Supplement

This supplement describes the deduction of the formula for approximating the

theoretical BAEE model.

Supplement A. Derivation process of the approximated ellipse for BAEE

model
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Figure A.1. Diagram for finding the maximum y or x of BAEE model.

Figure A.1 shows a general example that illustrates the calculation of extreme values
of the BAEE model. Given two sampled points (—¢/2,0) and (g/2,0), inferring
that the theoretical BAEE model is an axisymmetric shape is easy. Therefore,
determining the range for the arbitrary point (x,y) on BAEE boundary only requires
the calculation of max(x) and max(y), whereas min(x) = —max(x) and
min(y) = — max(y).

1) Limits of a rotated ellipse:

An ellipse centring at the origin with a rotation of 6 can be expressed as:



(xcos@—ysin@)* (xsin@+ ycosH)?
a’ ’ b? B

1, (A1)

where a and b denote the length of its semi-major and semi-minor axes,
respectively. Through considerable algebra and tears, the limits of this ellipse can be

easily obtained as follows:

max(x) =~/a’ cos’ @ +b? sin> @, max(y) = VaZsin® 0 +b’cos’ 6 . (A.2)
Therefore, the limits of an arbitrary ellipse with a rotation of 8 and pt; =
(x1,y1) and pt, = (x,y,) as foci, such as the ellipse in Figure A.1, can be

expressed as:

max(x) = x.. . =/a?cos? O +b?sin? g+ %2

right

(A.3)

max(y) = Y, = va’sin? 6 +b? cos? 9+%

2) Possible locations of pt; and pt,:
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Figure A.2. Diagram for exploring the possible locations of point pair.

Given a certain p; = (x4,y,), forany p, = (x3,y,) on the left semi-circle as
shown in Figure A.2, we can find a point p; = (x3,y3;) on the right semi-circle

where y; = y,.



Note that the rotation 6 can be represented by pt;, pt,, thatis, cosf =
xz;xl’Sing = _yz;y11 and a = B/2 =cu/2, b =+Vc? —1+*u/2, Therefore, the

Equation (A.2) can be simplified as:

() = X =070 ) +(E Dy, )+ 5%
12 +2 . (A9
max(y) = Y, = E\/Cz(y2 — )+ (2 =1 *(x, — %)%+ Y1 > Y,

Given x3 = x,, on the basis of Equation (A.4), we have x,;gx:(pt1,pt;) <
Xright (Pt1, pts). FOr this reason, extrapolating the possible domain for pt,, pt,
corresponding to the maximum x value of BAEE model is easy. The domain is
shown in Figure A.3 (a). Similarly, the domain for pt,, pt, corresponding to the

maximum y value of the BAEE model is shown in Figure A.3 (b).
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Figure A.3. Possible domain for pt,, pt, corresponding to the limits of BAEE

model.
3) Limits of BAEE (y-axis):

Let E = {ey, e4,e,, ...} denote an infinite set composed of the ellipses
between all possible point pairs, where the maximum coordinate for e € E is

expressed as x, and y,.



vkeN,JeeE st y, >y, . (A.5)
Therefore, the computation of maximum y for theoretical BAEE model can be

transformed into an objective function, which can be expressed as follows:

Yity,

1
max Z=E\/cz(y2 — ;)2 +(C* =1)*(x, —x)* + >

(42 +y =1 : (A6)
s.t.

&
(X, _5)2 +y, =T

For the example in Figure A.1, the objective function Z can be rewritten as:

Z= y1+y2 \/c (Y, = ¥.)’ +(C —D(r* —y; +e+r*—y;)’ (A7)

The limits of Z appear at the stationary point (y?,y?), which should satisfy:

oz oz
Z,(y,¥)=—| =0 and Z, (yl,yz)—— =0. (A.8)

ay 1= y1 ayZ y1 yl

1
¥2=Y3 =ys

After the differential, the partial derivative, Z,, (y7,y3), for instance, can be

expressed as

(€ —D* YO *(JrF —(¥2)? +e+4r* —(¥2)?)

Cz(yf_yg)_ \/
Z, (90 ¥9) = C0) o (A9)
2(€ D (JrP =) + &+ — (V) ) + S (¥ - y2)?
Similarly, we can compute Z,, (y?,y3) as follows:
¢ (yy°) - (C =D* Yy *(Jr’ = (1) +e+4r’ = (¥5)*)
Z, (%, y9) = Jr' -y 4. (A10)

2(@ )= (7~ (1) + e+~ (7 +¢* (3 )’
Combining Equation (A-8)—(A-10) and after considerable algebra, we can

obtain:

y2=y9=1 and Zmaxzr*c+§\/c2—1. (A11)
C



4) Limits of BAEE (x-axis):
Similar to the derivation process in calculating the maximum y, the objective

function Z can be written as:

\/rz_yg_\/rz_ylz 1 2 2 2 /2 2 /2 212
2= 2 +§\/(C '1)*(y1_y2) +C( =y, te+r _yz) ' (A.lZ)

The partial derivative, Z,, (y{,y3) can be expressed as:

Py % (Jr? = (v0)? + & +4Jr2 —(y2)?)
JrE—(y0)? oo (A.13)

+

2J¢ * (P (D) + e+ P (VD7) + (@ -D*(y) -y 2T~ ()]

(C-D)*(y;-y;) -

Z,(y, ;)=

The partial derivative, Z,, (y{,y3) can be expressed as:

)_cZyS*(JrZ—(yff+s+Jr2—(y2)2)
Jri =) Y, (ALY
2e?* (JrP = (W) + e+ — (Y7 + (2 —D* (0 —y2)* 2T —(¥)’

(1) *(y5-y;

Zy2 (ylo' yg) =

By equating Equation (A-13) and (A-14) to zero, we have y? = y? = 0.

Therefore, the maximum x can be calculated as Z,,,, = ¢ * (Z +7).



