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Abstract. Product (AN) codes constructed in weighted number systems are investigated
with the aim of devising error control features suitable for application in arithmetic units.
The previous theoretical framework, which was derived in the hypothesis of codes defined in
avirtual range M = k A, isrestated for any physical interval M = bn, where b is the radix of
the system and n is the number of digits.

Some general properties holding for radix-b-AN codes are reconsidered and necessary
and sufficient conditions for single and double error detection are derived for binary codes
and for a sample non binary case. Sngle error correction is discussed as well and a fast
error decoding procedureis suggested and i mplemented.

Finally, modular AN codes are introduced in order to enable the use of product codes in
standard ALU's representing relative integers by means of a radix complement notation. It is
shown that the above properties keep their validity and that concurrent single error
correction can be associated with arithmetic computation without increasing the time spent
for processing.

Index Terms. Arithmetic codes, arithmetic units, error detection and correction, modular
AN codes, product codes, syndrome decoding, weighted AN codes

1. Introduction.

Arithmetic AN codes have been extensively studied in the past literature in both cases of
residue and weighted number system implementations. However, whereas the error detecting
and correcting properties of residue AN codes have been completely derived for errors of
arbitrary multiplicity [1 - 4], the best results reported in the literature for weighted AN codes
are limited to particular cases of single error detection and correction [5 - 12]. Moreover, in
order to easily preserve the arithmetic closure, weighted AN codes have been studied in a
virtual range M =k A different from the natural range b"of a weighted number system. It is
easy to verify [9] that the assumption M =k A increases the hardware and time costs of code
implementation and leads to impractical error detecting and correcting conditions.

In this work, the theory of weighted AN codes is restated for codes ranging in any interval
[0, bn), where b and n indicate the radix and the number of digits of the system, respectively.

Moreover, starting from a new definition of modular AN codes it is shown that single and
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double error detection or, alternatively, single error correction can be easily obtained in
conventional ALU's concurrently with the arithmetic processing.

Unfortunately, the problem of detecting and correcting errors of higher multiplicity remain
still unsolved [12 — 17]. However, it is worth noting that the probability of high multiplicity
errors is strongly dependent on the mean time between check and, consequently, it is
sufficiently small whenever the error control is associated with each computational step.

As this work represents the first attempt of using weighted product codes in practice, no
comparison with other solutionsis possible.

In what follows, Section 2 reviews the problem of error control in an arithmetic
environment together with the fault - error relationships leading to an arithmetic error model.
Section 3 derives some simple properties holding for errors of arbitrary multiplicity whereas
the problem of single and double error detection is studied in Section 4. In the same Section
4, double error detection in binary systems is analyzed in depth, and error control conditions
are presented in a smple and effective form. Non binary codes are also considered for a
sample, significant case. Section 5 is devoted to the problem of single error correction and
syndrome decoding.

Finally, Sections 6 to 8 are devoted to introduce modular AN codes and to extend the
results of preceding Sections to enable codes implementation in standard ALU's. Single error
correction is presented and it is shown that a correcting procedure can be carried out
concurrently with the arithmetic computation.

2. Arithmetic codes

Let'srecall that acode is said to be arithmetic iff it is closed under an arithmetic operation,
generally the addition. In other terms, C is an arithmetic code iff, for any two codewords c1 ,
c2 and an arithmetic operator "#", c1 # c2 is aso a codeword. However, to get more insight
into the difference between transmission and arithmetic codes, it is worthwhile to briefly
reconsider the fault-error relationships and the corresponding error models.

As usual, assume that an information word is represented as avector X = (Xn-1, Xn-2, ...,
Xo ) and suppose that X is transmitted through a faulty or noisy channel. Let X* = (X*n-1,
X*n-2, ..., X*0 ) be the received word. In the hypothesis that a one-to-one correspondence
exists between each elementary path of the channel and an information word component, the
same correspondence can be assumed between a faulty path in the channel and a wrong
information component. Hence, most authors defined the transmission error as the error

vector
E=X* -X :(X*n-l -Xn-1, X*n2 - Xn-2, .oor, X0 -Xo)

and the error multiplicity as the number of non zero error vector components.



Now, assume that X and Y are two operand to be processed in an arithmetic unit. In this
case, the relations between faults and the error components of the result are unpredictable and
the error vector becomes a function of the fault and of the actual value of the operands.

In fact, consider, as an example, two pair of binary operands(A =001011, B =010
0ll)and(C =011111,D =000001). Adding them pairwiseyields Sas =011110
and Sco = 1000 0 0, respectively. If a fault occurs i.e., for instance, the carry from the
rightmost position is stacked to "0", adding the above operands will produce the wrong results
S'a8 =011100and S'cp =011110and, evaluating the corresponding error vectors, it
follows that:

Ens =(0,0,0,0,-1,0), Ecp =(-1,1,1,1,10)

i.e., the same fault will produce two different error vectors.

This conclusion is somewhat surprising. However, recalling that the error ("-1" for the
carry in the rightmost bit position) is to be processed in the same arithmetic unit as an
additional operand and that the result is defined over the entire information word, it follows
that the measure of the error isto be considered at aword level.

In the example, considering the numerical value of the difference between the wrong and
the correct results (the error values) it follows that, in signed binary notation:

Eas =Ecp =-000010
and the same conclusion is obtained evaluating the error vectors Eas , Ecp as binary, signed
digit number representations:

Eas =Ecp =-000010

Previous considerations show that the effect of a fault can be unambiguously evauated by
computing the numerical value of the corresponding error vector.

Evaluating the error multiplicity in arithmetic context is much more difficult than in a
transmission one. In fact, for any given error value, there are more equivalent error vectors
and the error multiplicity cannot be related to the number of non zero error vector
components. The problem is solved by considering the arithmetic error weight which is
obtained according to the following definitions [10].

Definition 2.1. For any integer N , the arithmetic weight War (N ) is defined as the
smallest number of non zero termsin an expression for N of the form

N =*an1bnl +ap2bn2 + ... +a



where b istheradix of thesystemand 0 < a <b.

Definition 2.2. The arithmetic distance Dar (N1, N2) between two integers N1 and N2 is
the arithmetic weight of (N1 - N2), i.e.

Dar (Nl, NZ) = War (Nl- N2)
Definition 2.3. The multiplicity of an arithmetic error E is defined as its arithmetic weight.

The arithmetic distance is a metric. Thus, the error detecting and correcting properties of
an arithmetic code ¢ having a minimum code distance Dar are the following:

P1: the code ¢ detects arithmetic errors of multiplicity not greater thant iff Dar >t +1
P2: the code ¢ corrects arithmetic errors of multiplicity not greater thant iff Dar > 2t +1

P3: the code C detects arithmetic errors up to a multiplicity tr and, concurrently, corrects
arithmetic errors of multiplicity not greater thantc (tr > tc) iff Dar > tr +tc +1

Previous results hold in the hypothesis of codes defined in an unlimited numerical range.
In practice, however, numbers and computations are defined in afinite range M = b n, where
b is the radix of the number system and n is the number of digits. Applying the above
Definition 2.2 in amod M environment, it follows, in general:

Dar (N1, N2) =War (N2 -N2|m) # War ([IN2 - N1|v) =Dar (N2, N1)
and the symmetry of the metric is no longer satisfied.

To overcome this obstacle, most authors restated preceding definitions as follows.

Definition 2.4. For any integer N, the modular weight Wu (N) is given by
Wv (N)=min{Wa (IN|m,War (]-N|m)

Definition 2.5. The modular distance Dm (N1, N2) of two integers N1 and N2 is given by
Wwu (N1 - N2).

Definition 2.6. The multiplicity of an arithmetic error in afinite range M is defined as its
modular weight.

From Definition 2.4, it is seen that the modular distance satisfies both the positiveness and
the symmetry properties of a metric. In addition, since the triangular inequality is satisfied as
well [9] provided that, asin our case, M = bn, the modular distance Dm (N1, N2 ) isametric
and, substituting Dm (N1, N2) for the arithmetic distance Dar (N1, N2), the arithmetic error
detecting and correcting properties P1 — P3 keep their validity.
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3. AN codesin weighted number systems

A product or AN code is defined as a code representing any integer N by the product AN
where A is an integer called the generator of the code. From the definition, it is immediately
verified that:

Theorem 3.1. Given an AN code ¢, any error E affecting a code word is detected iff E =
0 mod A.

In what follows, attention will be focused on product codes implemented in weighted
number systems of fixed radix b. Moreover, in order to minimise the code redundancy, it will
be assumed that (A, b ) = 1. The next two conditions hold whose proofs are given in
Appendix.

Theorem 3.2. A necessary condition for an AN code ¢ bet - detecting is

Theorem 3.3. An AN code of generator ist - detectingfort =1andt =n -1, wheren
indicates the number of digits of the representation.

4. Single and Double Error Detection
Consider a weighted system with n digits and radix b and let E = & b i be a single error.
Then aproduct code ¢ will detect E iff

ebi #0modA

for arbitrary e #0, i =0,....,n -1, -b <g <b.

Recalling that it has been assumed that (A, b) = 1, itistrivially derived that ¢ is single
error detecting iff & £ 0 mod A . Then, the following necessary and sufficient condition can
be easily proved.

Theorem 4.1. An AN code constructed in aweighted system of radix b with(A,b)=11is
1-detecting iff A>b + 1.

Proof. Necessity. To prove necessity, assume that ¢ is an 1-detecting AN code. Theng # 0
mod A forany nonzeroe,-b<e <b,i.e, necessarily, A >max |e|=b -1. Recaling
that (A, b) =1, itfollowsthat A > b + 1 and thefirst part of the theorem is proved.

Sufficiency. To prove sufficiency, assume that A > b + 1. However, this assumption
implieses # 0mod A forany nonzeroe,-b <& <b and the proof is completed.



Dealing with double error detection is more difficult than detecting single errors.
A double error E isan error which can be expressed in the form:
E=egbi +gbi
and an AN code will be 2 - detecting iff ebi +gbj Z0mod A forany pare,qg #0, i,
j =0,...(n-1),i #j,-b<eg,g<b.

Recalling the assumption (A, b ) = 1 and letting, without loss of generality, i <j , the above
condition can be restated in the form e + g b # O mod A or, with a dightly different
notation:

g +gbk £0modA

wherek =1, ..... ,n-1, e, #0,-b<e, <b, i,] =0,....(n -1),i #].

As the following error detecting conditions will be derived by using number theory tools
and concepts, some useful definitions and properties will be reported for the sake of
compl eteness.

Definition 4.1. For any integer m # 0, the Euler function ¢ (m) is the number of positive
integersx, X <|m|, such that (x, m) = 1.

Observing that @ (m) = @ (- m), it follows that attention can be limited to positive integers.

Theorem 4.2. (Euler-Fermat theorem) Given two integersa and m > 1 such that (a, m)
=1, thena ®m) =1 mod m.

Definition 4.2. Given an integer a prime to a positive integer m > 1, the least positive
integer dm such that
a dm=1modm

Is called the exponent to which a belongs mod m.

As an example, consider integers - 1, 2 and 3 and let m = 7. Then the exponents to which
the above integers belong mod 7 are 2, 3 and 6, respectively.

Theorem 4.3. Given an integer a prime to apositive integer m > 1, let dm be the exponent
to which a belongsmod m. Then, for positiveintegerss andt:

as = at modm
iff:
s =t mod dm

Proof. Necessity. Assume, without loss of generality, s > t. Thedifference(s-t) canbe
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expressed as:
S-t=dmgq+r,0<r <dm

As(a, m) =1, fromthe congruenceas =at mod m it follows that

l=a(s-t) =(a dm)g ar modm
and, necessarily,r =0,i.e, s =t mod dm.

Sufficiency. Let s =t moddm. Then s =t +k dm and, trivially, as = at modm.

Corollary 4.1. Given an integer a primeto a positive integer m > 1, the integers
a,a2,as, .., adm
are distinct mod m.

Proof. For any pair of positiveintegers(i ,j), i #j, 1< i,j < dm, thecongruence a'l
=aj mod m cannot be verified. To prove this, suppose the contrary. Then, from Theorem 4.3,
al = al modm wouldimply i =j mod dm, i.e, dn would divide (i -j) and a
contradiction arises.

Theorem 4.4. Given an integer a prime to a positive integer m > 1, if, for a positive
integer 7 ,1<7 <dm
al=-1modm
then, necessarily
T =dm/2

Proof. From the congruence
al=-1modm
it follows that
a2l =1modm

or, from Theorem 4.3, 2 1 =k dm and, recalling that 7 <dm, k =1 and hence 7 = dm/2.
Corollary 4.2. In the hypothesis of Theorem 4.4, dm is even.
Theorem 4.5. Given an integer a primeto apositive integer m > 1, with dm even, if
a dm/2=_1modm
then, necessarily, for any non negative integer h :
ah=-ah +dm/2modm
Proof. Thetheorem istrivially proved multiplying for ah both sides of the congruence
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a dm/2=_1modm

Theorem 4.6. Given an integer a prime to a positiveinteger m > 1, if the congruence al =
- 1 mod m is never verified for apositiveinteger 7,1 <1 <dm,thenah, whereh isany

non negative integer, has no additive inverse of theformak , k > 0inthe ring mod m.
Proof. By contradiction, suppose that the congruence
ah =-ak modm

Is verified for two non negative integers h and k. Assuming, without loss of generality, h >k
and dividing both sides of the congruence by ak, it is obtained

ah-k=-1modm
which contradicts the origina hypothesis.

The following Corollary 4.3 isimmediate.

Corollary 4.3. Given an integer a prime to a positive integer m > 1, if, for two non
negativeintegersh and k :
ah =-ak modm
then
a dm/2=_1mod m

Theorem 4.7. Given an integer a prime to a positive integer m > 1, the multiplicative
inverse of any ah inthemod m ringisak with

k =-h mod dm
where h and k are non negative integers.

Proof. Observe first that the existence of the multiplicative inverse of ah mod m is
guaranteed as (a, m) = 1 implies (ah, m) = 1. Moreover, by definition of the multiplicative
inverse :

Then, dividing both sides of the congruence by ah* , where0 < h* < dm, h* =h mod dm:

It is concluded that, in general, the multiplicative inverse of a h will be expressed as a k
with kK =dm - h* =-h mod dm.

Definition 4.2. Let m be a positive integer. Then, any integer h such that the exponent to
which it belongsmod m is@ (m) iscaled a primitive root of m.
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Now, we are ready to prove two necessary and sufficient conditions for a weighted AN
code to be 2-detecting (see Appendix for proofs).

The most significant case concerns binary systems for which the genera condition for
double error detection

g +tgbk £0modA
can be restated in the simpler form:

2K # + 1 modA
withk =1, ...,n -1.

Theorem 4.8. A binary AN code with (A, 2) = 1is2 - detecting iff
e da >n ifdaisoddorda isevenwith 2da/2 = - 1 mod A
e da >2n ifda iseven with2da/2 =- 1 mod A

where da represents the exponent to which 2 belongs mod A and n is the number of bits of
the code.

As an example, the following Table | shows the least generators A for some increasing
values of n, as derived from Theorem 4.8.

n [ 34|56 |7|8|9|10/11|12|13(14|15|16|17(18|19|20

Ann| 7 |11 111319 (1919|2323 |29 |29 |29 (37 |37 |37 |37 |47 |47

dy, [ 3]10(1012/18|18|18|11|11|28|28|28|36|36|36|36|23|23

The validity of Theorem 4.8 islimited to the case of binary systems. A general formulation
holding for arbitrary radix b is still unknown. However, it is possible to derive necessary and
sufficient conditions for double error detection if some additional assumptions are made. To
this purpose, assume that the code generator A is aprime and that the radix b is a primitive
root of A. In these hypotheses, the following Theorem holds.

Theorem 4.9. A weighted AN code of radix b where the generator A isaprimeand b is
aprimitiveroot of A is2 - detecting iff
o=n

where n indicates the number of digits and




where andkj (j =u,v)isanintegerin[1, A - 1] suchthatbki =j mod A.

5. Single Error Correction

Some general conditions leading to double error detection have been presented in
preceding Section 4. From the properties of the arithmetic metric, it is concluded that a
double error detecting code can be used, aternatively, for single error correction. To do this,
let's define first an error figure according to the following definition.

Definition 5.1. Given a product code of generator A and any integer X to be checked, the
number S = X |a will be defined as the syndrome of X.

Now, suppose that a code ¢ satisfies the conditions for single error correction and assume
that asingleerror E =eibi,i =0,1,..,n-1,-b <ei <b affects alegitimate code word X
thus generating awrong number X' = X + E. To perform correction, the syndrome S = |X' |a
isfirst computed and:

S=X=X+E=E =ejbi modA

Asthe code c is single error correcting, multiplying (in parallel) the above congruence by

the (n - 1) multiplicative inverses 1/| b1 | mod A, there will be one and only one value

si =Sx1|bi|=e modA

wherei =0,1,...,n -1 and -b <g <b. Inother terms, recalling preceding limitations,
therewill be auniqueinteger si such that

* sj rangesin[l,b)i.e, & =si or,dternatively:
e sjrangesin[A -b -1, A)ie, & =sj -A.

and the correct number will be reconstructed as
X=X -E=X -¢g bi

As an example of the application of the procedure, consider a binary product code of
generator A =19 withn =7, da = 18, satisfying conditions of Theorem 4.8. Computing the
multiplicativeinversesof 2i mod A, i =0, ... .. , 6 it is obtained:

/20 mod A=1
1/21 mod A=10
122 modA=5
1/23 mod A=12
/24 mod A=6
125 mod A=3
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1/26 mod A=11

Now, let
X=01010002 =3810
be a legitimate codeword and suppose that a single error
E=-00100002=-1x24=-1610
affectsinteger X thus yielding:
X =X+E=00101102 =2210

Computing the syndrome of X', it is obtained:

S=IX |a = [22]19 = 310
and, multiplying the syndrome by the multiplicative inverses of 2, 1 = 1, 2, ,... , 6 it is
derived:

So =310

s1 =|Sx 12 |a=1l10

S2 =[Sx 122 |a=1510

S3 =[Sx 123 |a=1710

S4 =|Sx1/24 |a=1810

s5 =|Sx1/25 |a=910

Se =[Sx 126 |a=1410

Here, only onesi , namely s4 = 1810 belongs to the legitimate error range [1, b), [A-Db -
1, A) and, consequently, & = sj - A.=18-19=- 1. Theerror isthen reconstructed asE = -
24 and the correct value of X becomes:
X =X -E =2210- (- 1610) = 3810

6. Using AN codes in arithmetic units
In Section 3, a product code has been defined as a code representing any integer N by the
product AN for some suitable constant integer A , the generator of the code. The arithmetic
properties of such a code derive from its definition. In fact, assuming that two integers X and
Y are encoded in a product code and then added together, it is obtained:
AX +AY =A (X +Y)
i.e., adding two code words produces another code word.

In practice, however, integers are defined in a finite range M = b* # k A (where b and n
indicate the radix and the number of digits of the system, respectively), relative integers are
represented in a radix complement notation and computations are carried out mod M.
Consequently, the representation | A Z |m of code words corresponding to relative integers Z
or to the sum of two codewords | AX+ AY |v may produce results which are no more code
words.
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In the past literature, most authors solved this problem by limiting their consideration to
non negative integers and by assuming a code range M = k A, to be implemented in a
physical rangebn > M.

However, a direct approach to AN codes constructed in standard arithmetic units is
possible. In fact, suppose that integers X in the range [- m, m ) are considered and
represented by means of a product code of generator A. The code words Xa = A X will range

in[ - Am, Am) and, representing by means of a complement notation intherangeM =bn,
2AMm <M <2A(m +1) itwill beobtained:
X =|Xam =]AX |m
or, recalling the complement notation protocol:
X =0modA if 0<X <m,i.e,0<|Xa|m =Xa <M/2
M-X=0modA if -m <X <0,ie,M/2 <|[Xam=M+ Xa <M

Now, suppose that the representations of two legitimate code words X =|Xa [ =|A X |wm
andY =|Yalw=|AY|vw areadded and let S =| X + Y |v be the representation of their sum.
Once again, recalling the basic elements of computer arithmetic, it is concluded that

S=0modA if 0<S<M/2
M-S=0modA if M/2 <S <M
in the absence of arithmetic overflow and
S=0modA if M/2 <S <M
M-S=0modA if 0<S <M/2

if overflow occurred.

Conversely, any representation Z can be recognized to be legitimate (i.e., corresponding to
the representation of a code word or to the correct sum of two code words) if:

Z =0modA and0 < Z <M/2
M-Z=0modA andM/2 <Z <M
whereas, if an overflow is detected:
Z=0modA and M/2 <Z <M
M-Z=0modA and 0<Z <M /2

Preceding considerations define modular AN codes in conventional ALU’s and prove that
the arithmetic properties of product codes are preserved according to the following definitions
and properties.

Definition 6.1. In amodular A N code representing integersin [- m, m ) in the range M
=pbn, 2Am <M <2A(m + 1), by means of acomplement notation, any integer X ,0 <
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X <M, will berecognized to be a code word iff:
X =0modA if 0<X <M /2
M-X=0modA ifM/2 <X <M

Property 6.1. In the absence of an arithmetic overflow, thesum S = | X +Y |v of any two
codewords X andY isalsoacodeword.

Property 6.2.LetS =| X +Y |w be the sum of any two code words X and Y . Then, if
an arithmetic overflow occurs
S=0modA if M/2 <S <M
M-S=0modA if 0<S <M/2

Definition 6.2. Inamodular A N code representing integersin [- m, m ) in therange M
=pbn, 2Am <M <2A(m + 1), by means of acomplement notation, any integer Z ,0 <
Z <M, will bereferred to as alegitimate representation if

Z =0modA orZ =M mod A

Now, let X be a codeword or the sum of any two codewords and suppose that an error E, -
M < E < M, dffects the legitimate information X thus generating in [0, M ) the wrong
number X* :
X* =X +E

In order to devise the conditions for detecting E , consider the following two cases for X.

Case1l
X =0 mod A. In this case, the error will be detected iff

X* # 0modA i.e,E #0modA
and
X* #M modA i.e,E #M modA

Case 2
X =M modA. In this case, the error will be detected iff

X* #0modA i.e,E #-M modA
and
X* #M modA i.e,E #Z0modA

However, asfar aserrors E are considered intherange (- M, M), to each E in the range
(0, M), there correspondsamod M equivalent E* =-(M -E)in(-M, 0) for which

E* =E mod M
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and, conversely, to each error in the range (- M , 0), there corresponds in (0, M ) a mod M
equivaent error E* = E + M for which
E* =E modM

Now, observing that two errors which are mod M equivaent have the same modular
weight, consider apair { E , E* } and suppose, without loss of generality, that E > 0.

Then, if E Z0mod A, il followsE* #-M modA and,if E ZM mod A, il follows
E* Z0mod A.

Preceding considerations prove the following Theorem 3.1.

Theorem 6.1. Given a modular AN code ¢, any error corresponding to a mod M
equivaent pair {E,E* },-M <E, E* <M dffecting a code word or the sum of two code
words will be detected iff

E #£0modA
and
E* 2£0mod A

7. Error detection and correction in arithmetic units

In amod M arithmetic unit, M = b" (where b and n indicate the radix and the number of
digits of the system), let E be a single error in the range (-M, M ) for which, according to
Definition 2.6:

EMm =& bl or |FE|m =& bi
e,
E=xgb ,0<g<b
or, equivalently:
E=eb
with -b <e < b, i =0,...,n -1

From Theorem 6.1, observing that |E *|wv = |E |m , it is concluded that a single error is
detected iff

ebi Z0modA foranyeg #0,i =0,...,n -1, -b <g <b.
As a consequence, Theorem 4.1 can be restated as follows.
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Theorem 7.1. A modular AN code constructed in a weighted system of radix b with (A, b)
=lisl-detectingiff A>b +1.

Similarly, consider a double error E in the range (- M, M ) for which, according to
Definition 2.6:

Em = &bl £g§bi or |FEm = bl £ gbi
with 0<g,§ <b, 0<gbi £§bi <M or, equivaently:
E=ebi +gbi
for-b <e,g<b,i,j =0,...(n -1),i #j,e,g #0.
Once again, observing that |E *|m = |E |v , it is concluded from Theorem 6.1 that a
modular AN codeis 2 - detecting iff ebi +gbi % 0mod A . Recaling the assumption (A,
b ) = 1 and letting, without any loss of generality, i <j , the 2 - detecting condition can be

restated in the form:
g +tgbk £0

wherek =1, ..... ,n-1, 6, #0,-b<e,g <b,i,j] =0,....(n -1),i #].

It is immediate to realise that the results of Theorems 4.8 and 4.9 apply to modular AN
codes. In particular, Theorem 4.8 takes the form:

Theorem 7.2. A binary modular AN code with (A , 2) = 1 detects double errors or,
alternatively, corrects single errors affecting a codeword or the sum of any two codewords iff

e da>n ifdaisoddorda isevenwith 2dA/2 = - 1 mod A
e da >2n ifda iseven with2da’2 =- 1 mod A

where da represents the exponent to which 2 belongs mod A and n is the number of the bits
of the code.

8. Single Error Correction in arithmetic units

In this Section, the results reported in Section 5 will be extended to consider single error
correction in standard ALU's.

To this purpose, the definition of the syndrome will slightly modified to consider the
number representations, i.e., the non negativeintegers X =|AX |v :

S=X|a
And, from Definition 6.1 and Properties 6.1 and 6.2, X will be recognized to be legitimate iff:

S=0orS=|M|a
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Now, suppose that a code ¢ satisfies conditions of Theorem 7.2 and assume that a single
erorE =eibi,i =0,1,..,n-1,-b <ej <bh, affects alegitimate representation X thus
generating awrong number X' =X + E. Then, for the syndrome S :

S =eibi modA or S =M +eibi modA

Asthe code ¢ is single error correcting, multiplying the above congruences, in parallel, by
the (n - 1) multiplicative inverses 1/| b i | mod A, there will be one and only one value s for

which
si =|SxVUlbi||a=& modA
or
S =|SxVU|bi||[aA=M +& modA
withi =0,1,...,n -1 and -b <& <b. Inother terms, there will be auniques such
that:

* sj rangesin[l,b)ande =sij orin[A-b+1 A)and g =sj -A

or, aternatively:

e 5 isin(M |a,M +b Ja)and & =|s -M |aorin(|M -b|a,M|a)and & =-|
si -M |a.

and the correct number will be reconstructed as
X=X -E=X -¢g bi

As an example, consider a binary product code of generator A =23 withn =11, da =11,
M = 2048 representing integers in the range [ - 1024, 1024 ) and satisfying the conditions of
Theorem 7.2. In this system, the multiplicative inversesof 2i mod A, i =0, ... .. , 10 are:
/20 modA=1
1/21 mod A=12
1/22 modA=6
/23 modA=3
1/24 mod A=13
1/25 mod A=18
/26 modA=9
1/27mod A =16
/28 mod A=8
129 modA=4
1/210 mod A=2
Now, consider two codewords X =10101111100=140410andY =0111101110
1=989;0 forwhichX =0 modA and Y =M mod A and let Z be their sum
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Z=X+Ym=00100111001=34510.

If asingleerrorE =-25=11111100000=- 3210 affectsZ, thewrong result Z'=00 1
00111001 =31310will be generated with syndrome S = |313|23 = 14.
Multiplying S by the multiplicativeinversesof 2i mod A, i =0, ... .. , 10, it isderived:

So =|14x 1j3=14

s1 =[14x123=7

S2 =14 x 6|23 =15

s3 =14 x 3|23=19

S4 =[14x 1323=21

S5 = |14 x 18|23 =22

Se =14 x93 =11

s7 = |14 x 16|23 = 17

sg =14 x 8|23 =20

S9 =14 x 4J23=10

S6 =|14x2|23=5

Only onesi, namely ss5 = 2210 satisfies the conditions of the procedure (es = - 1) and the
correct valueof Z becomes:
Z = X' -E =|31310 + 2510|m = 34510

It is worth noting that, besides correcting errors, the procedure enables concurrent
detection of additive overflow. In fact, it can be applied to recover a legitimate representation
which can be finally checked to see if the representation is also a codeword.
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Appendix

Proof of Theorem 3.2

Proof. For an AN code be t-detecting, it is necessary that the arithmetic weight of any
multiple of the code generator A satisfies the inequality War (K A) >t + 1. To prove this,
suppose, by contradiction, that War (k* A) <t + 1. Then, there would exist amultiple of A :

where 7 < t, and, consequently, the error E = k* A of multiplicity not greater than t could
not be detected.

Observing that the Hamming (and, necessarily, the arithmetic) weight of any generator isat
most t , the theorem follows.

Proof of Theorem 3.3

Proof. Before proving the theorem, observethat (b i, Z b’ ) = 1for arbitrary i and s..

j=0

Showing that the theorem holds for t = 1 isimmediate as, for any singleerror E= g b1,

the congruence:
eibi =0mod (b +1)

isnever verified because (bi, 1+ b)=1and-b <& <bh.

To prove the last part of the theorem, assume t =n-1andlet E bean error of multiplicity

where-b <ejj <b,eji #0,0<ij <n -1.Asn =t +1,itfollowsthat:
-bn+b <E <bn-b
Assuming, by contradiction, that the code is not t - detecting implies that there exists at
least an undetectable error

with k # 0. Then, recalling the range of the error E, it is obtained:
b"—b max |E|
pi_1 (b—1)

Now, observethat has (t +1) = n terms, each consisting of a power of b, whereas E has
only (n - 1) similar terms. Let b U bethelacking power of bin E, withu # O.

<b—1

k=

Recalling preceding equality:
E
and, necessarily:
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<b—1 ,theassumptionh =0wouldimply k =0, i.e,

u . bu+]_1
As rangesin and Y. b'= -
i=0 -

no error.
On the other hand, the complementary assumption |h | > 1 would imply that preceding
equality could not be verified. Infact, recalling that k| < b - 2:

or,as :
To compl ete the proof, consider the case whereu = 0. It follows that:

and a contradiction arisesask < b - 2 cannot be a multiple of b.

Proof of Theorem 4.8
Proof. Necessity. If the code is 2 - detecting, the following congruence will never be
verified:
2t =x1modA,1<7 <n-1

As the congruence:
2T =+ 1modA

has a solution for 7 =k da, k being anon negative integer, then, necessarily:

max 7 <da

or, equivalently:
n <da

Similarly, the complementary congruence:
2T =-1mod A

is not to be verified in the hypothesis of a 2-detecting code. On the other hand, in general, this
congruence can be satisfied only if da iseven and, if asolution exists, it is of the form

T=(2k +1)da/2

Hence, once again, necessarily:
max T <da/2

or, equivalently:
n <da/2

Sufficiency. Suppose that the condition of the theorem holds and assume, by contradiction,
that the code is not 2 - detecting. Then, there will exist aninteger 7 intherange[1, n - 1]

such that:
2T =+ 1 mod A
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However, the congruences 27 = 1 mod A and 27 = - 1 mod A imply, respectively, 7 =k
da and 7 =(2k + 1) da/2 and a contradiction follows.

Proof of Theorem 4.9

Proof. Before proving the theorem, observe first that, as b is a primitive root of A and A
isaprime, thenda =@(A) =A - 1. Thisimpliesthat, for any j in[1, A - 1] there exists an
integer kj inthe samerange[1, A - 1] for whichnb K =j mod A.

Necessity. If the codeis 2 - detecting, the congruence
& b? =+¢g modA

will never hold for every 7 rangingin[1,n -1] andi,j =0,...n -1,i #j,-b <&, g <bh.
Referring to the absolute error values €j = |6 | and € = |g |, preceding congruence is

equivalent to the following:
gibT=+¢gmodA

with g, gjin[1,b-1] and 7 ranging againin[1, n - 1].
Now, let kei and kej be two integersin [1, A - 1] such that b k& =g mod A and b K& = gj
mod A . Substituting for €, & in the above congruences yields:

bké b7 = bk& mod A (4.9.1)

bké b7 =-bkE& mod A (4.9.2
From Theorem 4.3 it follows that Congruence (4.9.1) is verified iff

T =(kg -kei) modda (4.9.1)
Similarly, recalling Theorem 4.5, Congruence (4.9.2) will be restated as

bk b7 =pkej+da’2 mod A
and, from the same Theorem 4.3, Congruence (4.9.2) will be verified iff
T =(kg -Kei) +da/2 modda (4.9.2)

Asaconclusion, the code will be 2 - detecting provided that

T =(kg -ke) modda/2 (4.9.3)
will never hold.

Now, observe that, for kej = Kei, i.e., & =¢€j, Congruence (4.9.3) becomes:
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T =0 modda/2 (4.9.3)

or,recalingthat T > 1, 7 =h da/2, where h isapositive integer. Hence, for the code be 2 -
detecting, necessarily:
max 7T =n -1<da/2=(A -1)/2 (4.9.9)

In the complementary hypothesiswherek ¢j # kg, i.e., & # €j, from Congruence (4.9.3)

and (4.9.4) it follows that
T =|kg -Keildaj2

and, necessarily, for the code be 2 - detecting

max T =n -1<mingig;:si=g [Kej - Keil daj2
This complete the proof of the necessity.

Sufficiency. Suppose that the condition of the Theorem holds and, by contradiction,
assume that the code is not 2 - detecting. Then, there will be two integers€j , € in[1, b - 1]

such that
gibT =+¢g modA

withl < 7 < n -1 or, equivalently, recalling the above notations
bkéib 7 = bk& mod A (4.9.1)
bk& b7 =-bk& mod A (4.9.2)
In order to Congruence (4.9.1) or Congruence (4.9.2) be verified the congruence

T E(kgj - k' &i) mod da

or congruence
T =(kg -kei) +da/2mod da

must hold. However:

o ifkgj:kgi,thenT:dAorT:dA/Z
o ifkg #Kegi,thenT = |Kgj -Kei|ldaor 7 = Kgj - Keil daj2

In both cases, a contradiction follows and the proof iscompleted.
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