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Social Influence and Evolution
of Market Share

Simla Ceyhan, Mohammad Mousavi, and Amin Saberi

Abstract.  We propose a model for the evolution of market share in the presence of social
influence. We study a simple market in which the individuals arrive sequentially and
choose one of a number of available products. Their choice of product is a stochastic
function of the inherent quality of the product and its market share.

Using techniques from stochastic approximation theory, we show that market shares
converge to an equilibrium. We also derive the market shares at equilibrium in terms
of the level of social influence and the inherent quality of the products.

In a special case, in which the choice model is a multinomial logit model, we show that
inequality in the market increases with social influence and that with strong enough
social influence, monopoly occurs. These results support the observations made in the
experimental study of cultural markets in [Salganik et al. 06].

[. Introduction

It has been observed consistently in various social and economic settings that
individuals generally look to other people when making decisions [Cialdini 01].
This phenomenon is even more pronounced in online social settings such as
YouTube and Digg, in which clips or news items that have a high “market share,”
or high number of views, are chosen more frequently [Cha et al. 07, Ost et al. 08].
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In this paper, we study the effect of such social influence on the evolution of
market share. We consider a model in which individuals sequentially choose one
of a number of available products based on its inherent quality as well as its
market share. The market share of a product is defined as the fraction of people
who have chosen that product before. Also, the decision of every individual is a
stochastic function of these two parameters.

This setting gives rise to a number of interesting questions. Do these markets
converge to an equilibrium? Is the outcome (or the equilibrium) of this market
predictable? Can we observe a significant difference in the outcome if we increase
the level of social influence? What is the effect of the inherent appeal, or quality,
of a product on its market share?

Our main result shows that market shares converge to an equilibrium if there
is a sufficiently large number of participants. Furthermore, it is possible to de-
rive the equilibrium as a solution of an ordinary differential equation (ODE).
The proof of this theorem uses techniques from stochastic approximation theory
that relate the limit behavior of a stochastic process to the limit behavior of a
differential equation.

We also study the rate of convergence to the equilibrium. We prove that the
difference between the stochastic process and its corresponding ODE converges
weakly to a Gaussian diffusion. More specifically, for a sufficiently large number
of people in the market, with high probability, the difference between the market
share and the equilibrium point is less than ¢/+/n, where ¢ depends on the social
influence. Furthermore, for some special cases of our model, we observe a change
in equilibrium with the level of social influence.

Our results are applicable to a very general class of functions. In fact, they
imply some of the classic results on balls-and-bins processes studied in probability
theory [Oliveira 08, Chung et al. 03] as a special case. In balls-and-bins processes,
balls are sequentially thrown into bins in such a way that the probability that a
bin with n balls receives the next ball is proportional to f(n), for some feedback
function f of type f(n) =n? for p > 0. It has been shown that when p > 1,
almost surely there is some bin that gets all but finitely many balls. This is what
we refer to as the monopoly case. When p < 1, the asymptotic fraction of balls
in each bin is the same, whereas p = 1 becomes the classic Pélya urn model. Our
analysis implies these results for p < 1 and p > 1.

Another special case of our model is the multinomial logit model, which is
widely used for modeling social influence in the economics literature. There are
also many empirical studies that use the logit model to analyze social influence
[Sorensen 06, Glaeser et al. 96, Baddeley 07, Dubin 95, Paez et al. 08]. In this
special case, we can measure the effect of social influence on the market share
more directly. For example, we can show that the number of equilibria increases
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with the social influence. This can be interpreted as an increase in the unpre-
dictability of the market.

In this special case, we also study the effect of social influence on inequality. We
observe that in the case of weak social influence, the quality of the products has a
significant effect on the final market shares. However, with strong social influence,
monopoly occurs; that is, one of the products, which does not necessarily have the
highest quality, gets the largest market share, while for the rest, the market share
becomes almost zero. Both of these results are consistent with the observations
made in the experimental work [Salganik et al. 06].

I.I. Related Literature

The effect of social influence on collective behavior has been studied extensively
within the fields of marketing, sociology, and economics [Chandukala et al. 08,
Wierenga 08, Schelling 78, Follmer 74, Grossman and Stiglitz 76, Young 98]. More
recently, social learning models have been incorporated into standard models of
economic decision-making by a growing number of theoretical studies.

An extensive literature in economic theory uses rational or Bayesian learning
as the underlying hypothesis for explaining herding or social learning. In this
setting, individuals are assumed to have imperfect information about the quality
of their choices. Therefore, their decision is based on their imperfect information
as well as on what they infer from previous decisions made by others [Banerjee 92,
Bikhchandani et al. 92, Ellison and Fudenberg 93, Chamley 03, Acemoglu et
al. 08, Acemoglu et al. 10].

There are also economic models that study social influence as the dynamics of a
coordination game. There, the hypothesis is that an individual will have a higher
utility for taking the same action as those who came before him. The interested
reader can see [Young 98, Montanari and Saberi 08] for more information.

The model proposed in this paper is in the following reduced form: instead
of modeling the information or the incentive structure of every individual, we
assume that his or her decision is a monotone function of the perceived quality
of the option as well as its market share. We expect most game-theoretic models
described above to have such a monotonicity.

Despite many theoretical studies, social effects have been hard to quantify
precisely in practice. This is mostly due to the difficulty in drawing inferences
from the data [Manski 00]. One can still find empirical studies on social influence
in many different contexts such as crime [Glaeser et al. 96], labor supply [Woittiez
and Kapteyn 98], stock market participation [Hong et al. 04], and choice of health
plans [Bertrand et al. 00].
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Our work is mostly related to the experimental study [Salganik et al. 06]. The
authors study a web-based music market with over 14,000 consumers to under-
stand the effect of social influence in cultural markets. The main conclusion of
the paper is that inequality and unpredictability in the market increase with
social influence. Also, recently, we have come across a study of an online mu-
sic community called The Hype Machine. Similarly, it is shown in [Ramaprasad
and Dewan 09] that being able to observe others’ adoption decisions positively
influences subsequent consumption decisions, and this is consistent across inde-
pendently released and major-label-released music.

The organization of the rest of the paper is as follows. In Section 2, we present
our model and analytical results. In Section 3, we focus on the logit choice model
and look at the change in the equilibrium with social influence. Our conclusions
appear in Section 4. There follow three appendices, Sections 5—7, containing
statements and proofs of several needed lemmas and theorems.

2. The Model

We consider a market with m products. At each time step n, a new participant
enters the market. After observing the market share of each product, he chooses
a product 7 € {1,...,m} that satisfies

1€ arg;nax(Jh(qu )+ fi +¢€).

Here J is a parameter that measures the social influence, ¢;(n) is the market
share of the product j at time n, h is a monotone smooth function, f; is the
inherent quality of the product j, and ¢; is the noise. We call the sequence ¢(n)
of market shares generated according to this model the market share sequence.
According to our model, each customer’s decision is influenced by what others
have chosen previously (the market share), the social influence (for J > 0), and
the quality of the products. Once the stochastic terms are realized, each customer
chooses an alternative that maximizes the above equation. From now on we will
use vectors in our notation: ¢p(n) = (¢1(n), ..., ¢, (n)) is the market share vector
at time n, and f = (f1,..., fin) is the quality vector.

The above model can be considered an instance of the additive random utility
model in discrete choice theory, which is frequently used by economists [McFad-
den 80, Ben-Akiva and Lerman 85, Anderson et al. 92]. In this model, an agent
must choose from a set of alternatives A = {1,...,m} offering some base utility,
in our case

zj = Jh(¢;(n)) + f;,
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and some stochastic utility €;. The noise vector € = (€1, ..., €, ) has strictly posi-
tive density everywhere in R™. Once the stochastic terms are realized, each agent
chooses the alternative whose total utility is maximal.

Let X = (x1,x9,...,x, ). We define the choice probability function as

L:R™ —R™

Li(X)=P <argmaxx]- +e = z) ,
J
where L;(X) gives the probability that the agent chooses alternative 1.
Hence, in our model the (n + 1)th customer will choose product ¢ with prob-
ability

O (6(n)) = Li(Th(6(n) + ) = P (arg;nax Th(oy(m)) + f; + ¢ = ) @)

The most common choice probability function used to model herding is the
logit choice function [Vulcano et al. 10, Ratliff et al. 08, Sorensen 06, Glaeser et
al. 96]. If ¢; are independent identically distributed random variables with the
extreme value distribution such that

F(e) = exp(—exp(—n"'e = 7)),

where v is Euler’s constant, then the choice probability function is the logit
choice function

67771%‘

N 27‘ en e’

A major advantage of the logit model is that it is analytically tractable. In par-

Li(X)

ticular, it has a closed-form expression for the choice probabilities. As a side note,
let us give two examples of our model when ¢; are independent and identically
distributed random variables with the extreme value distribution:

Example 2.1. Let h be the identity function, and n = 1. Then

, el ¢i(n)+fi
Ci (¢(n)) = S eTe T
J

Example 2.2. Let h = In(z) and «; = exp(f;). Then our model becomes a general-
ization of the preferential attachment

ai(¢i(n))’

Cl(p(n)) = ———— .
(o) >, (i (n))’
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For J = 1, the above model is used in [Borgs et al. 07] as preferential attach-
ment with fitness. Also, if the fitness of each product is the same, our model
becomes the balls-in-bins process with feedback, where the feedback function is
flx) =2".

For the rest of the paper, we will refer to our model as C(¢(n)) to simplify
the notation.

2.1.  Main Theorems

Using the above model, we study the behavior of market shares when a suffi-
ciently large number of customers have visited the market. In the first theorem,
we will show that in the general form, the stochastic process of the market share
asymptotically follows a deterministic path, which is the solution of an ODE.
Next, we will show that the market share converges to an equilibrium at infinity
in the special case that h is linear. In the third theorem, we study the rate of
convergence of the equilibrium.

Theorem 2.3. Let C : R™ — R™ be the choice probability function defined in (2.1),
where ¢(n) is the market share at time n. Then there ezists a sequence (Ty)k>1
such that as t;, — oo,

lim [6(k) — 3(F)| =0, (2.2)

k—o00
where ¢ is the solution of the following ODE:

d -

00 =C (6(t)) = (0)- (2:3)

Theorem 2.3 shows that in the limit, the evolution of market shares is governed
by the ODE in (2.3). The theorem has a simple interpretation. It shows that the
steady state of market shares can be derived from a deterministic and continuous-
time model. In this model, at every time ¢, a continuum of customers comes to
the market and chooses a portion of each product i as a function C(¢;(t)) of its
market share. It is straightforward to observe that the rate of change of market
share in this new model can be derived from (2.3). Theorem 2.3 shows that the
original model asymptotically behaves like this continuous-time model.

In the proof, we first construct a continuous-time interpolation of the mar-
ket share sequence. Then, we apply some results from stochastic approximation
theory to show that this function asymptotically behaves like an ODE.
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Proof. For each customer n, define the indicator I"™ € R™, representing the product
selected by customer n. In other words, I]' =1 if the customer selects product
i, and I = 0 otherwise.

Suppose product ¢ has been chosen N;* times by the first n customers. Let N
be a vector with m components such that component ¢ is N;'. Here we assume
that each customer buys exactly one product. Therefore,

Nn+1 — N" _|_In+1.

By definition, market share is ¢(n) = 1N", and C(¢(n)) = E[I""!|p(n)].
Hence,

n 1

In+l
e LA dmrr s S
1

Elo(n+1) - ¢(n)[g(n)] = —— < 6(n) + — = EII"*|o(n)

n+1
1 1
= Ta T 1¢(“) + mc@("))
= (o) — (). (24)
Let a, = 45, g(z) =C(z) — 2z, and d, = I"""' — C(¢(n)). Now we can
rewrite ¢(n + 1) as

B(n+1) =

d(n+1)=on)+ a,g(d(n)) + and,. (2.5)

Next, we will use the approach of the theory of stochastic approximations
from [Kushner and Yin 03]. Let us start with showing that the assumptions
necessary to use ODE methods are satisfied. From (2.4), E|a,d, /¢(n)] = 0, and
since Ela,d,] < 1, we have that

andn, = (¢(n + 1) - d)(n)) - 6719(¢(n))

is a martingale difference with respect to the filtration generated by market
share. Note that Y °° |, a, =00 and Y7 | a2 < oo.

Furthermore, C(¢(n)) is a probability vector, so |g(¢(n))]| <2 and
16(n) ()l < 1, and [ldu]] < 2.

Define t) = 0 and ¢, = Z?Zl % ~ logn for all n. Consider a continuous-time
interpolation ¢°(-) of ¢(n) on (—oo,+00) by

¢(0) fort <0,
¢'(t) =
o(n) fort, <t <t,i1.
Also, define the sequence of the shifted process ¢" (-) by
" (t) = ¢°(t, +t) forall t € (—o0, +00). (2.6)



114 Internet Mathematics

The ODE method developed in stochastic approximation theory [Kushner and
Yin 03] gives powerful tools for studying the behavior of this type of function
sequence.

Next, we use [Kushner and Yin 03, Theorem 2.1]. This theorem implies that
the sequence of functions (¢"(-)) has a convergent subsequence such as (¢™ (-)),

which converges uniformly to ¢(-), the trajectory of the ODE

d - _
79(1) =C(o(2)) - o(t).

Consider a sequence d,, that converges to zero. Then there exists a subsequence
(¢ (+)) such that for all ¢, we have

|67 (&) - B(1)]| < G

From the definition, we know that ¢ (t) = ¢°(t + ¢, ) = ¢(k) for some k
such that ¢, <t, +1t<t,11.So for each m and large enough k, we have

|lp(k) — d(te —tr,)|| < Om-
Now we want to show that there exists a sequence (f1, )r>1 such that as ;, — oo,
Jim [6(K) — 3()] = 0,

where k is bounded by a constant that depends on m. Let us show this by
choosing k > u,,, where u,, is a constant that depends on m. Let

Tm

fm = maX(TTQH -1, um)~

Then f,, is an increasing sequence that goes to infinity. For each k such that
fm+1 >k > fn, define ¢, =t —t,, . It is clear that

2
.
- m 1
ty =t —t,., > tr;z” 1 =t > . Z+l ; > IH(T,,L),
1=Tm

so 1), goes to infinity as k increases. O

In Theorem 2.3, we have shown that the stochastic process of the market
share asymptotically follows a deterministic path, which is the solution of an
ODE. Before studying the stability of the equilibrium, let us give an informal
interpretation of this theorem. Note that

Con) —o(n) | d,

Bln+1) = o(n) = —H By G

where d, = I""! — C(¢(n)) is a zero-mean random variable. As n goes to infinity,
the last term on the right approaches zero. Further, the cumulative variance of
the noise terms is bounded, since » >, n% < 00. Informally, this suggests that
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the limiting behavior of the stochastic process ¢(n) can be inferred from the
limiting behavior of the deterministic process

b+ 1) — dmy = A0,

With our next theorem we show that under some stronger assumptions, the
market share sequence converges to an equilibrium.

Theorem 2.4. Let C : R™ — R™ be the choice probability function defined in (2.1),
where h is the identity function, i.e.,

Ci(X)=P <argmax(J¢j +fi+e)= z) .
j

Also, assume that the random vector € admits a strictly positive density on R™
and is such that C is continuously differentiable. If ¢(t) is a trajectory of the
ODE

96(1) = C(@() ~ 60) 27)
then ¢(t) is well defined on all of R, and
lim (C(6(t)) — 6(t)) = 0. (2.8)

In order to prove the stability of the ODE, we use the stochastic Lyapunov
function approach.

Proof. In [Hofbauer and Sandholm 02, Theorem 2.1], it is shown that the derivative
matrix of C(X) represented as DC(X) is symmetric. Then the vector field C
admits a convex potential function W : R™ — R such that VIV = C. Now let us
define W : R” — R as

W(P) = %(P’P) — W(P).

It is clear that for all P € R™, we have
VW(P) = (P—C(P))"

So the domain of the trajectories of (2.8) is all of (—oo, +00). Let ¢(-) be the
trajectory of the ODE in (2.7). Then

GW0) = (T (57 ) = (60 - 6 () - 600)

= —||6(t) — C((1))]”-
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The above equality holds if ¢(t) € RP = {p € P™ | C(p) = p}.
In the next step, we will show that [W(X)| — oo as || X||2 — co. Let X = au,
where [Ju|, = 1. Clearly, |C(X)]||, < m. We have

/d/dt Wt ))dt‘:

where the last step follows from the Cauchy-Schwarz inequality. So

eo] =

u/ | C(tu)dt‘ < am,
0

W(X) = S IX]3 -~ W(X)

goes to +o00 as || X||2 goes to infinity. Since W(X) is smooth, the minimum of
W over R™ exists, and we have VIW(X) =0 for all of its minimizers. So its
minimum points belong to RP.

Furthermore, if C(p) = p, then p is an interior point of the simplex. If p; =0
for some ¢, then by definition,

Ci(p)=P <argmaxJp+fj +e¢ = z) =0.
J

This contradicts the assumption that for every j, the noise variable €; has positive
density everywhere in R. Hence, we can conclude that W(X) is a Lyapunov
function, and the trajectory of the ODE converges to a point belonging to the
set RP. O

First we showed that the market share converges to an equilibrium in our
model. This equilibrium point belongs to the solution of C(p) = p, which does
not necessarily have a unique solution. When C(p) = p has multiple solutions,
the market share can converge to one of these different points. In other words,
we have several candidates for the equilibrium point, and the beginning behavior
of the market will determine which one of these equilibria will be selected. So
there is some ¢ € RP = {p € P™ | C(p) = p} such that ¢(n) — ¢.

Before discussing the rate of convergence, let us give two examples of our
model.

Example 2.5. (Simple example of size 3.) Suppose there are m = 3 products in the market
of respective fitness f1 =1, fo =2, and f3 = 3.
When J = 4, there are three potential fixed points

CR = {(0.9615,0.0249, 0.0135), (0.0100,0.8803,0.1097),
(0.0026, 0.0071,0.9903)}.

Running Monte Carlo simulation shows that the process converges to the first
equilibrium with a probability close to 0.68 and converges to the second with
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probability close to 0.3. When J = 1, there is only one fixed point:
CR = {(0.0862,0.2380,0.675)}.

Example 2.6. (Balls-in-bins process.) Our result also specializes to the balls-in-bins process
with feedback studied in [Oliveira 08, Chung et al. 03] and discussed at the
beginning of Section 2. In this model, balls are sequentially thrown into bins,
with the probability that a bin with n balls gets the next ball is proportional to
f(n), for some feedback function f. The above references focus on the feedback
function f(n) = n’ for J > 0, and they show that this family of functions f has
a phase transition at J = 1. Theorems 2.1 and 2.2 of [Chung et al. 03] state
that for each bin i, ¢; = limy ., ¢; (t) exists. The authors show that when J > 1,
monopoly occurs; that is, the fraction of balls in one of the bins goes to 1. If
J < 1, then ¢; = 1/m for all bins. And for J = 1, the limit vector ¢ is uniformly
distributed on the simplex. These results are corollaries of our Theorem 2.3. Let
h(x) be Inz, let €; be independent and identically distributed random variables
with the extreme value distribution, and suppose that all products have the same
fitness. In this case, the probability choice function is
¢!

Ci(¢) = W7

and the ODE in (2.3) has the form

d i (1)’

Loilt) = < = (1),
It is easy to see that this dynamical system is stable, and the above results follow
from Lemma 5.1.

Theorem 2.1. Assume that ¢(n) is a market-share sequence, where C(¢) is smooth,
h is linear, and ¢; is one of the isolated stable points of the ODE in (2.7). Then
Tim P{v/n(o(n) ~ 6;) <@ | lim 6(n) = 6 } = Fi(x),

where F;(x) stands for the Gaussian distribution with covariance matriz X1 =

(DC(¢i) = 1/2)7'S, where ¥ = diag{C(¢:)} — C" (:1)C(¢:).

In the proof of Theorem 2.7, first we use the standard analysis on the rate of
convergence for general unconstrained stochastic approximations to show that
when the equilibrium point is unique,

U" =+/n(¢(n) - 9)
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converges weakly to a Gaussian distribution. So for large enough n, with high
probability,

In other words, for a sufficiently large number of people in the market, with high
probability, the difference between the market share and the equilibrium point
is less than €/+/n, where € is a function of the social influence parameter J. This
theorem shows that the variance of the stationary measure is a function of the
social influence. Next, by redefining the process, we show that this result also
holds in the case of multiple equilibria.

Proof. Let U™ = /n(¢p(n) — ¢). We will initially show that when there is a unique
equilibrium point, U™ converges to a Gaussian distribution with covariance ma-
trix 4.

Let ¢ be the isolated stable point of the ODE in (2.3). As we have done
in the proof of Theorem 2.3, while constructing ¢"(-) from the sequence ¢(n),
let U, (-) be a piecewise constant right-continuous interpolation of the sequence
{U?|i>n} on [0,00). So U, (t) = U*, where t;, <t+1t, <tp;.

Let a, = 47, so that ¢(n) satisfies the equation

¢(n + 1) = d)(n) + arbg(¢(n)) +a,d, = (Z)(n) +a, Yy, (29)

where g(¢(n)) = C(¢) — ¢ and a, d,, is a martingale difference. So ¢(n) satisfies
[Kushner and Yin 03, Algorithm 10.2.1]. One can show that the assumptions of
[Kushner and Yin 03, Theorem 10.2.1] are satisfied (see Theorem 6.1), which
gives us the following result: U, () converges weakly in D™ [0, co] to a stationary
process U(-), where U(+) is the solution of

U(t)=U(0) + /Ot (DC(p) — I/2)U(s)ds + W (¢t),

and where W (-) is a Wiener process with covariance matrix ¥ = diag{C(¢)} —

CT()C(9).

We know that the solution of this stochastic differential equation is an
Ornstein—Uhlenbeck process and that its stationary distribution is Gaussian with
covariance matrix ¥y = (DC(¢) — 1/2)7'%.

In the case of multiple equilibrium points, given that the process converges to
one of them, we can redefine the process such that it has a unique equilibrium:

g(z) if |:c—gz_$1| < €,
g(x) = < h(z) if e1 < |z —¢i| < e,
(x—¢i) if |z — ¢ > e,
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where g(z) = C(z) — x. The function h(z) is defined such that g(z) is a smooth
function with a unique zero point.
Let

t =inf{n:| ¢, — &i| < €e1,¥s > n}.

From Theorem 2.3, we know that a,d,, is a martingale difference with respect
to ¢(;) and d, = I"*' — C(¢(n)). So

Bn+1) = 30+ — 7 (3) + ——d

For s > ¢, we have ¢, = 55. Using the fact from Theorem 2.3 that the process
converges, we obtain

lim P{v/m(é(m) - &) <z, lim o(n) = 1}

W_OO"{@OOZ)P{% ) <t =, im 9() = 6,
—%}@J{m ~) <mi=n)
nzon}g:mp{\/ﬁ ~6) <wit=n}
= Jim 3 [JP{W ~6) <wt=nj
-t 3 B{@m) - 30 < 1= )

_ g@mp{m@(m ~6) <t <oc).

The last step follows from the Lebesgue dominated convergence theorem, since
the indicator function is less than 1. Let E, be the event E, = {|¢, — ¢;| < 6},
where § € (0,1). Since g(m) has a unique equilibrium point, we can use our result
from the first part:

m—0o0

tim_P{Vm(@(m) - &) < .E, |
= lim E[P Vm(e(m) — ¢;) < ar‘EnHP(En)

m —0Q
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Let A denote the symmetric difference. Then
P{vm(@m) - 6) < o, B} = P{Vm(@(m) - 6:) < 2, lim 6(n) = 61}

So as n goes to infinity, P { E, A{lim, .o ¢(n) = ¢;}} — 0. Thus, we conclude
that

lim P{Va(¢(n)) - &) <

n—oo

lim 6(n) = ¢ } = Fi(a).

n—o0

O

This result shows that the convergence rate is a function of the social influence
parameter J. Also, if there are multiple equilibria, then the rates of convergence
to each equilibrium point are different, since the covariance matrix ¥; depends
on the equilibrium. One can think of the asymptotic behavior of the process as
follows. One of the stable points is selected as a result of the earlier behavior of
the process, and then a convergence mechanism starts and drives the process to
this point.

3. A Special Case: The Logit Model

The most common choice probability function used to model herding is the logit
choice function [Sorensen 06, Glaeser et al. 96]. Specifically, the multinomial logit
model is the most commonly used parametric model in economics, operations
management, and marketing [Anderson et al. 92]. If ¢; are independent identi-
cally distributed random variables with the extreme value distribution (Gumbel
distribution) such that

F(e) = exp(—exp(—n e — 7)),

where ~ is Euler’s constant, then the choice probability function is the logit
choice function

e”ilfl«'i

- ZJ 67771 z;

A major advantage of the multinomial logit model is that it is analytically
tractable. In particular, it has a closed-form expression for the choice probabili-
ties. In this section, we will focus on the case that the choice probability function
is multinomial logit. As we have shown in the previous section, this is a special

Li(X)
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case of our model
i € argmax(Jh(¢;(n)) + f; +¢;)
J
in which the function h is the identity function and the noise terms ¢; are inde-
pendent and identically Gumbel distributed.

By finding an approximate solution for the equilibrium of the multinomial
logit model, we have the following three observations: First, in case of weak
social influence, i.e., when J is small enough, there is a unique equilibrium.
Second, with strong social influence, monopoly occurs. In this case, eventually
any of the products can get the largest market share, so the number of equilibria
is m. Third, inequality in the market increases with the social influence. By
inequality, we mean the differences in market share among the various products.
These results support the experimental result of [Salganik et al. 06].

Theorem 3.1.  For the logit choice function, there exists J* such that the following
hold:

o When J < J*, there is a unique equilz’bm’um
efi Je2fi Jce*t

+ <¢ v
A+VeJB  (A+VBJ)? 08A+ B (0.84 4 /1BJ)?

where A and B are constants.

o When J > J*, for each equilibrium, there exists some i such that 1 — ¢; =
O(e~’). In other words, product i has a monopoly in the market.

We give here a sketch of the proof; for a detailed proof see Section 7. According
to Theorem 2.4, equilibrium points satisfy

Jo +fi
W‘% z;fb[—l —DC(¢) +1 >0, (3.1)
where DC(¢) denotes the derivative of C(¢) and = stands for positive semidef-
inite. )
Let F(z) =2 —Inzand u = In(>" | e/? /). From the first equation in (3.1),
we have

Ci(¢) =

eTOitfi = gu g, (3.2)
When we rearrange (3.2), we get

J(Z)Z‘ —IH(J(Z)Z‘) =Uu— fi —InJ.
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Then
F(J¢:)=u—f; —InJ. (3.3)

We can define two inverse functions for F, F;!'(z) and F,'(z), such that
F'(z) > 1and Fy ' (x) < 1. Then F; ' () is an increasing function, while F, ! (x)
is a decreasing function. Thus, (3.3) can be written as

6= S Fihau— f; ~1nJ) (34)

Let S = {i:¢; <1/J}. Therefore, using (3.4), we see that (3.1) is equivalent
to finding w such that

1 1
Zngl(u—fz- —an)—i—Zijl(u—fi —InJ)=1. (3.5)
i€S i¢S

From the fact that —DC(¢) + I is positive semidefinite, we can conclude that
|S| > m — 1, i.e., that there exists at most one 4 such that ¢; > 1/.J.
Let f = max; f; and

J=Y BN - i)

Equation (3.5) has a unique solution when J < J* if and only if S = {1,...,m}.
We refer to this case as the weak social influence case.

On the other hand, when J > J*, (3.5) has a solution when there exists an i
such that ¢ ¢ S. We show that in this case, in equilibrium, é; is close to 1, and
all other q[gj are close to zero. We call this the strong social influence case.

In both of these cases, we can use the following inequalities to find an approx-
imation of the equilibrium points:

e+l —x

1
x+lnx+§2Ff1(x)2x+lnx, e e > FyN(x) > e e (3.6)

By applying (3.6), we have the following bounds for the weak social influence
case:

_ efi Jece2fi fi Je2fi

_ e
0.84+,/3JB (0.8A+ %BJ) A+velB  (A+VBJ)?

In the strong social influence case, using (3.6), we can find a bound for ¢;
when ¢ ¢ S:

Aje™7 T 4 cBiJeﬁ(']’a) >1—¢; > Aie™? + B Je .
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4. Conclusions

We have presented an analysis for the dynamics of market share when social
influence is present. Using techniques from stochastic approximation theory that
relate the limit behavior of a stochastic process to the limit behavior of a differ-
ential equation, we show that market share converges to an equilibrium in our
model. Our result also implies that there may exist several different candidates
for the eventual market share. As the degree of social influence increases, so does
the size of the set of equalibria for the market share.

We also analyze the rate of convergence of the equilibrium. We prove that the
interpolated process formed by the centered and normalized iterate converges
weakly to a Gaussian diffusion. In other words, for a sufficiently large number
n of people in the market, with high probability, the difference between the
market share and the equilibrium point is less than ¢/y/n, where ¢ depends on
the social influence. Our result also shows that in case of multiple equilibria, the
convergence rate to each of them is different.

We also focus on the case that the choice model is the multinomial logit model.
In this special case, we show that inequality in the market increases with social
influence, and with large enough social influence, monopoly occurs. Our obser-
vations for the logit model support the empirical results of a study from a recent
web-based music market experiment [Salganik et al. 06].

5. Appendix A: Lemma 5.

Lemma 5.1. Let

X)) d

W = gXi(t) + X (¢).

Then this ODE is stable, and the equilibrium points are as follows: If J > 1,
monopoly occurs, i.e., (1,0,0,...,0) is the fized point. If J <1, all products
have the same market share, i.e., (1/m,...,1/m) is the fized point.

Proof. The equality
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implies that

for all 7. Then

de(t) + X, ()7

X0 S X0 + X0 = X007

dt

Therefore,

d _ _ d _ _
ae( ‘]H)tXi(t) J+1 :ﬁé ']H)th(t) J+1’

6(7']+1)tXi(t)7']+1 _ Xi(0)<7']+1) _ 6(7']+1)tX]'(t)7’]+1 _ Xj(o)(f.]Jrl)’
and
Xi(t)f.]Jrl . X]_(t)f.ﬂrl _ 6(.]71)25(Xi(0)(7.1+1) o Xj(0)<7']+1)). (51)

When X;(0) # X;(0), from (5.1), if J > 1, the left-hand side goes to infinity,
and if J < 1, the left-hand side goes to zero. O

6. Appendix B: Theorem 6.1

Theorem 6.1. Assume that ¢(n) is a market-share sequence, where C(¢) is smooth
and ¢ is an isolated stable point of the ODE in (2.3). Then there is some matriz
1 such that

U" =v/n(s(n) - o)
converges weakly to the normal distribution with covariance X .

Proof. Let U™ = \/n(¢(n) — ¢). As we have done in the proof of Theorem 2.3,
while constructing ¢" (+) from the sequence ¢(n), let U, (-) be a piecewise-constant
right-continuous interpolation of the sequence {U’ | i > n} on [0, 00). So U, (t) =
U*, where t, <t+t, <tpi1.

Let a, = 47, so that ¢(n) satisfies the equation

dp(n+1)=o¢n)+a,g(d(n)) + apd, = d(n) +a, Yy, (6.1)

where g(¢(n)) = C(¢) — ¢, and a,d, is a Martingale difference. So ¢(n) satis-
fies [Kushner and Yin 03, Algorithm 10.2.1]. We will use [Kushner and Yin 03,
Theorem 10.2.1] for our proof, so let us check the assumptions of this theorem,
A2.0 to A2.7, as presented in [Kushner and Yin 03].
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Assumption A2.0 holds because a, = ﬁ
We have already shown in the proof of Theorem 2.3 that

9(¢(n)) +dy, = I"" — ¢(n) and |lg(¢(n))2 <1,
50 ||dp]l2 < 2. Thus,

1Y [l = llg(e(n)) +d | < 2.

As aresult, {Y,, /j5(,)_4|<, } is uniformly integrable for small p > 0, which satisfies
A.2.1. As already shown, ¢(n) — ¢, so A.2.2 holds. The tightness condition A.2.3
can be concluded from [Kushner and Yin 03, Theorem 10.4.1].

By the assumption of C' being smooth, g(¢(n)) = C(¢) — ¢ is also smooth,
so assumptions A.2.4 and A.2.6 hold, where in our case A =DC(¢)—1I is a
Hurwitz matrix.

Since g(¢(n)) = C(¢) — ¢ = 0, assumption A.2.5 is satisfied.

Define ¥ = diag{C(¢)} — CT(¢)C(¢). From d, =I"t' —C(¢(n)) and
ldnll2 < 2, it can be shown that for small p > 0,

E,[(dn)(dn) Lo () -s)1<p) = &

Thus A.2.7 holds.

Now we can apply [Kushner and Yin 03, Theorem 10.2.1] to see that U, (+)
converges weakly in D™ [0, 0] to a stationary process U(-), where U(-) is the
solution of

¢
Ut)=U(0) + / (A+1/2)U(s)ds+ W (t),
0
where W (-) is a Wiener process with covariance matrix ¥. We know that the
solution of this stochastic differential equation is an Ornstein—Uhlenbeck process

and that its stationary distribution is Gaussian with covariance matrix »; =
(A+1/2)7'%. O

1. Appendix C: Detailed Proof of Theorem 3.l

Theorem 1.1.  For the logit choice function, there exists J* such that the following
hold:

o When J < J*, there is a unique equilibrium

fi Je2fi

&
+
A+VeJB  (A+VBJ)?

Jeeti

ofi
+ 35
0.84+,/%+JB (0.8A+ %BJ)

< ¢ <

where A and B are constants.
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o When J > J*, for each equilibrium, there exists some i such that 1 — ¢; =
O(e™7). In other words, product i has a monopoly in the market.

Proof. Finding the solution of C(¢) = ¢, where —DC(¢) + I is positive semidefi-
nite, for the logit case is equivalent to solving the following:

IO, o )
WZ% Y ¢i=1, —DC(¢)+1=0. (7.1)
i=1 )

i=1

Ci(¢) =

Let u = In(31", e/%*+/1). Then from the first equation in (7.1), we obtain

e ithi = e ;. (7.2)
When we rearrange (7.2), we get
Jo; —In(Jp;) =u— f; —InJ.
Then
F(Jg:)=u—f; —InJ, (7.3)

where F(z) = 2 — In(z). We can define two inverse functions for F, F;"! (x) and
F;'(x), such that Fy ' () > 1 and F, ' (z) < 1.
Since

1
>0

(F7) (2) = ﬁfl(x) >0,

it follows that Fy !(z) is an increasing function, and similarly, ;' () is a de-
creasing function. From (7.3) we can conclude that

- 1
b=

We can bound the above inverse functions as shown in Lemma 7.2:

Fily(u— fi —InJ). (7.4)

1
r+Inz + 3 >F () >z +Inz,

—z

g el

e e > Fyl(z) > e e

Suppose ¢ = (¢1,...,¢,) is the solution of (7.1) and let S = {i|p; < 1/J}.
Combining (7.1) and (7.4), we have

Z}F{l(u—fi —In.J) +Z%Ff1(u—fi —InJ)=1. (7.5)

€S i¢S
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Case 1: Let us look first at the case that S = {1,...,n}, in other words, that
¢; < 1/J for all i. From Lemma 7.4, this is equivalent to the weak social influence
case, in which J < J*. Then from (7.5), we have

> %F{l(u —fi—InJ)=1.

In this case, there is a unique equilibrium, since F{l is decreasing, and the above
equation has a solution if and only if J < J*; see Lemma 7.4. Next, we will find
an approximate solution for this equilibrium. From Lemma 7.2, we have the
following bound for Fy '

So

1 —(u—f;—InJ)+1 1 —(u—f;-InJ
L —(u—fi—InJ) e (v fi )+ >1 L —(u—fi—InJ) e (v1i ) <1
e e (& e .

From Lemma 7.3,

e Zefi(l + J€77L€fz) < 1’ e Zeﬂ(l +CJ67UfI) > 1.

Thus

(Zeﬁ)e’“ +e’2“JZe2ﬂ <1, (Zeﬁ)e’“ +e’2“cJZlei > 1.

7 i

Let A=Y, e/l and B =3, ¢e?/". Then
Ae™® +JBe ™ <1, Ae ™™ + JBce * > 1.

From rearranging the above, we get two quadratic equations. Using their roots,
we can find lower and upper bounds on e*, which we call e and e"* , respectively:

A | A2
eQu—Ae“’—JBEO:e“’EE—i— I—i—JB:e“Z,

A | A2
eQ“—Ae“—JBCSO:>e“§§+ T—l—JBc:e““.

From these inequalities and Lemma 7.2, we obtain
_ N Juy + f - 1 . —up+ fi+1
w<u<wu, and e "Tfie ’Jg@ge wtfige T

Also, we can bound e* and e" as follows:

1
¢ > 08A+4/3JB, ¢ < A+VIBe. (7.6)
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By applying Lemma 7.3 and using (7.6), we can have a simpler but weaker bound:
- Jece?/i . eli Je/i
# M Th\ ¢i2A+\/cJB+(A+\/BJ)2’
RN (0.8A +4/387)

whereC*e/(lfe b.

Case 2: Let us look at the case S # {1,...,n}, in other words, the case in which
there exists at least one i such that ¢; > 1/.J. Next, we will show that there is
at most one ¢; for which ¢; > 1/.J.

In the proof of Theorem 2.4, we showed that the equilibrium point ¢ is the
minimum of W(¢) over R™, where VW (¢(t)) = ¢ — C(¢). So VW (o(t)) =
—DC(¢) + I is positive semidefinite at the point ¢ :

A=-DC(¢)+1 = 0.
If we look at the diagonal elements of A, then

Jeidi+li (Zi eJqEﬂ}) _ It ( JeJo’wf,)
Qi = — - P + 1
(Zi eJ®L+f,)

bit I o+t \’
- _JZ, ) S elot T, t1

=—Jé; +JP +1.

Thus a; = 1 — Jé;(1 — ¢;), and since a;; > 0, we have that J¢;(1 — ¢;) < 1
So 0 < ¢? — ¢; + 1/J, which gives us for J > 2,

Sy

or

From the above inequalities we can conclude that if ¢; > 1/.J, then ¢; > 1/2.
Since Y ", ¢; = 1, the above inequalities show that there can be at most one
¢; for which ¢; > 1/J if J > 2. The same argument follows from > i, ¢; = 1
when J < 2.
Now we consider the case that for exactly one product, ¢; > 1/.J, and for all
the other j # 4, ¢; < 1/J. Therefore, S = {1,...,n}/i and

LEt - fimmy+ Y %F{ —f—Ing) = (7.7)

J
j#i
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From Lemma 7.2 and the fact that ¢; > %, we obtain

- 1 1
i == Fy

3 —InJ) >

Hu -

J J J J
uf,;an>F<2>2 log<2)u>f,;+2+log2.
Also,

I
12(]51:3}71 (u—fi—an),
and therefore u < f; + J. Now define
JZJ —1InJ).
J#i

According to Lemmas 7.2 and 7.3, we have

—r+1

e "(1+ce™)>e e >Fl>e e >e(1+e).

Therefore,
Dl(u) > Ze—u-‘rfj (1 + Je—u+fj) > Ze—J-‘rfj—fl (1 + Je—JJ,-fj_f;)
i#i j#i
7 672‘]
A+ — B,
e + 7

where A4; = Z#i eli=ti and B; = Z#i
bound for D*(u):

D (u) < Ze—u+fj+10gJ<1 FeJeutditlosTy
J#i
Loarzeg-s, C g —J/2+ 1~ ]
§Z§€ 7 (1—|—§Je /v)
j#i
—J

1 c_e
< *J/Q . . .
26 Az+2Bz

By replacing this inequality in (7.7), we get a tight approximation of u:

—J

1 _
jFll(u—fl log J) + 76 124, 4 & B —>1

When we apply F' to both sides, we obtain

1 c e’
— f; =1 > F — —A; *J/Q—fBi— .

129

(7.8)

e2fi=2fi  Similarly, we can find an upper
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Since F'(z) = z — In(z), we have

1 -7 1 -/
w> fi+J— <2A7~,e‘]/2 + CBZ‘e)) — log (1 — iAl-e’J/2 — CBie) )

2 J 2 J
(7.9)
There exists some « such that for all J > J*, the following inequality holds:
1 c_ e’ 1 c_ e’
O‘—<2€ oy )t gde 271

Then from (7.9), we can conclude that
fi+Jzu>fi+J—a.
By applying Lemma 7.2 to (7.4) and using the bounds above, for j # i, we have
e fitliThagle TN o s e it fy =T gl T
From Lemma, 7.3 we can find a weaker but simpler bound for ¢;:
Iy B A A . IC Sy /E)
Aje™ T 4B Je 2V > 1 — ¢, > Aje! + B Je .
O

lemma 7.2. Let F(x) =z —In(z). One can find two inverse functions for F such
that F{'(x) for x > 1 and Fy ' (x) for x < 1. Then

1
x+lnx+§ > F Y z) > 2+ 1Ing,

Proof. Let us establish the above inequalities in four parts.
(1) z +nz+ 5 > F ' (2): ifa> g, thne® > (1—e )™,
g(z) = (e* — 1)z — lnx is convex, and g(x) > 0. Then we have

(" =1z >a+Inz, e"z>z+a+nz,
a+hnz>In(z+a+lnz), z+a+he—In(z+a+lnz) >z,
Flz+a+Inz) >z, z+a+lnz>F(n).

(2) F;*(z) > = +Inx: In this case, Inz < In(x + Inz) for z > 1:

Flz4+Inz)=z+Inz—In(z+nz) <z and z+Inz< F'(z).
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(3) F,'(z) > e ®e® ": Here we have z <z + (e¢ " — 1)e™ for x > 1:

Ty — @ —x

r<r—e"+e et =¢ e’ —Ine e?’)=F(e e,

x+ 1

(4) e®e®” " > Fy (z): Forallz >1,e* <e! < 1“7" Then e " < e =
efwee’”l < efav+17
T et z+1 +l‘7€71+1 <z e Tef vHl (7I+67x+1) <u,
Fleet ) <,
e et > Byl (a).
1
Lemma 1.3. For x > 1,
1 +C€7(w+1) 2 ee’f 2 1 +67$7
where ¢ = 1:;,1 .
Proof. Let 22 = e *. Then
—z " ’ 1'2[ ’ ’ x, ’
e =" =1+zx +7+~~~§1+x(1+x +-)<1+ T <l-+czx.
For z > 1, we have z < e™!, and therefore ¢ = . O

lemma 74. Let f = max; f; and
J = ZFil(f—fz' +1),

and let G(u) =Y ;cg 2 Fy (u— f; —InJ). Then G(u) =1 has a solution if and
only if J < J*.

Proof. Let us first show that if S = {1,...,m}, in other words, ¢; < 1/.J for all 4,
then J < J*. For all 1 <i < m, we have

’LL—fZ' —an:F(JQ_SZ) > 1,
since F(z) =  — Inx. Then for all 4,

u—InJ—12>f;, u—an—lzf,
u—fi—InJ>f+InJ+1—fi—InJ>f—fi+1
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Thus
T RN A2 Y SR e fi- ) =

ieS ies
From the definition of G and J*, we have G(f; +InJ + 1) = J*/J > 1. Since
lim, 00 G(u) = 0 for some wu, it follows that G(u) = 1. O
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