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OF EDGES BETWEEN NODES OF GIVEN DEGREES
IN DIRECTED SCALE-FREE GRAPHS

Evgeniy A. Grechnikov

Research Division, Yandex, Moscow, Russia

Abstract In this article, we introduce our study of some important statistics of the random
graph in the directed preferential attachment model introduced by B. Bollobds, C. Borgs, J.
Chayes, and O. Riordan. First, we find a new asymptotic formula for the expectation of the
number n;, (¢, d) of nodes of a given in-degree d in a graph in this model with ¢ edges, which
covers all possible degrees. The out-degree distribution in the model is symmetrical to the
in-degree distribution. Then we prove tight concentration for n;, (¢, d) while d grows up to the
moment when n;, (¢, d) decreases to In2t;ifd grows even faster, n;,(t, d) is zero whp.

Furthermore, we study an average number of edges from a vertex of out-degree d;
to a vertex of in-degree d>. In particular, we prove that it grows proportionally to dd/t if
Cin+Cour > 1andto something between dil ~Cin)/Cour dy/tandd, d;' ~Cour)/Cin JtifCin+Cour < 1,
tending to the first expression when d; is small compared to d, and to the second one when
d; is large; ¢;, is such that the main term of n;,(¢, d) is proportional to d=1"Veing e is
symmetrical for out-degrees. We also give exact formulas for intermediate cases.

1. INTRODUCTION

The real world has many interesting structures that can be thought of as graphs. A
typical example is the World Wide Web: one can consider webpages to be vertices of a
graph and hyperlinks to be edges. One of the productive methods for studying these graphs
involves investigation of a suitable random graph model.

The first models of random graphs were constructed and investigated long ago.
Classical models and results are systematized, for example, in [4] and [14]. However, they
are not suitable for approximation of dynamically changing and nonuniform networks.
In particular, the degree sequences of the graphs in these models are very far from those
observed in reality.

Recently, other models of random graphs were constructed to more closely match
the growth of real networks. One of the first descriptions of such a model is from [3]. The
graph in this model grows sequentially in discrete steps. Each step adds one vertex and
several edges that connect a new vertex with existing ones according to the “preferential
attachment” rule: the probability of an existing vertex to receive a new edge depends on the
current degree of this node, so more “popular” nodes are more attractive for new edges. In
[3], the probability is proportional to the current degree; [3] gives some heuristic arguments
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suggesting that the number of vertices with degree d decreases in proportion to d 3. The
same quantity in real networks decreases proportionally to d 7 with different y for different
networks, following the so called “power law.” Later, an explicit model was proposed [6]
based on the preferential attachment rule. The model of [6] resolves some ambiguities of
[3]; also, [6] rigorously proves a theorem concerning degree sequence.

In [10] and [11], two groups of researchers independently proposed to add to the
model one more parameter—an “initial attractiveness” of a node, which is a positive
constant not depending on the degree. Equivalently, the probability in the proposed model
is a linear function in the degree. Articles [10] and [11] use some heuristic arguments to
show that the model allows obtaining the power law for degree sequence with any exponent
less than —2. In [7], the model was formalized and the power law was rigorously proven
when all the parameters are natural numbers and the degree grows slowly compared to the
number of vertices. We analyzed this model in [12], removing the restriction on degree and
considering also the quantity similar to X(¢, d, d») in the current work.

A quite general model was analyzed in [9]. There are two different procedures for
updating the graph in this model: adding a new vertex with several edges and adding several
edges to an already existing vertex. At every step, one of these procedures is selected at
random, independently of other steps.

All models mentioned yield essentially an undirected graph; although edges have a
natural direction, the out-degree sequence is unnatural. In particular, in models [6] and [7],
all vertices have the same out-degree. Two models of directed graphs were suggested in [5]
and [8]. Both models use three different procedures for updating the graph and select one
of them at random for each step, independently. Both models mix preferential attachment
with uniform random selection of source and target vertices, but the details of mixing are
different: [5] follows [7] and assigns probabilities that are proportional to a linear shift
of vertex degree, whereas [8] follows [9] and uses the weighted sum of probability of
preferential attachment (that is proportional to vertex degree) and probability of uniform
selection. Also, the model of [5] always creates a vertex with one edge (incoming or
outgoing) in the name of simplicity, whereas the model of [8] allows an arbitrary finite
distribution for the number of edges created with a new vertex in the name of generality.
These models tend to give similar results, though.

2. THE MODEL AND FORMULATION OF RESULTS

We analyze the following model of a directed random graph introduced in [5]. The
model allows multiple edges between same vertices and loops. Denote the in-degree of a
vertex v as di,(v) and the out-degree of a vertex v as doy(v).

e There are 6 parameters o € [0,1], 8 € [0,1],y € [0, 1, a +B8+y =1, 6, = O,
Sour = 0, and graph Gy.

e The graph G should contain at least one vertex. If §;,, = 0 or §,,, = 0, it should also
contain at least one edge.

e There is also time t € Z, t > t;, where fy is the number of edges in Gy. The model
defines a separate probability space for every possible moment of time; we denote the
probability space at time ¢ as G(¢).

o The probability space G(#y) contains only one graph G.

¢ Given a random graph G at time ¢, a random graph at time ¢ + 1 is constructed from G
by one of the following processes. Let n be the number of vertices in G.



DEGREE DISTRIBUTION AND EDGES BETWEEN FIXED-DEGREE NODES 489

1 With probability «, add a new vertex v and an edge from v to one of vertices in G.
The target vertex is selected randomly, a vertex w € G is selected with probability
din(W)+8in

L
11 With probability B, add an edge from a random vertex v € G to a random vertex

w € G. A vertex v is selected with probability Do -5 vertex w is selected

t4+-8ount
independently of v with probability M

I With probability y, add a new vertex w and an edge from one of vertices in G to w.

The source vertex is selected randomly, a vertex v € G is selected with probability
our (V) +00ur
. t+8ount .
o [t is easy to see that a random graph at time ¢ has exactly ¢ edges and a random number

of vertices concentrated around (o + y)t.

We assume that @ + y > 0; otherwise, the number of vertices would not change over time.

We consider parameters «, 8, ¥, §in, Sour, Go Of the model to be fixed; all implicit
constants in O(-) and o(-) thereafter can depend on those. Also, we do not emphasize
dependency on ¢ (which will always be an arbitrarily small positive number).

We will explicitly indicate dependencies on other variables using lower indices in
0O,4(+) and 04(-). The notation f(t) = O,(g(t)) means that there exists C, such that | f(¢)| <
C4g(t) for all possible values of ¢ and other variables, if any. Here, C; can depend on d,
parameters of the model and ¢, but not on ¢ and other possible variables such as x and
N. Similarly, the notation f(z) = o4(g(¢)) when t — oo means that for every § > 0
there exists 74(8) (depending on d, §, ¢ and parameters of the model but not on ¢ and other
possible variables) such that | f(z)| < §g(¢) for t > #,4(5).

Let¢ Cin = W‘{J‘/“‘V) and ¢ Cout = #&4—}/) : . .

Our first topic is the in-degree sequence in this model. Obviously, the out-degree
sequence has the same structure with exchanging « <> y and §;, <> 8,,;. Let n;, (¢, d) be
a number of vertices with in-degree d in a random graph G € G(t). There are two special
cases for the in-degree sequence that are not interesting. If « + 8 = 0, then ¢;,, = 0 and
every vertex not in Gy has in-degree 1. If y 4 §;, = 0, then ¢;, = 1 and every vertex not
in Gy has in-degree 0. Otherwise, 0 < ¢;, < 1.

Define
T— o
C T U+ S
— r'd+ é;,
fa=Ci, ( ) ford > 1,
F(d+8n+1+2)
F(on+2)1 g,
Cin -

CA+8m) G’

Then f; ~ Cind s as d grows due to a standard result about the gamma function (e.g.,
[1,6.1.47]). .
It is proven [5] that n;,(¢t,d) = fat(1 + 04(1)) (with probability tending to 1

as t — 00), i.e.,, the power law when d is fixed. It is proven [8] that n;,(t,d) =
fdf(1+0(¢@)) (again, with probability tending to 1 as t — oo) ford < min{z%/3, ’1/26 }

log~t
(in the model of [8] after an appropriate mappmg of parameters) for the maximal value

of d covered by [8] we have n;,(t,d) > ™ ) > J/t. Our results are valid
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for all possible degrees, given the concentration up to the moment where n;,(t, d) be-
comes O(In2 t), and we have a much better remainder term for values of d covered by
[5] and [8].

Theorem 2.1. Leta+y > 0,a+ 8 > 0andy +38;, > 0. Let ¢ > 0 be arbitrarily small.
Letd = d(t). Then

En;,(t,d) = El‘ + 0 ((d + 1)—1+a) )

(In compliance with the generic convention above, the implicit constant in O(-)
depends on parameters of the model and on ¢, but not on ¢ and the function d(t).)

Theorem 2.2. Leta+y > 0,a+ B > 0andy +38;, > 0. Let ¢ > 0 be arbitrarily small.
Letd = d(t). Then

|nin(t9 d) — Etl < (ﬁ_i_ (d + 1)—%4—2) Int

with probability tending to 1 ast — oo.

When d = 0((%)%), that is, equivalent to In’r = o(ﬁt), Theorem 2.2 implies
the equivalence (with probability tending to 1 as d, t — 00)

nint, d) ~ Cind ™" 1.

When ¢ in = o(d), Theorem 2.1 implies En;, (¢, d) = o(1); since n;,(t, d) is an integer
number by definition, n;,(t, d) = 0 (again, with probability tending to 1 as d,t — ©0).
Thus, we have an almost entire picture of what happens to n;, (¢, d).

Our second topic concerns the expected number of edges (or probability of an edge)
between two given vertices. Suppose that we know their in- and out-degrees, but nothing
else. For a fixed vertex, in-degree and out-degree are essentially independent due to the
construction (although they both tend to grow with age). Thus, we use only out-degree d; of
the potential source and in-degree d; of the potential target. Theorems 2.1 and 2.2 give the
total number of vertices with in-degree d, and the total number of vertices with out-degree
d;. Thus, we estimate the total number of edges between vertices of given degrees. For
this topic, we consider d; and d; to be fixed, not growing with ¢, to simplify calculations
somewhat.

More precisely, we define the function X(G, d;, d,) of a graph G as the total
number of edges with the following property: the out-degree of the source vertex is
d; > 1, the in-degree of the target vertex is d, > 1, source and target vertices are dif-
ferent (i.e., for dy = d, we do not count loops). When G is a random graph from G(z),
X(G,d,, dy) yields a random variable; denote it as X(¢, d;, d>). The average number of

edges between two vertices of degrees d; and d, in a random graph in the model is
X(t.dy,d>)
Mo (t,d )i (t,d2)
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Define

k(cy, 2,7, X)

X o) 1 00 )
— / Zol_le/ T¢-1r+c'2—le—r—zr dt = x° / ch—le/ _L_Clr+c2—le—r—xzr dr
0 0 0 0

forcy >0,¢c >0,r >0,x >0.

As a function of x, it monotonically increases from 0 to I'(c;)I"(c;) as x grows from
0 to oo (the limit at co immediately follows from Lemma 5.4 following). The asymptotic
behavior when x — 0 is given by k(cy, ¢z, 1, x) = (r(‘+1+62) + O(x))x“.

Note: in the special case r = 1, the inner integral can be calculated and x becomes
the incomplete beta-function: x (cy, ¢z, 1, x) = I'(c| + cz)B(]xﬁ; c1, ¢2). We won’t use this
fact, but it can be useful to conceive the function k.

Theorem 2.3. leta > 0,8 >0,y > 0,8, > 0,8,y > 0,d; > 2, dy > 2. Then,
EX(t, d, dz) = Cx(dl, dz)l -+ Odl,dz(l); where

cx(dy, dy) = cxi(dy, db) + cx2(dy, db) + cx3(dy, db),

and

1 _ Cour _

1 — —
— 2 1 1 . u ou d
cxi(di,dy) =d, ™ d, " §MWGW+_ i, 8y 4 ot y, Com ‘)
-

. ’ dguur/a'n
1+ 0 ! + !
X - - )
d dy

Cout Cin Cin
A

)/2

" (14 80t (@ + 9))CinCous T Gour) (1 + 8)”
_ @y
B (1 + 60141(05 + y))EinEoutF(l + 5oul)r(1 + 3in)’

Ay

1 —
g | Cin Cin  d
d2 ‘"ZB,’K (Sin+__+l’50ut+_ +1,_ 5 ﬁ,/zﬁ
— Cin Cout Cout d;‘" Cour
140 ! + !
X - - )
d d
2

o
T (L4 8in(@ + ¥))CinCous T(1 + 800 )T (Sin)

_ ay
T (14 8@ + ¥)CinCout T+ 800 )T(L + 8i)

cxady, dy) =d; "

By

B,
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IfEin + Eaul # 1, then

1
= Cij
Cou G ij
cxs(di, o) = dy ”’d2 ! E E 17—z
i=0 j=0 — Cin Cout
1=Cjp —Cout 1 = d
Tir oul . Cout 1
X(d2 " K (Sou[+ +l 81n+ +1+J7 = Tz e
Cout Ctn Cin dzml "

1 1 1—=Cin—Cout
1 0 d Cout
( " (dl dz)) T

1 C Cin dr
g, o ton f TG R

1 1 1 .
(1+0(d1 d2>> - l_‘<80m_{—50ut +Z)F<8”’+

+0 ! !
dy d2 '

Bay
0 = T 8@ T 9+ B @+ 7)o Zom TG T i)’
Cor = pr’ — ,
(1 + 8in(et + )1+ 8@ + ¥)CinCour T Gou) T S + 1)
Cp = pe ,
(L + 8in(@ + YD1 + 80 (@ + ¥))CinCont T (Bomr + DT (i)
Ci = Boy

IfCin + Cour = 1, then

cx3(dy, da)
R 1 1 Cout
— d fuurd Cin Ci‘ _—K 801,{ + +l 8”, + . + ou
l ’ ; ]go ! <Ci’l ' Cout Cin Cin
1 d« 1 1 Cou d
—.——(60u,+ i, 8o+ — + j, =2, ,'/,,>
Cin 8C2 Cout Cm Cin dé”"[ Cin
1 1 Cin d
+= 8m+ +j, (Som+_ +i, =—, z /ZE lnd1
Caut Cm Cout Cout dlm out

1 d«

(where C;; are the same as in the previous case).

(1 + (S,’,,(Ol + )’))(1 + (Sout(a + y))EinEoutr(Sout + 1)1"(85,1 + 1)

d
Cot /i
dz

)

1 )
— +J
C:

m

1 1 Ci d Ind
81"+ +j780ur+_ +l.,_l, E-/ZE —|—O(_2+_
Cout acZ Cin Cout Cout dlm out d
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If dy and d, both grow to infinity such that dla” /dg”“’ — 0, then

CintCour _ 1

D_d, ™ d,™, i+ Cour <1

1 L
Cx(dl, dZ) ~ DOdl cout d2 o In dl’ Ein + Eaut =1

1 €1

D+dl o d2 o, Cin + Cour > 1,

czn

1 1 _in
ol («m + _—> + BT (8,»n ot 1)) r (6 gy 1)
Cin [ Cout

S

|
A

jos]

1 1 —
Cij 1 . Cin A
+ZZI_—_F(8in+E_~+]>F<50m+a+l+l>’

— Cin — Cout in

D—XI:I U (S + =+ )T (500 + 2+ 7))
0= : out Eom in E[n J )

i=0 j=0 Eout
1 1
Ci; 1 1
D, = +r<aom+_ +i)F<8i,,+_—+j>.
i=0 j=0 Cin + Cour — 1 Cout Cin

If d\ and dy both grow to infinity such that df"” /dg”“’ — 00, then
1 _ Cin j'Emu‘
D/_dl o dZ o s Ein +Eaut <1
1 1

ex(disd2) ~ Y\ Did; ™ dy, " Indy,  Tin + Cour = 1
1 1

D+d1 o d2 o s Ein +Eout > 17

1 1 E()l,t
D = <A0F <30u, + = ) + AT (&,m +—+ 1)) r (5,,, +2 L4 1)
out in

Cout

1 1 —
Cij Cout . 1 A
+ZZ—1__ - F<(Sm+an+1+1>F<80m+_c—om+z),

i=0 j=0 Cin — Cout
L Gy 1 1
’ ij . ' e .
DO_ZZE 1—‘<80ut"‘E t+l>r(8m+a +])
1:0 ]:0 1243 ou mn

Note: one can see from the proof that cxi, cxz, cx3 have their own physical sense:
they give the fraction of edges produced by (1), (1), and (1), respectively (relative to 7, the

total number of edges).
Theorem 2.4. Let dy and d; be fixed. In conditions of the previous theorem

|X(l3d19d2) _EX(ts d], d2)| < \/Zlnt

with probability tending to 1 ast — oo.
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The average value of the number of edges from a vertex with out-degree d; to a vertex
with in-degree d5 is % Since n;,(t, d) and X(z, d,, d») are tightly concentrated
around their expectations, the main term of the ratio is given by Theorems 2.1 and 2.3.

In particular, if €;, + Coiy > 1, the average number of edges is proportional to 492 and

1=¢ip 1—=Cout
if ¢;p + Cour < 1, it grows somehow between %dlfr)ut d, and 1 L4, d, Tin (tending to the
first expression when d; is small compared to d, and to the second one when d| is large;
Theorem 2.3 describes intermediate cases in detail).

3. EXPECTED NUMBER OF VERTICES WITH THE GIVEN DEGREE

We will use some additional notation for all the proofs following.

For a given graph G, let #G be the number of vertices in G and n;,(G, d) be the
number of vertices in G with in-degree d. For a random graph G € G(¢), #G is a random
variable defined on G(¢) and n;,(G, d) becomes the random variable 7n;,(z, d).

For a property P, we denote

1, P holds,

[P]= .
0, otherwise.

Proof of Theorem 2.1 Letng = #Go, T =t —1t9, Ain = to+08inn9,0 < N < T if > Oand
N=Tif 8 =0.Let E4(T, N) = E(n;n(G, d)|G € G(T + 1p), #G = N + ny). Obviously,
in the probability space G(T + 1),

T

T
Eniy(T +10,d) = ) E«(T. N)Pr#G = N +no) = ) | Eq(T, N)(@ + )" "~ <;)
N=0 N=0

For x € [0, 1], let ¢;,,(x) = 1+‘}+Vx € [0, 1] and c,m,(x) Hg”}( € [0, 1]. Note that

Ein = Cin(a + V)’ Eout = Cuut(a + J/) Let Pout, 0 = Din,1 = 0t+y’ Pout,1 = Pin,0 = m~

Lemma3.1. leta+y >0, a+8>0,y+8, >0, >0 ForT >1,d > 0,
O<KN<TifB>0and N=Tif=0,

N 1
mawszﬁ(7>+0<1+M+&W+W*NWW)’

where
folx) - -
= a =
o e (0)8m” aty’
d .
1-— in in 5in -1
fa(x) = Cin(¥) 1_[ Cin(X)Oin + 1 )ford > 1.

(1 4 cin(X)8in)(1 + cin(x)(Sin + 1)) -

l

T @G + 1)

If 8;, > 0 and either « > 0 or x < 1, then

FQ+&M+ &» I'(d + i)
cm(x)F(l + 8in) r (d =+ 1 + Sin + c;(x)) .

1
fa(x) =x_[d > ilpin,
i=0
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Proof. Without loss of generality assume ¢ < 1.
First, derive a recurrent equation for E4(T, N). Let d;,(G, i) denote in-degree of a
vertex i in a graph G.

N+ngp
E T +1,N) = Z Pr(din(Gry1,0) =d|Gry € G(T + 19+ 1), #Gr 41 = N + ng)

i=1

N+ng

_ Z Pr(din(Gri1,i) =d, #Gr11 = N +nolGry1 € G(T + 19+ 1))
P Pr#Gri1 = N +no|Gry1 € G(T + 1+ 1)) '

The denominator is easy to calculate: Pr(#Gr4y = N 4+ ng) = (o + y)NgT+1—=V (T;l).
Let G741 be arandom graph from G(T + #y+ 1) with N 4 n vertices. The numerator

can be expressed as a sum Pr(..., 1)+Pr(..., I)+Pr(..., {T) of probabilities with the additional

condition that G741 is constructed from Gr € G(T + 1) using (1), (1), (1),

respectively.

e If Gy, is constructed from G € G(T + 1y) using (1), then N > 0, Gy has N +ny — 1
vertices. The last vertex in G74 has in-degree 0. Fori € G,

Pr(din(Gr1,0) = d, #Gr1 = N +no, 7) = a Pr(d;n(Gr, i) = d, #Gr = N +ng — 1)

d‘l'(sin
x |1—
T+8inN+Ain _Sin

+aPr(di,(Gr,i)=d —1,#Gr =N +nog—1)

d—1 + 5in
X .
T + SinN + Ain - ‘Sin
Note that
Pr#Gr =N 4ng— 1)  (@+ )V 'pr=V( 1) N

Pr(#Gri1 = N +no)  (a+pyVpT+H-N() (@ +y) T +1)

o If Gy is constructed from G € G(T +1y) using (11),then N < T 4+ 1, Gy has N +ny
vertices. For each of them

Pr(din(Gr41,i) =d, #Gr41 = N + no, 1)

. d+8in
= pPr(din(Gr,i) =d, #Gr = N +no) | 1

T 468N+ A,

d_1+5in

Pr(d;,(G7,i)=d —1,#Gr = N _
+ B Pr(d;,(Gr, i) T +nO)T+8,',,N+A,',,
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Note that

Pr#Gr =N+n) _ (@+p"g" V()  TH+1-N
Pr#Gry1 = N +no) (o + YN BT+I=N (THT) T BT+

o If G, is constructed from G € G(T + ty) using (1), then N > 0, Gy has N + ny — 1
vertices. The last vertex in G741 has in-degree 1. Fori € G,

Pr(din(Gr41,0) =d, #Gry = N +no, ) = y Pr(d;,(Gr,i) =d, #Gr = N +no—1).
Thus,

T+ LN =IN>0.d =0l 7T

d + 8 \ N
T+ 8iuN + Aiy — 8in ) (@ + y)(T + 1)

+[N > OlaEf(T, N — 1)(1 -

d—1+4+6, N

+[N > 0JaE;— (T, N — 1
[ ] d 1( )T+8,,,N+Am—S:n(“+7’)(T+1)

+[N < T+ 1BE«T,N) (1 d + S r+i-n
< s —
d T +8,N+A,) BT +1)
d—1+468, TH+1-N
T+8inN+Ain ﬁ(T+1)

+[N <T +1]1BE; (T, N)

N>0,d=1]y—————
TN > Ve T+

N
(@+y)T+1)

We need to establish some properties of f;(x). A straightforward calculation shows
that two definitions of f;(x) from the statement of the lemma are indeed equivalent

(when the second one is defined) and that f;(x) satisfy to the following recurrent
equation:

+[N > O0lyE4(T,N — 1) (3.1)

1-x+ax l—x+ax
( 1+ 8inx (d+8i")+]) fd(x):m(d—i-ﬁin— 1) fa—1(x)
+x([d =0la + [d = 1](1 — a)), 32)

assuming f_;(x) = 0. It is obvious from the first definition of f,;(x) that f;(x) is analytical
for x € [0, 1] and any fixed d. Apply generalized Bernoulli inequality (1 4+ z)" > 1 4 zr
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(validforz > —1,r > lorr <0)toz = 1 r=—1 1

8,,1+z+L (*”2 - Ci)l(x)+%:
li[ Cin@)Gin +i =1 17 Sinti— <1i[< 1 )
iz 1+ Cin(x)(85t1 + l)_ imn Oin +1 4+ & (x)+— B Sin +1i + m(XH"
—1-—1 2
d+6ip +1+ ——= i+ 3 1+
_ ( ¢i (x)+ ) < <8in +2+ %)
5’”+2+c, I €
PP T P
d+6,+1) Tae = (0] ((d +8in+ 1) ! W*’*%> , 3.3)

where the implied constant does not depend on x. Furthermore, for d > 3 and ¢;,(x) # O,
we can separate two first factors of the left-hand side in (3.3), each of them is O(c;,(x)),
and apply the same process to the product of other factors. This gives ]_L - %

O(cin(x)*(d + 8in + 1) "Ry ), 80

d 15 cin(X)Sin +i — 1)
dx } 11+ cin(0)Bin + 1)

(1 @G i = D [ 1
= (%) (ll 1+ Con @)@ + 1) ; cin GO+ €10 (0)(Bi + 1)
d

- Cin(X)
=0 (@+ 8+ 1) T .
<( ) ) T z))

i=2

d

P B - 1
—ol@+s,+1) @S -
<( o+ D 221+8m+i>

i=2

[T
=0 <(d +68in+1) ' aes lnd> =0 ((d + 8in + 1)_'_cin<lx>+e) , (3.4)
where the implied constant again does not depend on x; since f;(x)is alinear combination of

the left-hand sides of (3.3) and (3.4) with coefficients that are O(1) and f;(x) is continuous,
we have

=0 (1 + 0+ )

for any x € [0, 1] (even in the point x = 1, where c;,(x) may be zero) and any d (because
obviously, fj(x) = O(1), f{(x) = O(1), f;(x) = O(1)). Similarly,

=1 1
40 =0 <<d + o+ D) W I +2>) =0 (@ +8,+ 1)),
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For this theorem, it is more convenient to use weaker bounds that do not depend on x:

fa(x) = O((d + 1)72*), fi(x) = O((d + 1)), f/(x) = O((d + 1)">*¢). A stronger

bound (3.3) would not improve the final bound; we will need it for the next theorem, though.
The case d = §;,, = 0 is special. In this case, (3.1) becomes

Eo(T+1, N) alN +[N > 0]Eo(T, N—1) N +[N < T+1]E|(T N)TH_N
= — > —1)— < _
0 5 T—|—1 0 s T+1 0 s T+1

The solution is Eyo(T, N) = aN + Ey(0, 0), it satisfies the condition of the lemma.
We use induction by T and, for fixed T, by d to prove the formula

N N
where C(d, x) =
determined later.

Select Ty such that for any T > T, we have (T + ty + 8;, + 1)! ™ < Tm

and (T 4ty + 8 + D176 < T12(1+26<§—"+A) if §;, > 0. There are only a finite number of
pairs (T, N) with T < Ty, so we can select Cy such that (3.5) holds for T < Tj.

Before proceeding with induction, we need to establish (3.5) ford > T + o and
any T > Ty. In this case, Tf;(x) = O(Td~***) = O(d~'**), so we need to prove that
E4«T,N) < C (d, %) (and then increase Cy to account for Tfy(x)). If d > T + 1, it is
trivial because E4(T, N) = 0. There can be only one vertex with in-degree d = T + 1,
and it exists only if () has not been used after the first step and the same target vertex
was selected at every step; the probability of that given #G = N + ng is not greater

W and Cy is some sufficiently large constant that will be

N Tighd, o N-1 N _ Swi=D y < N-1 5 NN=1) N1 _

than [T a7y = o exp X pIn(l — 2ups) < a7 (exp giris ) <
N-1 . .

% Because y + §;, > 0, we have either a < 1 or §;, > 0; in both cases

1+ 2T (1+8;,)+0)

Ey(T, N) = O(1r3=7), 50 (3.5) holds for T > Ty.

Now assume that (3.5) is proved for some value of T > T and consider the value
T + 1. Assume alsothatd < T + 1 + 1.

Let0 <N <T+1landx = TLH If N # T + 1, the inductive hypothesis and the
Taylor formula imply that

2
Eo(T.N) = Tfa (x + 2 ) +61 = Tfo) +x£10) + 3= 11(6) + 6,
d 1)~2+¢
= ) + xfj(x) + O (%) +0,

where |61] < C (d, X+ %) Similarly,

Eqo(T,N)=Tfs1(x)+ 0 ((d+ 1)) + 6,
ford > 1 with |6,| < C (d —1,x+ %) The same holds for d = 0 with 6, = 0.
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If N # 0, we have for the same reasons

1 1 —x)?
ET,N —1) =T, (x - T) 05 = Th) — (1= 0 f}00) + (Z—Tx) 18 + 0
1 —x)(d+ 1)"2te
~ 70 - (1 =g+ 0 (TR v

and Eq_ (T, N — 1) = Tfy_1(x) + O (1 — x)(d + 1)7*¢) + 64, 63] < C (d,x — 12),
04 =0ford =0, |64] < C(d— 1, x — —) ford > 1.
Now (3.1) becomes

E T +1,N)=[d = 0lax + [d = 1](1 — a)x + x(de(x) — (1= x)f)(x)

(1 —x)d+ D)~ a(d + 8in) a
+0< T ))(1_T(1+5mx)+0<7))

d—1+6, 1
+ax (Tfi—1(x) + O ((1 — x)(d + 1)**)) T(T—;x) (1 +0 <7>>

, (d+ 1)~ d+ 8in 1
+(1—x) (de(x) +xfy(x)+ O <T)) <1 - m + 0 <T>>

=) (T (@) + 0 ((d + 1y 2+)) L L0 (1 L0 (%))

T+ 8inx)
d+ 6, d—1+6,
+x65(1— a(d + Oin) + axby +
T(l + (Sinx) + 8inx + Ain - 8[11 T(l + 6inx) + Sinx + Ain - 8[;1
d+é;, d—1+4 6,
1—x)0;(1— 1—x)0 ,
=0 < T(L+ 8m) + Box + Am) e 5+ 6k + Auy

(3.6)

we have dropped indicators [N > O] and [N < T + 1] because everything on the right-hand
side is defined as x = 0 and x = 1, too, and corresponding terms are zero, anyway, because
of factors x and 1 — x.

Expand (3.6):

E T +1,N) = Tfy(x)+[d = Olax + [d = 1](1 — a)x
Cl(d + m) d—1 + 8[n + 8m
—xfa(X)—F— 1+ 6x +axfd—1(x)m - X)fd(x)l S ox

d—1+8, 1= x)(d + )71+ d+ 1)1+
o o (0@t D Lo(ée+rDh
1—{—8,»,,x T T

a(d + 8;y) d—1+6;,
+x65(1— + ax6,
T(l + Sin-x) + 8inx + Ain - 8in T(l + 8,‘,,)6) + Sin-x + Ain - 8in
d+ 6, >+( ) d—1+436;,
T(1+ 8;%) + 8inx + Air 2T (U + 8in) + 8inx + Apy

+ 1 = x) fa-1(x)

+(1 —x), <1 -
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The sum of terms without 6; and O(-) equals (T + 1) f;(x) from (3.2). Denote the sum of
other terms as 6. Then,

Ei T +1,N)=({T+1) fa(x)+90,

so we need to prove that |6 < C(d, x).

. _ a(d+8in) _ N 1 _ a(d+8n) .
The expression x(1 — 7555 535, = 771U = 7o, Nty ) 18 always
nonnegative (provided that d < T + fy). The expression 1 — ML% =1-
mn mn m
d+38in : H
T N o 18 also always nonnegative. Therefore,

1—x X
6] 5xc<d,x—T)+(1—x)c(d,x+7)

1 —
- ax (d+8)C (d,x — —=
T(1 + 8;nx) + 8inX + Ain — 8in T
ld>11d—1+46mC(d—1,x— 12" —
z in AT T(1 + 8;nx) + 8inX + Ain

x ((d+6,-n)C (d,x+ ;) —[d>11d—1+8,)C (d— 1,x+%>>

4o 1—x+ax
d+ DT )

— 2d+8,+1)' 8(d+8;, +1)**x?
We have |C%d, 0l = Gl = mams, oy T Gr@s, ey | =

Co% < 6(d + 8;n + 1)!7°C(d, x). Using the Taylor formula, we obtain

1—x X
xC (d,x—T>+(l —x)C(d,x—l—?)—C(d,x)

(l—x)x2 Y
TC d, &)

x(l—x)2 .
TC d, &)+

3x(1 —x)(d + 8n + D'7°C (d, x — 125)
<
< = .

Ifd > 1, then

d+6i,)Cd,x)—(d—-146;,)Cd—1,x)

d ’
Sin
= C0/ ( it 1 2) dZ
d—1t \1+ @+ 8, +1)l*x= /.

—C /d L4z 48+ D727 + (1 =)@ + 8in + D"
=Cof (1 + (2 + 8in + D' —ea2)?
&
>C
=+ b+ DR

dz

=¢eC(d, x). (3.7)
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Thus, ford > 1

3x(1 —x)d + 8in + D'7°C (d, x — 122)

01 < C(d, ) + - T
axaC(d,x—l%x) (1—x)eC(d,x+%) 0 1 —x+ax
T(l + (Sinx) + ainx + Ain - 5in T(l + 8inx) + 8inx + Ain (d + 1)178T '

Because 7 > Tpandd < T + ty, we have (d + 8;, + 1)! ¢ < T,

C(d, x— 1= T+ (d+8,+ D" (x+£)° 2(x 4
( §)= ( et p) > < 1@t 20D
Cdx+7)  1+@+8,+1) (x— 15 T
3x(1—x)(d+8;,+1)! ~*C(d . x— 7= e(1-x)C(d,x+%) e(1-x)C(d,x+%)
0, e = S Bt A S ATt Ay Because C(d, x) =
C
2(d+5/n0+1)1’8 ’
1—x+ eC 1—x+
6] < Cd, x) (L= x +aveCo to(Loiter)
Ad + 8in + D'=E(T (1 + 8ipx) + 8inx + Ain) d+ D=1
(1—x+ax)eC 1—x+ax
Take Co such that g oy = O (m), then (3.5) follows.

Ifd = 0and é;, = 0, (3.5) was already proved. The case d = 0 and §;,, > 0 is similar
to the case d > 1 with the factor ¢ from (3.7) replaced with &;,,.
O

Lemma 3.2. Let n be a random variable that takes the value N with probability Pr(n =
N) =Pr#Gr = N + ng). Let f(x) € C*[0, 1]. Then

maxp<y<1 | £l
—T .

n
Ef (3) =f(a+y)+0<
Proof. Obviously, E1 = 1 and En = (@ + y)T. Furthermore,

T

T d T
E(n(n — 1)) = ) n(n — ”<n>(“ +y) Bl = ; T(T — 1>(n - 2><a +y) B

n=0

= T(T — 1)(a + y)*

Hence,
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For any x € [0, 1], we have f(x) = f(a +y)+ (x —a—p)f'(a +y)+ Mf”(g),
where £ is some point between x and « + y. Therefore,

7 (F) - fa+p)| = ‘E (% (h—a—y) f”(é))‘

_lety)—@+y)
= 2T

max | f"(x)].
0<x<l

Now, the theorem in the case y = 0 follows from Lemma 3.1 and Lemma 3.2. How-
ever, in the case y > 0 we need a slightly more subtle approach to estimate the remainder
term. The Azuma—Hoeffding inequality implies that (in terms of Lemma 3.2) Pr(n <

((X + )’ - )")T) S exp(_T)\'z/z) fOr )\' > O, SO E 1+(d+8i,,+11)]“n2/T2 = E 1+(d+8;,~_i>1)2]_‘n2/T2 +
5=
E T

z < exp(—T @20y 4 1 = O(d~"**)ifd < T + to. For
d > T + ty, the theorem holds because n;, = 0.

1+(d+8i+1)1—¢n2 /T2 — 1+(d+8ip+1)1—¢ (a+4y)2

4. CONCENTRATION FOR NUMBER OF VERTICES

Let Dy 4,(T,N) = E;,(G,d)ni(G,dr)|G € G(T + 1), #G = N +ny) — [di =
d))E4 (T, N).

N+ng
Dy.a(T.N) = Y Pr(din(G. i) = di, din(G. j) = d2|G € G(T + 10), #G = N + np)
i,j=1
N-+ng

—[di = d))E4 (T, N) E Pr(d;, (G, i)
i,j=1
i

=d,, din(G, j) = dr|G € G(T + 1y), #G = N + ny).
Lemma 4.1. Ify + 8;, > O, then

N N
Dy, (T, N) = T* f,, (7) Ja, (;)

T(dy + 8o+ 1) 50T T(dy + 8y + 1)
1+ (dy+ 8 + DI=8(N/T)2 14+ (dy + 8 + 1)'—5(N/T)?

1
" (L4 (di +8in + D' (N/T))(A + (d2 + 8in + 1)“8(N/T)2)> '



DEGREE DISTRIBUTION AND EDGES BETWEEN FIXED-DEGREE NODES 503

Proof. The recurrent equation for Dy, 4, (T, N)is obtained similarly to (3.1): fori, j € Gr,

i#J

Pr(din(Gr11,1) = di, din(Gr11, j) = do, #G141 = N + 1o, 1)
= a Pr(din(Gr,1) = di, din(Gr, j) = dp, #G7 = N +ng — 1)
y (1_ di + dy + 28, )
T+ 6inN + Ay — bin
+aPr(di,(Gr,i)=d; — 1,d;y(Gr, j) =do, # Gy = N +np — 1)
y dy — 146,
T +6iuN + Aiy — Sin

+ aPr(din(Gr, i) = di, din(Gr, J)

d—1,#Gy = N + 1 & = 1+ 8in
= —_ . = no — ,
2 r 0 T+3inN+Ain _ain

Pr(din(Gr41,0) = di, din(Gr41, j) = do, #G 111 = N + no, 11)
= BPr(di(Gr,i) =di,din(Gr, j) = db, #G1r = N + ny)
< dy 4+ dy + 26,
x |1

—_—— Pr(dix(Gr,i) =d; — 1,
T+5inN+Ain)+ﬂ r(din(Gr,1) = di

din(Gr, j) = do, #Gy = N + m)% + BPr(din(Gr, 1)
dy — 1468,
T +68iuN + Ain’
Pr(din(Gr11,0) = di, din(Gr1, j) = do, #G141 = N + no, 1)
=y Pr(d;x(Gr,i) = d1,din(Gr, j) = d2, #Gr = N +ng — 1);
N
(¢ +y)T + 1)
N
(@ +y)T+1)
_ di+dr+25;, )
T+ 6N+ Ajp, — i

=di, di,(Gr, j) =dr — 1,#Gr = N + nyp)

Dgy.ty(T +1,N) = [N > 0,d; = OlaEq,(T, N — 1)

+I[N >0,d, =0]aEs(T,N — 1)

+ [N > 0laDy, 4,(T, N — 1) (1

et T+ D + I[N > 0laDg-1.a,(T, N = 1)

d—1+6;, N
T+ 8N + Ay — 8in (@ + y)T + 1)
dr) —1+6;, N
T 46N+ A —8in (a+y)T +1)
dy + dy + 26;, T+1—-N
T+5inN+Ain> BT + 1)

+[N > 0laDy, 4,—1(T, N — 1)

+[N < T + 118Dy ,(T. N) (1 -
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—1+6, T+1—-N
T+5”,N+Am B(T +1)

—1+6, TH+1—-N
T+5mN+Am BT +1)

+[N <T + 118Dy, —1,4,(T, N)

+[N < T + 118Dy, ,4,-1(T, N)

N
N>0,d, =1lyEq(T.N —1)————
+I[N > 0,d; = 1]y Eg( )(a—|-y)(T+1)
N
N>0,d,=1yEq(T.N —1)——
+I[N > 0,dp = 1]y Ey( )(oz+y)(T+1)
+IN > OlyDy (T, N — 1)—— > (4.1)

(@+yXT+1)
We use induction by T and, for fixed T, by d; + d, to prove the formula

, (N N
Dy 4,(T,N) =T~ fy, <?> Ja (;)

C(T9 dlv d27 -x) = TC](dl, d29 -x) + TCZ(dlv d27 -x) + CS(dlv d27 -x)a

Ja(x)
"L+ (do + 8in + DI=ex?’

Fan(x)
1+ (di + i + D'72x?’

Coldi = 1,d, > 1]

N
<C (T, dy, d», ?) s “4.2)

Ci(dy,dr, x) =C

Cy(dy,dr, x) = Cy

Cs(di, dr, x) = (1+ (d) + 8in + DI=6x2) (1 + (do + 8 + DI =x2)
Jotr) =1,
o= [T =
i+ 8in + Cin(0)Fe
Because ﬁ =1-01+ (x)+€)z+6/,,+l[ — <+ m)_l_w
andmé;ri’—”fl =0+0+ 5 = 0+ z-&-é;—l) “T | we have(l +

Cintote
Bin) T (d 4 85) " TEIT < Ja0) < @+ By + DA A+ 8 + 1+ )T TE s0
]A”d(x) =0O(d+din+ 1)_1_ e ), where both implied constants depend only on ¢ and pa-
rameters of the model. For the same reasons as for f;(x), we have = Jiw = O(In(d+6;,+1))

)
and ff(()‘)) O(n%(d + 8, + 1)).

d 1 _ 2Ax Ax _ 1 2 1 1
Since |d_x(1+kx2)| = (I+ax22 =< \/)T(I-HLXZ) = IH_Aﬁ and IW(H-_AXZN = 6)\,1+sz5
C! X X
we have G2 = O((d) + 8y + )3 + (da + 81, + 1)'T) and LD = O((dy +
Sin + D'+ (dy + 8in + D7), ]
If& e [x — 1%", x+ F]andd < T + 1, we have ﬁ(é) =0(d+1 +3,~n)_1_c’in<*~*>+9 In(d +

L+ 8n) = 0@ + 1+ 8, a0 0 In( + 1 4 8,) = 0(a)Ind + 1 +
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In(d+148;,)
T

qweo( ) = O(Ja()In(d + 1 + 8;,)), max{| fu(x — 5= fd<x>| |Fax + §) —
Ja@l) = gmaxgg 0 176 = fd(x>0(w), Jae =155 = Fatodd +

N ~ o . 2
O(HETE) and Ja(x+1) = Ja(x)(14O(HEF ). Moreover, |15 — 1] < 5" <

Ie
ﬁ|€ — x|, so Ci(dy, da, x + %) = Ci(dy, dr, x)(1 + O((d1+1+8m) 2 -Tk(dz+1+8m) B ) and

Le 1e
Cidy, do, x = 155) = Ci(dy, do, x)(1 + O (WD) 2 Lt lthn) 2 )
Select Ty such that, for T > Ty and d +d, < T + 1o, the following inequalities hold:

1_
‘Ci <d17d27x - Tx) - Ci(d17d27x) S gci(dlvd27x)9 (43)
X £
i (i, dox + ?) — Cildy, dy, x)\ = ZCid. . ), (4.4)
&

i, s, TCir. dp,3). (45)

<

3(1 + 28171 + Am)
(Note that validity of these inequalities does not depend on Cy, so Ty does not depend on
Cy, which has not been selected yet.)

There are only a finite number of pairs (7, N) with T < Ty, so it is possible to select
Cy such that (4.2) holds for T < T,. This is the base of induction.

Before proceeding with induction, we need to establish (4.2) for the cases when
| — ot < 0.1fd) +dy > T + fo, then Dy, 4,(T, N) = 0, 50 (4.2) holds.
If N = O(1), then the bound Dy, 4, < (N + ng)*> = O(1) is sufficient. The only other case
when the expression above can be negative is d; +d, = T + ty and §;, = 0. Then, y > 0
and a < 1;since d; +d, = T + ty means that (1) has been used at most once, not counting
the first step, the probability of that given #G = N + ny is not greater than Na"~2, so,
Dy, .4,(T,N) < (N + ng)Na=? = O(HLN), which is less than C(T, dy, d», x) if Cy is
sufficiently large.

Now assume that (4.2) is proved for some value of 7 > T; and consider the Value

T+1.Assumealsothatl—%>0 LetO<N <T+1landx = 75

If§ e [x— =2, x+ 2] andd < T + o, we have

+1

fi€) =0 (@+1+8,)"" 557 ) = 0 ((@+1+8,) w00

1n(d+1+5,~n)>

=0 (W@+1+8,)""a0) L) o (@+148)7" 750

and /() =0(d+ 1+ Sin)_l_“in&‘)“) for the same reason.
If N # T + 1, the inductive hypothesis and the Taylor formula imply that

Dy,.a(T, N) = T2 f,, (x " )fdz (x v T) +6
= T? f4,0) fu, () + X T (f, (x) f, (X))
+0 (@i +148,)™ 750 (d + 1+ 8,07 7)) + 61,
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Dy, 1,4,(T, N) = T? fy, _1(x) f, (x)

O (T(d + 14 8) "5 (d 14+ 85)” 7 507) ) + 6,
Dy, 4y (T, N) = T? f4,(x) f—1(x)

O (T(dy +1+8,)" 7507 (d - 1+ 8)"507) ) + 65,

where |60,| < C(T, d;, dr, x + %), |6, < C(T,dy — 1,dr, x + %) ifdi >1and 6, =0 if
dy=0,103| < C(T,dy,dr —1,x + §)ifdy > land 63 = 0if dy = 0. If N # 0, similarly,

X 1—x 9
) Ja, <X — T) + 04
= T2 f4,(0) fa,(x) — (1 — )T (4, (x) fu, (x))
O (@1 + 14+ 8:) ™' 7507 (dy + 14 8,) ™ 75007 + 6y,

Dy—1,4,(T, N — 1) = T? f,_1(x) fa, (x)
0 (T(d1 148, T (dy 4 14 8,,) )) + 05,

Dy, a,(T,N — 1) = T*f,, (

Dy 4y1(T, N — 1) = T? f4,(x) f—1(x)
O (T(d +1+8,)” "0 (dy + 1+ 8" 507) ) + 6,

where |04| < C(T,d,, d>, x — —) |95| <C(T,d —1,dr,x — —) ifdi>1and 65 =0
ifd; =0,106| < C(T,dy,dr — 1, x — )lfd2 >1land 6 =0ifd, = 0.
Substitute these representations and results of Lemma 3.1 to (4.1) and expand:

Dy 4(T +1,N)
dy + dy + 26;,
= T2 f4,() fu(x) — (1 — x + ax )‘12—de1 () f,(x)
+ inx

dy—1+6;,
+(—-x+ ax)ll_FTdelq(x)fdz(x)

d—1+6;,
+(—x+ ‘”‘)21+T T f4, () far—1(x)
+[dy = 0laxT fy,(x) + [dy = OlaxT fy, (x)
+1dy = 1100 — @)xT f4,(x) + [dy = 111 — @)x T fy,(x)
+0 (@) + s+ + 14855 (dy + 1+ 8) 507 )

40 (ax[d1 =01+ (1 —a)x[d, = 1])
1+ (dy + 8;p + D242

) (ax[d2 =01+ —-a)xld, = 1])
1+ (dy + 68, + 1)l—2x2

di +dy + 26;,
+91(1—x)<1— 1 +dy + )

T(1+8ipx) + Sinx + Ay
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di — 146,
+6,(1 —x)
T(l + 8in-x) + (Sinx + Ain
dy — 14 6i,
+65(1 — x) 2
T(l + 3in-x) + Sinx + Ain
dy + dr + 26,
o (1 a(d, + dy + 26;,)
T(l + 8,',1)(7) + Sinx + Ain - Sin
dl -1+ ain
+ Osax
T(l + 8,’,,)6) + (Sinx + Ain - 8in
d, — 146,
+ Ogax 2 + %

T(l + 8in-x) + (Sinx + Ain - ain ’

The sum of terms without 6; and O(-) equals Tzfdl (xX) fa,(x) + 2T f4,(x) f4,(x) from (3.2).
Denote the sum of other terms as 6 + f;,(x) fs,(x). Then, Dy 4,(T + 1, N) = (T +
1)? f4,(x) fa,(x) +6, so we need to prove that |9| < (T + 1)(C1(dy, d», x)+ Ca(dy, da, X))+
C3(d1, dz, x).

From the Taylor formula and (4.5) it follows that

1_
xC (T,dl,dz,x — Tx> +(—x)C (T,dl,dz,x+ %)

8.x(1 - x)C(Ta d17 d21 x)
6T(1 + 28in + Ain)

We know from (3.7) that (d; + 8;,)C3(d1,d>r, x) — (dy — 1 + 8;,)C3(dy — 1,d>,x) >
eCs(dy, dy, x) if di > 2 and the same holds for d; = 0 and d; = 1 due to C5(0, d», x) = 0.
Similarly, (d + 8i,)(d + 1+ 8,)™4° = (d = 1 + 8u)(d + &)1+ = [1177" (2 —
Dz ") dz > 0ifd > 1,50 (dy + 8;n)Co(dy, dp, x) — (dy — 1 +8;,)Ca(d) — 1, dp, x) > 0
(even for d; = 0). It follows from the definition of j‘d(x) that (d; + 8;,)C1(d,, d», x) — (dy —
1468,)Ci(dy —1,da, x) > —mcl(dl, d,, x) (with the equality if d; > 2). Therefore,

—C(T,dy, d>, x)| <

(dy + 8in)C(T, dy, dy, x) — (dy + 8in — DC(T, dy — 1, d3, x)

T

>————Ci(dy, da, Csz(d;, da, x),
R 1(di1, da, x) + eC3(dy, da, x)

(dr + 8i)C(T, dy, dp, x) — (do + 6iy — DC(T, di,dr — 1, x)
> ———(Cy(dy, da, Cs(d;, da, x),
Z o Te 2(dy1, da, x) + eC3(dy, da, x)

(dy +dy +28;,)C(T, dy, dr, x) — (dy + 8;n — DC(T,dy — 1,d5, x)

—(dy +6;n — DC(T,dy,dr — 1, x)

T
> ————(C(d1, dr, x) + Ca(dy, da, x)) + 2eC5(dy, da, X).
Cin(x) +e&
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Thus,

ex(1 — x)C(T, dy, dy, x)
6T (1 +25;, + Ain)
(Cl (dl,d2 X+ ) +C2 (dl dz X+ i)) — (1 —X)28C3 (d],dz,x + %)

T(l + 6ln-x) + 8[llx + AHI
Tax —— (Ci (di, do.x = 52) + Cy (dy, dy, x — 15%)) — ax2eC5 (dy, dy, x — 125)

‘m(")‘H“ T
T(l + 6l"l'x.) + 6l"l'x. + Alil 5’"

@+ 148,) T (dy 4 148,) " @w

1+ + 8, +Dex2 1+ +8,+ D4x?

0] < C(T, di, dz,X)+
T —x)——
+

¢ (x)+s

+

Apply bounds (4.3) and (4.4). Terms without O(-) become a linear combination of
Ci(dy, d», x); C and C, have the coefficient that is not greater than T + 6(1”‘& +

+28in+Ain)
(1—x+ax)(14+%) cin(x)(14+%) e 1+£ e .
.o = THet oo =T+g+ 1 = T+1-¢. Cshasthe coefficient that

ex(1—x) (1—x+ax)2e(1-5)? 2
ST+ 26, + A T2 Ary) 21-3) ) =L

< 1+ g(1—x)

is not greater than 1+ T2, A, )(% -

. dy\+1+46;, ,,l(xHe
It remains to select Cy such that ¢(Ci(d, da, x) + Ca(d1, da, X)) > O(W +

(ot 148) i
1+(dy+8in+1)' 2 x2 )- o
Proof of Theorem 2.2 Without loss of generality assume ¢ < 1. Let x = E. We have

Pr(|lx — (¢ + y)| > lnT) — 0 as T — oo; therefore, it is sufficient to show that

Pr <|n,-n(G, d) — fut| > <\/ﬁt +(d+ 1)—5“) In?|G € G(T +ty), #G = N +n0> — 0,

uniformly, if |x — (& + y)| < lnT T
From now on, assume |x — (¢ +y)| < /%" Then, ciy(x) = ©(1) and, similarly

to (3.3), we have f3(x) = O((d + 1)"' " @) and f(x) = O((d + 1)"'~ @ In(d + 2)).
Furthermore,

vInT
|cin(x) = Cinl = O(Ix — (@ + y)| max |c}, (X)) = O ( ; ) ;

Ja(x) = O((d + 1)_]_$+0<«/§>) = 0(d + 1)_1_$). Lemma 3.1 and the equality

fa = fala + y) imply

En;,(G, d)|G € G(T +19), #G = N + ng) = E4(T, N) = Tfy(x) + O ((d + 1)~'*%)
=Tf,+0 (x/m(d + 1)_1‘ﬁ In(d +2) + (d + 1)71+a) )

Lemmas 3.1 and 4.1 imply

D(nin(G,d)|G € G(T +19), #G = N + no) = Dy.a(T, N) + E4(T, N) — E4(T, N)*

—0 (T(d + )7+ 1)71”) :
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If « = 0 and d = 0, vertices with zero in-degree can come only from Gy, so n;,(G, 0) =
J— — 1
O(1) in this case, fy = 0 and the theorem holds. Otherwise, f; = O((d + 1)7173) and if

t is sufficiently large, |En;, (G, d) — fat| < %( fat +(d + l)_%“)lnt,

Pr (|ni,,(G, d) — fqit| > (,/ﬁt +d+1 —%+€> lnt‘G € G(T + 1), #G = N +n0>
< Pr(|nin(G, d) — E(ni,(G, d)|G € G(T + ty), #G = N + ny)|

Inz = —lye —
>7<,/fdr+(d+1) : )‘#GT—N—i—nO)

_ D@in(G, |G € G(T + 1), #G = N + no)
= 2

! (,/ﬁt +d+ 1)é+8) In2¢

td+1 -, d+ 1)1+ 1
:0( N S >=0<_2)=0(1).
(td+1)" " +(d+ 1)~ 1+2)In’¢ In2 ¢

5. EXPECTED NUMBER OF EDGES BETWEEN VERTICES WITH THE GIVEN
DEGREE

5.1. Recurrent Equation
Similar to the calculation of the number of vertices, let

Ex(T,N,d, d>») = E(X(G,dy, d)|G € G(T +19), #G = N + no)

N+ng

_ Z E([#G =N + no, douf(Gv l) = d17 din(Gv .]) = dZ]V(G1 i’ ]))
Pr(#G = N + no) ’

ij=1
i#]

where V (G, i, j) is the number of edges from i to j in a graph G.

We start with a recurrent equation for Ey. Again, let Gy be a random graph from
G(T + ty + 1) with N + ng vertices.

e If G741 is constructed from G € G(T + 1) using (), then N > 0, Gy has N +ny — 1
vertices. Let N + ng be the new vertex and w € Gr be the target vertex of the new edge.

— Ifi =N +npand j = w, then

[dowt (Gr41, i) = di, din(Gr41, )= 1V (G4, 1, j)=[di = 1,din(Gr, j) = dr—1].

— Ifi =N +npand j # w, then

[doui(Gr41, i) =di, din(Gr41, ) = 21V (Gryy, i, j) = 0.
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— Ifi # N 4+ ngp and j = w, then

[dowi(Gr41,1) = di,din(Gr41, j) = D1V (Gr41, 1, J)
= [doui(G7,i) = dv,din(Gr, j) = dr — 1]1V(Gr, 1, j).

— Ifi 2 N 4+ ng and j # w, then

[doui(Gr41, i) = di, din(Gr41, j) = 1V (Gry1, 1, )
= [dous(G71,1) = d1, din(Gr, j) = ]V (Gr, i, j).

Thus,
N+ngp
> dow(Gr1.0) = dv. din(Gr1. ) = dalV(Gryn. i )
-~
%)
N+np—1
= Z [dowi(Gr, i) = di, din(Gr, j) = 2]V (Gr, 1, j)
ij=1
i#]
+di =1,d;,(Gr, w) =dy — 1]
N+np—1

+ Y dou(Gr, i) =dy, din(Gr, w) = dy — IV(Gr, i, w)
i=1
N+np—1
— Y dou(Gr,i) = dy, din(Gr, w) = d2]V(Gr, i, w).

i=l1

Recall that w is selected with probability m%.

E(X(Gr41,d1, |Gy, (1)

= X(Gr,dy,dy) [ 1 b + din
oo T+ 8ia(N — 1) + Ay
d2—1+8m d2_l+8m
dy = N (Gr.d> — 1) +
T+6in(N_1)+Ain[l (G, dy = 1) T +6in(N —1)4+ Ain

X X(GT, dl, d2 — 1)

o The case (1) is symmetrical to () with in- and out-degrees exchanged.

e If Gy is constructed from Gy € G(T +ty) using (11),then N < T 4+ 1, Gy has N +ny
vertices. Let v and w be correspondingly the source and the target of the new edge.
Then dpui(Gr41,1) = dows(Gr, 1) + [i = V], din(Gr41, j) = din(Gr, j) + [J = w],
V(Grs1,1, j) =V(Gr,i,j)+[i =v,j =w],so0

N+ngp

Y dous(Gri1,1) = di, din(Gr 11, j) = da]V(Gry1, i, )
i,j=1
oy
N+ng
= Y dou(Gr.i) = dy, din(Gr. j) = d2]1V(G7. . j)

i,j=1
i#j
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N+ngy
+ Z [dows(Gr, i) = di11V(Gr, i, w)([din(GT, w) = dy — 1]-[din(GT, w) = d2])

i=1

i#w

N+ny
+ Z [din(GTs J) = dZ]V(GTa v, j)([dout(GTs U) = dl - 1]_[d0ul(GT’ U) = dl])

j=1

o
+[dou( G, v) = dy — 1, din(Gr, w) = dy — 1, v # wl(V(Gr, v, w) + 1)
- [d()MI(GTv U) = dl’ din(GT, w) = d2 - 1’ v 75 w]V(GT’ v, w)
~[dou(Gr,v) = di = 1, din(Gr, w) = dy, v # wlV(Gr, v, w)
+[dout(Gr,v) = di, din(Gr, w) = dy, v # w]V(Gr, v, ).

. . ey Aot (G1,0)+80ur

Recall that v and w are selected independently with probabilities =l J:,M and

din(Gr.w)+din ;
TN A correspondingly.

E(X(Gr41,d1, |G, (1)

d =+ 81'11 d + ‘Sou
= X(Gr.didy) (1 - ———— ) (1 - ——
T + (SinN + Ain T + aoutN + Aout

dr—1+6;, d Sou
FX(Grodidy — =2 (1_ 1+ Bous )
T +8inN + Ain T +‘Sou1N + Aout

d—1+38 & + 5,

FX(Gpody =1, dy) =D Oou (D Oin
T +8,u N + Apus T 4 6inN + Aip

N+ngy
+ | D [dou(Gr.v) =dy — 1.din(Gr.w) =dy — 1] + X(G7.dy — 1.dy — 1)

v,w=1

v#wW
d1_1+80ut d2_1+8i’1
X .
T+ BoutN + Aouz T+ ‘SinN + Ain

Finally, noting that X(Gr,dy — 1,d» — 1) = O(T) and ignoring all terms that are
Oa,.4,(1/T), we obtain

Ex(T+1,N,d, d)
d2+8in

N
2 = (Ex(T.N—1.d.dy) (1~
a+yT+1 T +68in(N—1)+ Ay
d2_1+8in
dy=11E;,4,—1(T,N — 1
T T 0N = 1) Ay, (T HEinde( .
d2_1+8in
Ex(T,N —1,d;,d>» — 1
T+ 0m(N — 1) + Apy X b )>

=[N > 0]
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v <T+ 1N e N )
T+1
y (1 B dr + 6in _ dy + Sour
T+6.N+A, T8N+ A
dy, — 146, — 148,
T j SN+ A, XN A d”T + 80uN + A
dy — 14 8pu dy — 146 )

T+ SouzN + Aouz T+ SinN + Ain

)‘FEX(T»N,dl,dZ_ 9]

+Eg-1,4,-1(T,N)

x di + Sour )
HIN=0 Ex(T,N —1,d1,d>) (1 —
[ | -|— T—I—l< x( 1 2)< T + 8pue(N — 1) + Apur
dy — 1+ 8ous
+ dr» =1 Eou (T, N
T+ 6pu(N—1)+ Aout[ 2 ] t,d, 1( )
di — 1+ 8ou ) (1)
+ Ex(T,N —-1,d,—1,d») | + O —), 5.1
T +60uf(N - 1)+Aout X( 1 2) dy,d» T ( )

where E4 4,(T, N) = E(Z#w[dom(G, v) = dy,di (G, w) = &]|G € G(T + 1), #G =
N +no), Eoyr.a(T, N),and E;;, 4(T, N) are defined similarly to the proof of Theorem 2.1 as
related to out- and in-degrees, correspondingly (thus, E;(T, N) from the proof of Theorem
2.21s Eip 4(T, N); Eyyr.q 1s the same with exchanged values o <> y, 8;, <> Sour)-

According to Lemma 3.1, Ey; o(T, N) = T four, d( ) + O(1) and E;, (T, N) =
Tfina ( ) + O(1), where

! F (i + 60+ 1)
. in ,,,<x> I'(d + 8in)
Fina(0) =x Y _d = ilpini—— = —
P Cin()A +6in) T (d + 146, + m)
! r (i + Sour + ;)
. ) T(d + Sour)
Foura) = x ) ld = i1pouri =

izo Cour X)W + Sour) r (d 4+ 148 + [(X))

(these representations assume 8;, > 0, 8,,; > 0, ¢, (x) > 0 and c,,;(x) > 0, but are more
convenient to work with than the universal ones from Lemma 3.1).

The quantity E4, 4,(T, N) has the similar structure to Ex(T, N, dy, d>), so the similar
process gives a recurrent equation for E4, 4,(T, N):

Ega(T +1,N)
_Nso N <Edl,d2(T, N—1 (1 - b+ din )
atyT+1 T +6,(N — 1)+ Ay,
+[dy =11Ein,(T, N — 1)+ [dr = 01E gy ,q, (T, N — 1)
d — 1+ Sin
T+ 5N — 1) + A,

dy + bin di + 8o
8 (Edl,dz(T7N) (1_ >+ B 1+ Sour )
T+ (SinN + Ain T+ BoutN + Aouz

T+1-N
T+1

Eq a,-1(T, N — 1)) +[N <T+1]
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+Eg a0,—1(T, N)% + Eq—1.0,(T, N)T il(;ml;_iozom)
+IN > 0]~ N (Edhdz(T, N-1 (1 - i + Sou )
(X+)/T+1 T+80ur(N_1)+A0ut
+[dy = 1]Eu1a,(T, N — 1) + [dy = 0]Eiy 4,(T, N — 1)
i — L+ Oous Eg_1.0(T, N — 1)) + 04 4, (). (5.2)
T+8out(N_1)+A0ul ] - ' e

5.2. Some Definite Integrals
Define
Ii(c1, 2, &1, 62,83, &) = //0 1 VI = v)2ws (1 — w)dvdw
<l w2 <
forcy >0,¢,>0,& >0,6 >0, >0,& > 0.
Lemma 5.1. The following recurrent equations for I, hold:

(c2(§1 + &) + 13 + &) (e, 02,61, 82, 83, 84) = c1&ali(c1, €2, 81,62, 63,64 — 1)
+ b (e, 2, 61,6 — 1,83, 84)
for& > 1,6 > 1;
(261 + &)+ c183)i(c1, ¢2, 61,62, 83,0) = 1B, 6 + 1) + 252 11(61, 6 — 1,83, 0)
for& > 1,
(281 +c1(&3 + &) (c1, 2, 61,0, 8, 8) = c1€ali(c1, 2, 61,0,8, 8 — 1)
for&s > 1;

C1

her, 2,61,0,85,0) = =————=.
i(cr, €2, 61,0,83,0) &1(c261 + c1&3)

Proof.

1 we2/c1
Li(cr, ¢, 61,62, 8,8) = / w1 — w)™ (/ i1 — v)&dv) dw.
0 0

Let & > 1. Integrate by parts the inner integral, noting that v =1 — (1 — v):

we/<1
£ / v9 11 = v)2dv
0

we2/el

we/c1
= (v5(1 —v)®) + 52/ V(1 —v)P
0

0
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we2/c1 we/c1
= Wb/ (1 — w/)® 4 52/ V(1 = v)Pdy — éz/ v (1 = v)Pd;
0 0

& +E)(cr, 02, 61,8, 8, &)

1
= / A/ — ) (1= w ) dw + 11 (1. e, £1. £ — 1. &3, £). (5.3)
0

Let & > 1. Integrate by parts the outer integral:

d we2/l
- ((1 — w)* (/ Vi1 = v)%v))
w 0
we/c1
= —&(1 —w)*! (/ Vi1 - v)&dv>
0

+(1 - w)E4 C_2w62/61*1 (w02/01)$]71 (1 _ wCZ/Cl)EZ ,
C

1

&li(c1, 2,81, 62,83, 84) = E4(1(c1, 2, 81,62, 83,864 — 1) — 1 (c1, 02, &1, 62, 83, €4))

1
_a wSerélCz/Crl(l _ w)& (1 _ wcg/cl)fz dw.
c1 Jo

The first equality of the lemma (§;, > 1 and &4 > 1) follows from combining (5.3) and
(5.4). For & > 1 and & = 0, (5.3) holds, but integration by parts yields an additional term
instead of (5.4):

1 1
&lhcr, e, 6,6,6,0 = f VN1 = )fdy — 2 [ wEtEee (1w lEy
0 1 Jo

=B, 6+ 1D - Z—j((é'l + &) (c1, 2, 61,8,83,0) — & 11(c1, 02,61, 6 — 1,8, 0)).

Finally, the case & = 0 is the same as & > 1, without the last term in (5.3). |

Define

I(ct, 2,81, 62,83, 84, 85)

1
= // V97— v)2wB T 1 = w)P (f t&_ldt> dvdw
0<v1<we2<l wl/el

forcy > 0,¢; > 0,8 > 0,6 >0,& > 0,8 > 0,& + &/cin(x) > 0. (Note: &5 can be
zero or negative; in this case, the inner integral is not defined for w = 0; the conditions
ensure that the (improper) outer integral converges).
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Lemma 5.2. The following recurrent equations for I, hold:

(261 + &) + c1(&3 + ) a(cr, 2, 61, 62, 63, 84, &5)
=1 <Cl, c,81,8,86 + i—? 54) + ci&alr(cr, €2, 81,8, 83,64 — 1, &5)

+ by, 2, 81,86 —1,83,84,85) for &, > 1,864 > 1,

(281 + &) + c1&3) (et 2, 61, 62, 83,0, &5)
=1 (Cl, 2, 61,6,86 + i—jo) + b lh(cr, 02, 81,6 —1,8,0,&5)

for& > 1;

(261 + 1853 +E)) a1, €2,81,0,83,84,85) = 1) (Ch €,81,0,8 + i—? 54)

+C]$4IZ(CI7 C2, %‘17 07 E37 E4 - la %-5)
for&s > 1;

&
(261 +c1&) (e, ¢2,61,0,83,0,85) = I (6’1, ¢, &1,0,& + 5,0) )
i

ol
Proof.

Lct, 2,81, 6,83, 84,85)

1 we2/<1 1
= / w11 — w)™ (/ (1~ v)gzdv> (/ tES_'dt) dw.
0 0 wl/el

Let & > 1 and & > 1. Similar to (5.3) from the previous lemma, integration by parts of
[ ...dv gives

CE1+&)h(cr, 2, 61,82, 83,84, 85) =& lx(c1, 02,81, 6 — 1,83, 84, &5)

1 1
+f e ) (1—w62/“)&/ 5l dtdw. (5.5)

0 wl/el
Integration by parts of [...dw is similar to (5.5) from the previous lemma with an

additional term from di fll/{l 157 1dr = — Lypbs/a—1.
wJw cy

&3+ &) (et 2, 81,82, 83,84, 85) = &4la(c1, 02,81, 62, 83,864 — 1, 65)

1 1
_a whthe/azl( — y)s (1 - wCZ/C‘)& / 5 dtdw
1 Jo wiel

1 1 we2/c1
F— [ whtslasl(] _ s (/ v - v)&dv) dw. (5.6)
C1 Jo 0
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The first equality of the lemma follows from combining (5.5) with (5.6) and recalling the
definition of I;. The case & = 0 is similar to (5.5) without the term (..., & — 1,...);

the case & = 0 is similar to (5.6) without the term (..., & —1,...). O
Define
gi1(dy, da)
2 1
out,i ' 50u I'(d. Sin
_ x Z[d12i+1] Pout, (%+ 1) . (dy + in)
a+ Y 1 + (Soutx i=0 Cin(x)caut(x) 1—‘(dl - Z)F(aout + l) F(dZ)F(l + (Sin)
1 ou
X 11 (Cin(x)a Cout(x)v 5out + c—x) + iv dl —i— 17 Sin + i_t—((xX) + 17 d2 - l) s
out in
&2(dy, dy)
2 1
in,i ' 8014 I'(d. Sin
__ x Z[dzzi—i-l] Din, (di + Bour) (%+ ) .
a+y l+8inx = Cin(X)Cour (¥) ()T (1 + 8pus) T'(do — DT (830 + 1)
Cin(X
X Il <C0ut(-x)v Cin(-x)s 6in + c: (X) + i, d2 —i— 17 aout + c (()C)) + 17 dl - l> s
in out

g3(dy, dy)

2]_ 1 1
= UZD SSVa st Ld s ]

U+ 8 0)(1 + ) & =

pout,ipin,j F(dl + Sout) F(dZ + ain)
Cin(X)Cour (x) T'(dy — DT (ousr + 1) T'(d2 — )T (in + J)

X (IQ(C,',,(X), cout(x)y 8out + + i, dl —i— 1’ 8in

Cout (X)
Cour(X) . .
+——7+14+j,dr—j—1,1—=cin(x) — cous(x))
Cin(-x)

1
+ 12 Cout(x)a Cin(-x)’ 81}1 + NN + ja d2 - _] - 15 8()14[
Cin(X)
Cin(-x) . .
+———4+1+i,di—i—1,1—cj(x) — Cour(x)

Cour(X)

ford; > 1,d, > 1. Define g;(0, d») = gi(d;,0) =0,i = 1,2, 3.
Lemma 5.1 implies the following recurrent equations for g1, g> andd; > 1,d, > 1:

(Cin(X)(d2 + 8in) + Cour(X)(dy + Sour) + Dg1(dy, d2)
= Cin(-x)(dZ -1+ Sin)gl(dl» d2 - 1) + Cout(x)(dl -1+ Sout)gl(dl - 17 dZ)

14 xdl -1 + 8014[
+vy 1+ Sourx

+[dr = l]a Jour.a,—1(x);  (5.7)
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(Cin(x)(dZ + 8m) + Cout(x)(dl + 5nut) + l)gZ(dlv d2)
= Cin(-x)(dZ -1 + Sin)gZ(dls d2 - 1) + Cout(x)(dl -1+ 6014[)82(d1 - ls d2)
o d, — 1+ 6,

d =1 oy — . (5.8
+ [d; ]a+yx T Jinar—1(x).  (5.8)

Lemma 5.2 and the fact that

B, & + DB(Es, &y + 1) = // V(1 = 0)EwE (1 — wdvdw

0<vCin™ <ycour () <

+ // V(1 — v)2ws (1 — w)*dvdw
0<wCour ) <ycin) <1
= I](Cm()(), C(,M,«(X), 517 527 “;:37 §4) + Il(cout(x)a Cin(x)’ 537 §4v Elv 52)
imply that ford; > 1,d, > 1

(Cin(x)(dZ + 5in) + Cout(x)(dl + 8014[) + 1)g3(d1» d2)
= cin(-x)(dZ -1 + (Sin)gS(dlv d2 - 1) + Cout(x)(dl -1 + 5(}ut)g3(dl - 1’ dZ)

-1 +80uf d2 -1 + 8in

d
1- ou — in,d,— . 5.9
+1—-x) T T Jout,ay—=1() fin,ay—1(x).  (5.9)

Finally, define

gldy, dr) = g(x, dy, db) = gi(dy, dr) + g2(dy, dp) + g3(dy, do). (5.10)

Then (5.7), (5.8), and (5.9) imply the recurrent equation

(Cin(x)(dZ + 5in) + Cout(x)(dl + 8014[) + l)g(dl ’ d2)
= cin(x)(dZ -1 + (Sin)g(dlv d2 - 1) + Cout(x)(dl -1 + 50uz)g(d1 - 1’ dZ)

y o di— 14 8u a  d—1+6;,

d =1 out,dy— d =1 in,dy,—
+[d> ]Ol+7/x T3, x Sout,a,—1(x) + [d, ]Ol+J/x T Sinar—1(x)
dl_1+80utd2_1+8in

- 1) n a1 (). (511
+(1—-x) 7o x  13o.x Sout,ay—1(x) fin,a,—1(x).  (5.11)
Lemma5.3. Ex(T,N,d,d) = g(¥.di.d)T + Ou.,(1). E4a(T,N) =

fnut,d1 (%) ﬁn,dz (%) T2 + Odl,dz(T)-

Proof. The proof is essentially same as the proof of Lemma 3.1.

We use induction by d; + . Both sides of the first equation are zero when d; = 0
or d, = 0. Both sides of the second equation are zero when d; = —1 or d = —1. The
step of the induction is similar for both equations, we will show it for the first equation
only. For d > 1 and d, > 1 note that g as a function in x € [0, 1] is analytical,
s0 g(x,di,dy) = Ogy4,(1), g'(x,di,dr) = Oy,.a0,(1), §"(x,dy,dr) = Og, 4,(1) (We use
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derivatives with respect to x). For fixed d; and d,, we use induction by T to prove that

N
Ex(T,N,d,dy) — g <?,d1,dz> < C = C(dy, do),

where the constant C(d}, dy) will be selected later, assuming that this inequality holds for
dy — 1, d, and for dy, d, — 1 with all T. Induction base T < Ty(d;, d>) (Where the value Ty
will be selected later) is trivial. Now assume that the bound for 7 is proved and consider
T+1.LetO<N<T+1landx = TLH If N # T + 1, then the inductive hypothesis and
the Taylor formula imply that

X
Ex(T,N,d,d)) =Tg <X+ ?,dl,dz) + 6,

2
! x 1
=Tg(x,d,dy) +xg'(x,dy,dr) + 78 &,dy, dy) + 0

’ 1
=Tgx,d,dr)+xg (x,d1,dr) + Oy, 4, <7> +6,

where |6,| < C. Similarly, Ex(T, N,d, —1,dy) = Tg(x,d, — 1, d2) + Og4, 4,(1) (even for
di =1)and Ex(T,N,dy,d, — 1) = Tg(x,dy,dr — 1) + Oy, 4,(1) (even for d, = 1). If
N # 0, then we have, for the same reasons,

1_
Ex(T,N —1,dy,dy) = Tg (x - Tx,dl,dz) +6,

(1 —x)?

=Tgx,di,db) — (1 —x)g'(x,di, d>) + T

g'¢E di,dy)+ 6,

1—x

= Tg(r.di.dy) — (1 = x)g/(x, dy. do) + O (T) 6.

where |0;| < C. Similarly, Ex(T, N — 1,d, — 1,dy) = Tg(x,dy — 1, ds) + Oy, .4,(1) and
Ex(T,N—1,d1,dy—1)=Tg(x,di,dr — 1)+ Oy, 4,(1).

Substitute these representations in (5.1). The sum of terms of order T on the right-
hand side is Tg(x, di, d»); terms of order 1 are exactly as in (5.11) and give g(x, d;, d») in
total. Thus,

Ex(T+1,N,d,, d>)

=(T+1 al dy, d
- g T—i—l, 1, &2

d2 + 8,'n dl + 80141‘
+o(1—x)(1- -
T(l + 8in~x) + 5in~x + Ain T(l + Soutx) + Soutx + Aout
von (1o 2 (dy + 8in) B =1+ Bour)
? T(l + Sinx) + (Sin(x - 1) + Ain T(l + 80ut~x) + Soul(x - 1) + Aout

1
+ Oy, .4, (?) .
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Select Ty such that coefficients in 6; are nonnegative for all T > T; and x € [0, 1]. Then

for any sufficiently large C we have
N 1
‘EX(T—FI N, d, dz)—(T—f-l)g( T+1 dl,d2> <C+ 0y 4 <?)
(1 — x)(d2 + in) (1 = x)(d1 + Sour)
T(l + 5inx) + 8in)C + Ain T(l + 80utx) + (Soutx + Aout

+ a-‘r)/
T(l + (Smx) + 8,’"()6 - 1) + Ain T(l + 80utx) + 50ut(x - 1) + Aout

4 a+yx(d2 + 8”1) -x(dl + 80141) )

5.3. Asymptotic Behavior

Lemma 5.4.

1
k(cy, e, 1, x) =T(e)l(er) — <c2’ c, —, xl/r) .
r

Proof.

* r &0 r
/ ZC-]7167ZT dZ — (,L.r)fcl / (Z,L.r)clflefzf d(er) — T*C[}’F(Cl);
0 0
00 oo . 00
/ / Z0171Tclr+czflefrfzr dzdt = / (_L,r)fcl F(C])TclermilEird‘L’ — F(Cl)F(Cz);
0 0 0

o0 o0
I'(c)T(c2) — k(cy, €2, 1, X) = / dz/ O lgarta—lmr=t gp
x 0

Replace variables 2 = 1/z'/", % = z1':
1m1/r 1d%,

ol

Fere) —kenern = [ az [Tatgerero g,

O

Lemmab5.b5. Let r > 0,& > 0,& > 0 be constants depending only on the model
parameters. Then,

=& 53 d 1
Li(cr, e, &1,dy, &3, dy) =d °'dy i | &1, 63,7, d’ 1+ 0 gD |-

2
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Proof. Replace variables: let v = w"z.

// vé‘_l(l — v)""1 w&_l(l — w)d2dvdw
O<v<w’'<l
1,1 1
= / f ws TSN )N (1 — w)Rw dzdw = f 17 Ldz,
o Jo 0

where I, = fol wirHET(1 — )R (1 — w' ) dw.
Because In(1 + x) < x for any x > —1, we have (1 — w)® = exp(dz In(l — w)) <
exp(—daw) and (1 — w'z)"" < exp(—diw'z), 50

oo 0 w "

I, < / whr el p—diw'z—dw g, d;élr*&/ w511'+53—le—d1(@) =g
0 0

dw dt

_ _w — —
Ifr >1,lett =%, thenw = = T

T
1—w? 1472

00 rhr+e-l r \\4

Comparing derivatives, it is easy to see that (1 + t)” > 1 4 t” for r > 1. Thus,

" zt" zt” 1 1
1—z >l—-——>1- = > ,
141 147" 14 zzr 1 +zt" = exp(zth)

)
I > / pEr &=l —Ertititd)r—dizt’ .
0

o0 . r
>Er+E+ 1 +dy)r s / T‘E"H’*_]e_r_dlz(g) dt
0

1 * —r—dflzr’
=d75 8 +0(— / Lhrts-1, & g
: dy 0

r—1_drt

r—1 —
wTldw =1 T

Ifr <l,lett = then w =

T
(1+Tr)]/r >

; [00 chir+s—1 . T & 1 zt" @ d
_ — - T
g o (14 tr)si+é/r+l (14 zr)l/r I+t

Inthiscase, 1/r > 1,so(1 4+t > 14+ @)V =14+7,1—

_ozt” 1 T
I =37 = 7 z exp(—z7),

__w
(lfw’)l/r s

T 1
T 2 T = eXp(=1),

o0
I, > / pErtE—1 y—dr—(di+E+8&/r+ DT g0
0
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I 2d; > df, then 0 () = 0 (%), 0

—§1—8&/r poo dyt .
I, > (1 + %) f .L.ElrJrErle_(1+(51+53/fm/<zd1>>1/7. —zdiT dr
a 0

(o () e
Zd] 0
1 —&r=§ *© 1 —‘L’—‘If}zr’

= (1 +0 <_r>) dy”! 3/ ol AT g
d2 0

If zdy < dj, thenexp(—(&1 + &/r + D) = 1 — (&1 +&/r + DT

o0 I r
I, > a’z_glr_E3 f fhrthl, Ty <1 — & +&/r+ 1);7) dr,
0 2

JoS et/ = ©(1) forc = & r + & — land forc = &r + & +r — 1,50

e 1 %0 e
ezt (1o (g)) [ e e
2 0

Integration by z completes the proof. U

Lemmab5.6. Let r > 0,& > 0,& > 0 be constants depending only on the model
parameters. Then,

—& & d; 1 1
Licr, e é1,d1,8,dy) =d, "'d, ke 51,53,%? 1+0 A +0 =)
2 1 2

Proof. If r > 1 ord; < Cd}, the statement follows immediately from the previous lemma.
Assume r < 1 and d; > Cdj, where the constant C will be selected later.

// vi (1 — v)d‘wE3_1(1 — w)dzdvdw
O<v<w’ <l

=B, di + DB(E,dr + 1) — f/ V(1 — )P wS (1 — w)dvdw
O<w’'<v<l

— =& =& l i
CEDCE)d, "'dy” |1+ 0 a +0 -

— /f ws 11— w)2 11 = v dvdw
O<w=<v!/r<1

=& =& 1 1
=TENré)d, "'d,” {1+ 0 @ +0 @

e - 1 d 1
—d;dy Sk (6.6 - - | (1+ 0
od; K<§3 &1 " d;”)( + <d1>>
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Lemma 5.4 implies that

d> d,
r(sor(ss)—fc(sz,sl, , 1/,) (&,sg, d).
2

1 — [o.¢] — —_r r T(c ..
However, k(cy, ¢z, 1, X) = x' [ 2 ldz Jo Tarte lo—t—x2t"gr < ya % )

1 d r
(& 7 ) 56*53/’W< Lrere)
1

if C is sufficiently large, so, O(1) = O(I'(§))T"(&3) — k (&3, &1, % d”’ ). U

Lemmab5.7. Letc; > 0,c; > 0,8 > 0,& > 0, & > —&3¢;,(x) be constants depending
only on the model parameters. Let dy > 1, d, > 1. Then,

1
Ii(ci, 2,81, d1 £1,8&,dy) = Ii(c1, 2, 61, d1, &3, db) (1 + 0 (d_>> ,
1
1
Ii(ci, 2,81, d1,86,dy £ 1) = I1(cy, 2,81, d1, &3, da) (1 +0 (d_>> .
b
1
L(c1, 2,81, d1 £ 1,8, dr, &) = D(cy, 2,61, d1, 83, db, &5) <1 +0 (d_>> ,
1

1
IL(cy, 2,81, d1, &3, dy £ 1,&5) = D(cr, 2, &1, d1, &3, da, &5) <1 +0 (d_>> .
)

Proof. It is easy to see from the definition of I, that I\(c(, cir, &, d;, &,dy) <
Li(cr, crr &1, dy — 1,8, dy) and Ii(c1, cir, §1,d1, &3, do) < Li(er, eir, §1,d1, 63, dy — 1),
However, Lemma 5.1 implies

(261 +di) + c1(& + )i (e, €2, 61, d1, &3, d)
=cidrli(c1, 2, 81,d1,83,dr — 1) + cadi 11 (1, ¢2,61,d1 — 1,8, dy)
> cidyIi(c1, €2, 61, d1, &, dy) + cadi L1 (c1, 2, 81, di — 1, &3, db),

(261 + c1&3 + cadi) (et €2, 61, d1, &3, dy) = crdi I (ct, €2, 61, dy — 1, &3, db),
&1 + 18
crdy

& +cié
cody

Ii(ci, ¢2,81,d1 — 1,8, do) < (1 + ) Li(ci, ¢2,81,d1, 8, do),

Li(c1,c2,&1,d1, 8, dy) > (1 — ) Li(cr, 2, &1,d1 — 1,8, dy).

This proves the first statement of the lemma, other are analogous (for I, use Lemma 5.2
instead of Lemma 5.1 and note that /; > 0). |
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Lemma5.8. Letc; > 0,r > 0,&, > 0, & > 0 be constants depending only on the model
parameters. If &5 # 0, then

1 d, 1 1
ber i b1.dr. 6o, £5) = £ 5'( (sl &, 2)<1+o(d—1+d—2>>
—&— Es é d 1 1
(e 2 ) (100 (54 3)))

If &5 =0, then

1 . _ d,
L(ci, e, &1, d1, 63, d>,0) = c_dl gldz & ( (51,53, r, )111612
1

d;

0 d; e Ind, 1
&, o(d ;" (—+—]).

353 <$1 = z>>+ (1 : (dl +d2>>

Proof. The first statement follows from the equality

Ii(ci, e, &1, dy, &3, do) — Ii(cy, cir, &1, dy, &3 +&5/c1, da)

Lcr,eir, &,d1, &3, dy, &) = £
5

and Lemma 5.6.
The case &5 = 0 is special.

1
Lci, e, &1,d1, 63,d2,0) = — // VIl 1=v) w1 (1—w)®? (= In w)dvdw.
Cl 0<vel <wl’ <1

For the upper bound, note that I — v < exp(—v), | — w < exp(—w):

cih(cy,eir, &1, dy, 83, dy,0) < // Vi TS lemdv=dw 1y y)dvdw

0<vl <wcl"<1

< /f Vi lws e dv=hw 1y y)dvdw
0<v<w’"<oo

+ // Vil le=dv=dw 1n 0 dudw:;
v>0,w>1

/ v lem My = de‘F(El),/ w2 In wdw
0 1

o0
< e"b/ wB e D nwdw = O(e’dz),
1

SO

cil(ci, e, &1,d1,83,d>,0) < // i s lemdv=dw g y)dvdw

O<v<w"<oo

+ 0(d; fe®).
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For the lower bound, note that

cih(cy,eir, &1, dy, &3, d>, 0)

1 1
= </ vfl—'u—u)dldv) (/ w53_1(1—w)d2(—1nw)dw>
0 0

— // V11 = )P b1 = w)® (= Inw)dvdw; (5.12)
O<w<vl/r<l

f‘ Vi1 —v)ylhdv = B(§y,dy + 1) = F(gl)dfs‘(l + O(d—ll)); according to [1, 6.3.18], we
have ”x) =Ilnx+ 0 ( ), s0

fl &1 d 9
w? (1 —w)?2(—Inw)dw = ——B(&3,dy + 1)
0 03
& +1)  TEN(d+DI'EG+d+ 1)
F(€3 + d2 + l) F(%_S + dz + 1)2

1

// V11 = )P ws (1 = w)® (= Inw)dvdw
O<w=vl/r<1
< // v S lemdiv=dw (_n w)dudw
O<w<v!/r<1
< // v lyS T lemdiv=hw (n y)dudw
0<w=<v!/" <00

+ /:/ Vi S lem = 1 oy dudw
I<w<v!/"<oco

:// whlem M (— Inw)dvdw + O (e %)
0<w<v1/’<oo

Since [;° v¥i~le~4dy = ['(£)d; * and

(PEnds®) = di® (~I'&) + T(E) Inds)

0 a
/ wS e (— Inw)dw = ——
0 083

we have

£ & lndz 1
cib(cr, e, é1,d1,8,d2,0) > d, "'d, > O + —
d1 d>

+ // Vi S lem A= 1n w)dvdw
O<v=<w’'<oo

+0 (e7h=®).
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Combine lower and upper bound:
cih(cr, err, &1, d1, &, do, 0) = // Vil ledv=Rw (_1n w)dvdw
0<v=w’"<oo

lnd2 1
d Eld 530 i
* < d +dz)

Replace variables: let v = w'z.

// i lws e dv=dw 1y y)dvdw
O<v=<w’'<oo

— // lwfg—le—dlv—dzwdvdw

853 0<v=<w"<oo

_i/ Z&l—]dz‘/oo w$1r+53—le—d|w"z—dzwdw

983 Jo 0
——(d,7'd, " , &3,

9 ( 2 K <§l &, d'))

d; 0 d,

=d7€ld7& &, Ind> — &

L (K (5‘ e d2> " (5‘ e dz))

Proof of Theorem 2.3 Lemma 3.2 and Lemma 5.3 imply EX(d;, d;) = g(a + vy, di, d>) +
O4,.4,(1). It remains to apply Lemmas 5.6, 5.7, and 5.8 to the definition of g. [l

O

6. CONCENTRATION FOR NUMBER OF EDGES
Proof of Theorem 2.4 We use the Azuma—Hoeffding inequality.

Theorem 6.1. [2, 13] Let (X,);_, be a martingale with | X4 — X;| < 8 for s =
0,....,n—1,and x > 0. Then,

2
P (X, — Xo| > x) < 2exp (-22;—2”) .

We fix di, d>, t and denote X = X(¢,d;,d,). Let G be a random graph in G(¢);
it has ¢ edges, sorted by the creation time. Let G’ be a graph with s first edges. Let
X; = E(X|G®),s = to, ..., t. In this sequence X;, = EX, X, = X. By definition of the
probabilistic space, the sequence X is a martingale. We will estimate possible differences
between adjacent elements of the sequence.

We fix any s from O to ¢ — 1. Let v and w be the source and the target of the last edge
in G¢*1, 50 v and w are random quantities depending on G. Note that the pair (v, w) also
determines which one of processes (1), (1), (1) was used. By definition

Xo=Y,,;Piv=i,w=j) EX|GY,v=iw=)),
Xos1 = E(X|GY, v = v(GO*D), w = w(GUY)),
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where the sum is over all pairs of nodes of G. Hence, it is clear that

minE(X|GY, v =i, w = j) < X, X;41 <maxE(X|G®, v =i, w = j),
L] L)

IXy — Xsp1] < maxE(X|GY,v=i,w=j)—minEX|G®,v=iw=j).
L] L

Let y; € argmin E(X|G®, v =i, w = j)and y» € argmax E(X|G®, v =i, w = j). Itis
sufficient to prove an upper bound for

EX|G®, v =iy, w = j») — EX|G®,v =i, w=j)).

Replace the initial graph Gy by G U (iy, j;) and consider the quantity E in that
model; denote it as E(T, N, d;, d). Similarly, let E>(T, N, d;, d>) denote the analogue of
Ex in the model with the initial graph G U (i3, j»). Then E(X|G®, v = ij, w = j;) =
E(Ei(t —s —1,N,d;, d»)) and E(X|G®, v = ir, w = jo) = E(Ex(t —s — 1, N, d1, db)),
where N has binomial distribution with parameters t — s — 1 and @ + y. We cannot use
Theorem 2.3 for E and E; directly because the remainder term of Theorem 2.3 depends
on the initial graph, but (5.1) and (3.1) are still valid. Here, A;, and A,,; can differ in
models with initial graphs G U (i, j;) and G U (i3, j») because of the different number
of vertices. However, a priori bounds 0 < n;,(t,d) < t and 0 < X(¢,d;,d,) < t imply
E«T,N,d, dz)”m—m = E(T, N, dy, dy) 7r-325— + Ou, 4, (7) (and similarly for
other terms of (5.1) and (3.1)), so the difference E (T, N, dy, d»)— E»(T, N, dy, d,) satisfies
to (5.1) with E;y 4,1 (T, N — 1) and E,ys.q,—1(T, N — 1) replaced by the correspondlng
differences, which in turn satisfy to (3.1) without terms T "‘Q’T y and @ +y)(T e

It remains to note that adding an edge (i1, j;) changes X (z, d;, d») by, at most, d; +d>,
so the initial value E(0, 0, d;, d») — E»(0, 0, dy, d>) is, at most, 2(d; + d,). Consequently,
E(T,N,dy,dy) — Ex(T, N,dy, dy) = Oy, 4,(1) similar to Lemma 5.3.

Therefore, the sequence (X;) satisfies the condition of Theorem 6.1 withn =t — £
and § = Oy, 4,(1). Substituting x = /7 Int in Theorem 6.1, we obtain Theorem 2.4.  [J
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