psles) - Ve, + Ho

where V is the Levi-Civita connection of R3.
Now let us take the global parallel frame ¢ with the following identifications

e1 —~df(er), ex—df(es), n—N

where df(e1), df(e2), and N are imaginary quaternions. Since ¢ is parallel, the
covariant derivative reduces to the partial derivative 0. Hence becomes:
co(D—H)oc ' =N-df(er) -0, + N -df(es) - 0o,
= df(e2)0e, —df(e1)0e,. (26)
On the other hand we have (see [4] for more details)
_dfAd
VI
(df(ex)et +df(e2)es) A (€10e, + €50, )
|df[?
(df(e1)0e, —df(e2)de,) el A ej
[df[?
= —df(e1)0e, +df(e2)0,,. (27)
Comparing with we finally find
co(D—H)oc ' =Dy

O

5 A Discretization of the intrinsic Dirac opera-
tor

Next, we aim to find a discrete version of the above relation. We start with
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5.1 A Discrete principal bundle

Following the ideas from [13] we construct the discrete principal bundle by the
connection between neighbouring faces.

Definition 5.1. Let X be an oriented net. We call (P, X,G,n) a discrete
principal bundle with connection if

1. each face A; is assigned with a manifold P; with a right action, free and
transitive, by a Lie group G.

2. P ={P;} is a collection of the manifolds P;.

3. each oriented dual edge z} is endowed with a connection n;; : P; — P; such
that 7;;(p - g) = 0:;(p) - g and nj; o n;; = Id.

Integrating the connections along the fundamental loop around a vertex v
we obtain the holonomy 2} € G:

sz = 7’]”71 O...O7]230’(]12(p)

It is easy to see that ) = Ad,-12,, hence the holonomy of the same fibre all
lie in the same conjugate class.

We know that the spin group Spin(n) is a two-fold covering of SO(n), namely
the following short exact sequence holds:

0 — Z2 — Spin(n) Lo, SO(n) — 0
where & is the adjoint representation. Given a SO(n)-principal bundle
(PSO7 X7 So(n)7 T])a

a lifting is a Spin(n)-principal bundle (Pspin, X, Spin(n),7) together with a set
of maps &; : Pglpm — Pgo which are compatible with the connections, i.e. the

following diagram commutes at each dual edge 13

) il ;
)
PSpin PSpin

J& J{&
Pio —— Pl
If n = 2, then since SO(2) and Spin(2) are both abelian groups, the holonomy
of the loop is well-defined without specifying an point p in the fibre.
5.2 Discrete associated bundle and Clifford multiplication

Definition 5.2. We consider a principal G-bundle Pg and a vector space W
with the left action by G. Take a product space Pg x W modulo the relation ~:

(p,v) ~ (pg ", gv) (28)
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We call Pg x . W the associated bundle to Pg. The connection on the associated
bundle is
(p,v)i = (i (p), v);-

Since
(p,v)i ——— (mij(p),v);

|- |
(p-97" gv) —— (mij(p) -9~ gv)

commutes, the connection is well-defined on the associated bundle. In order to
define the Clifford multiplication on bundle level we need to check the covariance.
Let S denote the irreducible Clifford module. Since there is a bundle isomorphism
Pso x W 22 Pgpiy xaq W, the Clifford multiplication can be defined as follows

(PSpin X Ad W) X (PSpin X S) — PSpin x S
(p,’U) X (p7x) — (pv’U : x)

1

If we change p to pg™", it yields

1

(pg~ " gvg™") - (g~ " g2) = (pg~ ', gv-x) = (p,vx).

Hence, the multiplication is independent of the choice of p. It is also easy
to see that the Clifford multiplication is compatible with the connection, i.e.

ij(v) - i (x) = iz (v - ), or

(,0)i X (0, 2)i — (7355 (p), 0); % (i3s3 (p), @),

commutes.

5.3 The Discrete Dirac operator

In order to introduce a discrete version of the spinor connection, which is
necessary for the intrinsic Dirac operator, we propose the following setting of
discrete intrinsic nets, which mimics smooth surfaces with Riemannian metric.
In the end we will show that the discrete intrinsic Dirac operator arising from
this setting couples with discrete extrinsic Dirac operator introduced in section
very well. Therefore they form a consistent framework together with the face
edge-contraint net setting in section[3] The notion of discrete spinor connection is
compatible with the one in the recent work [3], which is used for shape embedding
problems.
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Definition 5.3. An intrinsic net is an oriented net such that each face A; is
endowed with an Euclidean affine plane Affine(A;) and every oriented edge e;; in
A; is identified with a tangent vector (a vector attached to a point) in Affine(4;),
denoted by e;; such that

e the common edge is identified with the same length in the neighbouring
faces, i.e., le};]| = |ej],

e for each face A; the extension lines of the tangent vectors ef; form a convex
polygon with counterclockwise orientation.

Figure 9: The intrinsic net

Remark 5.4. The the edges in a face do not need to form a closed polygon.
However, it makes sense to define the angle between any pair of edges in a face
by taking the angle between their extension lines (see fig. E[)

Definition 5.5. An oriented orthonormal frame of a face A; is an oriented
affine isometric map ‘
p' i R? — Affine(A;).

Let pt := p¥( (é)) and pb = pi( (?) ). Given a frame at A;, the vector e;

can be represented by a linear combination of that frame, denoted by p*(ej;) or
e
Definition 5.6. Suppose X is an intrinsic net. An orthonormal frame bundle
with Levi-Civita-connection P4 — X is a SO(2)-bundle consisting of all the
orthonormal frames at each face A; satisfying (n;;(p")) (efj) = p'(e};)-

Now one can take any lift of the principal bundle with Levi-Civita-connection

Pst?n — PLS'. Then the tangent bundle can be constructed by

TX = P§S, xaq R?
and the spinor bundle can be constructed by

S =PLC %, §

Spin
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where S = H is the irreducible Clifford module of Spin(2) and L denotes the left
action of Spin(2) on S. Note that there is an isomorphism

TX; = Affine(4,;),
(e,v) — e(v).
Therefore the Clifford multiplication is defined by
Afﬁne(Az) X Sl — Si
(e,v) x (e,z) — (e,v - x)

and with this we are finally able to formulate a discrete intrinsic Dirac operator
as follows:

Definition 5.7 (Discrete Dirac operator). Given an intrinsic net X and the
principal bundle Pgpin, — Pso over X. The Dirac operator D is a map I'(S) —
I'(S), where I'(S) is the sections of S, defined as follows:

D(¢); = %Zeij 15 (P5)-

Note, that there is a well-defined Hermitian product
['(S) xT'(S) = H,
<(p7 1'1), (p> $2)> = Tl T2 .

Theorem 5.8. Any ¢ satisfying the Dirac equation

D¢ = po
where p : F' — R is a real-valued function, gives rise to a face-edge-constraint
net by:
Eij = (¢i, eij - i($5))s

1
= W«m’ﬂ{ . ¢z>

Uz

Proof. Compute

J
= (¢4, 2(D¢);)
= 2<¢i1p¢i>
= 2p|o|®

which is a real number. O

ZEij = Z<¢i>eij - 75:(95))

We will call these a face-edge-constraint realization of the underlying intrinsic
net with respect to the spinor ¢.
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5.4 Explicit construction of the intrinsic Dirac operator
and face-edge-constraint realizations

Now let us derive an explicit formula for the Dirac equation as well as the
face-edge-constraint realizations. We begin by choosing an orthonormal frame
pi = (pi,ph) at each face.

Let gi; € Spin(2) be defined by p; - gi; = 7;:(p;). Since ;5 o 7;; = Id, we
have g;; = gjjl. Then we take an isometric embedding of the the affine plane
Affine(A;) and Affine(A;) into i-j-plane such that

1. the common edge eﬁj and egj coincide in this embedding.
2. pi is mapped to i and p} is mapped to j.
Now, every vector in these two affine planes can be identified with a quaternion
in the i-j-plane by: _ 4
v = xp} + yps — xi + yj.
In particular
Pl = 11l + 1],
p; — Co11 + C22].
We can find a quaternion g;; such that
c11l + c12f = gijflg;,
Cort + Ca2f = gisig;; -

In fact g;; is uniquely defined up to a sign, which represent different liftings of
the connection. We will see in the next section that the choice of the lifting
actually determines the spin multi-ratio.

The parallel transport from a neighbouring face A; is:

5i((pj> 85)) = (i - 935, b5)
= (pi» 9ij - ¢5)-
In Affine(A;) we can write
i i i i .
€ = TP + Yypa = ¢ = T1 + YJ.
Therefore, the Dirac operator becomes
1 i
D(¢); = 52% “Yij - Pj
J

and in the local frame p; the Dirac equation has the form

1 i
5 Z ¢ " Gij - 9j = Pi®i-
J
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Moreover, a face-edge-constraint realization is given by the explicit formula

Eij = i~ ¢l - gij - b5
ni=¢;" k- ¢

To see that this realization is well-defined, we first compute

Eji=¢;- ¢}, Gji - i
Note that e?i = —egj = —g;jl . e;:j - gij and g;; = g;il. This implies

Eji = —; - 955" ¢l - 9ij - 9ji - i
g

and by gigl = g;; we obtain E;; = Ej;. Finally we need to show that
Eigl Ny Ez = —nj.
By direct computation we see

- - -1 T i
Ej niBij= (i el gij-¢5) -6 ki il gij0;
= ¢;lgi;1 (o) ke gij - 9

Since eﬁj lies in the i-j-plane,
—ej; kel =k
and g;; has the axis parallel to k, so gigl -k - gi; =k, it follows that

E;lTLlE” = —(]5;1 k¢] :—nj.

5.5 The Preferred Choice for the Lifting

(29)
(30)

(33)
(34)

We know that in an intrinsic net each edge admits two liftings with opposite
sign, hence an intrinsic net with n edges have 2" different spinor connections.
Now we are going to show that among all these spinor connections there are
some more reasonable ones, called the preferred liftings, which correspond to

the spinor structures in the smooth case.

Similar to eq. we call a vertex in an intrinsic net regular if and only if

<e§—1,i X 9%,1‘4—1,]1{) > 0.
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Let v be a regular vertex with even degree and X be the face-edge-constraint
realization of (X,.A) with respect to the spinor ¢, then

— 1 -1

crx(v) =FEis  -FEag--En_1, - Ena

- ¢2  —
:¢119%2'912W'¢2'€§3'923'¢3"'

-1 n—1 ¢n

01t i In-1nT g “n - 32,1 “Gn,1 91
’ |on|?
n

=@ iy gi2ehg - gag eZiin “On—1mCp 1 Gn1- P1
= ¢ el (912633015 ) - 912 923 €3a - 1y Gntin Oy Gn1 P
¢1ela - (912633915 ) - (912923834953 912 ) -

Q12 Gn i 1 Gn i G10 ) (G12 e gn) -

—1 1 1 1 1
:¢1 .e12.e23....en_17n.en71 .(912.....gn71).¢1 .

We call X = (X, f,n) a classical realization of (X,.A) if and only if X is classical
and all the internal angles are preserved:

Z(dfi—1,dfiiv1) = 4(2271,@‘7 eﬁ,m)-

For a classical realization, observe that el,-els-- - e}L_Ln . e}hl actually coincides
with the edge part of the spin multi-ratio of the classical realization. Hence

g12 -+ - gn,1 should coincide with the curvature part of the spin multi-ratio.

Definition 5.9. Let (X, A) be an intrinsic net with only regular vertices. A
choice of lifting is called a preferred lifting if

holds for all vertices.

Lemma 5.10 (A Gauss-Bonnet theorem for intrinsic nets). Let (X,.A) be an
intrinsic net (definition . Suppose the total angular defect ), K(v) is the
sum of the angular defects of all the vertices. Then we have

Z K(v) =2y

vertices

where x is the Fuler characteristic.

Proof. We have

Y K= Y @r-3)

vertices vertices
=27|V| - %
—2nv]— 3 B(A)
faces
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where 3(v) is the sum of the interior angles at the vertex v, X(A;) is the sum of
the interior angles in A; and ¥ is the sum of all the interior angles. Assuming
that in the face A; the extension lines of the vectors form an oriented convex
s;-sided polygon, then the sum of the interior angles is (s; — 2)7 and

E(A,) = (Si - 2)71'
Further note, that Y. s; = 2|E]|, hence

faces
Z K(v) =2n|V| - Z (si —2)m
vertices faces
= 2r|V| — 27| E| + 27| F|
= 27yx.

O

Theorem 5.11. Every intrinsic net (X, .A) (definition has a preferred
lifting.

Proof. Any choice of the lifting g;; gives a 2-cochain o in the following way. Let
i be a map from the vertices to Spin(2) defined by

and let v be the map defined by

K K
v[v] = cos Klv) + sin ﬂIk.
2 2
Since g; ;41 all lie in the i1-j-plane, p and v both indeed have the codomain
Spin(2). Since Spin(2) is abelian, p and v can be linearly extended to the
2-cochains of X*, i.e.,

w,v € C3(X™, Spin(2)).
The 2-cochain ¢ is defined by

ofv] == pfv] - vjv] Tt

Since g12 - -+ - gn,1 = £(cos @ 4+ sin @Ik), o is actually a 2-cochain with

coefficient Z, i.e.,
o€ C(X*,Zy).

Clearly o takes the value:

{1 g21- e Gn,1 = COS @ + sin @]k
ofv] =

—1 gop----- gn.1 = — cos @ _ sin Kév)ﬂ{ .

If g;; is a preferred lifting then o = 0. If we change the lifting at some edges,
then it leads to a 2-cochain ¢’ which only differs from o by a differential of a
1-cochain:

o' =o0+ds
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where § € C}(X*,Zy). It implies that even though o as a cochain depends on
the lifting g,;,
7€ H3(X*, 7o)

as a cohomology class doesn’t depend on the choice of the lifting but only depends
on the SO-connection. Moreover & = 0 if and only if there exists a preferred
lifting. Observe that

o[X*] = plX7] - v[X]

and we have p[X*] = Id because every g;; and g;; always appear in pair in X*.
Furthermore . K(v) = x - 27 by lemma [5.10, which is always an even number

veV
for a oriented surface. Hence v[X*] = cos § +sin $k = Id and then

o[X*] = 1.

We know that there is only one nontrivial class w € H?(X*, Zs) but w[X*] = —1,
thus w # & and 6 = 0. O

Definition 5.12. Given an intrinsic net (X,.A) satisfying the condition in
lemma the spin equivalence class is the set of the pairs (X, .4, 7) where 7 is
a preferred lifting of (X,.4) modulo the spin equivalence relation.

Theorem 5.13. The spin equivalence class of an intrinsic net with Betti number
b has 2° elements.

Proof. Let (X, A,n) and (X, A,n’) be two preferred liftings of the same under-
lying intrinsic net. Since the spin multi-ratio at each vertex v should be the
same for two liftings, at each vertex there should be even numbers of incident
edges e;; such that the n;; and ngj have reversed signs. Hence all these edges
form some closed boundaries.

For a simply-connected net these boundaries would create some separated disk-
like areas. It’s easy to see that any loops always cross these boundaries with an
even number of times. Therefore the spin multi-ratio for all the even loops are
the same for the liftings 7 and 7, meaning that they are spin equivalent.
Suppose the X has the Betti number b, we can always find 2b closed curves
which represent different non-trivial homology classes. Pick any of such a closed
curve, flip the signs of the spinor connections all along this curve and we obtain
a new spin equivalence class. O

Remark 5.14. Recall that in the smooth theories, an oriented manifold has the
spin structure if and only if the second Stiefel-Whitney class is zero. Hence a
oriented surface is spin if and only if the Euler characteristic is even (which is true
for all oriented surfaces). Furthermore a spin manifold has 22° number of spin
structures. Clearly theorem and theorem [5.13| show that our discretization
preserves all these results.
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6 The connection between the extrinsic and in-
trinsic Dirac operators in the discrete case

In the last section we started with an intrinsic net and constructed face-edge-
constraint realizations by solving the Dirac equation. Now we are going to
discuss the question: How can we construct the intrinsic net from a given face-
edge-constraint net? In fact we will see that each face-edge-constraint net is
associated with an intrinsic net and a constant spinor field ¢, with unit length
in the ambient space R? induces a spinor field on the intrinsic net. With this
induced spinor field one can reconstruct the original egde-constraint net from
the associated Riemannain net. Moreover the relation between the extrinsic and
intrinsic operators still holds in the discrete case. Precisely, the ideas can be
depicted as follows:

df' =¢-df ¢ _, .,
= (X, fin) —— X' = (X, f',n)
4 solving Dy = H'¢

®
|

realization w.r.t ¢,
UOTSIOWIWIT 91} 10310

X, A)

—~

Figure 10: The relation between intrinsic and extrinsic Dirac operators

For each face A; the hyperplane perpendicular to n; gives a affine structure
Affine(A;), we then can identify the edge e;; by

dfij — (dfijs ni)ni
|dfij — (dfij, ni)nil
Fix a reference frame p* for Affine(A;) and then ef; can be represented with p*,
denoted by ¢;;.

Recall that in the smooth case there is a section of the spinor bundle S — R3
given by ¢. = (¢, 1) where c is the globally parallel section of the spin bundle.
An immersion of the surface X — R? induces a section of S — X by restricting

¢ on X.
Now choose a unit quaternion g; € Spin(3) such that

er; = | Byl (35)

eﬁj :gi_l'eﬁj i
The constant section of the spin bundle can be formally defined by

c=piGi
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Then we can rewrite the spinor field (¢, 1) as
(¢,1) = (pi - 95, 1)
= (pi» 91)-
The spinor connection is then given by
gij = gi - hij - g; !
where h;; is defined in lemma with E;; = eﬁj - hi;. The Dirac equation
yields:

2D(¢e) = > (pir ¢y) - jile, 1) = Y (pirely) - ibji(ps - 950 1)

J J

= Z(pz‘, ¢i;) - 75i(psr 95) = Z(pi, ¢t;) - (i 9ij - 95)
J J

= Z(pi, eéj " 9ij * 95) = Z(pi,gi : 6% 'gi_l “9ij " 95)
J J

= (pirgi- €l -hij) = > _(pirgi - Eij)
J J

= (pi, i - (ZEij)) =2H; - (pi, 9:) = 2H; - (¢, 1)

= 2Hi ' ¢c-

It shows that the section ¢. satisfies the Dirac equation and the induced face-
edge-constraint realization exactly recovers the original face-edge-constraint net.
Let H be functions from the faces to H and I'(S) be the spaces of the sections
of the spinor bundle. The map ¢ is constructed by:

c:I(S)—>H
(¢, 9i) = @i
The arguments above also imply that
co(D-H)oc ' =Dy.

Compared with theorem [4.1] this shows that the discretization of the both
operators preserves the relation of their smooth correspondence. Note that with
the affine structure the intrinsic Dirac operator is different from the one
in [18] by a cosine factor, which was introduced for the purpose of numerics,
because in that case the Dirac operator would be covariant under edge-length
preserving deformations. In our case, the intrinsic Dirac operator is covariant
under hyperedge-length preserving deformations and hence it is more consistent
with the extrinsic one (fig. [10).

In summary, the key properties of our discrete extrinsic and intrinsic Dirac
equations are that they both determine the local closing condition of an im-
mersed surface in R3 and its mean curvature half-density. Besides, the notion
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of minimal surfaces in our framework generalize several well-known versions
discrete minimal surfaces, coming from integrable systems and area variation
formulations, respectively. The equivalence relation, induced by our discrete
spin transformation, preserves many important properties of the spin structure
from the smooth case.
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