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In Appendix [A] we collect technical lemmas needed to prove the main results, which
are presented in Appendix [B] Details of the algorithm for solving the optimization prob-
lem are presented in Appendix , while the selection of the tuning parameters is dis-
cussed in detail in Appendix [D] Further, additional simulation results for the comparison
with two competing methods are reported in Appendix [E] Finally, note that all constants
C1,Co, ..., k1, ko, ... 1in the proofs of Lemmas and Theorems are generic constants, and their
repetitions on different places in the proofs do not imply they are identical.

Appendix A: Technical Lemmas

Lemma A1l. Under Assumption Al, there exist constants ¢; > 0 such that with probability
at least 1 — ¢y exp(—ca(log(q) + 21log(p))), for any sequence ¢y,

ti—1

(t; =) ZYuY/l r7(0)

sup
1<j<mo+1,5>t51+q;|tj—s|>cn

where T9(0) = B(Y, 1Y/ ;) for t;—1 +q < t < t;. Moreover,

< 03\/103;(41) +2log(p) (A.2)

ti—1

t—S ZY 1€l

Proof. The proof of this lemma is similar to that of Proposition 2.4 in|Basu and Michailidis
(2015)). Next, we briefly outline the main steps of the proof, while omitting unnecessary

sup

1<j<mo+1,52tj_1+a,|t;—s>cn En
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details. For (A.1]), note that using an argument similar to Proposition 2.4(a) in Basu and
Michailidis| (2015)), there exist k1, ko > 0 such that for each fixed k,l =1,--- | pq,

IP’( (le Vi Y,

t; —s
Setting n = k3 , and taking union over all possible values of k, [, we obtain (A.1]).
Note that, there exist ki, ko > 0 such that for each fixed k =1,...,pq, [ =1, ..., p,

rgm))e,

> km) < 6 exp(—kac, min(n, n?)). (A.3)

log(gp?)
Cn

— Yzflé“/
6, l=s lel

> k;m) < 6 exp(—kyc, min(n, n?)). (A.4)

Setting n = k3y/ logi and taking union over all possible values of £, [, we get:

< Cg\/log(Q) + 210g(p)7 (A5)

ti—1

(t; —s)” ZYlsl

with high probability converging to 1 for any j =1,2,--- ,mo+ 1, as long as [t; — s| > ¢,
and s > t;_; +¢. Note that the constants c;, ¢, and c3 can be chosen large enough such that
the upper bounds above would be independent of the break point ¢;. Therefore, we have the
desired upper bounds verified with probability at least 1—c; exp(—cz(log(q)+2log(p))). O

Cn

Appendix B: Proof of Main Results

Proof of Theorem[]. The proof is similar to Theorem 2 in Safikhani and Shojaie| (2020).
For a matrix A € RP*? let ||Al| 7, = Z(kz,h)ezj lakn|-

First, we focus on the second part. Suppose there exists a true break point tj, where
Jo € {1,--+ ,mg}, which is isolated from all estimated points, i.e., mini<;j<m |t —tj,| > nyy.
In other Words there exists an estimated break point t such that tio — tjo—1 V tAj > Ny
and ;11 A t]+1 tj, = nyn. The idea of the proof is to show the estimated AR parameter
estimated in the interval [t;,_; \/%\j, tio+1 /\%\j+1] converges in Ly to both ®(+70) and dl-do+1)
which contradicts Assumption A3. This is due to the fact that the length of the interval
is large enough to verify restricted eigenvalue and deviation bound inequalities needed to
show parameter estimation consmtency

Based on the definition of © in . the value of the function defined in is minimized

exactly at ©. This means that any other choice of parameters yields a hlgher value in
. Denote the closest 7; to the right side of ¢;,_1 plus ¢ by sj,—1, i.e, sj,—1 = r; + ¢, and
s1m11arly, denote the closest r; to the left side of ¢, by s;,. First, we focus on the interval
[Sjo—1 V t], ;o). Define a new parameter sequence ¢’s, k = 1, ..., k, with ¢k = Qk except
for two time points k = ¢; V i;,_1 and k = ijo For these two pomts if 1, > 8jo—1, Set

pr = $ldo) — &\) and ¢y, = (T>J+1 — ®lo): 1ft < Sjo-1, set set ¥y, = = ol ’JO) d j+1 and

Vi, = (IJJH — ®(J40) where <I> Zk 1 Qk and <I>]+1 = Zk 19k , l.e. b = $j+1 —

%
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where ¢,_1, i, and 7; are the corresponldmg indices of candidate points s;,_1, sj, and ;.
Denoting W = vector (¢, ..., ¥, ) € R™*! we have

>0

j=1

1 . . 2 1
EHY_Z®H§+)\1771H®H1 +dom Y < 5HY—Z‘I’II§+>\MH‘I’H1 (B.1)

i=1

1

ij

J=1

kn
+ )\2,n Z

i=1

1

When %\j > sj,-1, some rearrangement of equation (B.1]) leads to

0 < et =Byl
! 5]201 i) — .., (i) _ &
Plodo) _ P ) Y,_.Y (q) 5Jo) _ P )
Sio — Sjo— 1\/t ( Jj+1 -1¥;—1 j+1

jl Sjg— 1\/tJ

IN

Sjo—1
9 Jo ) N
S S TaovE 2 Yh(e-Gn)a
s Sjo—1 I = Sjo— 1\/1‘
nALn (-.Jo) _ Jo) _ & o o
+ —(H‘I’ 411+ |0 <I>jH1—\|<I>j+1—(I>j||1>
Sjo — Sjo—1 V' t;
n)\Qn
£ (12— 5]
2N lo nian : ~
< | e 0 ER) 00) — B+ P (0O~ (@)
Sjo = Sjo—1 V' 1; Yn b,
1n)\2n n)\gn
o IR (L PR [y
3n)\ n 1n)\ n
< 5 IR = Byl - 5 R0 = @y, (B.2)

When %\] < sj,—1, a similar result can be obtained using an analogous rearrangement
of equation (B.1)). In equation (B.2] . the second inequality holds with high probablhty
converging to 1 due to first part of Lemma and the fact that s;, — s;,-1 \/t > s,
and b, < }Ln% by Assumption A3. The fourth inequality holds with high probablhty
converging to 1 due to second part of Lemma and triangular inequality. The fifth
inequality is based on Assumption A3 and the selection for Ag, in the statement of the
Theorem. The last inequality holds by the sparsity assumption. This implies that

0 _ & dy log p
Hq;(-,]o) _ q)jHHF =0, ( ) ; (B.3)

nYn

which means that ||®(70) — d ®;.1]|F converges to zero in probability based on Assumption
A3. Similarly, the same procedure can be applied to the interval [s;,, SJOH Atj.1], where
Sj,+1 is the closest r; to the left side of ¢, .1, which leads to ||®70+) — &, || converges
to zero in probability as well. This yields a contradiction to Assumption A3, and therefore,
the proof is complete.



The proof of the first part is similar to the second part. Hence, a brief sketch is provided.
Assume |A,| < mo. This means there exist an isolated true break point, say ¢;,. More
specifically, there exists an estimated break point t such that, t;; — t;,—1 \/t > nY,/3
and 5,41 A t]+1 —tj, > ny,/3. Now, similar arguments as explalned in details in the
second part can be applied to both intervals [s;,_1 V t;,8;,] and [sj,, 8041 A t41] which
leads to ||<I>("j0“) — §do) H » converges to zero and therefore contradicts Assumption A3.
This completes the proof.

O

Pmof of Theorem | l Theorem [1] implies that for each t;, i = 1,...,mg, there exist points
t; € A, such that |t; — ti| < ny,. First, we show that

{tAj e A, s.t. |t; — ti| < ny,, for some 7 = 1,...,m0} C A,

with high probability converging to one as n tends to infinity. This shows that (a) P(m <
mo) — 0; (b) P (dH (;l/n,A ) < n*yn> — 1. We show this by contradiction. Suppose for

some 7, t is not included in the optimal set A, which is a minimizer of (10). We show
that addlng t costs less than removing it based on the LIC price.

Consider the case when t is dropped in the screening step, while there exists a true
change point ¢; such that |?] —ti| < n7,. Similar arguments as in Proposition 4.1 of Basu and
Michailidis| (2015) show that the tuning parameter selected based on Assumption A5 (i.e.

np = 14/ L5 4 o d¥) yield: HQD("“ — 12;_ < 4\/dx || PCD — QZ;_ and H(ID("”” — 12;_ <
on I ir il

4./dx (I)(.,i+1)_$?j

. Note that in this case, the restricted eigenvalue condition does not
F

hold. Therefore, the convergence of the {ﬂ\gj cannot be verified. For this scenario, based
on similar calculations as in case (c¢) of proof of Lemma 4 in Safikhani and Shojaie| (2020)
(see equations (22)-(26) in |Safikhani and Shojaie (2020)’s supplement for details), after
replacing s;_1 and s; with t — a, and t + a, — 1, we have the following lower bound:

tj+an71 tAjJranfl
ool —veYialli = D el + cian — cady logp, (B.4)
t:fj—an t:i\j_an

for some positive ¢; and Cy with high probability converging to one.
Denote by B = A, U {t;}. We only consider one segment [t an,t + ay,) for the case
when tj is kept as a selected break point. Similar arguments as in Lemma 4 of [Safikhani

and Shojaie| (2020) yield:
| o =0 ()
=0, iy )

o~

by — @OV <4
1

VAl

o~

Vg0 —

e

dy,

Vi1~ oY

)
F

and

~

Yy —<I>('v"+1>H <4/d;
1

~

¢? ,— @(.,H—l)

R

72?]-,2 B cb(.,i-‘rl)

g

’ ‘
F



To see this, suppose t; + ¢ < tAj (the other case is similar). Observe that {/}}j 1 in @
minimizes the least squares plus the ¢; norm loss function. Therefore, the value of this
objective function for ng 1 will be smaller than any other choice of parameters, including
®(9). Hence,

ti—1 71
1 ~ 2 e 1 J A
a_n Z ’yt_djfj71y;f—1H2+nfj’1 ’1&;],71”1 < a Z Hyt_cp(-ﬂ)yt_lnz
t:tjfan t:tjfan

+ |4, . (B.7)

Some rearrangements together with the use of proposition 4.2 of Basu and Michailidis
(2015) lead to:

i - 2 log p i - 2 i -> 2 log p i - 2
enfoteet = [ e o = <m0 atent =5 -2 ot -5
R, '
< — Vi (@00 — g 1) (@00 =i 1) Vi
" t:;‘,\]—aw
g Lol '
c 2 S ) e o (9, )
" t=t—an
g Lol '
- 2 S s e (], Jol)
an, 4 - - 1 1
t=tj—an
g ! /
+ oo t_Zt vy (200 = g 1) (86D — a0 )y,
log p ’ N~ . ~
oo, (0]l
- Ay wtjvl 1 +nz\.771 1 1/}t.f71 1

" tot=t;

~ T.—1
tj — i oY I i i
A ((‘I’(" '~ r,4) (g_t S ViV, - T 0)+ F?+1(0>) (20—t )))
J

= L

where the second inequality is due to the restricted eigenvalue property (proposition 4.2
of Basu and Michailidis (2015)), the fourth inequality uses the circular invariance property
of the trace function. Now, observe that




logp ~
U oot =+ (o] - [95.4],)

i t; I 1 . ~ ) .
+ QC/jT <max < Ang AOgIZ) T Aax (Fg+1(0)>> Hq)(.,z) _ w@,l“l Hq)(.,z-‘rl) —_ o)

t—t; b — 1
] 5 . _
< <c 8P 4 4¢ My I >H<I>< “H +W1(H<I>("” 9 )
an 70 1 J 1
/ d:Ln77l (%)) - (-,3) 0l
< max(c,4¢' Mg) ([ ——— || 2" — 1y 1” + 15 4 (HCI) o — HGH )
an (ARG i 1 1
772\ 1 -~ i ™~
SN Rt Y (Ll el TR
377 T
< ot =dnal 5 -5 o -
1,Z; 1,Z¢
< 277%,1 H(I)("Z) — thj,l‘ L (B8>
where the first inequality is based on the first part of Lemma [A1| with ¢, = t; — t;, the

third inequality is due to Assumptions A3 and A4 under which logp < nv, g a, and
a, > cd:*ny,, which lead to @/% <4/ and d 7 < 4 “tn: the fourth inequality is

due the selection of the tuning parameter Ma =\ 5. 45 cotin o the fifth inequality is due the

\ <
1

PLA) — ng 1 HF This comparison between L; and Ls norms of

triangular inequality.
This ensures that HCID( ?/)t 1“ <3 H@ @//J\?. 1H , and hence H(I)(wi) _ @Zg. )
7T A

the error term together with the bound in Equation (B.8|) will get the desired consistency
rates in ). Verifying (B.6) follows exactly from proposition 4.1 of Basu and Michailidis
(2015)) since there are no break points in the interval [t], t;4a,). Note that the convergence

rate here is of order ,/daﬂ instead of \/d% /™2 due to the different selection of tuning

parameter in our setup compared to Basu and Michailidis| (2015). In fact, one could select

1,2 to be of order 4/ % in order to match the rate here with |Basu and Michailidis| (2015)).

However, since we don’t know whether the true break point ¢; will be on the left hand side
or the right hand side of tAj, it’s better for the tuning parameters DR and 1,2 tO have the
same order from a practical viewpoint. This justifies setting them to be of the same order
here.

Using the results of and , one can find upper bounds for the sum of squared
errors in the segment (tj — an,tAj + an) for the case when tAj is kept as a selected break
point. Specifically, we have:

t—1 -1
Dol =g Yeals < Y el + 0y (d5 ) (B.9)
t:fj—an t:;ﬁ\j—an



and

tAj—l—an—l %}—l—an—l
Do lwe—drYiali < D lalls + 0y (43 n) - (B.10)
t=t; t=t;

To see , we follow the steps of the proof of Theorem 3 in [Safikhani and Shojaie
(2020). Observe that:

t;—1 t;—1

S -Gl < Y e+ e/t~ +an) logp 809 — Gy |

t:?‘,\j—an t:?j—an

ti—1
—~ . ~ / 1 < ) ~
- <ti—tj+an>tr((@“’”—wzj,l) (t} DD nm’l—rz<0>+r3<o>> G ))
] n -~

t:tjfan
= 2 *2 > logp q G o P
< e+ edymmlogp + (ts — F + an) | (| e+ A (T7(0)) ] || = G
= tl-—tj+an J 1
t=t;—an
t;—1
< Z ||5tH§+Cd22\/n'7n10gp+cld23n7n
t=t;—an
t;—1
= Y e+ 0, (dnm). (B.11)
t:?j—an

12@_71 — oY) X < eds3?, /7 and
t; — ;f\] + a, < a,. Also, for the segment [ti,%\j], note that:

-1 t—1
~ ~ logp logp ; ~
Sl =G aYialE < Y e+ el -ty max [ 5L LB flgirn gy |
t=t; ti—ti \[tj—t 1

where the second inequality is based on the fact that )

t=t;
~ / 1 b1 —~
+ (G —ti)tr ((I)('JH) - d’@@) T 1 Z Vi1, =T, (0)+ T, (0) (‘I’("H_l) - w?j,l)
J T =y
i;—1
< t_zt lleell3 + envys, (2Mq>d2 + HQJ('”) - thj’1H1>
~ 1 1 . ~ 2
+ (t; —t;) | max 08P , L I (T'?,1(0)) H<I>(~v”1) - z/J;,,lH
tj —t; tj —t; 7 1
-1 o
< 3 Nl e + oy (2Mady + [0 — G )
t=t;
-1
= Y Nl + 0y (diPnva) (B.12)

t=t;

where the second inequality is based on %\J —t; < Ny, logp < n7y, and triangular inequality
ot — g || < ety — ot + |lot) — gy | < 2Mad; + 009 =y | ; the

second term in the third inequality is based on Assumption A4 of a, > cd**n~y, so that

3/2 n
dy > dyP? [




Property is now verified by combining (B.11) and (B.12)). Property (B.10)) is

similar and therefore its proof is omitted.
Recall that B = {t1,...,tm, } = A,U{t;}. Applying the results (B.4), (B.9) and (B.10),
we have

LIC(fy, ..., tm) — LIC(B)
titan—1 ti—1 titan—1

Z v — %YHIIS - Z lye — ¢@,1Yt—1||g - Z Y — ?/)?j,ﬁ/%—lng — Wn

t:tAj —an t:?j —an t:tAj

> cra, — cody logp — c;»,n%d:LS — Wy
> ca, — 202n’ynd23 — Wy,
> 0.

The second inequality hold due to condition logp < n7, in Assumption A3. The last
inequality holds due to conditions w, = n%d;?’ and lim,, o, w,/a, = 0 in Assumption A4.

This proves that P ({tAl, e ,%\mo} C ﬂn> — 1.
It remains to establish that P (dH (An, ./Z(H) < an) — 1. It suffices to show that there

exists a true break point in the interval (%VJ — (ln,g‘;’ + an) for any %VJ € .Zn. We prove

this statement by contradiction. Suppose that there is a time point s € .,Zlvn, such that
there exists no true break point in the interval (s — a,, s+ a,) . Next, define a new set
C = A\{s}.

Since there is no true break point in the segment, (s — a,, s + a,), it belongs to some

logp
an

stationary segment, say the i-th one. Select tuning parameter n, = 751 = 152 = ¢

Denote the estimated AR parameters in [s — a,, ) by {0\3,1 and the estimated AR parameters
in [s,s 4 an) by 952 . Keeping the point s yields to :

R | - | -~ . &1
|00 = 09| <4/ |dos = @00 B =009 =0, ( n 08P ) . (B.13)
1 F F an,
and
~ » ~ - ~ . 1
\ hop — OV < AV/dy by y — U ] hen — || =0, ( ﬂ) . (B.14)
1 F F ap,

Therefore, we have the following lower bound:

s—1 N stan—1 N Ss+an—1
Dol = Yeals+ D My —doaYeuls = D el — adinyn,  (BI5)
t=s—an t=s t=s—an

for some positive ¢; with high probability converging to one.
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To see (B.15]), we follow the case (b) in the proof of Lemma 4 in Safikhani and Shojaie
(2020). For interval [s — ay, s),

s—1 s—1
—~ . —~ 2 X —~
lye — Vs 1Yeoal2 > lecll3 + can || @4 — 1|l — ¢ Vanlogp||@LD — oy
2 1
t=s—an t=s—an

s—1
) ~ ) ~ 4c [d* lo
Z Z ”515”% + Clp, (I)(”Z) - ws,l ‘2 (H(b(’l) - d)s,l 9 - 7 nTgp)

t=s—an
s—1
> ) a3 - dy logp.

t=s—an

Similarly, for interval [s,s 4 a,), we have S5 ly, — oY, [|2 > S3Eo ! ||ey||2 —
d"dr log p.
Next, we remove the break point s and denote the estimated parametersin [s — a,,, s + a,)
by 5. We get

stan—1 stan—1

S - dYiali< S e+ cdi?logp (B.16)

t=s—an t=s—an
To see (B.16)), we again follow the steps of the proof of Theorem 3 in Safikhani and
Shojaie (2020):

s+an—1 stan—1

Sl -0Yeal <Yl +ev/@an)logp [0 — 4|
t=s—an t=s—an
‘ N 1 stan,—1 ) .
+ (2an)tr<<§>("’)ws) ( > m_ln’_1r3(0)+rg(o)> (<I>("”ws)>
2an t=s—a
s+an,—1 logp ‘ 2
<Y 3+ edilogp + (2a,) < + Amas (rg(O))> (LR
t=s—an n 1
s+an,—1
< Z lecll? + ed logp + ¢/d* log p
t=s—an
st+an,—1
= Y I3 +0, (47 10ep).
t=s—an
where ([, — 09| <4/ [ - 00| | |6 —et0| =0, (\/d;xg,,)’

Combining (B.15)) and (B.16) yields

LIC(t, ..., t7) — LIC(C)
—cidy logp — CQd:LQ logp + wy,
—2¢yd*? log p + wy, (B.17)

0

AVARAVARLV]

However, (B.17) contradicts Assumption A4 that d%*logp/w, — 0. This completes the
proof of the second part.

It remains to show that P <‘Cluster (Avn, 2an>

= m0> — 1. For this, note that based

on the previous calculations, all points in 4, are either very close to a true break point,
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i.e. in the Kn~y,-neighborhood of a true break point for some positive and finite K, or
they are at least in the ca,-neighborhood of a true break point for a constant 0 < ¢ < 1.
Next, fix one of the true break points, say t;. Denote by B;, all the selected break points
in A, which are in the K ny,-neighborhood of ¢; for some positive and finite K. Now, if
there are any points in the a,-neighborhood of ¢;, add them to B, as well. Note that since
there is at least one estimated break point in the ny,-neighborhood of ¢;, B; is not empty.
Also, note that the diameter of each B; is at most 2a,. Finally, based on the choice of a,,
in Assumption A4, all B;’s are disjoint, j = 1,...,mq. Therefore, the collection of all B;’s

form cluster (ﬂn, 2an> which has cardinality equal to mg (note that due to Assumption A4,

the collection of sets B;’s is a minimal partitioning of set .Zn while the diameter of all B;’s
are at most 2a,). This completes the proof of the last part.
m

Proof of Theorem 3. Suppose for any constant K > 0, there exists some change point
tj € A, such that %? —t;| > Kd logp. From Theorem , we know that for any subset B; €

cluster (./Z(H, 2an>, there exists a true change point ¢; lies in (min(B;) — a,, max(B;) + a,).
Therefore, there exists a true change point ¢; lying within interval [%V{ —ay, %vf—f—an). Assume,
without loss of generality, that ftgc > t;.

Based on the local refinement algorithm, we define the loss function L, (ff) as follows:

%?—1 9 max(Bj)+an—1 9
e 7 def
> ‘?/t—@/)j,ﬂ/%—lHQ+ > ‘Z/t—%zy}qHQ = 5L+ 1D,
t=min(B;)—an t=t:

J

and the loss function L, (t;) for the true change point ¢; as:

|

where ’tvj € (l;,u;), l; = min(B;) — a, and u; = max(B;) + a,, for j =1,...,my + L. %1
and '(Zj’g are the local coefficient parameter estimates given that a time point s € B; is the
break point.

Suppose s > t;; then, similar arguments as in Lemma 4 of Safikhani and Shojaie| (2020)
yield:

2
L A

Yy — ¢j,2Yt—1 )

t;—1 9 max(Bj)+an—1

Z ‘ Yy — Jj,lift—l ) + Z

t=min(B;)—an t=t;

~ : ~ ‘ ~ , dx logp
’ i1 — O 1 < 4./ ([0 — G iy ‘ Vi1 — PLI) L= Op( z >, (B.18)
and
~ ‘ — 1|~ y ~ ¥ d* log p
‘ wj72 _ (b(.,]+1) 1 S 4 dn wj,2 _ @( J+1) F7 ‘ wj,Q _ (b( J+1) - — Op( En >
(B.19)
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To see this, observe that {&j,l in (12)) minimizes the least squares plus the ¢; norm loss

function. Therefore, the value of this objective function for 1;]-,1 will be smaller than any
other choice of parameters, including ®7). Hence,

-1 -1
1 < ~ 2~ 1 S .
]5;— Z ‘ Yo — V1Y ) + 151 {|¥ia < E_ Z ||yt — (I)(wj)y;/ile
o = n
t=t; —Rn t=t;—Rn
+ i |||, (B.20)

Note that the segment [¢;, tf ) has at most length a,,, so the length of [{f —R,, t;) is at least

c]:’;n, for some positive constant ¢ > 0. In that case, the misspecification part is negligible.
Some rearrangements together with the use of proposition 4.2 of Basu and Michailidis
(2015) lead to:

IN

| log p N~ )2 N~ 12 logp N~ 2
c H<I>("’) —ijHF —C2 5’ H‘P("” —%qu max (O,C1 H<I>("]) —%AHF —C2 ﬁg H@("” —%‘,1"1)

-1

S — Z Y, ( Jj,l)/(é("j)_ij,l)yvtfl

" =t/ -R,

-1

2 q N . N , ~
B S (w5 (e o o)

"t R,

o~ ! _ , ~
= 5 2 (0 =) s ([0 <)

IN

N Nl Z v (00) — 3, 1) (00 —0t) )y,

n t= t
2 o5, (], -]
_t tf ! . .
+ QJRn o | (a6 J>—wﬂ) . “Zth Yy - T (0) + T, (0) | (20540 — a0
= 1,

where the second inequality is due to the restricted eigenvalue property (proposition 4.2 of
Basu and Michailidis (2015))) and the fourth inequality uses the circular invariance property
of the trace function. Next, observe that
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1< \/@H@ |, + 1 (|02, = ||9a] )

i
=t lo lo L~ ) _
* E(m“< T ~f’i>“m*"‘( ”) N L

lo - ~ ; ”
: (c\/ L | o, 2 )uq» G+ (o], - 5],
log
< a0t 22 0 5, e (], - [5])
H -5 o 191, o)
< el — @ -
> 9 w],l 1+77j,1 1 '(/}],1 1
3%1“ (. nj1 i ~
< Ml |[gCa) _ H _LH@CJ)_ , H
- 2 ",z 2 Vi

1,7¢
J

< 2151 H‘I)("j) - '(Zj,l‘ E (B.21)

where the first inequality is based on the first part of Lemma with ¢, = %vf —t;; the third
inequality is due to Assumption A3 and Assumption A4 under which logp < nvy, < a,

*2
and " > R ’;g‘f such that %ﬂ > dg%—"; the fourth inequality is due the selection

n

of the tuning parameter 7;, = \/ h}g'gPS and finally the fifth inequality is due the triangular
inequality.
This ensures that H@("j) — ;1

‘ <3 Hd)("j) — %71 )1 , and hence “(I)("j) — %71

7 7I7
4 HCI)(-J) — Jj,l < 4\/dx ¢] .

1,Z;
of the error term Jtogether with the bound in Equation (B.21)) will get the desired consis-
tency rates in (B.18). Verifying (B.19)) follows exactly from proposition 4.1 of Basu and
Michailidis| (2015) since there are no break points in the interval [, # + R,,).

1777
Using the results from (B.18)) and (B.19), we obtain

| <

This comparison between L; and L, norms
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The second term inequality in (i) holds by Holder’s inequality; the third term inequality
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in (i) holds by the deviation bound condition; inequality (ii) holds by ||®t7/F1) — @) Hl <
Vdx H(ID('JH) - ®("j)HF; inequality (iii) holds by the fact that HCD('JH) - CID("J')H? > 2,
th—t
il

where v is a positive constant; and inequality (iv) holds by > Kdlogp and

choosing large enough constant K > 0 such that <

1 -1
K S 1
Similarly, we have

max(Bj)+an—1

- 2
Iy = > Hyt - ¢j,2YL1H
t=t, 2
?{*1 max(Bj)+an—1
E - 2 : - 2
= v - ¢j,2YL1H + > Hyt —¥;2Yi1 ’
2 2
t=t, it

7f_ 7f_ 3
tj 1 tj 1 tj 1

~ . 2 ~ .
<I+ Z el + Z (il)j,z - q)("ﬁ'l)) Y%71H2 +2 Z Y/, (%‘,2 - <I>("]+1)) o

t=t; t=t; t=t;

r
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) ~ . 2 ~ .
<L+ Y el + Can g0 — 207Vt Vanllogp) |5 - 200||
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?;_1 1"
~ . ~ . c d* (lo
< Bt Y el + can|de - 00| (ij,g —otath| 4 C,/”(agp))
t=t; n

)
tj -1

(i)
< L+ Y ledl3 + Kaod;, (log p), (B.23)

t=t;

where the second term in inequality (i) holds by the upper-RE condition and the fact
that ‘CI)("j+1) — 1%-,2 j < 164" || P+ — %72’ i; the third term in inequality (i) holds by
deviation bound condition; inequality (ii) holds by the result (B.19). Note that based on
Assumption A4 that 2= > R, = dﬁ—a’%, we have HCD('J“) - QZJ‘Q ’F < c\/m.

logp an

Next, based on the definition of (1)), we have L, (Z{) < L,(t;) and then

-1 -1
I+ ) a3+ Ko |8 =t + I < Lo(8) < Lo(ty) < s+ L+ Y | [ledl3 + Kadj (log p),
t=t; t=t;

which leads to

7

< K;d; log p. (B.24)

This contradicts the setting. Under Assumptions Al and A2, we set K* = maxi<;j<m, K;
and complete the proof.

]

Proof of Theorem [ The proof of this theorem follows along similar lines to Theorem 4 of
Safikhani and Shojaie| (2020), where it is also shown that, if m is known, then it is enough
to set R, = nvy,.
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We need to firstly verify two important conditions: (1) the restricted eigenvalue (RE)
condition for I' = I, ® (X/X,/N) ; and (2) the deviation bound condition for ||§ — I'®||s
where 4 = (I, ® X])Y,/N. Once these two are verified, the rest of the proof is applying
deterministic arguments used in Proposition 4.1 in Basu and Michailidis (2015)).

Condition (1) implies that there exist c, 7 > 0 such that for any 6 € R", we have

010 > a0z — 70])?

with probability at least 1 — cjexp(—coN) for large enough constants ci,ca > 0. Based
on Lemma B.1 in Basu and Michailidis (2015), it is enough to show the RE for S =
X!X; /N, where X; is the ith block component of X,.. Applying Proposition 2.4 of Basu and
Michailidis| (2015]), we have for any R?? with ||v|s < 1, and any n > 0:

N; :
]P’( V(S — WP¢(O))U‘ > cn) < 2exp(—c3Nmin(n?,7)).
Next, to make the above probability hold uniformly over all vectors v, we apply the dis-
cretization Lemma F2 in Basu and Michailidis (2015) and also Lemma 12 in the supplement
of |[Loh and Wainwright| (2012) to get:

I Ni
V(S = 3Tu(0)o] < allollf + a/k|l]3,

with probability at least 1 — ciexp(caV), for all v € RPY) some o > 0 and with an integer
k = [c4N/log(pq)| with some ¢4 > 0. This implies that

N;
v'Sv > o' =Ti(0)v — aljvll; — a/klll; > allvl; — a/k[lvlly,

since N; > A, —4R,, N = n+q—1—-2myR,, and assuming A, > en implies that
N;/N > € > 2a.
Condition (2) means that there exists a large enough constant C” > 0 such that

log 7
N )

15— TP < C”

with probability at least 1 — crexp(—cglogm). To verify this condition here, observe that
¥ —TI'® = vec(X E,)/N. Therefore, denoting the h-th column block of X, by &; ), for
h=1,...,(mo+ 1)g, we have:

|9 = TP o = max | Xy Eren] - (B.25)

1<k, I<p;1<h<(mo+1)q

Now, for a fixed k, [, h, applying Proposition 2.4(b) in Basu and Michailidis (2015)) gives:
P(‘e;X;’(h)Erel‘ > kin) < 6exp(—kaNmin(n?, 1)), (B.26)

for large enough ki, ks > 0, and any n > 0. Now, setting n = C’ 101%” , and taking the
union over all the 7 cases for k, [, h yield the desired result. This completes the proof of
this theorem.

[]
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Proof of Corollary[]. The proof of this Corollary is similar to that of Proposition 4.1 in
Basu and Michailidis (2015). The key steps in this proof are similar to the previous proof
of Theorem [4] Hence, we only highlight the main differences compared to Theorem [4 see
more details in the proof of Theorem [4]

Instead of estimating the mgy + 1 transition matrices simultaneously, we separately
estimate the model parameters in each segment. For the i-the segment, i = 1,--- ,mg +
1, let Iy = (I, ® X/X;/N;) and 4; = (I, ® X/)Y;/N;. We need to verify the restricted
Vi — fiq)("i)
Once these two are verified, the rest of the proof is applying deterministic arguments used
in Proposition 4.1 in Basu and Michailidis| (2015)).

Similar to Theorem 4] it suffices to show the RE for S = X/X;/N;. Then, we have

eigenvalue (RE) condition for I; and the deviation bound condition for ‘

V'Sv = o'Ti(0)v — allvll; — a/kllv]l} = allv]l; — a/k|v]7,

with probability at least 1 — ciexp(caN;), for all v € RP?, some o > 0 and with an integer
k = [caN;/log(pq)| with some ¢4 > 0
The DB condition implies that there exists a large enough constant C’ > 0 such that

log p%q
N,

15 — T;@09) |0 < O

with probability at least 1 — ciexp(—calog(p®q)). To verify this condition here, observe that
4 — 1009 = vec(X/E;)/N;. We replace X,, E, and N with &;, E; and N; in (B.25) and
(B.26). Next, setting n = C’,/%, and taking the union over all p?q cases for k, I, h
yields the desired result. This completes the proof. O

Appendix C: Details on the Detection Algorithm

Next, we provide details of the algorithm that solves optimization problem .

Let S(.; A) be the element-wise soft-thresholding operator which maps its input = to x—\
when x > A, z + A when z < —\, and 0 when |z| < A. Recall that throughout the paper,
for a m x n matrix A, ||Allo = maxi<j<m,1<j<n |a;;]. recall that ¥/ = (y;.. 'yl,—q+1)1qu-
For two time points s < t, define Y, = (Y5, Ye41,...,Y2) € Rrax(t=s+1) and Yst) =
(Ysr Ysr1, - - -, Ye) € RP¥UEZSHD),

The main steps of the algorithm are as follows:

(i) Set the initial values for all parameters to zero; i.e. 01(0) =0,fori=1,...,k,.

(ii) Foreachi=1,...,k,, calculate the (h+1)-th iteration of the parameters GEhH) using
the KKT condition as follows:

(h+1)_ [k -1 k B k (h).
9; - (ZZQZ Y'(Tiflv'ri)yv(/riil,ri)> S<ZZQI Y'(Ti—laTi)szi,Ti+1) Zj?fi <Zl£max(i,j) l/iri—lvT'L))/v(/riil,ri))e;’ ’AI’"> .

(C.1)
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(i) (a) If maxy<j<p, [|6;"TY — 0, < &, where 6 is a tolerance threshold set to 1073

in the implementation, stop and denote the final estimate by @(/ntermediate)

(b) If max;<i<p, [|6:"TY — ;"] > 6, set h = h + 1. Go to step (ii).

(iv) Apply soft-thresholding to @Untermediate) to find the optimizer in equation (). In

other words, © = §(@(intermediate). 5 .

)

Note that in this algorithm, the whole block of 6; with p?q elements is updated once,
which reduces the computation time dramatically.

Appendix D: Tuning Parameters Selection

There are a number of tuning parameters in BSS: A\ ,,, A2y, @, N, Wy, pp and R,,. Although
their asymptotic values have been presented and discussed in the previous section, their
selection in finite samples merits further discussion. Data-driven methods are developed to
select them[™t

>\1,na )\Q,n:

Both A;,, and Mg, can be selected through cross-validation. For splitting the training
set and the validation set, we randomly select 20% of the blocks equally spaced with
a random initial point. Denote the last time point in these selected blocks by 7. The
data without observations in 7 can then be used in the first step of our procedure to
estimate © for a range of values for A;,, and Ay,. The parameters estimated in the
first step are then used to predict the series at time points in 7 . The value of A ,, and
A2, which minimize the mean squared prediction error over 7 is the cross-validated
choice of Ay, and Ag,. The sequence for A ,, Ao, are selected as follows. Similar
to Friedman et al.| (2010), we construct a sequence of K values for A, decreasing
from Aj max t0 A1 min on the log scale, where the maximum value A; .« is the smallest
value for which the entire estimated parameter 9: =0, forall i =1,...,k, while the

log p
T

a decreasing sequence of K, values. In the simulation study, we choose K; = 10,
Ky = 3, e = 1072 when the blocks size b, is smaller than 2p and € = 10~* otherwise.

minimum value is set to be Aj min = €A max. We choose g, = ¢ , where ¢ is

: This tuning parameter can be selected through a grid search. We apply an exhaustive

search procedure on a grid of a,’s ranked from the minimum to the maximum and
record the number of selected break points for each a,, and then stop this process

when th(e) nu(Ir)lber of (b)reak points selected does not change any more. In detail, we
1) (2 ¢

select an’,arn’,...,a,’ as an equally spaced sequence from the interval [agb),aéub)]
in a increasing order where a!l” = max(|by], [logn logp)), al? = min(l()a?(fb), (t, —

q—1),(T —q—1x — 1)), and b, is the mean of block sizes. Denote the number

of selected break points using BSS with a' as the neighborhood size by n;, for
1 =1,2,...,¢. The optimal neighborhood size can be defined as the first time n;

!The R/Rcpp codes to perform the BSS algorithm are available at the author’s GitHub page:
https://github.com/abolfazlsafikhani/BSS-ChangePoint-VAR
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M

Pn:

remains unchanged. In other words, a’) is the optimal neighborhood size when

¢ =min{l <i </¢:n; =n;1 =n;2}. In all simulation scenarios, we set £ = 5.

Despite the fact that based on Assumption A5, different treatments are needed for
selecting tuning parameters ;. , 17;, 1, 17, 9, all 1,, 77, | and 7, 5 are suggested to be set
to (log(2a,)logp)/(2a,), i = 1,...,m. This choice was used in all of the numerical
analyses undertaken and provides very good results.

: The selection of w,, is the most difficult, since it depends on how large changes in the

VAR parameters must be in order to consider them as break points in finite sample
applications. Here, we consider using a data-driven method for selecting w,,. The
idea is to cluster the changes in the objective function L, into two subgroups, small
and large. The proposed algorithm is summarized as follow:

~

— Denote the candidate break points selected in the first step as th,...,tm. For
each k = 1,2,...,m, compute vy = L,(A,\ {tk} M) — Ln(Ap; ).

— Consider two boundary points t] = a,, + ¢ and t}, = T — a,, as reference points.

Compute o7 = Ly (An; 1) — Lo (A, U {t7};m,) for i = 1,2, and set the reference
value as v" = max (v}, v}).

— Combine the jumps v, for each candidate break points and the reference value
v" (with 2 replicates) into one vector V. = (vy,vs,...,045,0",0"). Apply k-
means clustering algorithm (Hartigan and Wong), [1979)) to the vector V' with
two centers. Denote the sub-vector with smaller center as the small subgroup,
Vs, and the other sub-vector as the large subgroup, V7.

— If (between-group SS/total SS) in k-means clustering is high and the reference
value v" is not in V7, set w,, = min V; otherwise, set w,, = max V.

One could also combine the k-means clustering method (Hartigan and Wong, 1979)
with the BIC criterion (Schwarz et al., [1978)) to cluster the changes in the parameter
matrix into two subgroups.

We select p,, as the minimizer of the combined Bayesian Information Criterion (BIC)
for all the segments. Following Liitkepohl| (2005) and Zou et al. (2007), for j =
0,...,m we define the BIC on the interval I; 11 = [rj2,7(j+1)1] as

-~

BIC(j, p,) = log(detS. ;) + B

)

log(7(j+1)1 — 7j2) ‘
0

(41 — 752)

where Y. ; is the residual sample covariance matrix with B estimated in (16)), and
|Bj+1llo is the number of nonzero elements in f;1; then p, is selected as

pn = argmin,, Z BIC(4, pn)- (D.1)

J=0
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R,: Recall from Section [3| that we need to remove the selected break points together
with their R,-radius neighborhood before estimating the parameters using . In
practice, the radius R, needs to be estimated. However, a closer look into Theo-
rem 2 together with Assumption A4 suggest that a,, can be chosen as the radius R,,.
Therefore, in all simulation scenarios and data applications, we set R, = a,.

Appendix E: Comparison with SBS and DCBS

We record the detection accuracy of the proposed BSS strategy and compare it to two binary
segmentation-based methods, the SBS (Cho and Fryzlewicz, [2015) and DCBS (Cho, 2016)
methods (both are implemented in the R package “hdbinseg”), geared towards detection of
multiple break points in multivariate time series data. Here, we consider the BSS method
with three different block size settings: the large block size b, = Lnéj ,the medium block
size b, = |n3| and the small block size b, = |n3], where n = T — ¢. Six additional
simulation scenarios (G.1 - G.6) are considered for this comparison with model parameter
values summarized in Table [l The true coefficient matrices are similar to simulation B,
as depicted in Figure 2| (top panel) with repeated entries —0.6, 0.6, and —0.6 off the main
diagonal. Details of the simulation settings are as follows:

Setting G (detection comparison ). Similar to scenario E, there are many true break
points in the data generating process. In scenario G, T' = 4,000, p = 10, ¢ = 1 with break
points being equally spaced: |—L—|, |=2L-],..., 2L |. In scenarios G.1 though G.6, the

] mo+1 mo+1 mo—+1 )
true number of break points are my = 2,4, 6, 8,10, 12, respectively.

Table 1: Details of model parameters for simulation settings G.
Sim T p AR order ¢ block size by, mo AR structure
G.1 4000 10 1 |nZ|, [n3], [n3] 2 simple
G.2 4,000 10 Ln%J , I_n%j, Lnéj 4 simple
G.3 4,000 10 |nZ], [n3], [n3] 6 simple
G4 4,000 10 |nZ], [n3], [n3] 8 simple
G5 4,000 10 InZ], [n%], [n3] 10 simple
G.6 4,000 10 In%], |n3], [n3] 12 simple

e e

The median of selection rates among mg true break points for all scenarios in setting
G are summarized in the left panel in Figure[I] This plot clearly shows that in all settings
considered, BSS has an advantage over SBS and DCBS in detection performance while this
advantage gets more significant by increasing mg. The selection rate for the BSS method
with small and medium block sizes remains above 98%, while the selection rate for the SBS
and DCBS methods are ~ 80% for my = 4,6 and drop to ~ 10% for mg = 10, 12. Note that
the selection rate for BSS with large block size also remains above ~ 95% with the exception
of ~ 40% for the case of my = 12 (still higher than the selection rate of SBS and DCBS

in this case). The Hausdorff distance dy (.Zﬁ,A,O between the set of estimated break

points and the set of true break points is a reasonable measure for estimation accuracy.
The right panel in Figure 1] illustrates the performance of all three methods in terms of this
estimation accuracy (averaged over 100 replicates) in which the BSS outperforms the SBS
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and DCBS methods in almost all settings, while the advantage of BSS is more significant
for larger mg values. For example, in the case of 6 true break points, the average estimation
accuracy for SBS is around 677.29, while the same quantity for BSS (large, medium, small
block sizes) is around 3.50, 0.84 and 0.10, respectively. Therefore, even the BSS method
with large block sizes reduces the estimation error in locating the break points by around
99.5% compared to SBS.

0.8 0
»
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\ &
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Figure 1: Simulation G results: fleft) median selection rate for the BSS, SBS and DCBS
methods; (right) median Hausdorff distance dy <An,An> for the BSS, SBS and DCBS
methods.

=1

2 4

Next, we compare the computation time for three methods (BSS, SBS and DCBS). Six
additional simulation scenarios (H.1-H.6) are considered for comparison among BSS, SBS
and DCBS with model parameter values summarized in Table [2] Details of the simulation
settings are as follows:

Setting H (computation time comparison). In scenario H, p = 20, ¢ = 1 ;my = 2,
t1 =[], t = [%]. The auto-regressive coefficients are chosen to have the same simple
1-off diagonal structure as in Scenario A.1 as shown in the top left panel of Figure [2] with
repeated entries —0.6, 0.6, and —0.6 off the main diagonal. The sample size for scenarios H.1
through H.6 are T = 1000, 2000, 3000, 4000, 5000, 6000, respectively.

Table 2: Details of model parameters for simulation settings H.

Sim T p AR order ¢ block size by, mo AR structure
H1 1,000 20 1 InZ ], Lnoj LnJJ 2 simple
H2 2,000 20 1 ln2 ], Lnsj LnSJ 2 simple
H3 3000 20 1 2], |_n5j, |_n3 |2 simple
H4 4,000 20 1 In?], |_n5 1, Lne |2 simple
H.5 5,000 20 1 Ln%J Ln 5], [n3 5 ] 2 simple
1 2 1
H.6 6,000 20 1 [n2], |n5], |n3] 2 simple

The average computation time over 100 replicates for simulation setting H is plotted in
Figure[2] BSS with large block sizes is the fastest method overall, while DCBS is the slowest
one. It is worth noting that BSS with small block sizes remains faster than both SBS and
DCBS, while its estimation accuracy and selection rate are the best over all these three
methods as explained in simulation setting G. In this numerical experiment, the reduction
in computation time in BSS (small block size) compared to SBS and DCBS is around 30%
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Figure 2: Average computational time for the BSS (large, medium, small block sizes), SBS
and DCBS methods .

and 55%, respectively, while BSS with medium and large block sizes achieves even higher
time reduction.
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