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HYPERBOLIC 24-CELL 4-MANIFOLDS WITH ONE CUSP

JOHN G. RATCLIFFE AND STEVEN T. TSCHANTZ

ABSTRACT. In this paper, we describe all the hyperbolic 24-cell 4-manifolds
with exactly one cusp. There are four of these manifolds up to isometry.
These manifolds are the first examples of one-cusped hyperbolic 4-manifolds
of minimum volume.

1. INTRODUCTION

The 24-cell is a regular 4-dimensional polytope in either Euclidean, Spherical
or hyperbolic 4-space with exactly 24 sides each of which is a regular octahedron.
A hyperbolic 24-cell manifold is a hyperbolic 4-manifold that is obtained from an
ideal, regular, hyperbolic 24-cell by gluing each side to another side by an isometry.
Examples of hyperbolic 24-cell manifolds are given in our paper [8]. Hyperbolic 24~
cell manifolds have minimum volume among hyperbolic 4-manifolds. In this paper,
all hyperbolic manifolds are assumed to be complete. As a reference for hyperbolic
manifolds, see [7].

The main result of this paper is the following classification of all one-cusped
hyperbolic 24-cell manifolds:

Theorem 1. There are exactly four hyperbolic 24-cell manifolds, with a single cusp,
up to isometry. Each of these manifolds is non-orientable. The link of each cusp
is affinely equivalent to the second non-orientable closed flat 3-manifold N3 in the
Hantzsche-Wendt [3] classification of closed flat 3-manifolds.

The volume of a hyperbolic 4-manifold M of finite volume is given by the formula
Vol(M) = gm?x(M).

Our examples are the first known examples of one-cusped hyperbolic 4-manifolds
of Euler characteristic 1, and therefore of minimum volume.

The first examples of one-cusped hyperbolic 4-manifold were constructed by
Kolpakov and Martelli [4], and in particular, they found an example with xy = 4.
Examples of one-cusped hyperbolic 4-manifolds with x = 2 were constructed by
Slavich and Kolpakov [10, 5, 6]. The existence of our examples answers Question
4.17 of [5] in the affirmative.

Our paper is organized as follows: In §2; the flat manifold N3 is described. In §3,
the classification of the one-cusped hyperbolic 24-cell manifolds is described. In §4,
we discuss how to obtain a presentation for the fundamental group of a hyperbolic
24-cell manifold. In §5, ..., §8, we give a presentation for the fundamental group of
each of the one-cusped hyperbolic 24-cell manifolds. In §9, we determine the volume
of the maximum cusp of each of the one-cusped hyperbolic 24-cell manifolds. In
610, we determine the order of the group of isometries of each of the one-cusped
hyperbolic 24-cell manifolds. In §11, we describe the orientable double covers of
each of the one-cusped hyperbolic 24-cell manifolds.
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Name HQ H1 H2 H3 H4
24cl.1 Z Z@Zg @Zlg 7 0 0
24cl.2 7 YASY L 7Z.® 73 0 0
24cl.3 7 730 Zs Zs 0 0
24cld 7 73073 Zs 0 0

TABLE 1. Homology groups of the one-cusped hyperbolic 24-cell manifolds

2. THE CLOSED FLAT 3-MANIFOLD N3

The non-orientable closed flat 3-manifolds are classified up to affine equivalence
by their first homology group, with H; (N3) = Z®Z. The flat 3-manifold N3 is the
Euclidean space-form E3 /T where I is the crystallographic group with International
Tables Number 9. For the standard affine representation of T', see Table 1B of [1].
The flat 3-manifold N3 fibers in various ways (see Table 1 of [9]). In particular N3
is a torus bundle over the circle with monodromy the orientation-reversing isometry
of the flat torus E?/Z? induced by the reflection of E? defined by the matrix

(1s)

3. CLASSIFICATION OF THE ONE-CUSPED HYPERBOLIC 24-CELL MANIFOLDS

To prove Theorem 1, we first found all the possible side-pairings of an ideal,
regular, hyperbolic 24-cell that yield a hyperbolic 4-manifold by an exhaustive
computer search over a search space of order (23!1)48'2. Our search was successful
because the ridge and edge cycle conditions, defining when a side-pairing gives a
manifold, each depend on only a few of the side-pairing maps. A backtracking search
in the space of partial side-pairings that incrementally checks these conditions can
eliminate potential side-pairings early on. The next side to extend a partial side-
pairing is chosen strategically to maximize the conditions that can be checked thus
limiting the number of search tree branches that need to be examined. We further
took advantage of the symmetry of the regular 24-cell.

Up to symmetry of the regular 24-cell, we found 13,108 side-pairings that yield
a hyperbolic 4-manifold. Only four of these side-pairings yield a manifold with a
single cusp. We classified these one-cusped manifolds up to isometry by computing
their homology groups using a cellular homology chain complex. The one-cusped
hyperbolic 24-cell manifolds are classified by their first homology groups (see Table
1).

We now set up notation to describe the side-pairings for the four one-cusped
hyperbolic 24-cell manifolds. The hyperboloid model of hyperbolic 4-space is

H*={zreR°:2?+ . -+ 27 — 22 =—1and x5 > 0}.

We identify the group of isometries of H* with the positive Lorentz group O+ (4, 1).
We will work with a standard 24-cell ) in H* that is centered at the central point
(0,0,0,0,1) of H*. The outward normal vectors to the sides of @, with respect to
the Lorentzian inner product
roy=x1y1 + -+ TaYs — T5Ys,

are taken in the following fixed order:
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s1 = (1,1,0,0,1)

s2 = (—-1,1,0,0,1)
s = (1,-1,0,0,1)
sg = (—1,-1,0,0,1)
ss = (1,0,1,0,1)

s¢ = (—1,0,1,0,1)
s7 = (1,0,-1,0,1)
ss = (—1,0,-1,0,1)
s9 = (0,1,1,0,1)

S10 — (0,—1,1,0,1)
S11 — (0,1, 1,0,1)
S12 — (0, 1 O 1)
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The 24-cell is self-dual, and so @ has 24 ideal vertices, which are taken in the
following fixed order:
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We next list the sets of indices of the vertices of each of the 24 sides of Q.

S1
So
S3
Sy
S5
Se
S7
St
Sy
S1o
S11
S12

{13,14,15,16,19}
{5,6,7,8,18,19}
{9,10,11,12,17, 20}
{1,2,3,4,18,20}
{11,12,15,16,17,21}
{3,4,7,8,18,21}
{9,10,13,14,17, 22}
{1,2,5,6,18,22}
{7,8,15,16,19,21}
{3,4,11,12,20,21}
{5,6,13,14,19,22}
{1,2,9,10,20,22}

S13
S14
S1s
S16
Si7
S18
S19
Sa0
Sa1
Sa2
Sa3
Sa4

{10,12,14,16,17, 23}
{2,4,6,8,18,23}
{9,11,13,15,17, 24}
{1,3,5,7,18,24}
{6,8,14,16,19,23}
{2,4,10,12,20,23}
{5,7,13,15,19, 24}
{1,3,9,11,20,24}
{4,8,12,16,21,23}
{2,6,10,14,22,23}
{3,7,11,15,21,24}
{1,5,9,13,22,24}
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The side-pairing for 24cl.1 is given in terms of indices of vertices as follows:

Sl—>S52
SQ—>SQI
53—>5122
S4—>Sgl
S6—>821:
S7—>SQ4Z

SIO — 518 :
511 — Slg :
S13 — S17 :
S14 — Sog :
S15 — S23 :
516 — SQQ :

Note that we list only the side-pairings S; — S; with ¢ < j, since S; — §; is
obtained from S; — S; by reversing arrows and reordering so that initial indices

13 — 21,
5 — 21,
9 — 20,
1 — 18,
3 — 21,
9 — 24,
3 — 23,
5— 19,
10 — 14,
2 — 6,
9—7,
1—9,

are in increasing order.

14 — 11,
6 — 15,
10 — 9,
2—1,
4 — 8,
10 — 5,
4 — 2,
6 — 95,
12 — 19,
4 — 23,
11 — 21,
3 — 24,

15 — 16,
7 — 8,
11 — 2,
3 — 6,
7T — 12,
13 =9,

11 — 12,

13 — 15,

14 — 23,
6 — 22,

13 — 24,
5 — 20,

16 — 17,
8 — 19,
12 — 22,
4 — 22,
8 — 23,
14 — 22,
12 — 20,
14 — 24,
16 — 8,
8 — 10,
15 — 11,

7 — 3,

17 — 12,
18 =7,
17 — 10,
18 — 5,
18 — 16,
17— 1,
20 — 4,
19 — 13,
17 — 6,
18 — 14,
17 — 3,
18 — 11,

19 — 15
19 — 16
20 — 1
20 — 2
21 -4
22 — 13
21 — 10
22 —» 7
23 — 16
23 — 2
24 — 15
24 — 1

The side-pairing for 24c1.2 is given in terms of indices of vertices as follows:

Sl_>56:

S2—>810:
S3—>811:
S4—>S72

S5—>Sg4!
Sg—>521!
S9—>820:

S12 — S17 :
S13 — S23 :
514 — Slg :
515 — 518 :
S16 — Sog :

13 — 18,
5 — 20,
9 — 22,
1 — 22,
11 — 9,
1 — 12,

7—9,
1 — 14,
10 — 21,
2 — 24,
9 — 20,
1 — 23,

14 — 4,
6 — 12,
10 — 14,
2 — 10,
12 — 24,
2 — 21,
8 — 20,
2 — 23,
12 — 11,

4 —5,
11 — 2,
3 — 10,

15 =7,

7T — 3,
11 — 5,
3 — 13,
15 — 22,
5 — 23,
15 — 24,
9 — 19,
14 -7,
6 — 15,
13 — 12,

5 — 06,

16 — 21,
8 — 21,
12 — 19,
4 — 17,
16 — 5,

6 — 8§,
16 — 3,
10 — 8§,
16 — 24,
8 — 19,
15 — 23,
7 — 22,

17— 8,
18 — 11,
17 — 6,
18 — 9,
17 — 13,
18 — 4,
19 =1,
20 — 16,
17 — 15,
18 =7,
17 — 10,
18 — 2,

19 — 3
19 — 4
20 — 13
20 — 14
21 —» 1
22 — 16
21 — 11
22 =6
23— 3
23 — 13
24 — 4
24 — 14

The side-pairing for 24c1.3 is given in terms of indices of vertices as follows:

Sl—>S5Z

SQ—>513!
S3—>816:
S4—>Sg:

S6—>821:
S7—>5231
Sg—>5181

SlO — SQO :
S11 — Soy :
S12 — Slg :
514 — 515 :
517 — 522 :

13 — 17,
5 — 23,
9 — 5,
1—6,
3 — 23,
9 — 21
7T— 12,
3 — 20,
5 — 13,
1—5,
2—9,
6 — 10

14 — 16,
6 — 12,
10 — 24,
2 — 22,
4 — 16,
10 — 3,
8 — 20,

4 — 3,
6 — 22,
2 — 13,
4 — 13,
8 — 22,

15 — 11,
7 — 14,
11 — 18,
3 — 18,

7T —4,
13 — 15,
15 — 23,
11 -9,
13 — 24,

9—17,
6 — 11,
14 — 23,

16 — 21,
8 — 17,
12 — 3,

4—1,
8 — 21,
14 — 24,
16 — 2,
12 — 24,
14 — 1,
10 — 15,
8 — 15,
16 — 6,

17 — 12,
18 — 16,
17— 17,
18 — 2,
18 — 8,
17 — 11,
19 — 4,
20 — 11,
19 — 9,
20 — 24,
18 — 24,
19 — 14,

19 — 15
19 — 10
20 —1
20— 5
21 — 12
22 —» 7
21 — 10
21 — 1
22 — 5
22 — 19
23 — 17
23 — 2
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The side-pairing for 24c1.4 is given in terms of indices of vertices as follows:

S;—Se: 13521, 14—15 158, 16—19, 17—16, 19—7

Sy — Sig : 5—13, 6 — 15, 7—5, 8—>7, 18—19, 19— 24
S3 — Sis : 9—10, 10—12, 11—2, 12—4, 17—20, 20— 23
Sy — Sia: 1 — 20, 2—9, 3—2, 4—22, 18—1, 20— 10
S5 — Sog : 1—=3, 12—-7 15—>11, 16— 15, 17—21, 21 —>24
S¢ — S7: 3—9, 417, 7—22, 8—14, 18—13, 21 —10
Sg — S9o : 1—2, 2—6, 5—10, 6—14, 18 —22, 22 —23

Sig—Se1: 3—12, 4—23 11—21, 12—8, 20—16, 21 —4
S11 —, So4 : 5—9, 6—22, 13—24, 14—5, 19—1, 22—13
Si3—+S1,: 10—3, 12—1, 14—7, 16—5, 17—24, 23 —18
S1a— S5 2—13, 4 — 15, 6—9, 8—11, 18—=24, 23— 17
S17 — Sog : 6 — 20, 83, 14—9, 16—24, 19—11, 23—1

4. PRESENTATIONS FOR THE CORRESPONDING DISCRETE GROUPS

In this section, we discuss how to obtain a presentation for the fundamental
group of a hyperbolic 24-cell manifold from a side-pairing of the 24-cell ) together
with an ordering of the sides of Q.

A side-pairing map S; — S; determines a side-pairing transformation g; in
O™ (4,1) which is the composition r; f; of the symmetry f; of @ that corresponds
to the side-pairing map S; — S followed by the reflection r; of H 4 in the side S;.
Note that g; = (g;)}, since (g;)~* = (f; 'rjfi)fi * = rif;, and so we will assume
that @ < 7.

By Poincaré’s fundamental polyhedron theorem, a side-pairing of @ together
with an ordering of the sides of @ determines a set of 12 side-pairing transformations
that form a set of generators for a discrete subgroup I, of O7 (4, 1) whose orbit space
H*/T, is isometric to the hyperbolic 4-manifold M obtained by gluing together the
sides of @ by the side-pairing. The fundamental group of M is isomorphic to T',.

The dihedral angles of the regular polytope @ are all 7/2. Therefore @ de-
termines a regular tessellation Q of H* with fundamental cell Q. The group of
symmetries of the tesselation is a (3,4, 3,4) Coxeter simplex reflection group I" gen-
erated by the reflections of H* represented by the following matrices in OT(4,1):

1 1 1 10 100 00 10000
oo 010 00 0100 0
1211 c10l.loo1 ool looo1o0],
201 21 21 10 000 -1 0 00100

0 0 0 0 2 000 01 0000 1

1000 0 1 -2 0 0 2
00100 2 —1.0 0 2
o1000/|,] o 0100
00010 0 00 1 0
0000 1 2 2.0 0 3

The last matrix represents the reflection of H* in Side 1 of Q. The first four
matrices generate the group of symmetries of ), which has order 1152. The group
T', is a torsion-free subgroup of I' of index 1152.
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By Poincaré’s fundamental polyhedron theorem, defining relators for the side-
pairing transformation generators of I, are in one-to-one correspondence with ridge
cycles determined by the side-pairing. A ridge is a co-dimension 2 face. The 24-cell
@ has 96 ridges, each an ideal triangle, that are partitioned into cycles of order 4,
since the dihedral angles of @ are all m/2. Therefore, there are exactly 24 ridge

cycles, and 24 corresponding defining relators of length 4 for the group I'..

Let I'y, be the torsion-free subgroup of I' of index 1152 determined by the given

side-pairing for the manifold 24cl.k for k =1,...,4.

5. PRESENTATION FOR THE GROUP I';

The 12 side-pairing transformations g1, g2, g3, 94, 96, 97, 910, 911, 913, 914, 915, 916

that generate the group I'y are represented in O (4, 1) as follows:

-3 -3 1 1 4 11
-1 1 1 -1 0 3 -3
=il -3 -3 -1 -1 4 [, @p=31]3 -3
1 -1 1 -1 0 11
-4 -4 0 0 6 4 —4

1 1 -1 1 0 -3

3 -3 1 1 —4 ~1

g3 =14 3 -3 -1 -1 -4 |, g=3%| -3
1 1 1 -1 0 1

-4 4 0 0 6 4

-1 1 -1 -1 0 ~1

-1 -1 -1 10 ~1

96 =% 3 -1 -3 -1 4 |, g =1 3
3 1 -3 1 4 3

4 0 -4 0 6 —4

1 1 1 =1 0 1

-1 -3 3 -1 —4 —1

g10=7% 1 -1 -1 -1 0|, gu=3 1
-1 3 -3 -1 4 —1

0 4 -4 0 6 0

-1 -1 -1 1 0 —1

-3 -1 1 -3 4 —1

gs=3| -1 1 1 10|, gu=3| -3
-3 1 -1 -3 4 3

-4 0 0 —4 6 4

-1 1 1 -1 0 —1

-1 -1 -1 -1 0 -3

gs=3| -3 -1 1 3 4|, gs=3]| -1
3 -1 1 -3 —4 -3

-4 0 0 4 6 4

-1 1 0

1 1 4

-1 -1 4

1 -1 0

0 0 6
-3 1 1
1 1 -1
-3 -1 -1
-1 1 -1
4 0 0
1 -1 -1
-1 -1 1
-1 -3 -1
1 -3 1
0 4 0
1 1 -1
-3 3 -1
-1 -1 -1
3 =3 -1
—4 4 0
1 1 -1
-1 -1 -1
-1 1 3
-1 1 -3
0 0 —4
-1 -1 1
-1 1 -3
1 1 1

1 -1 -3

0 0 4

—4

—4
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Defining relators for the above set of 12 generators for I'y are as follows:

93 917619212 93 91:03 9t L, 929 gf{gﬁﬂ 94916 911 914,
g7 91_51 91_62a g4 91_41 91_3197_17 g3 97_1 91—61’ gé 97_1 g3 910,
94 919 914:1 gs 91751 e QE(IJ » g1 glf’l 91741 gs, 96 910 Y914
g2 91_1194_926 y g1 9%5 9_1(13 9 5 92 91_61 91_01 96_71 g1 91_319191915,
96 914 Y13 > 91911 92 92914 97 9115 93913 911 975
9% 92 913, 9595 93 93 911" 9154 9191 915 -

6. PRESENTATION FOR THE GROUP I'y

The 12 side-pairing transformations g1, g2, g3, 94, g5, gs; 99, 912, 913, 914, 915, J16
that generate the group I'y are represented in O (4, 1) as follows:

3 3 1 1 -4 -1 -1 -1 1 0
1 -1 1 -1 0 -3 3 11 -4
1 -1 -1 1 0 1 1 -1 1 0
-4 —4 0 0 6 4 —4 0 0 6
-1 -1 -1 1 0 3 3 1 1 4
-3 3 1 1 4 1 -1 1 -1 0
1 1 =11 0 1 -1 -1 1 0
—4 4 0 0 6 4 4 0 0 6
1 -1 -1 - 0 1 -1 -1 -1 0
1 1 -1 0 1 1 -1 1 0
g5 = % 3 —1 3 —4 |, g= % 3 -1 3 1 4 |,
3 1 3 -1 -4 3 1 3 -1 4
—4 0 —4 0 6 4 0 4 0 6
-1 -1 1 -1 0 -1 -1 1 -1 0
1 3 3 -1 —4 1 3 3 -1 4
go = % 1 -1 1 1 01, gi2= % T -1 1 Lo,
-1 3 3 1 -4 -1 3 3 1 4
0 —4 —4 0 6 0 4 4 0 6
1 -1 1 -1 0 1 1 -1 1 0
1 1 -1 -1 0 3 1 1 -3 4
g13 = % -3 -1 -1 -3 4 , J14 = % -1 -1 -1 0 )
3 -1 -1 3 —4 -3 1 1 3 —4
—4 0 0 —4 6 4 0 0 —4 6
11 -1 1 0 1 -1 1 -1 0
3 1 1 -3 -4 1 1 -1 -1 0
gs=3| -1 1 -1 -1 0], gs=3| -3 -1 -1 -3 —4
-3 1 1 3 4 3 -1 -1 3 4
-4 0 0 4 6 4 0 0 4 6
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Defining relators for the above set of 12 generators for I'y are as follows:

The 12 side-pairing transformations g1, g2, 93, 94, g6, 97, 99, 910, 911, 912, 914, 917

92912 94 95

93913 95 91

9191299 95

94 915 99 913,

93 gi{ 91_21 gs:
91915 913 92,

94 91_21 91_31 gf@i,
g1 ggz ) 91:61 91:31,
g3 gl,?’l 9571 917217
95913 915 914 »
91 914 912 916,
9295 " 914 93

95 987.(17;21?16l1
gs 91_61 91_41 915 »
g2 91741 Yo géi
91913 91498 >
91 93 915 94,
929395 915

g4 91_61 91595
95 99 9}3 981,
9394914 916
-1 -1 -1
92916 98 Y99 >
91 94 92 gi4,
9195 " 93 9o.

7. PRESENTATION FOR THE GROUP I3

that generate the group I's are represented in O7 (4, 1) as follows:

g1

g3

9ge

99

g1

N[

914

(SIS

(SIS

N[

-3 -3 -1 -1 4
-1 1 -1 1 0
-3 -3 1 1 4 |,
1 -1 -1 10
4 -4 0 0 6
3 -3 -1 1 —4
1 1 -1 -1 0
1 1 1 1 o[,
3 -3 1 -1 —4
-4 4 0 0 6
1 -1 1 10
~1 -1 -1 1 0
3 01 -3 1 4 |,
3 -1 -3 -1 4
4 0 -4 0 6
-1 -1 1 -1 0
1 3 3 -1 —4
-1 1 -1 -1 o0 |,
1 -3 -3 -1 4
0 -4 -4 0 6
-1 1 1 -1 0
-1 -1 -1 -1 0
1 3 -3 -1 —4
-1 3 -3 1 —4
0 -4 4 0 6
2.0 0 -1 2
001 0 0
o010 0 o[,
-1 00 2 -2
2 00 -2 3

(SIS

(SIS

94

N[

gio

gi2

OO = OO

g7
1

0

3 1 1 4
1 1 -1 0
1 -1 10
3 -1 -1 4
-4 0 0 6
3 -1 1 -4
1 -1 -1 0
3 1 -1 —4
1 -1 -1 0
4 0 0 6
1 1 -1 0
1 -1 -1 0
1 3 -1 4
1 -3 -1 -4
0 4 0 6
1 -1 -1 0
-3 3 1 —4
1 -1 1 0
-3 3 -1 —4
4 —4 0 6
0 01 0
2 1.0 2
0o 00 o],
1 -2 0 -2
2 20 3
1 -1 -1 0
1 1 -1 0
3 -1 3 -4
3 -1 -3 4
4 0 -4 6
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Defining relators for the above set of 12 generators for I'; are as follows:

9396 " 917, 94912 91 91914 911912, 93 910 914 94,
929110 96’_11, 9399 9o 1_?f01_’1 9397095 " L, % gﬁl 911
gs 91721 gzglljl 9397 Y10 9125 92 glflgll 917> 91 911 910771
g1 99_2 914 97 > 9293914 917, 96 914 22 9_917 g1 91_219121914 )
g1 91771 99‘:1 91 914 .2652937 ge gzgujg ) 92 91771 97 9};
9299 Y10 97, 91929¢ 92911 97 99 » 9197 9149y -

8. PRESENTATION FOR THE GROUP I'y

The 12 side-pairing transformations g1, g2, g3, 94, 5, g6: g8, 910, 911, 913, 914, g17
that generate the group I'y are represented in O (4, 1) as follows:

1 -1 -1 1 0 0 0 -1 0 0
-3 -3 1 1 4 1 =2 0 0 2
=il -3 -3 -1 -1 4 [, g2 = o 0 01 0|,
1 -1 1 -1 0 -2 1 00 -2
-4 -4 0 0 6 2 -2 00 3
0 0 -1 0 0 1 -1 -1 1 0
1 -2 0 0 -2 -3 -3 1 1 —4
g3 = o 0 o1 0], =% -3 -3 -1 -1 -4 |,
-2 1 00 2 1 -1 1 -1 0
-2 2 00 3 4 4 0 0 6
01 00 0 3 -1 -3 1 4
00 01 0 -1 1 -1 1 0
= -10 -2 0 2], g6=2| -3 -1 3 1 -4 |,
2 0 1 0 =2 1 1 11 0
-2 0 -2 0 3 4 0 -4 0 6
01 00 0 -1 -1 -1 -1 0
00 01 0 1 -1 -1 10
g=| -1 0 -2 0 -2 |, g0 =% 1 3 -3 -1 4 |,
2 0 1 0 2 -1 3 -3 1 4
2 0 20 3 0 4 —4 0 6
-1 -1 -1 -1 0 2 0 0 1 -2
1 -1 -1 1 0 01 0 0 0
g1 =3 1 3 -3 -1 -4 |, giz= 00 -1 0 0],
-1 3 -3 1 —4 10 0 2 -2
0 -4 4 0 6 -2 0 0 -2 3
2 00 -1 2 1 1 -1 -1 0
0 -1 0 0 0 1 3 1 3 —4
gia = 0 0 1 0 0 y 917:% —1 1 1 -1 0
-1 00 2 =2 -1 3 -1 3 —4
2 00 -2 3 0 -4 0 -4 6
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Defining relators for the above set of 12 generators for I'y are as follows:

N ggj 97 93 93 %7137 . 9195 91411 9871 g3 91419f71 9217
g3 91_31 g17 91{)7 94 910 91_:1), Jgs , 93 917191_1 lgg_ y 91911 913 g?_ ;
92911 94914, 92913917 911, 9395 Y9s Y94, 9191493910 »

g3 91’41 gflf 1 93 96 910 » 96 913 s 91y 95950 96 Yo1s
92917 910 95+ 95 914195071 9195~ 917, 9196 14 95,
919295 96, 959 911 93 913 92, 91917 J14 9y -

9. VOLUMES OF MAXIMUM CuUSPS

In this section, we determine the volume of the maximum cusp of each of the
one-cusped hyperbolic 24-cell manifolds.

Proposition 1. The volume of the mazimum cusp of each of the one-cusped hy-
perbolic 24-cell manifolds is 8.

Proof. We pass to the conformal ball model of H* and center the 24-cell Q at the
origin. Two horoballs based at adjacent vertices of @) that project to the maximum
cusp are tangent at the Euclidean midpoint of the edge of @ joining the vertices.
From this observation, it is easy to work out the volume of the maximum cusp. 0O

10. ORDERS OF ISOMETRY GROUPS

In this section, we determine the order of the isometry group of each of the
one-cusped hyperbolic 24-cell manifolds.

Proposition 2. The order of the group of isometries of the hyperbolic 4-manifold
24cl.k, for k=1,...,4, is 12,12,2,8, respectively.

Proof. The number of side-pairings of the 24-cell ) for the manifold 24cl.k, for k =
1,...,4, that are equivalent up to a symmetry of @ is 12, 12, 2, 8 respectively. Hence,
the order of the group of isometries of the hyperbolic manifold 24cl.k, for k =
1,...,4, that are induced by a symmetry of the 24-cell @ is 12,12, 2, 8 respectively.
That these are the orders of the full groups of isometries of the manifolds will
follow once we prove that Q is the Epstein-Penner canonical tessellation [2] of H*
determined by the manifolds.

Let M = H*/T, be one of the hyperbolic manifolds 24cl.k, for k = 1,...,4.
Let C be a cusp of M. Choose an ideal vertex u of ). Then C' is covered by a
horoball B based at u. Let v be the vector on the positive light cone L™ such that
the horosphere 0B has the equation x o v = —1. The vector v lies on the ray from
the origin in L™ corresponding to u.

Each ideal vertex of @ is equivalent to u by the composition of a finite sequence
of side-pairing transformations, since M has a single cusp. Suppose that wu is
equivalent to the ideal vertex u’ be a side-pairing transformation g. Then g is the
composition rf where f is a symmetry of ) that maps u to v’ and r is a reflection
that fixes u’. Therefore, the orbit I',v contains the vectors v = vy, ..., va4, of the
same height on L', on the rays in L' corresponding to the ideal vertices of Q.
Therefore, the convex hull of the vectors v = vq,...,v24 is a horizontal Euclidean
regular 24-cell F. The remaining vectors in the orbit I',v are higher up on L™ than
v, since a nonidentity element of I', moves @ higher up on H*. Therefore F is a
face of the convex hull of the orbit I',v.
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Name HO H1 H2 H3 H4
24cdcl.l Z Z@Zg @Zlg ZQ @Zg @Zlg 0 0
24cdcl.2 Z 2073 ®Zizs Z*®Zs®Zi3 0 0
24cdcl3 Z Z@®ZEDZs 1 ®Zo®Zs 0O 0
24cdcl.d 7 7@ 73 VARV 0 0

TABLE 2. Homology groups of the orientable double covers

The face F radially projects from the origin onto Q. As @ is a fundamental
polytope for I'y, we deduce that F' is a fundamental polytope for the action of T,
on the boundary of the convex hull of I'xv. Therefore Q is the Epstein-Penner
canonical tessellation of H* determined by M. Hence, every isometry of M lifts
to a symmetry of Q. Therefore, every isometry of M is induced by a symmetry of

Q. O

11. ORIENTABLE DOUBLE COVERS

The orientable double cover of the flat 3-manifold N3 is the 3-torus. Therefore,
the orientable double cover of each of the one-cusped hyperbolic 24-cell manifolds
is a hyperbolic 4-manifold with one cusp of link type the 3-torus. The homology
groups of the orientable double covers of the one-cusped 24-cell manifolds are given
in Table 2.

Observe that manifolds 24cdcl.1 and 24cdcl.2 have the same homology groups.
This suggests that 24cdcl.1l and 24cdcl.2 are isometric manifolds. In fact, these
manifolds are isometric, since the side-pairings of two 24-cells that glue up the
manifolds are equivalent up to symmetries of each of the two 24-cells.
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