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Abstract 

 

Concentric circles (CC) map design is an alternative schematic representation for metro 

systems. Compared to the traditional octo-linear maps, CC maps simply the perception of the 

network by putting visual accent on circular line patterns. This design offers new insights into 

schematic drawings for metro systems. At present, automated mapping literature focuses 

mainly on the traditional octo-linear design using the optimization approach. Design criteria are 

modeled as constraints and/or objective functions in a constrained mixed-integer optimization 

program. Nevertheless, there are only a few studies focus on the automated CC map drawing. 

In this article, we develop an automatic CC map drawing method by adopting map design 

criteria as a mixed-integer programming (MIP) problem. Numerical experiments are conducted 

with (a) a simple network that illustrates the modeling procedure in detail, and (b) two real-

world metro networks in Vienna and Montréal to analyze the effects of the choice of map center 

and parameter settings. 

 

Keywords: Schematic map; Concentric circles map; Metro network; Automatic map drawing; 
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1. Introduction 

 

Humanity has faced the challenge of network visualization way before the advent of the 

computer. Although the first underground railway opened in 1863 (Wolmar, 2009), the first 

schematic metro map, resembling modern metro maps was created only in 1933 by Harry Beck 

(Roberts, 2014). He realized that the usability of a network visualization is based on the 

simplification of a real system, which is more important than the geographical accuracy. This 

is known as octolinearity, which is commonly believed as a golden design rule used worldwide 

to depict railway networks in official maps (Ovenden, 2015). In 1989, Erik Spiekermann 

proposed a novel radical design with multiple concentric circles for the reunified Berlin U-

Bahn/S-Bahn network (Roberts, 2013). The concept of concentric circles (CC) has not yet been 

investigated until recently Roberts (2013) promotes the idea by emphasizing its high structural 

coherence, other than the simplification in octo-linearity entailed in removing complex line 

trajectories. He suggested that CC maps promote better network learning and memorizing than 

the octo-linear one by reducing the cognitive load. Although recent usability studies indicated 

that the high coherence of its overall structure is adequate to compensate for the poor simplicity 

of its line trajectories (Roberts, 2019; Roberts et al., 2016), they could not deny the high 

attractiveness of this drawing style, which generated interests and responses on the internet 

(Chan, 2018; Konovalov, 2016; Tseng, 2017), by giving users a choice of metro map design. 

 

In recent years, one can observe an increasing number of studies in automated network 

visualization. For the octo-linear map design, a force-directed graph layout algorithm (Hong et 

al., 2006; Stott et al., 2011) and optimization algorithm (Lan et al., 2019; Nöllenburg and Wolff, 

2011; Sester, 2005; Wang and Chi, 2011; Wang and Peng, 2016) are widely used to guarantee 

the octo-linearity of the line segments. Different from the traditional octo-linear design with 

straight lines (vertically or horizontally) and 45° angles, circular and radial segments are 

fundamental elements in the concentric circles design where lines go around or traverse the 

center. However, there are only a few studies focus on the concentric circles map automatic 

drawing (Barth, 2016; Fink et al., 2014). In this article, we develop a mixed-integer 

programming (MIP) model to automatically draw the concentric circles map by integrating the 

design criteria from the aesthetics perspective (Roberts, 2014). We demonstrate the feasibility 

and effectiveness of the method using a simple network and two real-word metro networks: the 

Vienna metro network and the Montréal metro network.  

 

 

2. Related works 

 

A common technique used to pursue simplicity in the design of complex network maps is to 

create a schematized representation. When comparing schematic maps worldwide, the 

dominance of octolinearity (i.e., drawn with only horizontal, vertical, and 45° diagonal straight 

lines) is clear (Ovenden, 2015). Recent research in automated octilinear schematic map design 

usually based on iterative procedure (Bertault, 2000; Frick et al., 1995; Hong et al., 2006; Kozo 

Sugiyama; Kazuo Misue, 1995; Li and Dong, 2010; Stott et al., 2011) and optimization model 

(Lan et al., 2019; Nöllenburg and Wolff, 2011). Hong et al. (2006) generate the scheme map 

using five methods based on three force-directed approaches: graph embedder (GEM) (Frick et 

al., 1995), force-directed algorithm (PrEd) (Bertault, 2000), and a magnetic spring algorithm 

(Kozo Sugiyama; Kazuo Misue, 1995). For each iteration, the position of the vertices is updated 

to identify a good metro map graph based on the qualitative criteria. Stott et al. (2011) adopt a 

Hill-Climbing algorithm by moving the stations and labels iteratively based on station criteria 

and label criteria, which are calculated to judge the quality of the map. Li and Dong (2010) 
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propose a stroke-based method, where line segments are formed as strokes, to generate the 

schematic map. To improve readability of the schematic maps, congested area is often enlarged, 

which can be incorporated in the stroke-based method (Ti and Li, 2014). The optimization 

model is another way to identify the position of stations in schematic maps. Nöllenburg and 

Wolff (2011) used mix-integer linear programming (MIP) to model the octo-inearity as a hard 

constraint to find a optimal metro map that minimizes the use of bends and lengths as well as 

distortion. Binary variables are introduced for analyzing the design rules, which are formulated 

by constraints in the optimization model. General principles are also integrated into the MIP to 

improve the clarity and aesthetics of generated schematic maps (Lan et al., 2019). 

 

In octilinear scheme map design, many design criteria are used to guarantee the octolinearity 

and aesthetics in both iterative approach and optimization method. Li (2015) formulate four 

principles for schematization: preservation of the topological relationship, preservation of the 

main structure, relative in position, and relative in length. These principles are illustrated to 

specified constraints that are used in MIP (Lan et al., 2019). The first two principles should 

never be violated, which are important for the map readability. The last two principles constrain 

the station and link characteristics to improve the aesthetics of the scheme map. Nöllenburg and 

Wolff (2011) gives a substantial set, for example, keep line trajectories as straight as possible, 

space stations evenly, station labels should not occlude lines, and relative positions of stations 

should be preserved. The research method and design criteria for automatically octilinear 

scheme map drawing is summarized in Table 1.  

 

Roberts et al. (2013) argued that there is no scientific support in the psychological literature for 

the octolinearity as a gold standard belief in view of map usability. Following this, few attempts 

have been made to explore whether alternatives might result in better designs. Roberts (2013) 

show that the curvilinear design, which comprises only Bézier curves improved objective 

usability in terms of shorter journey planning times. The curvilinear schematic map simplifies 

the line trajectories and avoid visually disruptive bends that are more friendly for users to trace 

the metro lines (Fink et al., 2012). To automatic generate the curvilinear schematic map, Fink 

et al. (2012) use a force-directed algorithm which minimizing the usage of curves in one line. 

In addition to smoothing the harsh corners with curves, Roberts et al. (2016), suggested the 

concentric circles version, whose lines are drawn as circles with a common center, improved 

subjective usability in encouraging map engagement and more frequent use of public transport 

facilities. These refute the gold standard conjecture of the octilinear design, and it would be 

reasonable to suggest that we cannot overlook other possible alternatives.  

 

To generate the concentric circle map algorithmically, Fink et al. (2014) adopt the mixed-

integer programming to generate the concentric circle scheme map for Vienna and Montréal 

metro networks. However, the approach is not applicable in larger networks and further 

constraint simplification is needed. Barth (2016) develop another algorithm which have been 

applied in Montréal and London to draw the concentric circle map automatically. However, 

these approach offers very little flexibility to the designers who are pursuing a balance rather 

than optimal solution from the aesthetics perspective. In this article, we focus on the concentric 

circle design which stands as one of the most indelible designs in recent literature (Chan et al., 

2021; Roberts, 2019, 2013; Saidi et al., 2017, 2016a, 2016b; Szabo and Genge, 2019; Wu et al., 

2020). We compiled the criteria for effective map design proposed by Roberts (2014), which 

consists of five criteria namely simplicity, coherence, harmony, balance, and topographicity, in 

order to maximize the map usability and engagement. In our approach, the criteria are described 

more detailed to modelled in the objective of the optimization program. 
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Table 1. Summary of automated schematic map drawing approaches  
Design 

rules 
Research method Design criteria Example 

Octilinear 

Iterative 

procedure 

Force-directed 

algorithm 

Line straightness, no edge 

crossing, no overlapping of 

labels, octilinear direction, 

line distinctly 

(Bertault, 2000; Frick 

et al., 1995; Hong et 

al., 2006; Kozo 

Sugiyama; Kazuo 

Misue, 1995) 

Stroke-based method 
Network simplicity and 

clarity 

(Li and Dong, 2010; 

Ti and Li, 2014) 

Hill climbing  

Angular resolution, edge 

length, balanced edge 

length, line straightness, 

octolinearity, label setting 

(Stott et al., 2011) 

Optimization 

model 

Mix-integer 

programming  

Octolinearity, preserve the 

network topology, avoid 

bends, preserve the relative 

position between stations, 

uniform edge length, label 

should not obscure each 

other, distinctive line color 

(Lan et al., 2019; 

Nöllenburg and 

Wolff, 2011) 

Curvilinear Force-directed algorithm  
Minimize total Bezier curves 

for lines to avoid inflection. 
(Fink et al., 2012) 

Concentric 

circles 

Min-cost-flow Minimize total bends (Barth, 2016) 

Mixed-integer program 

Minimize total bends, 

stations should be placed 

closer to geographic 

locations 

(Fink et al., 2014) 

 

3. Methodology 

 

In this article, we model the concentric circles map drawing as MIP where the design criteria 

are modelled as the optimization objective. We illustrate this model in detail in the following 

section.  

 

3.1 Network representation 

 

The geographic information of stations and the central point are input data which need to be 

transformed to Cartesian coordinates. And then, we convert the coordinate of stations to polar 

coordinate which is easy to describe the ring and radial line section. The data preparation 

process is described in Fig. 1. 
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Fig. 1. Data preparation 

 

In concentric circles maps, stations are connected by either ring or radial line segments. To 

simplify the expression of the stations and links, we use polar coordinates to represent the 

position. In concentric circles map drawing, there are two basic elements of drawing: vertices 

and link section. Vertices are described by the angle from the reference direction and the 

distance from the pole. Link section between adjacent stations can be represent by the angle of 

the radial line segment in the link section as shown in Fig. 2.  

 

  
Fig. 2. Example of network representation 

 

For instance, as shown in Fig. 2, there are three vertices A, B, and C, and two link sections L1 

and L2 connected these vertices. For each vertex, two variables, (αi, ri) for i ∈ N, are needed to 

describe the location of the point. Given the information of vertices, links connected the 

adjacent stations can be represent by one variable, βp for p ∈ L, which shows the angle of the 

radial line segment in this link. For example, link L1, connected vertices A and B, can be divide 

by a ring line segment l1 and a radial line segment l2. l2 with angle β1 can be described by [β1, 
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r1 < r < r2]. r1 and r2 are the radii of vertices A and B respectively. For l1, the radii are fixed with 

the angle in a range: [r1, α1< β < β1]. Thus, the link section is determined given the angle of 

radial line segment l2. For the link section without radial line segment (e.g., L2), we can give a 

virtual radial line segment with angle β2 (α2< β2< α3). Since the radii of the virtual line is the 

same, it does not affect the map display.  

 

3.2 Binary variables 

 

We adopt two types of binary variables from Fink et al. (2014) as intermediate variables to 

facilitate the calculation of the number of bends. Type X variable is related to the relations 

between angles of vertices αi and link segments βp. Either of the three relations exists: (1) αi < 

βp; (2) αi = βp; (3) αi > βp. Thus, angle relation AR = {αi < βp, αi = βp, αi > βp}. XAR equals to 1 if 

angle relation AR is satisfied. Type Y variable is related the relations of between two radius of 

vertices ri, rj. Similarly, either of the three relations exists: (1) ri < rj; (2) ri = rj; (3) ri > rj. Thus, 

radius relation RR = { ri < rj, ri = rj, ri > rj }. YRR equals to 1 if radius relation RR is satisfied. 

Eqs. (1-6) are constraints used to ensure the binary variables have value 1 when corresponding 

relations are satisfied. In Eq. (1), αi < βp has to hold when Xαi< βp = 1. Similar formulation is 

adopted for binary variables Yri< rj  in Eq. (4). In Eqs. (2-3), when Xαi=βp =1, αi ≤ βp and βp ≤ αi 

have to hold, which equivalent to αi = βp. Again, Similar formulations are adopted for Eqs. (5)-

(6). Those constraints mathematically descripted as: 

 

( )2 1
i pi p X     +  + −  (1) 

( )2 1
i pi p X    = + −  (2) 

( )2 1
i pp i X    = + −  (3) 

( )1
i ji j r rr r M Y +  + −  (4) 

( )1
i ji j r rr r M Y = + −  (5) 

( )1
i jj i r rr r M Y = + −  (6) 

 

where Ɛ is a small value of angle and M is a large number. 

 

Eqs. (7)-(8) are constraints used to make sure that only one binary variable in each type take 

the value of 1, mathematically as: 

 
1

i p p i i p
X X X       =+ + =  (7) 

1
i j i j i jr r r r r rY Y Y  =+ + =  (8) 

 

Take the simple network (three vertices and two links) shown in Fig. 2 as an example. For edge 

A-B, we have to determine the angle relations of vertex A with α1 and link L1 with β1. For α1 < 

β1, Xα1 < β1 = 1. According to Eq. (1), when Xα1 < β1 = 1, α1 + Ɛ < β1 gives α1 < β1. Thus, α1 < β1 

holds. For edge B-C, we have to determine the relations of vertices B and C with α1 and α2 

respectively. For r2 = r3, Xr2=r3 = 1. According to Eqs (5-6), when Xr2=r3 = 1, r2 ≤ r3 and r3 ≤ r2 

give r2 = r3. Thus, r2 = r3 holds. Table 2 summarized the value of binary variables with the 

example network.  
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Table 2. Value of binary variables of the example network  

Edge 
Relations Type X Type Y 

Vertex Link αi < βp αi = βp αi > βp ri < rj ri = rj ri > rj 

A-B 
A L1 1 0 0 

1 0 0 
B L1 0 1 0 

B-C 
B L2 1 0 0 

0 1 0 
C L2 0 0 1 

 

3.3 Map efficiency criteria 

 

We adopt the framework of efficient map design by Roberts (2014, 2013), who promotes the 

concentric circles style of drawing. The framework consists of two separate aspects, map 

usability and engagement, to evaluating a map. Map usability and engagement concern 

objective and subjective measurements respectively. We focus on the measurable objective 

aspect, which includes simplicity, coherence, balance, and topographicity. Simplicity 

emphasizes the individual line trajectories bend as few as possible while topographicity restricts 

the turning point of lines at stations to avoid excessive distortion. Balance focus on the station 

level in terms of density gradients. Coherence concerns overall map level, requiring higher-

order measures of relatedness between lines, which is harder to quantify. We assume that lines 

in concentric circles maps are optimized in coherence considering all lines have the same 

common center, as discussed in Roberts et al. (2016). Therefore, the remaining questions for 

optimizing line trajectories are how to achieve simplicity with less bends while minimizing 

topographical distortion. In our MIP model, we formulate the (a) topographicity  and (b) 

simplicity in the optimization objectives and constraints. Balance is not going to be discussed 

in this article as it is likely to be a second steps to placing the intermediate stations after 

generating the line trajectories with interchange and terminal stations.  

 

3.3.1 Topographicity 

 

Topographicity requires the station in the scheme map should be placed as close to their original 

location as possible. We preserve the relative location of the stations which is one of the general 

principles for scheme network map (Li, 2015), and minimize the location distortion from 

original layout which make it easy for users to identify the stations on the map.  

 

3.3.1.1 Preserving the relative position 

 

The relative position of each station should be preserved to facilitate the usability of schematic 

map. The relativity in position can be modeled by the relative direction, such as north, 

northwest, west, or the relative quadrant type described in cartesian coordinates (Lan et al., 

2019) as shown in Fig. 3. The relative position of node A and B can be expressed by: B is in the 

northeast of A in geographical representation, or B is in the quadrant 1 of A using cartesian 

coordinates. The relative position is preserved if the relative direction or the relative quadrant 

do not change in the schematic map.  
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Fig. 3. Relative position of two vertices 

 

In concentric circle maps, we preserve the relativity in position by keeping the relationship of 

the angle and radii unchanged which can be modelled mathematically 
, ,o o

i j i jif i j N       (9) 

, ,o o

i j i jif i j N       (10) 

, ,o o

i j i jr r if r r i j N    (11) 

, ,o o

i j i jr r if r r i j N    (12) 

where ( ) ( ), , ,o o o o

i i j jr r   are the geographic position of station i and j.  

 

In Fig. 4, B (α2, r2) is the position of vertex Bo in the schematic map. As α1
o < α2

o and r1
o < r2

o, 

the location for vertex A in the schematic map follows α1 <α2 and r1 <r2 (the shadow area) that 

ensure the relative position of stations are reserved.  

 
Fig. 4. Example of relative position in concentric circle map 

 

3.3.1.2 Location distortion 

 

Location distortion is adopted to characterize the gap between the mapped location and their 

geographic one. Location distortion is quantified by the sum of absolute difference of angles 

and radius individually. Two spatial properties, angular (direction) distortion AD and distance 

(linear) distortion DD is addressed, mathematically descripted as: 

 

,o

i i iAD i N = −   (13) 

,o

i i iDD r r i N= −   (14) 

 

Thus, for an optimal solution, the stations are placed close to their geographic location can be 

realized by minimizing the absolute value of distortion for all stations as: 

 

i i

i N i N

Min AD DD
 

+   
(15) 
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3.3.2 Simplicity 

 

Simplicity requires lines should have as less bends as possible. In concentric circles maps, there 

are two types of bends: bends for edges BE and bends for traversing stations BT. As shown in 

Fig. 5, there are two bends for edge between station A and B. Bends for traversing stations 

happened on the vertices which have ring line segment and radial line segment on both side of 

the point. We aim at minimizing the number of bends for both types in the generated map to 

achieve simplicity. 

 
Fig. 5. Example of bends in concentric circles map 

 

Thus, for an optimal solution, lines are as simple as possible by minimizing all type of bends 

for all lines as: 

p i

p L i N

Min BE BV
 

+   
(16) 

 

The number of bends can be calculated using the binary variables described in the next sub-

sections.  

 

3.3.2.1 Bends for the edges 

 

In concentric circles map drawings, the line trajectories only include radial line segment and 

ring line segment. The edge between two adjacent stations has bends if there have both ring line 

segment and ring line segment between the vertices. For two stations A (α1, r1) and B (α2, r2), 

there has no bend if α1 = α2 or r1 = r2. If the angle β1 of the radial line segment between the 

stations equal to the angle of one of the stations, which means α1 = β1 or β1 = α2, there is only 

one bend between the station. There are at most two bends for the edge under α1 ≠ β1 and β1 ≠ 

α2. The four possible line trajectories between two adjacent stations are given in Fig. 6.  

 

• No bend. As shown in Fig. 6(a) and (b), there have no bend between station A and B. In 

(a), the radii of the vertices are the same, which means Yr1=r2 = 1. The ring line segment 

is described with a virtual angle β1 where α2 < β1 < α1, and Xα1=β1 = Xα2=β1 = 0. In (b), 

the radial line segment is described with angle β1, where β1= α1 = α2, and thus Xα1=β1 = 

Xα2=β1 = 1.  

• One bend. As shown in Fig. 6(c), there is one bend between station A and B. The angle 

of link section equals to the angle of one vertex. In this case, Xα1=β1 = Xα2=β1 = 0 and 

Yr1=r2 = 0. 

• Two bends. For the edge with two bends, the angle of the stations and radial link segment 

satisfied α1 ≠ β1, β1 ≠ α2 and r1 ≠ r2. In this case, Xα1=β1 = Xα2=β1 = 0 and Yr1=r2 = 0. 
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By analyzing all possible line trajectories between adjacent stations, we can formulate the 

number of bends for each edge p as 

 

( ) ( )1 1 2 ,
i p j p i jp r rBE X X Y p L   = = == − + − −    (17) 

 

where i and j are vertices connecters link p. 

 

 
Fig. 6. Four possible line trajectories between two adjacent stations 

 

3.3.2.2 Bends for traversing vertices 

 

Similar to the bends between adjacent vertices, we can formulate the numbers of bends for line 

traversing vertices by analyzing all possible line trajectories traversing stations. As shown in 

Fig. 7, there exist bend traversing station B when the line segments on both sides are ring line 

and radial line respectively. For radial line segment as shown in Fig. 7 (a), α2 = β1, and for the 

ring line segment, α2 ≠ β2. If there is no bends traversing stations, the angle of the station equals 

or not equal to the angle of both side link section at once as shown in Fig. 7 (b) and (c). 

 

We can formulate the number of bends that the lines make traversing station i by  

,
i p j qiBV X X i N   = == −   (18) 

where βp and βq are the angles of link section connected station i. 
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Fig. 7. Possible line trajectories traversing stations 

 

3.4 The MIP model 

 

The modeling procedure is summarized in Fig. 8. The map efficiency criteria are modeled as 

the objectives and constraints of the MIP model. Simplicity and topographicity are modeled as 

the objectives of the MIP model, and the balanced link length is achieved in the constraints.  

 

 
Fig. 8. Summary for the modeling procedure 

 

The MIP model aims at minimizing the distortion of the stations on the generated map, and the 

bends for the lines. The link length is constrained to be less than the maximum value. The 

absolute sign can be removed by adding the following constraints: 

,o

i i iAD i N  −   (19) 

,o

i i iAD i N  − +   (20) 

,o

i i iDD r r i N −   (21) 

,o

i i iDD r r i N − +   (22) 

,
i p i qiBV X X i N   = = −   (23) 

,
i p i qiBV X X i N   = = − +   (24) 
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Overall, the map drawing programming can be formulated by the following MIP model: 

1 2 3 4i i p i

i N i N p L i N

Min w AD w DD w BE w BV
   

+ + +     
(25) 

s.t. (1) - (12), (19) - (20) 

 

where w1, w2, w3 and w4 are the weights of different objectives. 

 

 

 

4. Numerical experiments  

 

This section provides numerical examples to demonstrate the desirable features of the 

methodology using a simple network and the applicability using real metro networks of Vienna 

and Montréal, which have been have been used in (Fink et al., 2014). In this article, we solve 

the MIP model by Cplex plug-in in Python, and the running time varies from 1-5 seconds 

depend on the parameters setting. We generated an equivalent expression of Eq. (21) for simpler 

notations for latter discussion as: 

 

1 1 2 2 3 3 4 4Min w Z w Z w Z w Z+ + +  (26) 

where Z1, Z2, Z3 and Z4 are the notations of different objectives. 

 

4.1 Simple network 

 

A simple network, shown in Fig. 9, consists of a loop line with eight stations and eight links to 

demonstrate the features of proposed methodology. We consider two scenarios of map drawings 

by weightings adjustment. The purpose of Scenario 1 is to fully exploit the simplicity of the 

map drawing by increasing the weights corresponding to total bends (i.e., w3 and w4) so that the 

total number of bends should be zero or close to zero. Scenario 2 is designed to preserve the 

original locations of stations by increasing the weights corresponding location distortions (i.e., 

w1 and w2) so that all stations maintain their original locations. The main purpose of this 

example is to illustrate the modelling process and to demonstrate the discreteness of the two 

dimensions (simplicity and topographcity) for drawing the metro network in concentric circles. 

To this end, as shown in Table 3, we use the simplest specification for each weighting to 

amplify the effect of each dimension in the simple network example. The effect of the central 

point selection and the weight of the optimization objective will be discussed in the real-world 

examples.  There are 24 decision variables that indicate the location of the stations and link 

sections. 72 binary (intermediate) variables are needed to calculate the bends of the generated 

concentric circles map. Fig. 10 summarized the formulations used in the MIP model. 

 

 

Table 3. Design weight and variables under different scenarios 

Scenario 
Weights in the objective function Value of decision variables 

w1 w2 w3 w4 Z1 Z2 Z3 Z4 

1 1 1 4 4 0 12.72 0 0 

2 4 4 1 1 0 0 8 8 

 

 



Xu et al. 

International Journal of Geographical Information Science 

 
Fig. 9. Simple network 

 

 
Fig. 10. MIP model for the simple network 

 

4.1.1 Scenario 1: maximizing simplicity 

 

Scenario 1 generates map that most conforms to the simplicity design criteria. The loop line 

ideally forms a circle in the concentric circle map as shown in Fig. 11. All stations have the 

same radius. Subsequently, they are relocated in the same radial line so that the angle of each 

station remains unchanged, maintaining zero angular distortion (i.e., Z1 = 0). In this sense, there 

is no bends for edges and traversing stations (i.e., Z3, Z4 = 0). While three of four decision 

variables have been fully optimized (i.e., Z1, Z3, Z4 = 0), the linear distortion is sacrificed, where 

Z2 = 12.72. In this case, the constraints for preserving the relative radius (Eqs. (11)-(12)) of 

stations are activated, and all the stations keep the angle of the original location.  
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Fig. 11. Mapping results under the scenarios of optimizing simplicity 

 

4.1.2 Scenario 2: maximizing topographcity 

 

Scenario 2 generates map that strictly obey the topographcity criteria. To this end, stations are 

fixed to their original locations so that there is no location distortion (both angular and linear, 

i.e., Z1, Z2 = 0). As shown in Fig. 12, since there is no station lie on the same radial or ring line, 

all the links compose of one ring line and one radial line drawing from a station to the 

corresponding angle and radius of the adjacent station. This scarifies the simplicity and causes 

one bend per each station and edge, a total of 16 bends for 8 stations and 8 edges (i.e., Z3, Z4 = 

8).  

 
Fig. 12. Mapping results under the scenarios of optimizing topographicity 

 

4.2 Real-world metro networks 

 

We use Vienna and Montréal metro networks to demonstrate the applicability using realistic 

metro networks of Vienna and Montréal, which have been have been used in Fink et al. (2014). 

Similar to the representation used by Fink et al. (2014), the line trajectories is input as a 

simplified network that consists of only transfer and terminal stations. This simplification can 

facilitate the calculation and map presentation. 

 

4.2.1 Montréal metro network 

 

Montréal metro in Greater Montréal, Quebec, Canada has 4 lines with 68 stations. The 

simplified network consists of 15 nodes and 16 links that produce 46 variables, 144 binary 

variables, and 566 constraints. In this section, we examined the effect of the central point 
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selection with center A and B which are both the centroid of area surrounded by a loop line as 

shown in Fig. 13.  Point A is located in a relatively small area surrounded by the green line and 

orange line, while point B is located in the center of a circular line formed by the blue line and 

orange line.  

 

Table 4. Design weight and variables under different scenarios 

Scenario 
Weights in the objective function Value of decision variables 

w1 w2 w3 w4 Z1 Z2 Z3 Z4 

A 1 1 1 1 2.38 13.66 7 0 

B 1 1 1 1 3.20 9.33 6 3 

 

 

Offical display maps Simplified networks 

  

Network information Model information 

4 lines 15 nodes 16 links 
46 real 

variables 

144 binary 

variables 

356 

constraints 

Fig. 13. Vienna and Montréal metro networks 

 

We set w1, w2, w3 and w4 be 1 for both cases with different point of center (Table 4). In Fig. 

14, for scenario A, the visualization shows the congested area with a complete circular line 

trajectory is enlarged. For scenario B, we get a lager circle with the same optimization weight 

setting. It is hard to determine which is the optimal solution with only the qualitative 

visualization. When we look at the decision variables, for topographicity Z1 and Z2 (i.e., decision 

variables for angular distortion and distance distortion respectively), scenario A preserves more 

the angular property (i.e., lower value of Z1) while scenario B preserves more the radial property 

(i.e., lower value of Z2). In the view of topographicity, the decision on an optimal solution 

depends on whether which distortion value more subjectively. For simplicity, scenario A gives 

a solution with 7 bends for traversing stations and no bends for edges. In scenario B, there are 

totally 9 bends with 6 bends for traversing stations and 3 bends for edges. For simplicity, 

scenario A generally gives a simpler solution. Overall, with both qualitative and quantitative 

evaluations, we prefer choosing A be the center, considering that a simpler solution with spaces 

between the green line and orange line enlarged might increase the readability of the concentric 

circles map. 
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Fig. 14. Automated generated concentric circle map 

 

 

4.2.2 Vienna metro network 

 

The Vienna U-Bahn is the metro system in Vienna, Austria with 5 lines and 98 stations. We 

simplified the network with 19 nodes, and 25 links as shown in Fig. 15. In this section, we 

analyzed the effect of adjustable weight parameters w. We changed w1 and w2, the weights 

corresponding location distortions, from 0.01 to 20 while maintaining w3 and w4 to 1, the 

weights corresponding to total bends (Table 5). The weight of the optimization objective 

determines the location distortion and number of bends for the generate concentric circles map 

where can be adjusted to balance the simplicity and topographicity of the map. 

 

Offical display maps Simplified networks 

 
 

Network information Model information 

5 lines 19 nodes 25 links 
63 real 

variables 

225 binary 

variables 

541 

constraints 

Fig. 15. Montréal metro networks 

 

Table. 5. Design weight and variable under different scenarios 

Scenario 
Weights in the objective function Value of decision variables 

w1 w2 w3 w4 Z1 Z2 Z3 Z4 

A 0.01 0.01 1 1 0.001 51.92 0 0 

B 1 1 1 1 2.72 6.37 11 4 

C 5 5 1 1 0.45 0.36 15 19 

D 17 17 1 1 0 0 16 25 
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The corresponding Z-value for a range of ratio of weights RW are shown in Fig. 16. Z1 and Z2 

(i.e., decision variables for angular distortion and distance distortion respectively) shows their 

negative correlations in small value of RW (i.e., minimizing bends/ maximizing simplicity). It 

is understandable because under the constraints of position relativity with Eq. (9)-(12), stations 

are required to preserve its angle of origin location and changes is only allowed in terms of 

radial distance. This observation further confirms the results we obtained from the case study 

of the Montréal metro network. Thus, for scenario A as shown in Fig. 16 which aims to 

minimize bends with very small value of ratio of weights, we can see a circle which is the same 

result with scenario 1 of the simple network that minimizes bends as shown in Fig. 11, with all 

constraints for the relative distance (i.e., Eqs.(11)-(12)) are activated. In this case, almost all 

nodes located on the same ring line that cause the largest radius distortion (i.e., Z2 = 51.92).  

Scenario B shows a balanced optimal solution with all Z-value equal to one. When we move 

along the x-axis in Fig. 16, the value of Z1 and Z2 tend to zero, which indicates a nearly optimal 

solution in terms of simplicity can be obtained at RW value of 5. Thus, for scenario C, we can 

see Z1 and Z2 is close to zero, and Z3 and Z4 (i.e., decision variables for bends of edges and 

traversing stations respectively) is high, with 15 bends for traversing nodes and 19 bends for 

edges. The highest value of Z3 and Z4 can be obtain at the RW value of 15.4, with Z1 and Z2 

equal to zero, resulted in scenario D. There are 16 bends for traversing nodes, and 25 bends for 

edges, with original locations are totally preserved. In conclude, the above results show the 

effects of weights in determining the local optimal solutions, while the global one depends on 

the user preference about different parameters. 

 

 
Fig. 16. Automated generated concentric circle map 

 

5. Conclusions 

 

In this article, we present an automatic concentric circles map drawing method by integrating 

the map usability design criteria into the mixed-integer programming (MIP). We demonstrate 

the validity of the proposed model with several numerical experiments with a simple network 

and two real-world metro networks. Our proposed algorithm allows us to generate prototypes 

of concentric circle metro maps quickly with some flexibility in the weight parameter settings. 

We showed that the choice of center and the weights between decision variables about distortion 

and bends could affect the optimal solution obtained. This subsequently allows to highlight the 

importance of quantified measurements to evaluate the quality of solutions in both qualitative 
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and quantitative way. The experiments presented show that our method is feasible for 

visualizing both medium and medium-large real metro networks. We showed that the proposed 

technique for components is capable of covering the variance of users’ needs.  

 

As future work, we want to investigate the optimal choices of center, by integrating it into the 

objective function. In the current stage, the choice of center is determined subjectively by users. 

We therein plan to put the emphasis of future research on the optimal choices of center. Further, 

we will work on improving the coherence of the visualization (e.g., metro lines being 

overlapped). We also want to investigate the feasibility for an interactive approach, which is 

started to be explored in the octo-linear metro maps (van Dijk and Haunert, 2014; Wang and 

Peng, 2016; Wilson et al., 2010).

1 
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