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Abstract. �is short note resolves the most important part of the PS braid conjecture while introducing the �rst known

examples of knots and links with odd torsion of order 9, 27, 81, and 25 in their even Khovanov homology.

In 1999, the Jones polynomial [Jon] was categori�ed into Khovanov homology (KH) [Kho]. A bigraded

chain complex is associated to a link whose homology is an invariant of the link itself. Additionally, the Euler char-

acterictic of this chain complex, interpreted appropriately, is the Jones polynomial. KH is a powerful link invariant.

In particular, it detects the unknot, which, for the Jones polynomial is still an open question [KM]. KH has been used

to prove the Milnor unkno�ing conjecture combinatorially among other applications [Ras].

A wealth of information, in the form of torsion subgroups, is obtained from the KH of a link which has no

contribution towards the Euler characteristic of the chain complex and hence cannot be obtained from just the Jones

polynomial in general. It is thought that KH inherits Z2 torsion from its nature of construction and hence it is not

surprising that almost all knots and links have this group in their KH [AP, Shu].

�ings become more interesting and signi�cantly harder when one tries to search for torsion subgroups

of higher order. Not only are these extremely rare to �nd, computational limitations create roadblocks frequently.

Until the article [MPSWY], only a �nite examples of knots and prime links were known with non-Z2 torsion in their

KH. In the aforementioned article, in�nite families of knots and prime links containing Z3, Z4, Z5, Z7, and Z8 torsion

in their KH were introduced. �ese families consisted of torus links with twists. In addition to this, links containing

large torsion subgroups in their KH were also introduced. �e orders of these subgroups are all powers of two. �is

led to the present quest of trying to �nd knots and links with large torsion subgroups of odd order in their KH. �e

goal of this article is to trigger a study of odd torsion in even KH while keeping a very important question in mind.

What does torsion in KH signify?

For completeness, a very brief description of KH is �rst provided below. For more details, the reader is

directed to the articles [BN, Tur, Vir]. �is is followed by the discussion on the PS braid conjecture. �e �nal part of

the paper introduces knots and links with odd torsion of order 9, 27, 81, and 25 in their even KH.

1. Introduction

For D, an unoriented diagram of a link, let cro(D) denote its set of crossings. s : cro(D) −→ {A,B} is called

a Kau�man state of D. Let KS(D) denote the set of all Kau�man states. Further, let σ = σ (s) = |s−1(A)| − |s−1(B)|
for all s ∈ KS(D).

Denote by cir (s), the set of circles obtained from a Kau�man state s by smoothing the crossings of D ac-

cording to the convention described in Figure 1 and let t : cir (s) −→ {−1, 1}. t is called an enhanced Kau�man state
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Figure 1. Smoothing conventions for Kau�man states.

of D. Denote the set of enhanced Kau�man states of a link diagram D by EKS(D). For each enhanced Kau�man

state t , let τ = τ (t) = ∑
c ∈cir (s)

t(c).

For an enhanced Kau�man state t obtained from a Kau�man state s, let (a(t),b(t)) = (σ (s),σ (s) + 2τ (t)).
Now, let Ca,b (D) be the free Abelian group with generators: {t | t ∈ EKS(D) with a(s) = a and b(t) = b}.

Let t and t ′ be enhanced Kau�man states. �en, t ′ is said to be adjacent to t , if a(t) = a(t ′) + 2, b(t) = b(t ′)
and the Kau�man states corresponding to t and t ′ di�er at exactly one crossing with t having an A value and t ′

having a B value assigned to the crossing.

Finally, order the crossings of D and for a �xed integer b, consider the descendant complex:

· · · −→ Ca+2,b (D)
∂a+2,b−→ Ca,b (D)

∂a,b−→ Ca−2,b (D) −→ · · ·
with di�erential ∂a,b (t) =

∑
t ′∈EKS

(t : t ′)t ′. If t ′ is not adjacent to t , (t : t ′) = 0 and otherwise (t : t ′) = (−1)ω , with

ω the number of B-labeled crossings in t coming a�er the crossing at which the Kau�man states corresponding to t
and t ′ di�er.

With the notation above, the groups Ha,b (D) =
ker(∂a,b )

im(∂a+2,b ) are invariant under Reidemeister moves II and

III. �ese groups categorify the unreduced Kau�man bracket polynomial [Kau] and are called the framed Khovanov

homology groups.

Let ®D be the diagram obtained a�er �xing an orientation for D and let w = w( ®D) be its writhe. �en, the

classical Khovanov (co)homology of ®D can be obtained from the framed Khovanov homology in the following way:

H i, j ( ®D) = Hw−2i,3w−2j (D).

To avoid cumbersome notation, in the remaining part of this article, D (instead of ®D) is used to denote an

oriented link diagram.

Figure 2. �e element w1,4 = σ1σ2σ3σ4σ4σ3σ2σ1 ∈ B5.

Most of the previously known examples of knots and links with interesting torsion are derived from torus

links. In fact, it is conjectured that torus knots of type (p,p + 1), where p is a prime, contain Zp torsion. �e trend

of relying on derivatives of torus links for torsion in KH continues in this note too, however, with modi�cations to
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torus links in a di�erent way. In fact, the author hopes that the KH data of the links in these families will encourage

the readers to compute their other invariants.

Let Bn denote the braid group with (n − 1) generators. Further, let 0 ≤ i , j < n. For i < j, denote by wi, j ,
the braid word: σiσi+1 · · ·σjσjσj−1 · · ·σi and similarly, byw−1

i, j , the braid word: σ−1

i σ−1

i+1
· · ·σ−1

j σ−1

j σ−1

j−1
· · ·σ−1

i . Figure

2 shows w1,4 ∈ B5. Analogously, for i > j, denote by wi, j , the braid word: σiσi−1 · · ·σjσjσj+1 · · ·σi and by w−1

i, j , the

braid word: σ−1

i σ−1

i−1
· · ·σ−1

j σ−1

j σ−1

j+1
· · ·σ−1

i . Compare twisted torus links in [BK] with the closure of:

w1,n−1 = σ1σ2 · · ·σn−1σn−1σn−2 · · ·σ1 = (σ1σ2 · · ·σn−1)n(σ1σ2 · · ·σn−2)−(n−1) · · ·σ 2(−1)n
1

∈ Bn .

2. The PS braid conjecture

In 2012, the following conjecture addressing the potential connection between the torsion subgroups that

appear in the KH of a closed braid and its braid index was posed by Przytycki and Sazdanović [PS].

Conjecture 1.
(1) KH of a closed 3-braid can have only Z2 torsion.
(2) KH of a closed 4-braid cannot have odd torsion.
(3) KH of a closed 4-braid can have only Z2 and Z4 torsion.
(4) KH of a closed n-braid cannot have Zp torsion for p > n, where p is prime.
(5) KH of a closed n-braid cannot have Zpr torsion for pr > n.

Figure 3. KH of the closure of (σ1σ2σ3σ4σ5)7 ·w1,5.

3



SUJOY MUKHERJEE

It is believed that the �rst part of the PS braid conjecture is true. In fact, it has been proven to be true for

four out of the seven families of 3-braids [CLSS, Mur]. In particular, these in�nite families contain the torus links

T (3,n). Parts two and three were disproved by the closure of the braid: w5

1,3 ∈ B4 [MPSWY]. �e last part was

disproved by the family of links with large torsion subgroups of even order in their KH. A prominent member of

this family is the �at two cabling of the smallest non-alternating knot 819.�e �nal part of the PS braid conjecture

is resolved by the following theorem [Muk].

�eorem 2.
�e part of the PS braid conjecture stating that the order of torsion subgroups, when prime, appearing in the

KH of a closed braid is bounded above by its braid index, is false.

Proof.
Consider the braid: (σ1σ2σ3σ4σ5)7 · w1,5 ∈ B6. �e closure of this braid is a knot and its KH contains Z7

torsion in bigradings (23, 71) and (24, 75) as seen in Figure 3. �

Remark 3.
�ere are braids with smaller crossing numbers and braid indexes whose closures are counterexamples to the

last part of the PS braid conjecture. However, all such known examples are links. One of them is: (σ1σ2σ3σ4)5 ·w6

1,4 ∈ B5.

�e closure of this braid contains Z7 in its KH.

3. More knots and links with odd torsion in KH

A�er [MPSWY], the state of a�airs regarding odd torsion subgroups in KH was that in�nitely many ex-

amples of odd torsion subgroups upto Z7 were known and the next higher one, meaning Z9, was expected to show

up in the KH of the torus knot of type (9, 10). However, the KH of this knot is beyond reach even at present due to

limited computational abilities. �e challenge, therefore, was to �nd a knot or link within computational reach with

Z9 torsion in its KH. Surprisingly, not only was it possible to �nd knots and links with Z9 torsion in their KH, but

also ones with Z27, Z81, and Z25 torsion in their KH.

�eorem 4.
(1) �e closure of (σ1σ2σ3σ4)5 ·w5

1,4 ∈ B5 contains Z9 torsion in its KH. Also, the connected sum of the torus knot of
type (5, 6) with itself contains Z9 torsion in its KH.

(2) �e closure of the braid: (σ1σ2σ3σ4)6(σ4σ5σ6σ7)6(σ7σ8σ9σ10)6, the overlapping connected sum of the torus knot
of type (5, 6) with itself twice, contains Z27 torsion in its KH.

(3) �e connected sum of the closure of the braid: (σ1σ2σ3σ4σ5)6σ1σ2σ3σ4 with itself contains Z25 torsion in its KH.

�e article [MPSWY] proposed a family of links with torsion subgroups of order 2
s

in their KH. �e fol-

lowing conjecture, veri�ed uptom = 4, proposes a similar family for torsion subgroups of order 3
m .

Conjecture 5.
�e KH of the linkT (2, 3) #m (σ1σ2σ3)4σ1σ2, form ∈ Z+, contains the torsion subgroups Z3,Z9, . . . ,Z3

m , where
# denotes the connected sum operation.

T(2,3), in the above conjecture, can be replaced with a copy of (σ1σ2σ3)4σ1σ2. However, the trefoil knot is

chosen as it has a lower crossing number. In general, the computational complexity of KH is exponential. However,

from some experience it is clear that for the KH of certain families of links, the computational complexity seems to

be smaller. It may be useful to study this under a general framework when looking to predict the presence of larger

torsion subgroups in KH in a consistent way. Moreover, it is still unknown how non-Z2 torsion subgroups appear in

KH. �e note is concluded with the following question in relation to [Wat].

�estion 6.
Are there families of knots and links having the same free part but di�erent torsion subgroups in their KH?
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comments and suggestions on this project.

4



ON ODD TORSION IN EVEN KHOVANOV HOMOLOGY

�e author is grateful to the Columbian College of Arts and Sciences at the George Washington University

for the Dean’s Dissertation Completion Fellowship.

References

[AP] M. M. Asaeda, J. H. Przytycki, Khovanov homology: torsion and thickness. Advances in topological quantum �eld theory, 135-166,

NATO Sci. Ser. II Math. Phys. Chem., 179, Kluwer Acad. Publ., Dordrecht, 2004.

[BK] J. Birman, I. Kofman, A new twist on Lorenz links. J. Topol. 2 (2009), no. 2, 227-248.

[BN] D. Bar-Natan, On Khovanov’s categori�cation of the Jones polynomial. Algebraic Geom. Topology 2 (2002) 337–370.
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