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Abstract Clustering is a fundamental property of complex networks and it is the mathematical
expression of a ubiquitous phenomenon that arises in various types of self-organized net-
works such as biological networks, computer networks, or social networks. In this article, we
consider what is called the global clustering coefficient of random graphs on the hyperbolic
plane. This model of random graphs was proposed recently by Krioukov and colleagues as a
mathematical model of complex networks, under the fundamental assumption that hyperbolic
geometry underlies the structure of these networks. We give a rigorous analysis of clustering
and characterize the global clustering coefficient in terms of the parameters of the model. We
show how the global clustering coefficient can be tuned by these parameters and we give an
explicit formula for this function.

1. INTRODUCTION

The theory of complex networks was developed during the last 15 years mainly as
a unifying mathematical framework for modeling a variety of networks such as biological
networks or large computer networks among which are the Internet, the World Wide Web, as
well as social networks that have been recently developed over these platforms. A number of
mathematical models have emerged whose aim is to describe fundamental characteristics of
these networks as they have been described by experimental evidence; see, for example, [1].
Loosely speaking, the notion of a complex network refers to a class of large networks that
exhibit the following characteristics:

1. They are sparse, that is, the number of their edges is proportional to the number of
nodes.

2. They exhibit the small world phenomenon: most pairs of vertices that belong to the same
component are within a short distance of each other.

3. Clustering: two nodes of the network that have a common neighbour are somewhat more
likely to be connected to each other.
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4. The tail of their degree distribution follows a power law. In particular, experimental
evidence (see [1]) indicates that many networks that emerge in applications follow
power-law degree distribution with exponent between 2 and 3.

The books of [12] and [14] are excellent references for a detailed discussion of these
properties.

Among the most influential models was the Watts—Strogatz model of small worlds
[30] and the Barabasi—Albert model [3], which is also known as the preferential attachment
model. The main typical characteristics of these networks have to do with the distribution
of the degrees (e.g., power-law distribution), the existence of clustering as well as the
typical distances between vertices (e.g., the small-world effect). These models as well
as other known models, such as the Chung—Lu model [10, 11], fail to capture all the
above features simultaneously or if they do so, they do it in a way that makes it difficult
to tune these features independently. For example, the Barabasi—Albert model exhibits
a power-law degree distribution, with exponent between 2 and 3, and average distance
of orderO(loglog N), when it is suitably parameterized. However, it is locally tree like
around a typical vertex (cf. [7, 15]). On the other hand, theWatts-Strogatz model, although
it exhibits clustering and small distances between the vertices, has degree distribution that
decays exponentially [4].

The notion of clustering formalizes the property that two nodes of a network that
share a neighbor (for example, two individuals that have a common friend) are more likely
to be joined by an edge (that is, to be friends of each other). In the context of social
networks, sociologists have explained this phenomenon through the notion of homophily,
which refers to the tendency of individuals to be related with similar individuals, e.g.,
having similar socioeconomic background or similar educational background. There have
been numerous attempts to define models where clustering is present; see, for example, the
work of [13] or that of [8] where this is combined with the general notion of inhomogeneity.
In that context, clustering is planted in a sparse random graph. Also, it is even more rare
to quantify clustering precisely (see, for example, the work of [5] on random intersection
graphs). This is the case because the presence of clustering is the outcome of heavy
dependencies between the edges of the random graphs and, in general, these are not easy
to handle.

However, clustering is naturally present on random graphs that are created on a metric
space, as is the case of a random geometric graph on the Euclidean plane. The theory of
random geometric graphs was initiated by [18] in 1961 (see also [25]) and started taking
its present form later by [20]. In its standard form, a geometric random graph is created
as follows: N points are sampled within a subset of R? following a particular distribution
(most usually this is the uniform distribution or the distribution of the point set of a Poisson
point process) and any two of them are joined when their Euclidean distance is smaller than
some threshold value which, in general, is a function of N. During the last two decades,
this kind of random graphs was studied in depth by several researchers; see the monograph
of [29] and the references therein. Numerous typical properties of such random graphs have
been investigated, such as the chromatic number [24], Hamiltonicity [2], etc.

There is no particular reason why a random geometric graph on a Euclidean space
would be intrinsically associated with the formation of a complex network. Real-world
networks consist of heterogeneous nodes, which can be classified into groups. In turn,
these groups can be classified into larger groups, which belong to larger subgroups, and so
on. For example, if we consider the network of citations, whose set of nodes is the set of
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research articles, and there is a link from one article to another if one cites the other, there is
a natural classification of the nodes according to the scientific fields each article belongs to
(see, for example, [9]). In the case of the network of webpages, a similar classification can
be considered in terms of the similarity between two webpages. That is, the more similar
two webpages are, the more likely it is that there exists a hyperlink between them [26].

This classification can be approximated by tree like structures representing the hidden
hierarchy of the network. The likeness to a tree suggests that, in fact, the geometry of this
hierarchy is hyperbolic. One of the basic features of a hyperbolic space is that the volume
growth is exponential, which is also the case, for example, when one considers a k-ary tree,
that is, a rooted tree for which every vertex has k children. Let us consider, for example,
the Poincaré unit disc model (which we will discuss in more detail in the next section).
If we place the root of an infinite k-ary tree at the center of the disk, then the hyperbolic
metric provides the necessary room to embed the tree into the disk so that every edge has
unit length in the embedding.

Recently, a model was introduced [22] that implements this idea. In this model, a
random network is created on the hyperbolic plane (we will see the detailed definition
shortly). In particular, [22] determined the degree distribution for large degrees showing
that it is scale free and its tail follows a power law, whose exponent is determined by some
of the parameters of the model. Furthermore, they consider the clustering properties of the
resulting random network. A numerical approach [22] suggests that the (local) clustering
coefficient! is positive and it is determined by one of the parameters of the model. In fact,
as we will discuss in Section 1.3, this model corresponds to the sparse regime of random
geometric graphs on the hyperbolic plane and, hence, is of independent interest within the
theory of random geometric graphs.

This study investigates rigorously the presence of clustering in this model, through
the notion of the clustering coefficient. Our first contribution is that we manage to determine
exactly the value of the clustering coefficient as a function of the parameters of the model.
More importantly, our results imply that, in fact, the exponent of the power law, the density
of the random graph, and the amount of clustering can be tuned independently of each
other, through the parameters of the random graph. Furthermore, we should point out
that the clustering coefficient we consider is the so-called global clustering coefficient. Its
calculation involves tight concentration bounds on the number of triangles in the random
graph. Hence, our analysis initiates an approach to the small subgraph counting problem in
these random graphs, which is among the central problems in the general theory of random
graphs [6, 21] and of random geometric graphs [29].

We now proceed with the definition of the model of random geometric graphs on the
hyperbolic plane.

1.1. Random Geometric Graphs on the Hyperbolic Plane

The most common representations of the hyperbolic plane are the upper-half plane
representation {z : Jz > 0} as well as the Poincaré unit disk which is simply the open
disk of radius one, that is, {(x,v) € R* : 1 —u? —v> > 0}. Both spaces are equipped
with the hyperbolic metric; in the former case this is de +dy*

(&y)?
2 2 . .. .
;iz %, where ¢ is some positive real number. It can be shown that the (Gaussian)

, whereas in the latter this is

!This is defined as the average density of the neighborhoods of the vertices.
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curvature in both cases is equal to —{2 and the two spaces are isometric, i.e., there is a
bijection between the two spaces that preserves (hyperbolic) distances. In fact, there are
more representations of the 2-dimensional hyperbolic space of curvature —¢2, which are
isometrically equivalent to the above two. We will denote by H? the class of these spaces.

In this work, following the definitions in [22], we will use the native representation
of H7. Under this representation, the ground space of H; is R?, and every point x € R?
whose polar coordinates are (7, ) has hyperbolic distance from the origin equal to . More
precisely, the native representation can be viewed as a mapping of the Poincaré unit disk
to R?, in which the origin of the unit disk is mapped to the origin of R?, and every point v
in the Poincaré disk is mapped to a point v’ € R?, where v’ = (r, ) in polar coordinates.
More specifically, r is the hyperbolic distance of v from the origin of the Poincaré disk and
0 is its angle.

Also, a circle of radius r around the origin has length equal to 2?” sinh {7 and area
equal to %(cosh cr —1).

We are now ready to give the definitions of the two basic models introduced in [22].
Consider the native representation of the hyperbolic plane of curvature K = —¢2, for some
¢ > 0. For some constant v > 0, we let N = ve®®/2; thus, R grows logarithmically as a
function of N. We shall explain the role of v shortly. Let Vy = {vy, ..., vy} be the set of
vertices of the random graphs, where v; is a random point on the disk of radius R centered
at the origin O, which we denote by Dg. In other words, the vertex set Vy is a set of i.i.d.
random variables that take values on Dg.

Their distribution is as follows. Assume that u has polar coordinates (7, 8). The angle
6 is uniformly distributed in (0, 27r] and the probability density function of », which we
denote by py(r), is determined by a parameter & > 0 and is equal to

sinh ar

on) =1 YcoshaR — 1’
0, otherwise

1f0§r§R' (1.1)

Note that when a = ¢, this is simply the uniform distribution.

An alternative way to define this distribution is as follows. Consider H2 and select
arbitrarily a point O’ on this space, which will be assumed to be its origin. Consider the
disk D} of radius R around O’ and select N points within D), uniformly at random.
Subsequently, the selected points are projected onto Dg, preserving their polar coordinates.
The projections of these points, which we will be denoting by V, will be the vertex set
of the random graph. We will also be treating the vertices as points in the hyperbolic space
indistinguishably.

More precisely, given «, ¢ > 0, we consider two different Poincaré disk repre-

. . . . . 2 2
sentations using two different metrics: one being (ds)? := % %, and the other

Subsequently, we consider the disk around the origin with (hy-
¢R/2

N2 . 4 dul+dv?
(ds) = aZ (I=uz=v2)2"

perbolic) radius R in the metric (ds’)?. There, we select the N = ve vertices of Vy
uniformly at random. Thereafter, we project these vertices onto the disk of (hyperbolic)
radius R under the metric (ds)?, on which we create the random graph.

Note that the curvature in this case determines the rate of growth of the space. Hence,
when « < ¢, the N points are distributed on a disk (namely D), which has smaller area
compared to Dg. This naturally increases the density of those points that are located closer
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Figure 1 The disk of radius R around v in Dg.

to the origin. Similarly, when o > ¢, the area of the disk D% is larger than that of Dg, and
most of the N points are significantly more likely to be located near the boundary of D,
because of the exponential growth of the volume.

Given the set Vy on Dy we define the following two models of random graphs.

1. The disk model: this model is the most commonly studied in the theory of random geo-
metric graphs on Euclidean spaces. We join two vertices if they are within (hyperbolic)
distance R from each other. Figure 1 illustrates a disk of radius R around a vertex
[S] DR.

2. The binomial model: we join any two distinct vertices u, v with probability

1
exp (B $du,v) — R)) + 1’

independently of every other pair, where 8 > 0 is fixed and d(u, v) is the hyperbolic
distance between u and v. We denote the resulting random graph by G(N; ¢, «, B, v).

Puv =

The binomial model is in some sense a soft version of the disk model. In the latter, two
vertices become adjacent if and only if their hyperbolic distance is at most R. This is
approximately the case in the former model. If d(u, v) = (1 + §)R, where § > 0 is some
constant, then p,, — 0, whereas if d(u,v) = (1 — )R, then p,, — 1, a3 N — oo.
(Recall that R — oo as N — 00.)

Also, the disk model can be viewed as a limiting case of the binomial model as
B — oo. Assume that the positions of the vertices in Dy have been realized. If u, v € Vy
are such that d(u, v) < R, then when 8 — oo the probability that # and v are adjacent
tends to 1; however, if d(u, v) > R, then this probability converges to 0 as B grows.

The binomial model has also a statistical-mechanical interpretation where by the
parameter 8 can be seen as the inverse temperature of a fermionic system where particles
correspond to the edges of the random graph; see [22] for a detailed discussion.

An argument is provided [22] that indicates in both models the degree distribution
has a power-law tail with an exponent that is equal to 2«¢/¢ + 1. Hence, when 0 < ¢ /o < 2,
any exponent greater than 2 can be realized. This has been shown rigorously, for the disc



CLUSTERING AND HYPERBOLIC GEOMETRY 7

model [19], and by [17], for the binomial model. In the latter case, the average degree of
a vertex depends on all four parameters of the model. For the disk model in particular,
having fixed ¢ and o, which determine the exponent of the power law, the parameter v
determines the average degree. In the binomial model, there is an additional dependence
on B. However, our main results show that clustering does not depend on v. Therefore,
in the binomial model the “amount” of clustering and the average degree can be tuned
independently.

It has been shown [17] that 8 = 1 is a critical point around which there is a transition
on the density of G(N;¢, «, B, v). When 8 < 1, the average degree of the random graph
grows at least logarithmically in N. The case where 8§ > 1 and 0 < ¢{/a < 2 becomes
of particular interest as the random graph obtains the characteristics that are ascribed to
complex networks. More specifically, in this regime G(N; ¢, «, 8, v) has a constant (i.e.,
not depending on N) average degree that depends on v, ¢, «, and 8, whereas the degree
distribution follows the tail of a power law with exponent 2¢«¢/¢ + 1. Theorem 1.2 in [17]
implies that, for 8 > 1, the average degree is asymptotic to 2v( 2o 7 )Zé arcsin(%). In this

20—
article, we show that the (global) clustering coefficient is only a function of ¢, &, and 8.

1.2. Notation

Let {Xn}nen be a sequence of real-valued random variables on a sequence of prob-
ability spaces {(Q2y, Py)}nen, and let {ay }yen be a sequence of real numbers that tends to
infinity as N — oo.

We write Xy = op(an), if | Xn|/an converges to 0 in probability. That is, for any
e > 0,wehave Py(|Xy/an| > €) > 0as N — oo. Additionally, we write X y = O¢(ay)
if there exist positive real numbers C;, C, such that we have P(Ciay < |Xy| < Crayn) =
1 — o(1). Finally, if £y is a measurable subset of Qu, for any N € N, we say that the
sequence {Ey}yen occurs asymptotically almost surely (a.a.s.) if P(Ey) = 1 — o(1), as
N — oo. However, with a slight abuse of terminology, we will say that an event occurs
a.a.s., implicitly referring to a sequence of events.

For two functions f, g : N — R we write f(N) < g(N) if f(N)/g(N) — 0 as
N — oo. Similarly, we will write f(N) =< g(N), meaning that there are positive constants
c1, ¢z such that for all N € N we have ¢1g(N) < f(N) < c2g(N). Analogously, we write
F(N) < g(N) (resp. f(N) 2 g(N)) if there is a positive constant ¢ such that for all N € N
we have f(N) < cg(N) (resp. f(N) > cg(N)). These notions could have been expressed
through the standard Landau notation, but we chose to express them as we have in order to
make our calculations more readable.

Finally, we write Xy < g(N) a.a.s., if there is a positive constant ¢ such that
Xy < cg(N) a.a.s. An analogous interpretation is used for X 2 g(N) a.a.s.

1.3. Some Geometric Aspects of the Two Models

The disc model on the hyperbolic plane can also be viewed within the framework
of random geometric graphs. Within this framework, the disk model may be defined for
any threshold distance ry and not merely for threshold distance equal to R. However,
taking only ry = R yields a random graph with constant average degree that is bounded
away from 0. More specifically, for any é € (0, 1), if ry = (1 — §)R, then the resulting
random graph becomes rather trivial and most vertices have no neighbors. To the contrary,
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if ry = (1 + )R, the resulting random graph becomes too dense and its average degree
grows polynomially fast in N.

The proof of these observations relies on the following lemma, which provides a
characterization of what it means for two points u, v to have d(u, v) < (1 4 )R, for
8 € (—1, 1), in terms of their relative angle, which we denote by 6, ,. For this lemma, we
need the notion of the fype of a vertex. For a vertex v € Vy, if r, is the distance of v from
the origin, that is, the radius of v, then we set t, = R — r,; we call this quantity the type of
vertex v.

Lemma 1.1. Let § € (—1, 1) be a real number. For any ¢ > 0 there exists an Ny > 0
and a ¢y > 0 such that for any N > Ny andu,v € Dg witht, +t, < (1 — |8])R — cg the
following hold.

o If0,, <2(l—¢) exp(%(tu +t, — (1 —38)R)), thend(u,v) < (1 +5)R.
o If0,,>2(1+¢) exp(%(tu +t, — (1 —8)R)), thend(u, v) > (1 +)R.

The proof of this lemma can be found in Appendix B.

Let us consider temporarily the (modified) disk model, for which we assume that
two vertices are joined precisely when their hyperbolic distance is at most (1 + §)R. Let
u € Vy be a vertex and assume that t, < C (in fact, by Claim 3.4, if C is large enough,
then most vertices will satisfy this). We will show that if § < 0, then the expected degree of
u, in fact, tends to 0. Let us consider a simple case wherein § satisfies % <1—1§| < 1. As
we will see later (Corollary 3.5), a.a.s. there are no vertices of type much larger than %R.
Hence, since 7, < C, if N is sufficiently large, then we have %R < —=|8)R—1t, — co.
By Lemma 1.1, the probability that a vertex v has type at most %R and it is adjacent to u
(that is, its hyperbolic distance from u is at most (1 + §)R) is proportional to

£ —(1—
oSttt —(1=R) /.

If we average this over ¢,, and denote by u ~ v the relation of neighborhood between the
two vertices u and v, we obtain

C[u/z LR i -
e 2 a sinh(a(R — ¢
Priu ~ v|t,] < - / eltv/sztv
es1-0R [§ cosh(@R) — 1
W2 R S
e;-r / / o2 ea( ty) d
~ 4 € cosh(a R — 1 tU
es1-OR J§ cosh(aR) — 1
SR e, O<tfa<2 €2 s (1]
X — € dt, = = = %\N )
eSU-OR N N

Hence, the probability that there is such a vertex is o(1). Markov’s inequality implies that,
with high probability, most vertices will have no neighbors.

A similar calculation can actually show that this probability is Q(‘;f,f,%/;). Thereby, if
0 < & < 1, then the expected degree of u is of order N°. A more detailed argument can
show that the resulting random graph is too dense in the sense that the number of edges is
no longer proportional to the number of vertices but grows much faster than that.

Of course, to create a random graph with constant average degree, a different scaling
could have been chosen. For example, one could choose the threshold distance to be a
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positive constant r. In that case, the hyperbolic law of cosines (see Fact 3.3) implies that
two typical vertices, which are close to the boundary of Dg, would be within distance r if
their relative angle is of order e “*X. In other words, the probability that two typical vertices
are adjacent would be proportional to e %, Hence, such a vertex would have a constant
expected degree if the total number of vertices is scaled as e¢® (which is the volume of D).
However, such a choice would create a random model, which is not suitable for complex
networks. For example, the degree distribution would lose its heavy tail. In particular, the
vertices that are close to the center would not act as the high-degree hubs that hold the
network together. Such vertices, in general, are fairly important because they give rise to
short typical distances.

This heuristic also suggests that when § = 0, the expected degree of vertex u is
proportional to e¢"/2. In the present article, we focus on this case. As we shall see later,
in Claim 3.4, the type of a vertex u follows approximately the exponential distribution
e~%«_This implies that ¢*/? follows a power-law degree distribution with exponent equal
to 2a/¢ + 1. This is precisely the effect of selecting the vertices on the hyperbolic plane
of curvature —a” and thereafter projecting them onto the plane of curvature —z2. The
parameter o comes up as the parameter of the exponential distribution that (partially)
determines the position of a vertex. One may view the quantity e®/? as the weight of
vertex u. Let us point out that this is precisely the degree distribution in the Chung-
Lu model [10, 11], in which vertices have associated weights that follow a power-law
distribution and any two vertices are joined with probability proportional to the product
of these weights independently of the other pairs. In our context, however, due to the
underlying geometry, dependencies are present.

1.4. The Clustering Coefficient

The theme of this work is the study of clustering in G(N; ¢, «, B, v). The notion of
clustering was introduced as a measure of the “cliquishness of a typical neighborhood” [30].
More specifically, it measures the expected density of the neighbourhood of a randomly
chosen vertex. In the context of biological or social networks, this is expressed as the
likelihood of two vertices that have a common neighbor to be joined with each other. More
specifically, for each vertex v of a graph, the local clustering coefficient C(v) is defined to
be the density of the neighborhood of v. In [30], the clustering coefficient of a graph G,
which we denote by C;(G), is defined as the average of the local clustering coefficients
over all vertices of G. The clustering coefficient C;(G(N; ¢, «, B, v)), as a function of 8 is
discussed in [22], where simulations and heuristic calculations indicate that C can be tuned
by B. For the disk model, [19] have shown rigorously that this quantity is asymptotically
with high probability bounded away from 0 when 0 < ¢ /o < 2.

As mentioned, there is significant experimental evidence that shows that many net-
works that arise in applications have degree distributions that follow a power law, usually
with exponent between 2 and 3 (cf. [1]). Also, such networks are typically sparse with only
a few nodes of very high degree, which are the hubs of the network. Thus, in the regime
where 8 > 1and 1 < ¢/a < 2, the random graph G(N; ¢, «, B, v) appears to exhibit these
characteristics. In this work, we explore further the potential of this random graph model
as a suitable model for complex networks focusing on the notion of global clustering and
how this is determined by the parameters of the model.

A first attempt to define this notion was made by [23], but it was rediscovered more
recently by [28]. Given a graph G, we let T = T(G) be the number of triangles of G and let
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A = A(G) denote the number of incomplete triangles of G; this is simply the number of
the (not necessarily induced) paths having length 2. Then the global clustering coefficient
C»(G) of a graph G is defined as

(1.2)

This parameter measures the likelihood that two vertices that share a neighbor are them-
selves adjacent.

The present work has to do with the value of C2(G(N; ¢, «, B, v)). Our results show
exactly how clustering can be tuned by the parameters B, ¢, and o only. More precisely,
our main result states that this undergoes an abrupt change as 8 crosses the critical value 1.

Theorem 1.2. Let0 < (/o < 2. If B > 1, then

Lo(B.C,a), if O 1
Cz(g(N;c,a,ﬁ,v»i{ (B.¢.0), if0<l/fa<

0, fl<¢la<?2’
where
Loo(/ga §9 (X)
3 —20)% (o —
-5 QR (B D) R didry € (0, 1),
2 (7'[ C/f}) [0,00)3
with

1 1 1
8tu,t,,,zu,.(ﬂ, Z) = /

dzidz
0007 20 + 128 +1 (LSt St ) e
s 1 2 ezw”ZI‘i‘ezw"Zz +1

R 2
and CB = m
If B <1, then

C2(G(N: ¢, a, B, ) > 0.

Our results complement those of [22], whose estimates suggest that C| is tuned by 8. From
a different point of view, the global clustering coefficient sometimes gives more accurate
information about the network [7]; for example, a graph that is a double star with two
adjacent centers 1 and 2, where each of them is joined with n — 1 other vertices [7]. Clearly
this graph exhibits no clustering as it is a tree, nevertheless C| approaches 1 as n grows,
whereas C, vanishes. Furthermore, the study of C; is associated with subgraph counting,
which is a central topic in the theory of random graphs. Our analysis may need significant
modification in order to be applied to C.

The fact that the global clustering coefficient asymptotically vanishes when ¢ /o > 1
is because when ¢ /o crosses 1, vertices of very high degree appear, which incur an abrupt
increase in the number of incomplete triangles, with no similar increase on the number
of triangles. In other words, vertices of high degree do not create many triangles. In our
context, this is the case because the edges that are incident to a vertex of high degree are
spread out and, as a result of this, most of their other endvertices are not close enough to
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each other. The same phenomenon appears in very different contexts: in random intersection
graphs [5], as well as in a spatial model of preferential attachment [27]. In both articles,
it is shown that the global clustering coefficient in that model is positive if and only if the
second moment of the degree sequence is finite. This is found to be [16] a natural feature
of social networks: two neighbors of a very high-degree vertex are somewhat less likely to
be adjacent to each other than if they were neighbors of a low-degree vertex.

Recall that for a vertex u € Vy, its fype t, is defined to be equal to R — r,,, where r,, is
the radius (i.e., its distance from the origin) of u# in Dg. When 1 < ¢ /a < 2, vertices of type
larger than R/2 appear, which affect the tail of the degree sequence of G(N;¢, «, B, v).
For B > 1, it was shown [17] that when 1 < {/a < 2, the degree sequence follows
approximately a power law with exponent in (2, 3]. More precisely, asymptotically as N
grows, the degree of a vertex u € Vy conditional on its type follows a Poisson distribution
with parameter equal to K 5/ where K = K ¢, a, B,v) > 0. Also, a simple calculation
reveals that most vertices have small types. This is made more precise in Claim 3.4, where
we show that the types have approximately exponential density e~*'. In fact, when ¢ /& < 1,
a.a.s. all vertices have type less than R/2 (cf. Corollary 3.5).

Let us consider more closely, for example, the case { = o, where the N points
are uniformly distributed on Dg. In this case, the type of a vertex u is approximately
exponentially distributed with density ¢e~¢". Hence, there are about Ne~¢(R/2=o(V) —
et vertices of type between R/2 — w(N) and R/2 + w(N); here, w(N) is assumed
to be a slowly growing function. Now, each of these vertices has degree that is at least
es (30N — N1/2,=¢o(N)/2 Therefore, these vertices’ contribution to A is at least e¢“™) x
(N12g=¢oN)/22 — N

Now, if vertex u is of type less than R/2 — w(N), its contribution to A in expectation
is proportional to

R/2—w(N) )
f (e5/%)" e~%"dt, < R. (1.3)
0

Because most vertices are indeed of type less than R/2 — w(N), it follows that these vertices
contribute RN on average to A.

However, the number of triangles these vertices contribute is asymptotically much
smaller. Recall that for any two vertices u, v the probability that these are adjacent is
bounded away from O when d(u, v) < R. Consider three vertices w, u, v, which, without
loss of generality they satisfy #, < 1, < t,, < R/2—w(N). As we shall see later (cf. Fact3.3)
having d(u, v) < R is almost equivalent to having 6, , < ¢3Ut=R) Because the relative
angle between u and v is uniformly distributed in [0, 7], it turns out that the probability
that u is adjacent to w is proportional to et ttu=R), similarly, the probability that v is
adjacent to w is proportional to 2 =R) Note that these events are independent. Now,
conditional on these events, the relative angle between u# and w is approximately uniformly
distributed in an interval of length e %~R)_ Similarly, the relative angle between v and
w is approximately uniformly distributed in an interval of length ¢2»+»~R Hence, the
(conditional) probability that u is adjacent to v is bounded by a quantity that is proportional
to e2(tuth) /o5(tH) = o3(i=t) This implies that the probability that u, v, and w form a
triangle is proportional to e2'»*+u+50 /N2 Averaging over the types of these vertices we

have
1 R/2—w(N) pty  pt . . 1
b efrw+cru+ftv—g(tv+t,,+zw)dtvdtudtw g
N2 Jy o Jo N2
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Hence, the expected number of triangles that have all their vertices of type at most R/2 —
w(N) is only proportional to N. Note that if we take « > ¢, then the previous expression is
still proportional to N, whereas (1.3) becomes asymptotically constant, giving contribution
to A that is also proportional to N. This makes the clustering coefficient be bounded away
from O when ¢/a < 1. Our analysis will make these heuristics rigorous and generalize
them for all values of { /o < 2 and 8 > 0.

It turns out that the situation is somewhat different if we do not take into consideration
high-degree vertices (or, equivalently, vertices that have large type). For any fixed ¢ > 0,
we will consider the global clustering coefficient of the subgraph of G(N; ¢, «, B, v) that is
induced by those vertices that have type at most . We will denote this by a(t). We will
show that when 8 > 1, then forall 0 < ¢/« < 2, the quantity E’\z(t) remains bounded away
from 0 with high probability. Moreover, we determine its dependence on ¢, «, .

Theorem 1.3. Let0 < ¢ /a <2 and lett > 0 be fixed. If 8 > 1, then

C(t) 5 Lt B, ¢, ), (1.4)

where

£ -
61&0,03 e2(I“-HUH_UWgt,ulu.,fu; (ﬂv ;)e Ot(t“-’—tv-‘r['”)a'l‘ltdtudtw

2 ¢
(T( C,B) j;O,tP ei(’tz+lv)+§tu/ e*(x(tu +tu+t,,,)dtudtvdtw

L(t:B. ¢, a) :=

where g, 1, 1.(B, ) and Cg are as in Theorem 1.2.

The most involved part of the proofs, which may be of independent interest, has to
do with counting triangles in G(N; ¢, «, B, v), that is, with estimating T(G(N; ¢, «, B, v)).
In fact, most of our effort is devoted to the calculation of the probability that three ver-
tices form a triangle. Thereafter, a second moment argument, together with the fact that
the degree of high-type vertices is concentrated around its expected value, implies that
T(G(N;¢, «, B, v)) is close to its expected value.

This article is organized as follows. In Section 2 we state a series of results that imply
Theorem 1.2. Section 5 is mainly devoted to showing that the random variables counting
the number of typical incomplete and complete triangles (i.e., whose vertices have type at
most R/2 — w(N), for a suitable growing function w(N)) are concentrated around their
expected values. We find precise (asymptotic) expressions for these values in Sections 6
and 7, (where we deduce Theorem 1.3), and 7. Section 8 takes care of the atypical (i.e.,
nontypical) case, together with the calculations shown in Appendix A.

2. TRIANGLES AND CONCENTRATION: PROOF OF THEOREM 1.2

The main ingredient of the proofs of Theorems 1.2 and 1.3 is a collection of concen-
tration results with regard to the number of triangles as well as the number of incomplete
triangles. For a function w : N — N such that w(N) — oo as N — oo, we call a vertex u
typical if t, < R/2 — w(N). The function @ grows slowly enough so that our calculations
work. For example, we may set w(N) = InlnIn(N). We consider two classes of triangles:
those that consist of typical vertices and those that contain at least one vertex that is not
typical.
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In particular, we introduce the random variables T and K, which denote the numbers
of triangles and incomplete triangles, respectively, with all their three vertices being typical.
We also introduce the random variables T and [~\, which denote the numbers of triangles
and incomplete triangles, respectively, which have at least one vertex that is not typical, or,
as we shall be saying, atypical. Hence,

T:T~|—7, andA=K+K.

We now give a series of propositions that describe how the expected values of T and
A vary according to the parameters ¢, «, and 8.

Proposition 2.1. Let 0 < ¢ /a < 2. Then the following hold:

(i) for p > 1
N, if £ <1
E(A) = { RN, ifl=1. @2.1)
N2/ g=C=moN) L -
(ii) for p =1
RN, if£ <1
E(A) =< { R*N, ifi=1. 2.2)

R2ZN2/§ p=C—0)a(N) £ & o
’ o

(iii) for B < 1

N3, if 24 <1

E(A) = { RN328, ifeL — 1. (2.3)
N3—B=a/t gla=BOoN) — jf BE o

The following proposition is the counterpart of Proposition 2.1 for triangles.

Proposition 2.2. Let 0 < ¢ /a < 2. Then the following hold:

(i) for p > 1
- E(A), it £ <1
E(T) =< R o . (2.4)
o(EA), if £>1
(ii) forp <1
E(T) = o (E(A)). (2.5)

The following proposition states that the random variables A and T are concentrated
around their expected values E(A) and E(T), respectively.
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Proposition 2.3. Let 0 < ¢/a < 2. Then, for all > 0,

A =ER)(1 +0,(1)
andfor0 <¢/a < land B > 1,

T =ET)(1 + op(1).

The next result deals with the number of atypical triangles. Note that, since each
triangle contains three incomplete triangles, we always have T < A/ 3.

Proposition 2.4. For0 < ¢/a < 2 and any B > 0, we have:
if¢/a < 1, then

1

T < A =o0,(1);

thus, a.a.s. we have T=A=0.
If¢ /o > 1, then

T = 0,(E(M)).

2.1. Proof of Theorem 1.2

We begin with the case in which 0 < {/a < 1 and 8 > 1. From Proposition 2 3,
it follows that T and A are concentrated around their expected values IE(T) and IE(A)
respectively. Also, the first part of Proposition 2.4 implies that T,A=o0 p(1). Thus, when
0<¢/a <1land B > 1 we have

T
=140, and ==1+0,(D.

>) >

Now, the first part of the theorem follows from (2.4). The value of Lo (8, ¢, o) will be
deduced in Section 6.1.

For /o > 1 and B > 1, the statement of the theorem follows from the fact that
T +T = 0,(E(A)) (cf. (2.4) and Proposition 2.4) together with the fact that A = E(A)(1 +
0,(1)) (cf. Proposition 2.3). This argument also works for 8 < 1.

3. PRELIMINARY RESULTS

For two vertices u, v of types ¢, and t,, respectively, we define

N (R

£ _&(R—t,—
Ay = — e~ 1ttt — =3 (R=ty=ty) 3.1)
v

For two vertices u, v we write u ~ v to indicate that u is adjacent to v. The following
lemma is a special case of Lemma 2.4 in [17].
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Lemma 3.1. Let 8 > 0. There exists a constant Cg > 0 such that, uniformly for all
distinct pairs u, v € Vy such that t, + t, < R — 2w(N), we have

(I+o(NL,  ifB>1
P(u~vlt,0) =1 (+o()Lfie =1
(1 +o(D) 4, ifp <1

In particular,

2 sin”! (%) ifp > 1
2, ifp=1

)
=
I

L

VTor(1-4)’ fp <1

We will need the following fact, which expresses the hyperbolic distance between
two points of given types as a function of their relative angle. For two points # and v in
Dg, we denote by 6, , € [0, 7] the relative angle between u and v (with the center of Dg
being the reference point).

Lemma 3.2. Letu, v € Dy be two distinct points of types t, and t,,, respectively. Moreover,
set

(3.2)

20ty 201, 1 1/2
B, = (672{(th,,) + efzg(szu))lﬂ -2 {e ¢ }

N4 + N4
and assume that 6, , > éu,v. Then
1
C AL sinf6,,/2) +1
where C = 1 + o(1), uniformly for any t,, t, < R/2 — w(N).

Puyv =

Proof. We will use the following fact, which relates the hyperbolic distance between two
points of given types with their relative angle.

Fact 3.3. Lemma 2.3, [17]. For every B > 0and 0 < ¢/a < 2, let u, v be two distinct
points of Dg. If 0., K 0., < 7, then

d( )—2R—(t+t)+%1 i (9”'”>+® (é”*”>2 (3.3)
u,v) = ” v ¢ 0g sin > O s .

uniformly for all u, v with t,, t, < R/2 — w(N).

Hence, whenever 6, , > 0, , we have

PEAWD=R) _ € B (R—(1ut1,)) o logsin®.u/2).
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where C = 1 + o(1), uniformly for any ¢,,1, < R/2 — @w(N); note that the error term
depends on u and v but is uniformly bounded by a function that is o(1). The lemma follows
from the definition of p, , together with (3.1). O

Finally, note that the density function of the type of a vertex u is

_ ___sinh(a(R — 1))
Pyltn) i=a cosh(@R) — 1~ (3-4)

We will be using this density quite frequently, because we will often be conditioning on
the types of the vertices under consideration. It is not difficult to see that this density can
be approximated by an exponential density.

Claim 3.4. For any vertex u € Dg, uniformly for t, < R we have
pn(t) < (1+o(1))ae™ ™.

Moreover, uniformly for all 0 < t, < AR, where 0 < A < 1, we have

pn(t) = (1 + o(1))ae™ ™.

Proof. Starting from the definition we get:

sinh(a(R — 1,)) sinh(a(R — 1,))
<2a
cosh(eR) — 1 e*R

a(R—1,)
= aea—R(l +o0(1)) = ae (1 + o(1)).

(1+o(1))

pN(tu) =«

The lower bound under the condition #, < AR can be proven by arguing as follows:
sinh(a/(R — 1,)) = cosh(a(R — 1,)) — e “*~") = cosh(a(R — 1,))(1 — o(1)),

uniformly over 7, < AR.
Furthermore, we have:

cosh(x(R — t,)) - cosh(x(R — t,))

1 1)).
cosh@R) —1 = cosh@R) LT o)
Hence,
_ sinh(a(R — t,)) cosh(a(R — t,))
ty) = = 1 1
Pult) = cosh(eR) — 1 * cosh(aR) (1+ o))
a(R—1,)
> a———(1 +o(1)) = ae™ (1 + o(1)).
eOt
At this point the statement follows. U

Now, Claim 3.4, together with the fact that N < ¢®/2, implies the following.
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Corollary 3.5. Forany ¢, a > 0, conditional on u € Vy, we have

P (ru < ; R+ a)(N)) =1—0o(N7h.

o

In particular, a.a.s. for allu € Vy

< 2R+ 0(N).
20

4. ON INCOMPLETE TRIANGLES: PROOF OF PROPOSITION 2.1

In this section, we calculate the expected number of incomplete triangles with all
their vertices having type less than R /2 — w(N), that is, being typical vertices. In particular,
we give the proofs of (2.1), (2.2), and (2.3).

Let us introduce the following notation: for every triple of vertices u, v, w, such that
ty, ty, ty < R/2 — w(N) (being w(N), an arbitrary, slowly growing function), we denote
by A(u, v; w) the event that the triple u, v, w forms an incomplete triangle pivoted at w. In
other words, u, v, and w form a path of length 2 with w being the middle vertex. Note that
there are exactly 3(1;’) such choices.

Similarly, for every triple of vertices u, v, w such that 7, t,, t,, < R/2 — w(N), we
denote by A(u, v, w) the event that the triple u, v, w forms a triangle. At this point, we
introduce the following parameters, which will be used throughout the paper:

s )1, ifg=1
p '_{,B, ifg <1’ @1
as well as
_ )1 oifg=1
§ =208, 1):= {O otherwise @2)

We start from a simple observation: conditional on the types of u, v, w, the presence of the
edges {uw} and {vw} are independent events. Thereby, we have

P(A(u, v;w) | ty, ty, ty) =Plu ~ w | t,, t,))P(v ~ w | 1y, ty).

This implies:

(In(A,,,) In(A,,,))°
Al ALy
(n(A,..) ln(Av,w))‘S Bt (B¢ /Dt +1)
N2F

I[D([\(ua U; w) | tuv tvv tw) =

4.3)

Hence, to determine the expected value of A, we need to integrate these expressions with
respect to t,, t,, t,, (using the density given by Claim 3.4) and subsequently multiply the
outcome by 3(5).
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More precisely, we have

R/2—&(N) pR/2—o(N)
P(A(u, v;w)) = N2 / / eB'8/2=tu y(B¢/2=ety
0 0

R/2—w(N) )
x (/ (R—1t, —t,) (R — t, — 1,,)°e® f‘“)’wdtw) dt,dt,.
0

Now, observe that a lower bound for the above integral can be obtained by reducing the
domain of integration of ¢, and ¢, up to R/4. Thus, if t,,¢, < R/4, we have (R — ¢, —

tw)(R—1t,—1,) > 3R J4— t,)%. This simplifies the calculations considerably, yielding:
, R/4 2 AR/2—w(N) ,
P(A(u,v;w)) 2 N2 < / Pt /2_“)’“dtu> / (BR/4 —t,)P Pt ay,
0 0
tw<R/2 R/2—w(N) ,
> RUWN-2 / P é“*ﬂt)fmdtw )
0

We obtain an upper bound using (R — 1, — £,)’(R — t, — 1,,)° < (R — t,,)*. This yields

, R/2-w(N) 2 AR/2—w(N) )
P(Au, v;w)) < N2 ( f e? U“”udzu) / (R —1,)BeBt=huygy,
0 0

R/2—w(N)
< R25N—2ﬂ'/ e(ﬁ,{_a)t‘“dl‘w.
0

At this point, we need a case distinction according to the value of 8¢ /«, leading to

RY¥ N2 if B'c/a <1
P(A(u, v;w)) < § RPN, if'c/ja=1.
R¥PN—F=alto=(Fe—c0o) = f g/ /op > 1

Multiplying these expressions by 3(];] ) we deduce the statement for E(A).

5. PROOF OF PROPOSITION 2.3

In this section, we show the concentration of the random variables A and T around
E(A) and IE(?), respectively. We will do so by bounding their second moment. For every
triple of distinct vertices u, v, w, recall that A(u, v; w) denotes the event that the vertices
u, v, w form an incomplete triangle, with w being the pivoting vertex. For a triple of distinct
vertices u, v and w we denote by {u, v; w} the set {{u, v}, w}. We have

2

E(A%) =E Z LA, v;w))
}

{u,v;w
2
— Z E(I{A(u,u;w)}) + Z E(I{A(ulyvlswl)}l{[\(uz,vz:wz)})
{u,v;w} {uz, vaswa}A{ur visw }
= E(A) + Z E (l{A(un,vl;wl)]l{A(uz,vz:wzﬂ) ) G.D

{uz, v23wo} Ay, viswi }

where the double sum is taken over pairs of distinct triples of vertices.
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Similarly, with {u, v, w} denoting a set of pairwise distinct vertices, we write

]E(/fz) = E(/f) + Z E (I[A(m,vl,w])}I{A(uz,vz,wzﬂ) :

{ur, v, wi}A{u2,v2, w2}
In order to show concentration of K, we will show the following statement.
Lemma 5.1. Forany0 < g < 2and B > 0, we have

E(A%) = EX(A)(1 + o(1)).

Proof. To evaluate the second moment of X, we need to control the dependencies between
every two triples of vertices uy, vy, w; and u,, vy, wy, assuming that the vertices w; and
w, are the pivoting vertices. More precisely, we have eight possible configurations:

L {uy, v, wi} N {uz, va, wo} = 0;

2. uy = up with {vy, wi}N{vy, wy} = @ (or, analogously, v = v, and {u, wi}N{uz, wy} =
7);

wi = wy and {uy, vi} N {uz, v2} = G

Uy = U, vy = V2, Wi # Wy;

wy = Uy, v1 = wy and vy # uy;

Wi = wy, U1 = Uy, V1 # V2 (Or Wy = W, Uy = U, U] 7 Up).

v; = wp and {ug, wi} N {uz, v2} = 0.

w) = Uy, v; = vy and u; F ws.

NN kW

We denote by Ki the contribution in (5.1) of the terms that correspond to case i for
i =1,...,8.Our aim is to show that

Ay =E*(R) (1 +0,(1), (52)

and foreachi = 2, ..., 8 we have
A =0, (E*(R)). (5.3)

Note that Proposition 2.1 implies that

~ N3 if e/ <1
BA) 2 {N3—ﬁ’—a/¢e—<ﬂ’f—a>ww>, ifp/a> 1 >4
where 8’ is defined in (4.1). To deduce (5.3), we will compare the polynomial terms that
bound A; with the polynomial terms in (5.4): hence, from now on we consider only the
polynomial terms in N.

Now, the probability that the event described in Cases 4 and 8 occurs can be bounded
from above by the probability of having a path of length three. Hence, all events listed
in Cases 2—-8 can be reduced to the event of certain trees appearing in the system. More
precisely, the probability of any of the events of Cases 2—8 is bounded from above by the
probability of a certain tree with three (resp. four) edges and four (resp. five) vertices to be
present in the graph. In general, we obtain the following result.
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Claim 5.2. Let T; be a tree on k > 2 vertices uy,us, ..., u; that have degrees
ny,ny, ..., Nk, where k is fixed. Then

E# copies of T, in G(N; ¢, a, B, v))
k
< NP R T max {1, R, NFm/2—a/s e—w(N)(ﬁ':m/%a)}_

i=1

Proof. We will calculate the probability that vertices vy, ..., vy form a tree that is isomor-
phic to 7y, where v; is identified with u;. We shall give an estimate first on the probability that
the v;s form this tree conditional on their types. So, suppose that the vertices vy, vo, ..., U
have types t,,, tu,, - .., ty,, respectively.

We shall expose/embed the positions of vy, v,, ..., vy according to a breadth-first
ordering of the vertices of 7;. Without loss of generality, let us assume that v; is the root of
7i. The breadth-first search algorithm discovers in each round the children of an internal
vertex, starting at v;. If the rooted 7 has ¢ leaves, then there will be k£ — £ rounds. Also,
assume for simplicity, that during round i, the children of vertex v; will be exposed, for
i=1,...,k—4£. Let ’];(’) denote the subtree of 7 that has been revealed after i rounds
of the breadth-first search. With a slight abuse of notation, we also use the symbol 77((” to
denote the event that the subtree ’Z;fi) has been embedded.

Consider 77((1) first. If v; has vy, . . ., v;,, as its children, then (with ~ denoting vertex
adjacency)

np

1
P(,];(( : | tyys vy by) = HP(Uij ~or |ty t”’j)
j=1

ni
Lemga 3.1 Nﬁﬂ,n' Rﬁilleﬂ’ffvlnl/z l—[ eﬂ Uv,'f/z. (55)
j=1

Suppose that 77((” has e; edges and let V; denote its set of vertices with £; C V; being its
set of leaves. Assume that for i that satisfies 1 <i < k — £, we have shown that

i e, . ’ ; Tty /2
BT | tuysooto) < NPOR T S [T S5 56
U/'EV,‘\,C,' UjE;C,'

In the above expression, the hidden constants do depend on i.
We shall derive a similar expression for 77((”’1) . Assume that v; |, which has to be a

leaf in 77{(1'), has vj,, ..., v;

i1

as its children that are to be exposed.

P(Z |ty 1) = PO v ~ 0, ) N [ 1y 1y)

s=1

i+1—1 i
= PN v ~ vty oo 1 )P [ 1y o ).

s=1
The first term on the right-hand side can be calculated as in (5.5):

niy1—1

P({mni+l—1vi+1 ~ vjx} | fogs s tuk) — N B @in=1) pdCigi—=1) B¢ty (nig1=1)/2 1_[ Pt /2

s=1
s=1
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The second term is given by (5.6). Now, observe that £; | = £; U {vj,, ..., ”fn,wn} \ Vit
and viy, € Vig1 \ Liyq. Also, e;11 = ¢; + (n;11 — 1). Therefore,

niy1—1
P('];((hLl) [ ty,..., tvk) = <N—ﬂ'('l,+1—1)R5(Vli+1—l)eﬁ/§1ui+1(n,+|—1)/2 l_[ eﬁ ity /2>

s=1

« | NP Roe l_[ eﬂ’{tujnjﬂ Heﬁl;t”’?f/z

U]EV,'\[,,' U/'E[,,’
— N*ﬁ’(€i+ni+1*1)R5(€i+ﬂi+1*1) l_[ eﬁ’f’zrj”j/z 1—[ eﬂ/;lvf/z
v €Vip\Lit v;i€Llit
— Nfﬂ/e;+1R8€i+] l_[ eﬂ/iln/"//z l_[ eﬂ,{tvj/z.
v;ieVip\Lit vi€Lit
Thus,
_ e / . “tty )2
BT s ota) < NFegias T om0/
U,'EV,'\E;\-,K UjE[,k,e
=T a1 potk ”ﬁ[ Brenity /2
=0 _ o B o
= N R ePenit /2,
i=1
Integrating over the types, we get
P(vy, vy, . .., v; form an embedding of 7)
R® k=1 AR/2—w(N) R/2—o(N) }
= <7> / - / eﬂ {’lltul/zfatul ... eﬂ {”ktl4k/27atl4k dtul Y. dtu]‘
N 0 0

k
< N~FUDRID T max {1, R. e(R/wa(N))(ﬂ’Im/Zfa)}_

i=1

The number of choices for the vertices vy, ..., v; and their arrangement into a copy of 7
is proportional to N*. Hence, multiplying the above expression by N* yields the statement
of the claim. |

Now, suppose that there are exactly £ > 1 vertices with degrees larger than 2« /(8'¢).
Without loss of generality, we can re-label the vertices in such a way that uy, us, ..., ug
are such that n; > 2a/(B'¢) fori € {1, 2, ..., £}. Furthermore, assume that there are ¢’
vertices with n; = 2a/(8'¢). This implies that

k
[ ] max {1’ R, e(R/z—ww»(ﬂ'cn,-/z—a)} — RY o(RI2=a(N)B'E(T)_ ny)/2—ta)

i=1

Because the n ;s are degrees of vertices in 7y, we have Z‘;:, n; < 2(k — 1), because there
are k — 1 edges in 7.
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Thus,

d >1
B> n /Z—Eoz5,8/§2(k—1)/2—£oz=,B’{(k—1)—€a 2 Brk—1)—a.
j=1

The last quantity corresponds to the case when 7y is a star; in fact, this is the case when
¢ =1and n; =k — 1. (Note that even if £ = 0, then the star provides an upper bound.)
This implies that for i = 2, ..., 8 we have E(Xi) = o(max{E(Kg), E(Xﬁ)}). So, to show
(5.3), it suffices to prove it for Cases 3 and 6. However, we begin Case 1, which shows
(5.2).

Case 1: the two incomplete triangles are clearly independent, since they are disjoint. In
other words, the realization of the event {u; ~ w; ~ v;} gives no information
about the triple {u;, v2, wy}. Thus,

P(AQ1, vi;wi) N Az, va; w2)) = P(A®uy, vi; w)P(Auz, va; wr)).

There are 3(1¥ ) ways to select three distinct vertices u, v;, w; and distinguish

among them the central vertex of the path. Having chosen those, there are 3 (N 3 3)
ways for selecting the second triple. Therefore,

~ N\ /N -3 ~
E(A)) = 9(3)< 3 )P(A(ul, v w))P(A (2, v2; w2)) = E*(A)(1 — o(1)),

which is (5.2). R
Case 3: By Claim 5.2, the contribution of Case 3 to E(A?)is

4 /
NSR—, = RY NI if e < 1
N4 o 2
N 4541

E(As) < NSR o N54B s+l i B¢ _

N ’ « 2

2B/t =Bt N .1

R4 N e / it Bt 1

N4P o 2

Now it suffices to take into account the exponents of the terms in N.
When B¢ /a < 1/2, then (5.3) holds since 5 — 48" < 2(3 — 28’). When
B'¢/a > 1/2, we need to have
5-28 —a/t <2(3-28), if1/2 <B'¢/a <1.

This suffices in order to show (5.3) because of the e~ #'¢—@@(N) factor. This is
equivalent to 28’ < «/¢ + 1, which holds since 8’ < «/¢ and B’ < 1. Also, we
need to have

5-28 —a/f <2B3—-B —a/), ifl <B'l/a.

But this is equivalent to &/¢ < 1, which also holds since «/¢ < ' < 1.
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Case 6: Claim 5.2 yields:

R3(S / 2
o
R35+1 ! 2
NY—— Pl _2
E(X ) = N3’ a 3
O R NG 2a/0) =68 2—are) '
N -
’
— R385 N3 /2-a/t =GB 2-eN)  if B¢ - %
o

To verify (5.3) when B¢ /a < 2/3, note that 4 — 38" < 2(3 — 28’) (which is
equivalent to 8’ < 2) holds. When 2/3 < B¢ /a < 1, it suffices to verify that

4-38'/2—a/t <23 —28),
which is equivalent to 58'/2 — «/¢ < 2. But /¢ > B/, which implies that

B B3,
! .

g
2 ¢

=

[NSY OS]

Finally, assume that 8'¢ /o > 1. Here, it suffices to show that

4=3p"/2—a/t <23 B —a/0),
which is equivalent to
Py
2 ¢
But «/¢ < B/, whereby the left-hand side is at most 38"/2 < 3/2 < 2. Hence,
(5.3) holds also in this case.

O

Now we have that Var(K) = O(EZK) and, therefore, the concentration of A follows
immediately from Chebyshev’s inequality together with the fact that E(A) — coas N —
oo (cf. (5.4)).

Next we show the analogue of Lemma 5.1 for T.

Lemma 5.3. Forany0 < g < land B > 1, we have

E(T?) = ET(1 + o(1)).

Proof. The proof of this fact is almost identical to that of Lemma 5.1, which we apply to a
version of the random variable 7. More specifically, we let T denote the number of rooted
typical triangles, that is, the typical triangles with one distinguished vertex, which we call
the root. Note that T = 3T whereby IE(T) ]E(T ).

To estimate the second moment of Tr, we also need to consider all different cases
that cover all possible ways of intersection of the distinct triples u, v, w; and us, vy, wy.
We denote by /7:, the contribution of each case in E(Tz).
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For three distinct vertices u, v, w, we let A(u, v; w) denote the event that the vertices
u, v, w form a triangle that is rooted at w. If uy, vy, w; and uy, vy, w, are two disjoint
triples of vertices, that is, for Case I we have

P(A(uy, vi; w)Auz, va; wa)) = P(A(ur, vi; w)P(A(u2, va; wn)),
which implies that
E(T1) = EAT)(1 — o(1)).

For the remaining two cases (either when the triangles share a vertex or when they share
an edge) we can deduce that E(ﬁ-) / Ez(ﬁ) = 0o(1), because E(ﬁ-) < E(K,-) (as every rooted
triangle is contained in an incomplete triangle whose pivoting vertex is the root of the
triangle) and E(ﬁ) = E(K) (cf. Propositions 2.1, 2.2). O

Again, concentration of T follows by applying Chebyshev’s inequality together with
the fact that E(T) — oo as N — oo (cf. (2.4)).

6. ON THE PROBABILITY OF TRIANGLES: PROOF OF THEOREM 1.3

In this section, we compute the probability that three fypical vertices u, v, w form a
triangle. In particular, we find an explicit expression for such quantity, which allows us to
prove Theorem 1.3.

For any two distinct points # and v, we denote the angle of u with respect to v by
¥, € (—m, m); here, we assume that v is the reference point and ¢, , is positive when the
straight line that joins u with the center of Dy, is reached, if we rotate counterclockwise the
straight line that joins v with the center of Dg.

We will approximate T by a random variable that counts triangles whose vertices are
arranged in a certain way on Dg. More specifically, for three distinct vertices u, v, and w,
we let T'(u, v; w) denote the indicator random variable that is equal to 1 if and only if u, v,
and w form a triangle with0 < ¢, ,, < mand -7 < ¥, <O0and¢,,t,,t, < R/2—w(N).
We let

= Z Z T, v;w), (6.1)

weVy (u,v):
u,veVy\{w}
where the second sum ranges over the set of ordered pairs of distinct vertices in Vy \ {w}.
Note that, in general, T is not equal to T. However,

o~ o~

T <T <3T. 6.2)

We will work with this random variable because its analysis is somewhat easier compared
to that of T due to the fact that the indicators T (u, v;w) are associated with a certain
arrangement of the vertices u, v, w on Dg. For any two distinct vertices # and v, we define
the following quantities:

. (@(N)A,)™" ifg =1 R A=l i B = 1
Bu = and B, = | N TE=T 5
w(N)A, ifg <1 T =6, iff=1
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Informally, these define an area such that when the (relative) angle between u and v is
within these bounds, the probability that u is adjacent to v is maximized.

We split the expected value of T'(u, v; w) according to the value of the angle between
u and w and that between v and w. Our aim is to show that the main contribution to the
expected value of T(u, v; w) comes from the case when |9, | and |3, ,,| are within the
bounds Qu ws Qu w and QU w» 9U w, respectively. We have

P(T(M, v, U)) =1 | Ly by, Ly)

=E (T(”v VWG, <0, <8 —Bun =00z =00} | T T fw)

+E (T(”’ v w) (1 - l{éu,wsﬂu,m5&,,“,.,féxj,luzﬁu,wzféu,w}) | tus o, tw) - 64

We set

O, viw) = LG, <, b —Bunz 00z D0 (6.5)

Using Lemma 3.2, we express py .y, Pu.w and py ,, as

1
Puyv = s
C AL ,sinf(6,.,/2) + 1
! 6.6)
Puw = s .
C AL, sinf(0,.,/2) + 1
1
Pow =

C AL, sinf(0,.,/2) +1

as long as 0., > 0., Oy > 0,4, and 6, ,, > 6, ,,, respectively. Note that the relative
angle between two points is uniformly distributed in the interval [0, w]. Moreover, if
Yy € [—m, ], then 6, , = |V,,| (recall that 6, , denotes the relative angle between the
points u and v).
Now, we focus on the first term of the right-hand side of (6.4). In order to simplify the
notation, we set

Cu v = ez(tu"'lv)

where u, v are any two elements of V.

Lemma 6.1. Let u, v, w € Vy be three distinct vertices. Then, uniformly for t,, t,, t,, <
R/2 — w(N), the following hold:
for B > 1

IE(T(M7 v; w)l?(ua v; w) | tua tvv [w)

1+ o(1 1 1 1
= (2 Q) 3 3 5 dzidza, (6.7)
s Au,wAv,w [0.002 27 + 1 5 + 1 (Cw,le + Cw,uZZ) +1
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for g =1

E(T (u, v; w)d(u, v;w) | ty, t, ty)

1 Ay /2 Auw/2 1 1 1
< / / dz1dzz, (6.8)
AuﬁwAv,w 1/@rw(N)) J 1/QroN)) 21 +1z+1 Cw,le + Cw,uZZ +1

and for B < 1 we have

E(T (u, v;w)d(u, v;w) | t,, ty, ty)

- 1 /‘Av,w/z /Amw/z 1 1 1
L dzidzy.  (6.9)
Au,wAv,w w(N)/2r Jw(N)/27 Z? + 1 Zg +1 (waUZl + va”ZZ)ﬂ +1

Proof. For all 8 > 0, we can use the expressions in (6.6) and obtain

]E (T(u, vs w)l{éu w=<Uy, wféu w’_év w=<Uyuw= Oy} | tu’ tv’ tw)
9u w 91 w
2/ / puwpvauvdﬂvwdﬁuw
47[ Ouw

uu 1 1
4712 B /_ C AL, sinf(0,.,/2)+ 1 C AL, sinf(6,.,,/2) + 1
X pu,v dﬁu,wdﬂu,uw (610)

In this case, either the relative angle between u and v is 6, ,, + 6, ., if this sum is at
most 77; or, it is equal to 2w — (6, + 6y.,) (this may happen when 8 < 1). In this case,
sin(6y.,/2) = sin(wr — W) = sin(%). Also, by the definition of 9u,w and 9v,w
for B < 1, it follows that 6, , > @u,w + @U,w. (Note that this issue does not come up when
B > 1; for N sufficiently large, 6, ,, + 0,,,, is much smaller than 7.)

Thus, in order to use the expression in (6.6) for p, ., we need to show that the angle
6,.» is asymptotically larger than the critical value 8, , defined by (3.2). The following fact
shows that this is the case.

Fact 6.2 Let B > 0 and let u and v be two distinct vertices of the graph with t,,t, <
R/2 — w(N). Then, uniformly for any such t, and t,, we have

O + Oy > Oy .

Proof. Starting from the definitions of 8, ,, and 6, ,, (see (6.3)), we have for any 8 > 0:

1 _ _ 1 _ _
s A+ ALY 2 s (AL + AL

N R e B (R V2 [t et
= + > —+—.
o(N)? N? N? o(N)? \ N2 N2

B+ 00)” =
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Hence, the statement of the lemma holds if
1 et bt et P2
i (Gt 57) > S+ 5
It suffices to show that
1 eft el 1 ef  eXh
Wﬁ > NE and Wﬁ > N

The first condition (the argument for the second is identical) is equivalent to

: > e < : > e
w(N)? N2 a)(N ) N’
The latter holds as #, < R/2 — w(N). O

Now, since C = 14-o0(1) uniformly forall 8, ,, < 6,4 < B, and 8y, < 6,4 < O, 4,
the last integral in (6.10) is equal to:

ww [ —Bow 1 1
/u w / vu CAuwSIHﬂ(eu w/2)+ 1 CAUwSIHﬂ(GU,w/2)+ 1
1
X B :
C Ay sinf (0,0 + Ov.w)/2) + 1

To bound this integral we will use a first-order approximation of the sin(-) function:

6 . (0 6
9 < in (5) <2 (6.11)

Ay wdy .

b 2

Moreover, if 6 is sufficiently small, then the upper bound is a tight approximation. More
precisely, for any § > 0, there exists € > 0 such that for every 6 < ¢, we have

in 1 89
s1n<§)>( — )5

Hence, the preceding integral can be bounded from above and below by integrals of the
form

o =B 1 1
feuw f bw (LA w(eu w/2P + 1) (AL (0y,0/2)F + 1)

X dﬂv,wdﬁu,wa
(AL (@ + 9,},,1))/2)/3 +1)

where A > 0 is constant when 8 < 1,butinfact A =1+ o0(1), when 8 > 1.For 8 < 1, we
will need only the upper bound, which is obtained using the lower bound in (6.11). Hence,
in this case, A = 1 /nﬂ . In other words, we can take

1, ifg>1
A=1 :
=, ifg <1

b
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At this point, we can make a convenient change of variables, setting

6 0
= AP AL and gy =P A,,

Note that for each triple of vertices u, v, w we have

Cw v = Au,v — e%(tw_tu) Cw u = Au,v = ez(tw lu)
' Au,w ’ Av,w
A A
Cow = A“’w — e%(tu—tuv), Cou= A”ﬂ” — e%(tu*tu)’ (6.12)
u,v v,w
Cpow= Avw _ e%(ru—tu,)’ C,,= Avw — p3tu—t)
’ AM,U ' ALI,LU
Thus, we obtain: For 8 > 1,
BAT (u, v;w)lig, <9, <000y <00y <y} | Tus Tos Tw)
(1 + 0(1)) @N)/2 /w(N)/Z 1 dZIdZZ
7T Au wAv w Jo(N)"1/2 Jo(N)~1/2 Zl +1 22 +1 (Cw vZ1 + Cw uZZ)ﬂ +1
(14 o(1)) / / 1 1 dond
= 214232,
772 Au,wAv,w 0 0 Zf + 1 Zg + 1 (Cw,vzl + Cw,uZZ)’B + 1
(where the last equality follows from the fact that the latter integral is finite)
For g =1,
BT, v;w)lig, , <i, <60, ~0s w0z, | T Tos w)
Apw/2 Auw/2
< 1 / /‘ 1 1 1 dz1dzs.
AuwAvw J1jorowy Jyerowy 21+ 122 +1Cypz1 + Cyuza + 1
Finally, for 8 < 1, we have
BCT u, vsw)lig, | <5, <880 <0y <—B,0) | T T Tw)
1 Avw/2  ALW/2 1 1 1
AuwAvw Jowy2r Joner 2 +125 + 1 (Cupzi + Cypuz2)f +1
The proof of the lemma is now complete 0

‘We now focus on the second term in (6.4). Recall the definition of ¥ (u, v; w) from (6.5)

Lemma 6.3. Recall the definitions of B’ and § from (4.1) and (4.2), respectively, and let
u, v, w € Dy be three distinct vertices. Then, uniformly for t,, t,, t, < R/2 — w(N)

(T v:w) (1 — 9. v- - (in 4,.0)°
(T, viw) (1= DG vw) [, o, tw) = 0| =P |
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Proof. Using the union bound, we can bound this term as follows:

BT 030) (1= L2ty w2tz o)) o o)

< B (TG w0y, o, | st )

B (T vy gy | st ) (6.13)
+E (T, viw)ligy, , <g,,) | fus Tos tw)

+E (T(M, v; w)1{0>z9v>w>—é‘,_w} | tu’ tv’ tw) .

W

We now obtain upper bounds on each term in the right-hand side of (6.13).
We bound the first term as follows:

" 1 T
]P(M ~w, eu,w < ﬁu,w /4 | ty, tvvtw) = Z/: Pu,w dl?u,w-
014,“7

When g8 < 1, by (6.3) we have

1 1
=0 ,ifp=1
/” . o(N)Ay Auw
Pu,w dVyw < O0uw = . (614)
) ' ' ' N 1
B ( )=0< >’ i£p <1

Au,v

u,w

For 8 > 1, we need to work slightly more. We have

A 1 T
HD(u ~w, eu,w < ﬁu,w <7 | Ty, ty, tw) = DPu,w dﬁuw
27 S

(6.6) 1 T 1 1+ 0(1) T dﬁu w
= - ﬂu,w =< N -
27 Jo,., C AL, sinf(0,.,/2) + 1 2 AL, Jo,, Sinf(6uw/2),

because C = 1 + o(1) uniformly for u, v. Using the well-known inequality

0 0
sin (—) > — forallf € [0, 7],
2 T

we can bound the previous term by

1 ” 1 aP-l T g
. ‘ o < ——— | 0,5d6,,
27TC Au,w @,‘,w Slnﬂ(eu,w/z) 2C Au,w éu_w ’
p—1 —1
(é—ﬁ+l _ 7.[—/34—1) o 1 Auvw < Au.,w
u,w — —1°
AP o(NYPT ™ (NPT

—_ ]Tﬂ_l
2C(8 — DAL,

Hence, for 8 > 1, we have that

P(u~w, O > Ouw | tus by, 1) S ! (6.15)

™ Ay 0N

We can now return to (6.13) and use the above estimates to bound the first term of the
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right-hand side:

E (T(l/l, U; w)10”w>éu wltlh tU’ tw) S P (M ~ wv v~ wa ﬁu,w > éu,w“uv tUa tw)

= ]P)(M ~w, ﬂu,w > eu,w | tuvtvvtw)]P)(v ~w | tu»tv’tw)

1
0 <—Au,wAv,w> , ifg>1

Lemma 3.1,(6.14),(6.15 In(A .
emma é ),(6.15) 0( ( v,w)>’ 1fﬂ=1
~ Au,wAu,w :

1
ol ——], ifg<1
(A5WA5W>

The first equality is due to the independence of the relative positions of u and v with
respect to w, together with the independence of the edges, given the positions of the
vertices. The very same calculation can be used in order to deduce the same bound on
E(T(M, v; w)l{ﬁvy“‘_éuyw} | Ly, by, tw)~

Now, we use the fact that p, ,,(6) < 1 to bound

E(T(u, v, w)l{ﬁu_w<é ) | 2, Lo, tw) <Pw~w,0< ﬂu,w < éu,w | s Ly, tw)

= IP(U ~w | ty, ty, tw)ED(O < ﬁu,w < éu,w | ty, ty, tw)
o(AuALL), B =1
o(AhATE), ifB<1

In the last two equalities, we used the fact that the event {v ~ w} is independent of
the event {9, ,, < éu,w} together with Lemma 3.1. The same bound can be deduced for
E(T (u, v; w)1{0>19,,v“,>—§1,v“,} | tu, ty, tw). U

Lemma 6.3 implies the following.
Corollary 6.4. For 8 > 0, we have

E(T (u, v;w) (1 = 9@, v;w)) | ty, by, tw) = 0 (P ~w, v~ w | ty, 1y, tw)),

uniformly over all t,, t,,t, < R/2 — w(N).

Hence, for any B > 0, the contribution of these terms to E(7") is o (JE(X)).
Thus, we need to focus on the terms that are covered by Lemma 6.1.
Using (6.12), we write

1 VN2 e
AmwAuw"(N) CowCut’
Thus, we can rewrite the right-hand sides of (6.7), (6.8), and (6.9) as follows:

v )2 et / 1 1 dz1dzs

ummwyz(— . (6.16)
Cw,vcw,u D, Z’lS +1 Zzﬂ +1 (Cw,uzl + Cw,uZZ)/S +1

N
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where D, is the domain where z; and z, range; we have

[0, 00)?, ifg > 1
D, = {[2ra(N)™", Ayw/2] x [Qro(N) ', Ayw/2), ifB=1.
[(w(N)/27), Ayw/2] X [0(N)/27), Auw/2], ifB <1

Together with Corollary 6.4, this implies the following statement.

Lemma 6.5. For any distinct u, v, w € Vy, we have the following:

ifp=>1

BAT (u, v;w)d (u, v;w)) = (1 +0(1))f I(u, v w)pn (6PN (1) PN (), d 1yl
D,

whereas if B < 1,

E(T (u, v; w)o (u, v;w)) S / I(u, v;w)pn (t,)pn () o (ty)dt,dt,dt,,
D,

where D, := [0, R/2 — w(N)]?. Also, forany g > 0,

NE(T (u, v; w)(1 — 9 (u, v; w))) = o (E(A))..

6.1. Proof of Theorem 1.3

Recall that 8 > 1. Letr < R be a positive constant, and consider N and R so large,
that R/2 — w(N) > t. Let ﬁ denote the number of triangles in G(N; ¢, «, B, v) whose
vertices have type at most ¢. Note that, in this part, the triangles are automatically typical,
hence T, = T; a.a.s. Similarly, we let A, denote the number of incomplete triangles all of
whose vertices have type at most . For three distinct vertices u, v, and w, we let T;(u, v; w)
be defined as T(u v; w) but with the additional restriction that z,,, t,, t,, <.

Finally, let T’ be defined as 7’ with the varlables T (u, v; w) replaced by T, (u, v; w).
Note that the analogue of (6.2) holds between T, and T

By Lemma 3.1, it follows that

~ N 1
E(A) =1+ 0(1))3<3> (Cﬂ)Z/ ﬁ/_)N(tu)pN(tv)pN(tw)dtudtudtw
[0,¢1? Aw,ufw,v

C1a1m34(1+ o(1))= N(UCﬁ) / e%(lu+tu)+{luve—a(tu+tu+fw)dtudtvdtw‘ (6.17)

(0,13

One can show that A, is concentrated around its expected value through a second moment
argument that is very similar to that in Section 5, which we omit. Thus,

A =E(A,) (1 +0,(1)). (6.18)

With regard to /7:,, we use the following fact.
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Claim 6.6. For 8 > 1 and for N large enough, we have

if_’ftfz Z Ti(u, v;w) (1 — 9 (u, v;w)).

weVy (u,v):
u,veVy\{w}

Proof. We write

=Y Y fwww

wevN u,ve({)vﬁl):\{w}
= Z Z T,(u, v;w) (D, v;w) + 1 — ¥, v;w)). (6.19)
weVy (u,v):
u,veVy\{w}
The definitions in (6.3) imply that, for § > 1, we have éu,w, @v,w, @u,,, = o(1). Therefore,
for N sufficiently large, if 9 (1, v; w) = 1, then ¥ (u, w; v) = 9 (v, w;u) = 0. Furthermore,
if ¥ (u, v;w) =1, then ¥ (v, u; w) = 0 and also H(w, u;v) = H(w, v;u) = 0.
Hence, if T;(u, v, w) denotes the indicator random variable that is equal to 1 if and
only if the vertices u, v, w form a triangle and all have types at most ¢, we have

L= Y v wduviw

weVy (u,v):
u,veVy\{w}

Z Z T (u, v; w)d(u, v;w). (6.20)

weVy (u,v):
u,veVy\{w}

v

v

Now, subtracting (6.20) from (6.19), the claim follows. O

Therefore, by Corollary 6.4, we have
E(T/ —T) =0 (ER)). 6.21)

Now, by (6.7) in Lemma 6.1 we have

~ 1
E(T) =+ o<1>>6<13v ) = / 1, v; )P ()P (1) (1)t
[0,

. 2
Claim 3.4 (1 + o(1)N (K) 053/ e%(ru+tv)+{twe—l)t(ll4+t,,+lw)
T [0,13

1 1 1
X dzidzp | dt,dt,dt,. (6.22)
|:/DZ leg =+ 1 Zzﬁ —+ 1 (Cw,vzl + Cw,uZZ)ﬂ + 1 :|

~
The concentration of 7; around its expected value can be shown using a second moment

argument similar to that used in Lemma 5.3 (we omit the details), from which we deduce
that

T, =E(T,) (1 + 0,(1)).
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But (6.21) implies that E(7;) = E(T)) + o(E(A,)). Because E(A,) = O(E(T))), we deduce
that

T, = E(T))(1 + 0,(1)).

This, combined with (6.18), implies the statement of Theorem 1.3.

The value of L (B, ¢, «) is also deduced as above using Proposition 2.3 and taking
t = R/2 — w(N), which is equivalent (up to a 1 + o(1) factor) to taking the integrals up to
t = 0o0.

7. PROOF OF PROPOSITION 2.2

In this section, we prove separately the results for8 > 1, 8 = 1, and 8 < 1. For
B <1, we will give only an upper bound for E(’f) (cf. Sections 7.2, 7.3). For 8 > 1, we
will consider two cases, namely ¢ /o < 1 and ¢/« > 1. In the former, we will show that
E(?) = E(K). Note that the upper bound holds trivially, as 3T < A. We will deduce only
a matching lower bound in the next section. For ¢ /o > 1, we will deduce an upper bound.

7.1. Proof of Proposition 2.2(i) (8 > 1)

Case 1 <¢/a<1. We will deduce a lower bound on E(7 (u, v; w)d (u, v; w)) integrating
I(u, v; w) over the sub domain of D,, which is D] := {(t,, t,, t,) : 0 < t,,1, < t,}. Note
that, in this case, Cy, 4, Cy,, > 1. Hence, we can bound from below the double integral that
appears in (6.16) as follows:

21az22
o Jo 4128 +1(Cupzi+Cuuz)f +1

- /oo /oo 1 1 1 dond
= 214z
0 0 (Cw,vzl)ﬂ + 1 (Cw.uZZ)ﬂ + 1 (Cw,vzl + Cw,uZZ)ﬁ + 1 : :

1 /OO /‘X’ 1 1 1
= — dxldxg.
Cw,vcw,u 0 0 xig + 1 xf —+ 1 (xl + x2)/3 + 1

Therefore,

I( )>(”)2 e /oo/oo L1 L and
u,v;w) > (=) ——— x1dxa,
N/ CL.Chudo Jo xf+1 xf +1(n+x)f +1 e

w,v T w,u

which in turn yields

V2 1 1 dxidx;
E(T (e, v w)9 (0, v w)) = () — —
N 0002 xP +1 xb 41 (1 +x2)f +1

2
< [ PP )i,
D,

w,v - w,u



34 CANDELLERO AND FOUNTOULAKIS

We will show that for ¢ /o < 1, the latter integral is €2(1). Indeed, we have

JRITN

C2 C?

w,v - w,u

— e((tll+ll') s

whereby, using Claim 3.4 (for large N), we obtain

/ e{(lu +y)—a(t, +tu+fw)dtu dr,dt,
Dj

N =

ez;zw
/ 7z PN )Py (to)dndtydty, 2
D]

w,v T w,u

R/2—w(N) pty  pty
= / / / e ttt)—ah g t,dt,dt,
0 0 Jo
R/2—w(N) tw 2
[ o] e, 2
0 0

Thus, after recalling the definition of ¥ (u, v; w) from (6.5), we deduce that

E(T (u, v; w)d(u, v; w)) 2 % = ]E(/T\’) > <];’/)E(T(u, v; w)d (u, v;w)) = N.

Now, (6.2) implies that

E(T) > N.

Case 1<¢/a<2. In this range, we provide an upper bound on E(f’) and show that it is
0 (]E(A)). By (6.2), this is clearly enough to deduce the second part of Proposition 2.2(i).
We write

E(T) < N*E(T (u, v; w))
= N3 (E(T (u, v; w)O(u, v; w)) + E(T(u, v; w)(1 — 0 (u, v; w)))),

where u, v, w are three distinct vertices. By the second part of Lemma 6.5, the second term
is o(IE(A)). We will also show that

N3 (BT (u, v; w)0 (u, v; w)) = 0 (E(A)) . (7.1)

To this end, we split the domain of the integral of /(u, v; w) into three sub-domains
and bound I (u, v; w) separately on each of them. In particular, we define

1

D = {(tys tr 1) © tur by > 1)
2

Dt( ) = {(tua ty, tw) L < tw}
3

D := {(ty, ty, tw) © 1y < ).
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It is clear that the last two sub domains are not disjoint, but because we are interested
only in upper bounds, this does not create any issues. It is immediately seen that

E(T (u, v; w)d(u, v;w)) < /(” I(u, v;w)pn(t)pn () pn (ty)dt,dtdt,
D;

+/(Z)I(u,U;w)pN(tu)pN(tv)pN(tw)dtudtvdtw (1.2)
DI

+ [ 10wy Gy G dr,
DI

We will bound from above each of these three integrals. In fact, we will do so only for the
first two—the last one can be treated exactly as the second one.
To bound the first integral, we use the following upper bound on I (u, v; w):

v\2  eXh 1 1
I(u, v;w) < (—) / 1dzld12.
D

N Cw,vcw,u . Zf + 1 Z2'B +
Also,
28ty
¢ — Lottt
Cw.vcw,u

We now integrate this quantity over D,(l) by applying Claim 3.4 as follows:
1 _ _ _
/ W e§Zw+ 2 (lu-Hv)pN (tu)pN (tv)pN (tw)dtudtvdtw
D,

R/2—w(N) pR/2—a(N) pR/2—w(N)
< / / / o tut S tt) ettt ) g t,dt,dt,
0 1, 1,

~

w w

2

R/2—w(N) R/2—w(N)
— / &=t [ / o&/2= dtu} dt,
0 t

w

tla<2 [R/2-0N) R/2-0(N)
< / 2 2 gy / (B gy
0 0

~

If /o < 3/2, then the above integral is O(1), whereas if ¢ /o = 3/2, then this is O(R).
Finally, when ¢ /o > 3/2, this is O(N2’3"‘/5). Hence,

1 fe
w+% u+ v) R R ’
/D e 20t by (1) P (1) P (B dt, dtydty, S { N2t i1
Therefore,

N[ vy @)pt)p ) drdd,
D[

<

~

N, if =1
{ efe (7.3)

N33/ il <¢ja <2
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Note that both quantities are o (E(X)) (to see the latter, note that 3 — 3a/¢ < 2 — a/C,
which is equivalent to 1 < 2/, thatis, {/a < 2).

Now we consider the second integral in (7.2). Note that on the sub domain D,(z), we
have C, , > 1. In this case, we bound the integral in (6.16) as follows:

/°°/°° 1 1 1 e
214232
o Jo L1 +1(Couzi+Cuuz)f +1

< dzidz
\/0 /0 Z']B =+ 1 (Cw,uZZ)ﬁ + 1 :

2
1 /'OO /00 1 1 ded 1 /oo 1 J
= - 21axy = 21 .
Cuwuldo Jo z’f+1x§+1 Cuu|Jo zf—f—l
Hence,
VN2 et 1 ?
twv) = (3) e | [ dn | (7.4)
N vavci,u 0 Zf +1
and
et _ oS tutt)+et,
Cw,vcg,,u

To bound the second integral in (7.2), we need to bound the integral of this quantity over
sz). Using Claim 3.4, we have

IS - - -
[ e )t
Dy

R/2—w(N) pR/2—w(N) fu
= / / e8/2—a)(tw+12) [f e({w)tud[u:| dt,dt,
0 0 0
R/2—a(N) R/2—w(N) t
_ [ / oE/2 a0, dtv] / G/ [ / e dtu] di,
0 0 0

R/2—w(N) ty
Cja<2 _ _
= / e({/z o)ty [/ e({ oty dtu} dtw.
0 0

Now, when ¢ /o = 1, this yields:

R/2—w(N
S(tw+t)+Ht = = = dt. dt.dt, = e ((/2—Ot)lwd ~ 1
(2)e pN(tu)pN(tv)pN(tw) natat, < o tye y <1,
D,

which, by (7.4), implies that

N? / G, v;w)pn ()P (1) (tw)dtudtydty, S N = o (E(D)). (7.5)
D
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If1 <¢/a <2, then

IS - - -
/ o e’ bt His, ION(tu)pN(tv)pN(tw)dtudtvdtw
D

R/2—w(N) 1, ifl <¢/a <4/3
5 / 6(3{/2—2(1)lu’dl‘w < {1 R, if¢/a=4/3
’ N3272/8 0 if 43 < ¢ fa < 2

Therefore,

N? / L viw)py ()N (1) Py (t)dtudtudty, S RN (1.6)
D(

1

The latter is O(E(K)), since 5/2 — 2w /¢ < 2 — /¢ (whichis equivalentto 1/2 < «/¢, that
is, ¢ /o < 2). Hence, (7.3), (7.5), (7.6), together with (7.2), imply (7.1).

Conjecture 7.1. From the calculations seen in this section, we get two possible values
for ¢ /a for which the probability of triangles might have a sharp phase transition. We
conjecture that the value in which this is happening is { /o = 3/2.

7.2. Proof of Proposition 2.2(ii) (8 = 1)

In this section, we will prove (2.5) for the casef = 1. The second part of Lemma 6.5
implies

E(T") = o (E(A)),

which, by (6.2), implies Proposition 2.2(ii). We first bound the integral on the right-hand
side of (6.16) as follows:

1 1 1
/ dzidz;
D, 21 + 1 22 + 1 Cw,vzl + Cw,uZZ + 1

Apw/2 Auw/2 1 1 1
= / / dz1dzs
@eroN) J1/@rony 21+ 122+ 1 Cy ozt + Cuwuzo +1

fAL,1,v/2 /Au.w/z 1 1 1 1
<
- 1/@ro(N)) J1/@rom)) 21 +1z4+1 (Cw,vzl + 1)1/2 (Cw,uZZ + 1)1/2

e srieareie) 09
= Z Z . .
o 241 Cozi+ D72 mH 1 (Couza+ D27

dZ1d22
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Let us consider the first of these two integrals. We further bound it as follows:

/‘°° 1 1 J
Z
o 21+ 1(Cpozi + D12

o0 1
—=dzy, ifCyp>1
A (21 + 132 ! v

- /w ! ! d ! /w L gn, ifCe, <1
71 = 21, 1 woy <
o <1 + 1 (Cw,uZl + Cw,v)l/2 ! CIL{% 0 (Zl + 1)3/2 ! '

(7.8)

The second integral in (7.7) is bounded analogously. Now, we split D, into four sub domains:

1, ty < ty (thatis, Cy 4, Cyy = 1);
t, < t, butt, > t, (thatis, Cy,, > 1 and Cy,, < 1);
t, < t,butt, > t, (thatis, Cy,, > land Cy, , < 1);
ty, ty >ty (thatis, Cyy , Cy .y < 1).

bl

We denote by D; the domain considered in Case i, fori = 1, ..., 4. Hence, we have

4
(;V )E(T(u, i W) (w, v; w)) = (2’) S BT, v: w)d @, vi ), ieny)- (19)

i=1

Setting

, V2 e 1 1
I'(u,v,w) = <N) . C max e 1 { max m, 1

o0 1 2
X —d ,
[/o @1+ 12 Z‘}

then (7.7) and (7.8) imply that

I, v,w) < I'(u,v, w).
We now consider each of the four summands in (7.9) separately.

Case 1. In this sub domain, we have

ot

— eCtu,+§(tu+tu).
Cw,vcw,u
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We substitute this into the expression for I’ and we integrate over Dy, using Claim 3.4, thus
obtaining

N
<3)E(T(u, v W)y 10)eny) < N3/ I'(u, v, wdt,dt,dt,
D,

R/2—w(N) pty, ty
“N / / / A 22 gy g1 g1
0 0 0

R/2—w(N) ty 2
“ N / Gt [ / &2 dt,,i| di,
0 0

N, if¢/a < 1
R/2—w(N)
< N/ &t gy < RN, ifr/a=1" (7.10)
0
N2=5 if ¢ fa > 1
Cases 2 and 3. Here, it suffices to consider only Case 2, where 7, < t,, and t, > t,,. Case

3 is treated in exactly the same way and gives the same outcome. Here, C,,, > 1 but
Cy.v < 1. Hence, by (7.8), the factor that appears in I’ becomes

ez;tw ezgtu;

< Stotn+5n
3/2 2 :
Cw,vcw,u CW,Ucwv”

=2

Thus, using again Claim 3.4, we have

N
<3 )]E (T(I/t, v; w)l(tw,tu.t,,)eDz) = N3 f I,(u’ v, wydt,dtdt,
D,

R/2-0(N) R/2—0(N) ptu
N f f f A Ty Ay
0 ty 0

R/2 R/2 R/2
S N/ f / e({/z_a)tw+({_a)tu+({/2_a)ludtudtvdtw
0 0 0

N, if ¢/o < 1

R/2 R/2 2
=N [/0 e(§—ot)fvdtvj| [/O e(;/z—amdtu} S\ RN, ife/a=1- (7.11)
N2=/5 if ¢ Ja > 1

Case 4. Now, the factor that appears in I’ becomes

2t
3/2 ~3/2

w,vCw,u

IR TIE YIoeey
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Hence,

N
(3 )IE (T(u, v; w)l(tu,,tu,t],)em) < N3/ I'(u, v, w)dt,dt,dt,

Dy

R/2—a(N) pR/2—w(N) [R/2—a(N)
=N / / / 6(7 §—a)(tu+1)+(E /22—ty dt,dt,dt,
0 Ty Ly

R/2—w(N) R/2 2
<N [ / o&/2=t dtwi| [ / B/t dtui|
0 0

N, if /o < 4/3
S RN, if ¢ /o =4/3. (7.12)
N2 ¢ fa > 4/3

The last exponent is equal to 2.5 — 2«a/¢ < 2 — /¢, as 1/2 < «/¢. Therefore, by
plugging all these estimates into (7.9), we finally obtain

N ~
(3 )E(T(u, v, w)d(u, v,w)) = o (IE(A)) .

7.3. Proof of Proposition 2.2(ii) (8 < 1)

To prove Proposition 2.2(ii) for 8 < 1, it also suffices to show (7.1). Recall (6.9)

E(T (u, v; w)z?(u v;w) | 1y, ty, lw)

Avw/2 pAuw/2 1 1
dzidzs.
Au wAv w “(N) \/”’(N) Zl +1 Z2 +1 (Cw vZ1 + Cw uZZ)’B + 1 : ?

The condition z; > w(N)/2x implies that

B
1. (L) ,
Z+1 7 \oW)

Setting y = Cyv21 + Cy 422, We have

dzd
dzidz = Y

w,u

with

o(N)

ye <vazl+cwu
2w

s Cw,vzl + Cw,uAu,w/2) .
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So, we obtain:

E(T (u, v; w)d(u, v;w) | t,, ty, ty)

1 B 1 Auw/2 Cuwpzi+CuuAvu/2
N ( ) f - —dydz.
@(N) Au,wAu,wa,u L,’:” 27 JCupzi+Cuu @) y

2; 2

We extend the inner integration interval using an upper bound on z;. In particular, because
21 < Auw/2, wehave Cy 21 + Cy Ay /2 < (CyyAuw + Cuw.uAyw)/2. Note that

Cw,uAu,w = exp <% (tw — 1, + R — 1, — tw)) = Au,vs

Cw,uAv,w - Au,v~ (713)
Hence,
Cw,vzl + Cw.,uAv,w/2 =< Au,v-
Also, because z; > %, we have Cy, 21 + Cw,u% > (Cyp+ Cw,u)%. Then, we will

obtain an upper bound by extending the integration interval to

w(N)
y € (Cw,u + Cw,u)_v Au,v .
2w

Hence, we obtain

E(T (u, v;w)d(u, v,w) | t,, ty, ty)

1 B 1 Auvw/2 Aup 1
< —ﬁdzl —dy
w(N) Au,wAv,wa,u Lﬁ’) Z; (Cw,u+Cw‘,,)w(y) yﬁ

2: 27

(L g a-par-p (] ' ! .
~ (L)(N) Au.wAu,v Hw o CL)(N) (Au,vAu,w)ﬂ

Now, we integrate over (1, t,, t,,) € D; = [0, R/2 — o(N 3 using Claim 3.4, and obtain

E(T (u, v, w)d(u, v, w))

R/2-w(N) pR/2—w(N) pR/2—o(N) 1 B p—altuttytiy)
S / / / ( ) dt,dt,dt,.
0 0 0 (,()(N) (Au,vAu,w)ﬂ

Elementary integration now yields:

(w(N)) PN if Bcja < 1
E(T (u, v; w)d (u, v;w)) < § (@(N)) PRN-2# ifc/a=1.
(w(N)) PN—P-a/tg=(Bt—)N)  if B ja > 1

Multiplying this by (%) and comparing the outcome with (2.3), we now deduce
Proposition 2.2(ii) for 8 < 1 from (6.2).
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8. PROOF OF PROPOSITION 2.4

In this section, we bound from above the expected number of atypical triangles, that
is, those triangles that contain at least one vertex of type greater than R/2 — w(N). We
will do this only for the case { /o > 1, because for the case { /o < 1 the argument is
straightforward.

8.1. Case ¢/a <1

Note thatif A > 1, then there is a vertex of type atleast R/2 —w(N). But by Corollary
3.5, a.a.s. all vertices have type at most

é‘R N R N
2 + o( )<3—0)( ),

for N sufficiently large. Hence, in this case, 3T < A= 0, a.a.s.

8.2. Case ¢/a > 1

As a preliminary observation, we point out that the probability that three vertices form
an atypical triangle is bounded from above by the probability that they form an incomplete
triangle.

For every triple u, v, w of distinct vertices, we let 14,¢,1,4) denote the indicator
random variable that is equal to 1 if and only if the vertices u, v, and w form a triangle and
at least one of these vertices is atypical. Similarly, we let 15, ;1) be the indicator random
variable that is equal to 1 if and only if the vertices u, v, and w form an incomplete triangle
with w as the pivoting vertex and at least one of these vertices is atypical.

We split E(1a,(,v,u)) as follows:

EAa,@v,w) = 3EA A, @,v0,u) it <R/2—=0(N); 1> R/2—0(N))
+E A, 0,0 Lt 10,00 R/2—0(N))
+3EA A, 4,0,w) Lty <R/2—0(NY: 10,10 > R/2—(N))- 8.1
To deduce Proposition 2.4, it suffices to show that
NYEA A, 0,0 Lty 1 <R2—0(NY; 1u>R/2—a(N))

N B, v, Lty R/2-08) = o (E(A)). 8.2)
N3EA A, w00 Lty 1y <R /2—0(NY: 13> R/2—a(N))
Hence, the second part of Proposition 2.4 will follow from Markov’s inequality.

We will estimate each of these terms separately. We will be using the following
general inequality:

E(lAl,(u,u.w)lE) =< IE(lA,,(u,v;w)lE)s (83)

where E denotes any event. The event E will be specified according to the case we consider.
Now recall the definitions of 8’ and §:

, if 1 0, if 1
B = p %ﬂ< and 8= %/375 .
1, ifg>1 1, ifg=1
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For sake of clarity, we will defer many of the technical calculations to Appendix A.

8.3. Case t,, ty, t, > R/2 — w(N)

In this case, we bound E(1,, v.w)) by the probability that u, v, w have type greater
than R/2 — w(N):

R

R R
E(lAa(u,v;w)ltu,tl,,t,,,>R/27w(N)) g / / e_a(tll+lv+t“dtudtvdtw-
R/2—w(N) JR/2—w(N) J R/2—w(N)

Now, it is easy to check that

3
t, +1t, +1t, > ER —3w(N).
From these observations, we can deduce the following:

]E(IA[, (u,v,w)lt,,,rv,tw >R/27a)(N))

R R R s
< / / / e YGRS gy gy, dt,,
R/2—w(N) JR/2—a(N) J R/2—w(N)

3a
¢

< R %emw(m - RSNf%eSaw(N)

It suffices to show that if w(N) is sufficiently slow growing, then we have

3a

R3N3—Te3otw(N) < E(K)

Indeed, this follows from the following conditions, which are easy to verify (cf. Proposi-
tion 2.1).

(i) for B > 1(.e., B/ = 1), we have

3-3a/¢ <1, if¢/a =1
3-3a/t <2—ajt, ifCja>1"

because the latter is equivalent to 2o/ > 1.
(ii) for B < 1 (which, by the definition of the model, implies B¢/« < 2), we have

3-3a/t <3—-B—a/;, ifpijla>1"

because the former is equivalent to 8¢ /o < 3/2 and the latter is equivalent to « /8¢ >
1/2.

{3—3a/§<3—2,3, if Br o < 1

8.4. Caset, < R/2—w(N)and t,, t, > R/2 — o(N)

Here, we will make use of (8.3) and bound the probability that three vertices form a
triangle by the probability that they form an incomplete triangle. In particular, we shall be
considering the case when the incomplete triangle is pivoted at w. Under this assumption,
we consider the following two sub cases:
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1. t,+t, < R—w(N)witht, +t, > R —2w(N);,
2. t, +t, > R— w(N)witht, +t, > R — 2w(N).

Assume without loss of generality that ¢, > t,,. The domain of integration of sub case 1
becomes

D={0<t, <R—t,—w(N), t, <ty <R, R/2—w(N) <t, <R}.

Note first that for any u,v € Vy, we have In(4,,) < In(N) =< R. Thus, applying
Lemma 3.1, we obtain

EAA, @, v:w) Lty <R/2—00); 10,10 > R/2=0(V) Xty 1y, 10)eD1 )

R R pR—ty—w(N) / P8 B
TR i, o,
R/2—o(Ny J1, Jo Ayw

Multiplying by N3, the estimates in (A.1) imply (8.2). In fact, it is easy to show that the
following conditions hold.

(i) For B > 1, we have

5/2—2a/¢ < 1, if /o =1
522w/t <2—aft, iflja>1"

where the latter is equivalent to «/¢ > 1/2 (thatis, { /o < 2).
(i1) For B < 1, we have

3—8/2—-2a/t <3-28, if Be/a <1
3—8/2—2a/t <3—-B—0a/t, ifBtja>1"

where the former is equivalent to 8¢ /o < 4/3 and the latter is equivalentto /8¢ > 1/2
(thatis, B¢ /o < 2).

In sub case 2, the domain of integration is
Dy ={R—t, —w(N)<t,<R/2—w(N),t,<t,<R,R/2 — w(N)<t, <R}.
Hence, we get

E@ A, vt <R/2-0(N): 1y,1> R/2—0(N) L1, 1,,1)€ D)

R R pR/2
5/ / / e—a(ru+tl,+tw)dtudtvdtw = ¢.
R/2—w(N) J1,, JR—t,—w(N)

This is estimated in (A.2). Multiplying by N3, we obtain (8.2). Indeed, the following
inequalities are easy to verify.

(i) For B > 1, we have

3—-3a/¢ <1, if¢/a =1
3-3a/t <2—a/;, if¢ja>1"
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where the last inequality holds because «/¢ > 1/2 (thatis, ¢ /o < 2).
(ii) For B < 1, we have

3—-3a/¢ <3-28, if B¢/ <1
3-3a/t <3—B—a/¢, ifBCja>1"

where the former holds because 8¢ /o < 1 < 3/2 and the latter because «/¢ > 1/2
and 8 < 1.

8.5. Caset,,t, < R/2—w(N)and t, > R/2 — w(N)

Under our current assumptions, we have four possible sub cases:

ty +ty < R —2w(N)witht, +t, < R — 2w(N);
ty +ty < R —2w(N)witht, +t, > R —2w(N);
ty +ty, > R—2w(N)witht, +t, < R —2w(N);
ty +ty, > R—2w(N)witht, + 1, > R — 2w(N).

el e

We denote the ith domain by D;. We need to treat each situation separately, starting with
sub case 1. We shall use Lemma 3.1:

EA A, 0,0, Lt 0,<R/2—0(N); 10> R /2=0(N) Lt 10,10)e D))

< EAa, @wm et <R/2—0); 0> R/2—o(N) Ltwt,1)eD1)

R—2w(N) R—t,—2w(N) R—t,—2w(N) R26 B
R/2—w(N) J0O 0 Au,vAu,w

x e At gy dtdt, =: ¢3.

The asymptotic growth of ¢;5 is determined by the ratio /¢ /«, as in (A.3) in Appendix A.
To deduce (8.2) on this sub domain, we multiply (A.3) by N 3 and compare the resulting
exponents of N with those in Proposition 2.1.

(i) For 8 > 1 (thatis, 8/ = 1) we have
3-3p —a/¢ <1, if ¢ o =1
3—p/2-2a/t <2—ajt, iflja>1"
where the latter holds because «/¢ > 1/2 (thatis, ¢ /o < 2).

(ii) For B < 1 (where B8’ = B) we have

3-3B—a/ <328, if Brja < 1

3-328<3-28, ifpc/a=1,

3-L -2a/f <3-B—ajt, ifBL/a>1
because /¢ > 1/2 and B < 1.
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With regard to Case 2 (as well as Case 3) we have the following:

EA A, @,v,u)i.10<R/2—=0(N); 10> R/2—0(N) Lty 10, 1)e D)

< Ea, 0wl n<R/2—o); 1> R/2=o(N) Lty 10,10)eDy)

R R—t,—2w(N) pR/2—w(N) R28 B
ok Lo i)
R/2—w(N) JO R—t,—2w(N) Au,vAu,w

x e @ttt qr dt dt,, =: ¢a.

As in the previous case, this expression depends on the ratio 8¢ /. The statement follows
multiplying (A.4) by N* and comparing the exponents of N with those in Proposition 2.1.

(i) For B > 1, we get

2 —-2a/¢ <1, if¢/a=1
3—3a/t <2—a/;, ifl<i/a<2’

(i) For B < 1, we get

3—B8—-2a/t <3-28, if B¢/a <1
3-3a/f <3—-B—a/;, ifplja>1"

Case 4 is treated in a similar way:

E A, @,v,u) i, <R/2—0(N); tu> R/2—0(N) Lty 10, 1)€ D)
R R/2—w(N) R/2—w(N) RS B
R/2—w(N) J R—t,,—2w(N) J R—t,,—2w(N) Au,v

x ettt gy dp dt, = s

We estimate this in (A.5) in Appendix A. As previously, the statement follows from the
multiplication of (A.5) by N3.

(i) For 8 > 1 we get

2-2a/¢ <1, if¢/a =1
3—-3a/t <2—aft, fl<i/a<2’

(i) For B < 1 we get

3—B8—-2a/t <3-28, ifpr/a<l
3—3a/t <3—-B—a/;, ifBC/a>1"
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9. CONCLUSIONS

In this article we give a precise characterization of the presence of clustering in
random geometric graphs on the hyperbolic plane in terms of its parameters. We focus
on the range of parameters where these random graphs have a linear number of edges
and their degree distribution follows a power law. We quantify the existence of clustering,
furthermore, in the part of the random graph that consists of vertices that have type at most
t, where 0 < ¢t < R, we show that the clustering coefficient there is bounded away from
0. More importantly, we determine exactly how this quantity depends on the parameters of
the random graph.

The present work is a step towards establishing such random graphs as a suitable
model for complex networks. Together with [17] and [19], our results show that for certain
values of the parameters, such random graphs do capture two of the fundamental properties
of complex networks: power-law degree distribution as well as clustering.

A natural next step in this direction is the study of the typical distances (in terms of
hops) between vertices. More precisely, it would be interesting to investigate the distance
between two typical vertices, and how the values of the parameters influence this quantity.
In other words, for which values of 8 and ¢/« is the resulting random graph what is
commonly called a small world?

APPENDICES

A. Auxiliary Calculations

In this section, we show the technical calculations needed to finish the proofs in
Section 8. Recall that

ifB <1 0 if 1
B = P ,'B and 8= .ﬂyé .
1 ifg=>1 1 ifg=1
In the proof of Proposition 2.4, we defined the functions ¢y, ..., ¢s, which we calculate

explicitly in this section.
We start with

R R pR—ty—w(N) 1 B
T T A A L
R/2—w(N) Jt, 0 u,w

Then, we have

RS R R pR—ty—a(N)
oS~ / B E 2= B e 2t —atot i) gy 1y iy
~ NP Jrp—ony Ji, Jo

RB R R ,
ﬁ, f / D ettt gy gy
NP Jrpp—wmy Ji,

R(S R RS
< / 2200 g, < B ge-20®R/2-000)
w ~o ﬂ/ .
R/2—w(N) N

AN

~Y Nﬂ/
Hence, we have

¢ < RS NP 122/t ,=(B'5/2=20)(N) (A.1)
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We now consider

R R pR)2
b gf / / ettt gy g dt, .
R/2—w(N) Jt, J R—ty,—w(N)

A calculation similar to the previous case yields

R R
& 5/ / e—ot(R—tw—w(N))e—ot(tv-t-lw)dtudtw
R/2—o(N) J1,

R R
e [* [ g,
R/2—w(N) 1,

R
5 N72a/{eaw(N)/ efatu,dtw S, N72a/§eaw(N)efa(R/wa(N)).
R/2—w(N)

And, finally, we obtain

pp S NEee™), (A2)

Now, we consider

R—2w(N) pR—t,—2w(N) pR—1,—2w(N) R2 B
o=l L ()
R/2—w(N) JO 0 AuvAuw

x e*a(tquthrtm)dtudtvdtw

B e
T NP Jrp—wmny Jo 0

x dt,dt,dty

R¥ [R200) (g N [ [R-t-200N)
S v e( o / PG | dt,,.
N R/2—o(N) 0

Now, the order of magnitude of this integral depends on the ratio 8¢ /.
For B'¢/a < 1, we have

26+1 R—2w(N) / 2641 ’
o / Fma)ug, <« B (B ma)rr2 e -aronn)
~Y 2ﬂ,
R N

¢ S
/2—(N)
R N B 20/t

= N o~ (B'E/2—ww(N) _ RZ‘S“N*%/3'*a/£ef(ﬁ’{/27a)w(1v)'
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Finally, when 8¢ /o > 1, we have

R28p(B'C—)R ) R=20(N) (y; o
és < e—we—zwc—a)wuv) / (5 ey
N R/2—w(N)
28 A72(B' —t/¢) R—2w(N)
- Leﬂ(ﬂ’cw)ww) f o Ftl2g;
- 28’ w
N R/2—w(N)
28 N2(B — _Bt Rp2
_R N2 —a/0) =2 /e—@/s'c/z—za)w(m
N2
28 AT2(8 —a/0)—E )
= Me—Gﬁ’c/Z—Mw(N) _ stN—%_2a/;e—(3ﬂ’;/2—2a)w(w)
- N26 = .
Therefore,

RVHIN—3B e/t p=(Bc/2-)0N)  if Bc/a <1

< ,
¢33 {R25N—ﬁz—2a/§e—(3ﬁ’§/2—2a)w(N)7 £ ja> 1 (A3)

Now, we consider the function

R R—ty—20(N) pR/2—w(N) 1 B
oz D L G
R/2—w(N) JO Rty —20(N) \AuvAuw

x e @ttt gp 4y, dt,,

R2% R R—tu—20(N) R/2—(N)
_ / [ / S B e,
N2P" Jgj—wmvy Jo Rty —26(N)

B _
x (2 a)(t”+t1")dtvdtudtw.

Therefore, integrating with respect to #, and recalling that 8¢ /2 < «, we obtain:

p'¢

RZSe(T_a)R
N2#

R R—t,—2w(N) e (P e
x / / e(’Bg e ( z a)tU/+( 2 a)twdtudtw
R/2—w(N) JO

R26 Nﬂ’—ZOl/;
TN

o~ (B't—20)(N)

¢4 S

/ R R—t,—20(N)
o~ (Fe=2)0W) / / gt .
R/2—(N) JO

Now, the behavior of the latter integral depends on the value of 8¢ /. If 8¢ /o < 1, then

b4 5 R28+2N—ﬁ’—2a/§e—(ﬁ’;—Za)w(N).
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However, for 8'¢ /o > 1, we have

¢s < RBNF -2/t o= (FE-20)0N) / § Bt )R~y =20(N) gy
R/2—w(N)
R
— R2 NP2/t f(BE—)R = (3t 4o )x(N) / e Bt gy
R/2—w(N)

< R NP2/t e(ﬁ/t—a)R—(ﬁ’C—a)R/2e—(2ﬁ/§—3a)w(N)
-~ RZBNfﬁLZa/{e(ﬂ’{7a)R/267(2ﬁ’{73a)w(N)
- RzaN—ﬁ’—2a/;+ﬁ’—a/;e—(zﬁ/;—3a)w(1v> — R25N—3a/;‘e—(Zﬂ’{—Sa)w(N)'

Therefore,

_ R25+2N—I3,_20‘/§e_(ﬁ/g_za)w(N), if ﬁ/g/a = 1
¢4 ~ Rza1\/_30[/4-e_(:iﬂ’;'—401)«)(N)7 if 18/{/()[ > 1 .

Finally, we consider

R R/2=0(N)  pR/2=0(N) / RS \F
@s :/ / / ( ) e~ Wty ddt,.
R/2—w(N)J R=tyy—20(N)J R—ty—200(N)\ Aut,v

The integral of this expression is estimated as follows:

R R/2—w(N) R/2—w(N) R® B
/ / / ( > e +t"+t“’)dtudtvdtw
R/2—w(N) J R—ty—20(N) J R=ty—20(N) \ Au,v

RB R R/2—w(N) R/2—w(N) e

5 f [ / eT(tu+tu)*0‘(tu+lu+tuv)dtudtvdtw
N R/2—w(N) J R—t,,—2w(N) J R—t,,—2w(N)
R8 R

e—atw+2(ﬁ/§'/2—a)(R—tw—2w(N))dtw

X

s |
NP JRpp—win

8§ 2(B'¢/2—a)(R—2w(N R
_Re (B'c/2—a)(R=26(N)) / e
I w
N# R/2—w(N)
NZﬁ/—4a/§ , R ;
N e ) / o~ FE-am gy
N# R/2—w(N)

Hence, there are three cases according to the value of 8'¢ /«, thus obtaining

R(SN_ﬁ/_Za/Ce—4(ﬂ’§/2—a)w(1\7)’ if ﬁ/g—/a <1

RO+ N —da/t g=4(B's—2a)0(N)

ZRS 8+1 N—3a/t ,—4(B T —2000(N) '
= RIFINT3/E o= 4B E=200WN) = if Blr Jor = 1

RON 730/t o= (B e =3, if B¢ /a > 1

(A4)

(A.5)
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B. Proof of Lemma 1.1

We begin with the hyperbolic law of cosines:

cosh(¢d(u, v)) = cosh(¢(R —t,)) cosh(Z(R — 1))
— sinh(¢(R — t,,)) sinh(¢ (R — t,,)) cos(6,,.v).

The right-hand side of the above becomes:

cosh(¢ (R — 1,)) cosh(¢ (R — 1)) — sinh(¢ (R — #,)) sinh(¢ (R — 1)) c0s(y,v)

S CR=(t+1,)
(1 4 e X R=) (] 4 =% (R-1)
4

_ (1 _ e—zc(R—tu)) (1 _ e—zc(R—tu)) COS(QM,U))
b QR=(t,+1))
=—0 (1 = co8(Bu.v) + (1 + cos(by,»)) (efzz(Rit“) + eizg(Rim)
+ 0 (e 2CR—Gura)) (B.1)

Therefore,

CQ2R—(ty+1))
cosh(¢d(u, v)) < eT (1 —cos(0,.0) +2 (e—ZI(R—zu) + e—ZC(R—m)
+ O (e XOR—utt))

Because t, + 1, < R — co, the last error term is O(N™*). Also, 1t is a basic trigonometric

identity that 1 — cos(8,,,) = 251n2( =5*). The latter is at most i . Therefore, the upper
bound on 6, , yields:

IA

el QR—(+1)) (92
cosh(¢d(u,v)) < ———

1
“2U(R-1) | g=2(R—1,
—-+2(e R 4 g7 ’)+0(N4)>

4
oC@R=(t,+1,))
< (2(1 — £)2efttte=(1=DB) 4 (% (R=1) | (=2 (R-1)))
- 4
+0()
e§(1+8)R 1
=(1- 8)2 + E (ei(lu*fu) + e((fu*lu)) + 0(1)
e{(1+6)R eLU+OR eS+R
<(1—¢)? T e +0() < T

for N sufficiently large and ¢ such that e < %s, because t, +t, < (1 — |[§))R — ¢o
and t,,t, > 0. This implies that t, — 1,,t, — t, < (1 + 8)R — ¢o and, there-
fore, 1(eft=t) 4 o8ty < J(eFUHDR=c0 4 otIHOR=c0) - M Also, because
cosh(¢d(u, v)) > 1et40) it follows that d(u, v) < (1 + 8)R.
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To deduce the second part of the lemma, we consider a lower bound on (B.1), using
the lower bound on 6, ,:

eazR (t+1))
cosh(¢d(u, v))

| \/

1 — cos(by,0)) + O(1)

—
e{(ZR (tu+1)) c
= (1= cos (201 + )i = H0IR) )  0(1). (B.2)
Using again that 1 — cos(8) = 2 sin® (%), we deduce that
1 —cos (2(1 + e)e%(’““”‘_(l_‘s)m) = 2sin® (% 4(1 + 8)2€§(t“+t”_(1_6)R)) .
Because 1, +t, < (1 —|§])R — ¢y, it follows that 7, + ¢, — (1 — §)R < —cy. So the latter is

sin (l 41+ 8)265<z,,+n—<1—a)R)) -2 (1 + E)Z Lttt —(1=8)R)
2 2 ’

for N and ¢y large enough, using the Taylor’s expansion of the sine function around 0.
Substituting this bound into (B.2), we have

e\2 oCUHOR
) + o).

h(zd(u, v)) > (1 ¢
cosh(¢d(u, v)) > + 5 5
Thus, if d(u, v) < (1 4+ 8)R, the left-hand side would be smaller than the right-hand side,
which would lead to a contradiction.
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