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Multi-head Watson-Crick automata

Kingshuk Chatterjee," Kumar Sankar Ray®
Electronics and Communication Science unit, I1SI, Kolkata.

'kingshukchaterjee@gmail.com?ksray@isical.ac.in
Abstract: Inspired by multi-head finite automata and Watson-Crick automata in this paper, we introduce new structure namely multi-
head Watson-Crick automata where we replace the single tape of multi-head finite automaton by a DNA double strand. The content of
the second tape is determined using a complementarity relation similar to Watson-Crick complementarity relation. We establish the
superiority of our model over multi-head finite automata and also show that both the deterministic and non-deterministic variant of the
model can accept non-regular unary languages. We also compare our model with parallel communicating Watson-Crick automata
systems and prove that both of them have the same computational power.

Keywords: non-deterministic Watson-Crick automata, deterministic Watson-Crick automata, parallel communicating Watson-Crick
automata systems, parallel communicating finite automata systems, multi-head finite automata.

I. INTRODUCTION

Piatkowski[1], Rabin et al[2] and Rosenberg[3] introduced multi-head finite automata in the sixties. Holzer[4] worked on 2
way multi-head finite automata. Yao et al.[5] established that k+1 heads are better than k and that there is a language
recognised by a non-deterministic multi-head finite automata but not by any deterministic multi-head finite automata.
Kutylowski[6] also discussed about the head hierarchy of deterministic multi-head finite automata.

Paun et.al.[7] introduced Watson-Crick automata (Watson-Crick automata are finite automata having two independent heads
working on double strands where the characters on the corresponding positions of the two strands are connected by a
complementarity relation similar to the Watson-Crick complementarity relation. The movement of the heads although
independent of each other is controlled by a single state). Czeizler et.al. [8] introduced the deterministic variants of Watson-
Crick automata. Work on state complexity of Watson-Crick automata is discussed in [9] and [10]. Parallel Communicating
Watson-Crick automata systems (PCWKS) were introduced in [11] and further investigated in [12].

Inspired by multi-head finite automata and Watson-Crick automata, we introduce a new structure namely multi-head
Watson-Crick automata. This model is same as the multi-head finite automata model but the reading tape is replaced by a
double strand similar to the Watson-Crick model where the characters on the corresponding positions of the two strands are
connected by a complementarity relation similar to the Watson-Crick complementarity relation. There are many independent
heads on both the upper and the lower strands.

The main focus of this paper are as follows:

1)To formally define a multi-head finite automata model where the input tape is replaced by a DNA double strand.

2)To establish that both the deterministic and non-deterministic variants of the above mentioned model are computationally
more powerful than there single tape counterparts.

3)To show that both the deterministic and non deterministic variant of the model can accept some non-regular unary
languages.

4)Finally to show that the computational power of multi-head Watson-Crick automata and parallel communicating automata
are same.

Il. BASIC TERMINOLOGY

The symbol V denotes a finite alphabet. The set of all finite words over V is denoted by V", which includes the empty word
A. The symbol V*=V"- {1} denotes the set of all non-empty words over the alphabet V. For w € V", the length of w is denoted
by |w|. Let ue V" and v €V" be two words and if there is some word x € V", such that v=ux, then u is a prefix of v, denoted by
u <v. Two words, u and v are prefix comparable denoted by u~V if u is a prefix of v or vice versa.

Watson-Crick automata
A Watson-Crick automaton is a 6-tuple of the form M=(V,p,Q,qo,F,d) where V is an alphabet set, set of states is denoted by
Q, p € VXV is the complementarity relation similar to Watson-Crick complementarity relation, qq is the initial state and FEQ
is the set of final states. The function & contains a finite number of transition rules of the form q(ﬁi)—»q‘, which denotes that
- - - - ' * w
the machine in state q parses w; in upper strand and w, in lower strand and goes to state q' where wy, w,€V . The symbol [W;]

is different from (K;) While (K;) is just a pair of strings written in that form instead of (wy,w;), the symbol [Vuj;] denotes that

the two strands are of same length i.e. |w,|=|w;| and the corresponding symbols in two strands are complementarity in the sense

given by the relation p. The symbol [5] :{[2] la,beV,(ab)ep} and WKP(V):[K] denotes the Watson-Crick domain
P p

associated with V and p.
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A transition in a Watson-Crick finite automaton can be defined as follows:
For (12):().() € (72) sueh that [73521] € wiy(v) and q."€Q. (3)a(in) (i1) = (22) (i2) ' (3y) ifF there is
transition rule q(Zé)—»q’ in 6 and =denotes the transitive and reflexive closure of =. The language accepted by a Watson-

Crick automaton M is L(M):{wlev*|qo[$;] >q [ﬂ with q € F, wzev*,[;g;] EWK,(V)}.

Subclasses of Non-deterministic Watson-Crick Automata

Depending on the type of states and transition rules there are four types or subclasses of Watson-Crick automata. A Watson-
Crick automaton M=(V,p,Q,qo,F, 8) is

1) stateless( NWK): If it has only one state, i.e. Q=F={ qo };

2) all-final( FWK ): If all the states are final, i.e. Q=F;

3) simple( SWK): If at each step the automaton reads either from the upper strand or from the lower strand, i.e. for any
transition rule q(m)aq', either w;= A or wy=A;

4) 1-limlited( 1-limited WK ): Ifforanytransitionruleq( )—>q’,wehave WaWa|=1.

w1
w2
Deterministic Watson-Crick Automata And Their Subclasses

The notion of determinism in Watson-Crick automata and a discussion on its complexity were first considered in [8]. In [8]
different notions of determinism were suggested as follows:

1) weakly deterministic Watson-Crick automata(WDWK): Watson-Crick automaton is weakly deterministic if in every
configuration that can occur in some computation of the automaton, there is a unique possibility to continue the
computation, i.e. at every step of the automaton there is at most one way to carry on the computation.

2) deterministic Watson-Crick automata(DWK): deterministic Watson-Crick automaton is Watson-Crick automaton for
which if there are two transition rules of the form q(*)—q' and q(zr)—>q” then u=,U' OF V*,V',

3) strongly deterministic Watson-Crick automata(SDWK): strongly deterministic Watson-Crick automaton is a
deterministic Watson-Crick automaton where the Watson-Crick complementarity relation is injective.

Similar to non-deterministic Watson-Crick automata, deterministic Watson-Crick automata can be stateless (NDWK), all final
(FDWK), simple (SiDWK) and 1-limited (1-limited DWK).

Parallel communicating Watson-Crick automata system
A parallel communicating Watson-Crick automata system of degree n, denoted by PCWK(n) ,is a (n + 3)-tuple
A=(V, p, AL Ay ..., Ay K),
where
e Visthe input alphabet;
e pisthe complementarity relation;
e Ai=(V,p, Qi q; Fi, 6), 1 <i<n, are Watson-Crick finite automata, where the sets Q; are not necessarily disjoint;
o K={K; Ky ..., K} S UL Q;is the set of query states.

The automata Ay, A,, . . ., A, are called the components of the system A. Note that any Watson-Crick finite automaton
is a parallel communicating Watson-Crick automata system of degree 1.
. . L . . Uy Uz
A configuration of a parallel communicating Watson-Crick automata system is a 2n-tuple (si, (U1)’ S, (vz)’ .y Sy
u U;
(v")) where s; is the current state of the component i and (vl) is the part of the input word which has not been read yet by the
n L
component i, for all 1 <i<n. We define a binary relation - on the set of all configurations by setting

6 GG G () () ()

if and only if one of the following two conditions holds:

X

o KN {s,S...,5})=0, (:jj) = (yi) (:‘) and r; € &; (Si, (;i)) 1<i<n



e forall 1 <i<nsuchthats =K; ands;, & K we have r; = s; , whereas for all the other 1 < ¢ <n we have re = s,. In
. u\ _ U; .
this case <Vl) = (vi), forall 1 <i<n.

If we denote by " the reflexive and transitive closure of -, then the language recognized by a PCWKS is defined as:
_ * w1 Wy Wiy, . A A M e cp :
L(A) = W1 €V 1 @ [y | @ [y ]+ G [y D oG (5] s [3) o oso [P sie Rt <<,

Intuitively, the language accepted by such a system consists of all words w; such that in every component we reach a
w-
final state after reading all input [W;] Moreover, if one of the components stops before the others, the system halts and rejects
the input. The above definition of parallel communicating Watson-Crick automata is in [11].

Deterministic Parallel communicating Watson-Crick automata system
The notion of determinism in deterministic parallel communicating Watson-Crick automata is as follows.

1) weakly deterministic parallel communicating Watson-Crick automata system(WDPCWKS): a parallel communicating
Watson-Crick automata system is weakly deterministic if every component in the system is a weakly deterministic
Watson-Crick automaton.

2) deterministic parallel communicating Watson-Crick automata system(DPCWKS): a parallel communicating Watson-
Crick automata system is deterministic if every component in the system is a deterministic Watson-Crick automaton.

3) strongly deterministic parallel communicating Watson-Crick automata system(SDPCWKS): a parallel communicating
Watson-Crick automata system is strongly deterministic if every component in the system is a strongly deterministic
Watson-Crick automaton.

Multi-head Finite automata

Non-deterministic multi-head finite automaton is a 6 tuple M=(k,V,Q,0,,F,5) where V is an alphabet set, set of states is
denoted by Q, the symbol qq is the initial state and FEQ is the set of final states. The number of heads is denoted by k. The
input is of the form weV*. The function & contains a finite number of transitions of the form 8(q;,(a;,8,,...,8))=0; where
ai€VU {1}, 0;,g;€Q in M, which denotes that the machine in state g; parses a;,a,,.....,a using the k heads and goes to state g;.

For x;,u,w,€V" where i=1 to k such that xuw;=weV " where i=1 to k and q,q’ €Q, (X1,Xz,...,X)q(ULWy,UsWo,...,UWi )=
(XgUg,XoUa, ..., XU )G (W1, Wo,..., Wy ) iff there is a transition 8(q,(uUy,Us,...,Ux))=q" in & and BN denotes the transitive and reflexive
closure of =.

The string accepted by a multi-head finite automaton M is the string on its input tape when all the heads have completely
read the input and the automaton is in its final state. i.e. L(M):{wev*|(x,x,...,x)qo(w,w,...,w)é (w,w,...W)q(A,A,...,A) with q €
F}.

Deterministic multi-head automaton has the same structure as the non-deterministic variant with an additional restriction
that if there are transition rules of the form 8(qi,(a1,82,...,8x))=0; and 3(q;,(C1,Ca,...,C))=0k then there must atleast be one pair of
a;,Ci 1=1 to k such that aj+C;.

I11. MULTI-HEAD WATSON-CRICK AUTOMATA

Multi-head Watson-Crick automaton is derived from multi-head finite automata model by replacing the input tape by a
DNA double strand and introducing multiple heads, which are independent of each other on each strand.

Definition 1: Multi-head Watson-Crick automaton is a 8 tuple M=(V,p,Q,qo.F,8,k;,k,) where V is an alphabet set, set of
states is denoted by Q, the complementarity relation p € VXV is similar to Watson-Crick complementarity relation, qq is the
initial state and F<Q is the set of final states. The symbol k; denotes the number of heads on the upper strand and k, denotes
the number of heads on the lower strand. The input is of the form [m] where [m] €WK,(V). The function § contains a finite
number of transitions of the form 8(q;,(a1,az,.. ., ay, [b1,02,..., by, ))=0; where ay, b,EVU{)A}, 1<=m<=k,, 1<=n<=k; and q;,g;€EQ,
which denotes that the machine in state q; parses a;, a,,..., a, Using the k; heads in upper strand and by, b,,..., by, using the k,
heads in lower strand and goes to state g;.

1

For t;,u;, Vi€V such that tiuvi=w,€V" where i=1 to k; and x;,y;,z;€V" such that x;y;z;=w,€V" where j=1 to k, and
[x;] EWK,(V), the symbols q,q" €Q, (tytz,...,t, [X1,Xz,.. Xk, JA(ULVL,UaV2, . Uy, Vig, [Y121,Y2Z2,10 Yk, Zic, )= (faU1, Tl By U, |

X1Y1,:X2Y 211Xk, Yiep ) (V1. V2y e Vi, 21,222, ) T there is a transition 6(q,(Ug,Uz,..., Uk, | Y1,Y2,--Yk,))=d" in & and Sdenotes the
transitive and reflexive closure of =.



The string accepted by a multi-head Watson-Crick automaton M is the string on the upper strand when all the heads (both
on the upper and lower strands) have completely read the input and the automaton is in its final state. i.e.
L(M):{W1€V*|(7vs7»,--~,7v|7b,7v,---J\)%(WLWL---,W1|W2,W2,---,W2)=>(W1,W1,---,W1|W2,W2,---,Wz)Q(XJ,nq?\P%)L,---:70 with q € F, WEV,
[x;] eWK,(V)} where w; is read by the k; heads on upper strand and ws is read by the k, heads on lower strand.

Deterministic_multi-head Watson-Crick _automaton has the same structure as the non-deterministic variant with an
additional restriction that if there are transition rules of the form &(q;(a1,az,....ax, [D1,02,....bK,)=0; and &(q;(
C1,C2,...,Ckq [d1,d2,...,dy, ))=0k then there must atleast be one pair of a;,c; i=1 to ky such that aj+,c; or one pair of b;,d; j=1 to k;
such that bj+,d;.

A deterministic multi-head Watson-Crick automaton is called a strongly deterministic _multi-head Watson-Crick
automaton if the complementarity relation is injective.

IV. COMPUTATIONAL COMPLEXITY OF NON-DETERMINISTIC MULTI-HEAD WATSON-CRICK AUTOMATA
In this Section, we discuss the computational complexity of non-deterministic multi-head Watson-Crick automata.

Theorem 1: non-deterministic multi-head Watson-Crick automaton with 1+2 heads can accept the non-regular unary
language L={a", where n = ¥} _, 2X,1 € N}.

Proof: A non-deterministic multi-head Watson-Crick automaton M=(V,p,Q,qo,F,d,k1,k;) accepts the unary non-regular
Language L:{an'Where n= ZL:O Zk !1 € N} where V:{a,b,C}, p= {(a!b)! (a,C)}, Q:{QO: 01, 92, 43, G4, Js, qf}! F:{qf}! k]_:l,
2:2.
The transitions of M are as follows:
8(qo.(AAb)=q1, 3(qu(@b.C))=tz, (g2, (MA))=qs, 8(qs.(alb.C))=0z, 8(qs.(alc.b))=ds, 8(qa.(AAD))=qs, 8(qs.(alC,b))=C,
8(s,(alb,C))=tz, 3(qz.(A1.c))=qr, 3(qa.(\A.b))=qr, 8(qr,(alb.k))=qr, 8(qs.(alc,1))=qr.
The multi-head Watson-Crick automaton M works in the following manner:
At first the second lower head reads a 'b’, this ensures that the string in the lower strand of M begins with 'b'. After that
every time the first lower head reads a 'b/c' the second lower head reads two 'c/b' and the upper head reads an ‘a'.
Thus the automaton described above accepts all strings composed of 'a’ which has as complementarity strings those strings
which have the following properties.
1)alternate blocks of 'b"and 'c'.
2)the first block begins with ‘b’ and length of first block is 1.
3)Length of all blocks are twice that of their previous blocks.
Consider a string w in L, one of the many complementarity strings of w will have the above stated property, thus M accepts
w. E.g. w=aaaaaaa€L one of its many complementarity strings is bccbbbb.
Now, for a string not in L, none of its complementarity strings can have the above stated properties, thus M reject w.

Corollary 1: A non-deterministic multi-head Watson-Crick automata with 1+2 heads accepts a language not accepted by
any non-determinitic multi-head finite automata.

Proof: From Theorem 1, we know that a non-deterministic multi-head Watson-Crick automata with 1+2 heads can accept
the non-regular unary language L={a", where n = ¥, _, 2¥,1 € N} and we also know that non-deterministic multi-head finite
automata can accept only regular unary languages[12]. Thus, non-deterministic multi-head Watson-Crick automaton with 1+2
heads accepts a language not accepted by any non-deterministic multi-head finite automata.

Lemma 1: For every non-deterministic multi-head Watson-Crick automata with k;=m and k,=1 heads there is a non-
deterministic multi-head automata with k= m+1 heads.

Proof: Given a non-deterministic Watson-Crick automaton M=(V,p,Q,qo,F,d,m,1), we can obtain a non-deterministic multi-
head finite automaton M’=(m+1,V,Q,qo,F,8’) where & is formed from & in the following manner for transitions of the form
8(qi,(ag,az,....,.am[A))=0; where aj,ay,....,.an€VU{L} we introduce (qi,(a1,82,....,8m,A))=q; in &. For transitions of the form
8(q;,(ag,8,....,8mlAm+1))=0j Where a,ay,....,an€VU{L}, an+1 €V, we introduce transitions of the form &(qj,az,az,....,am,a)=q; in 5
where p™(am:1)=a and ‘a’ must be present in the upper strand in the corresponding position as contents of the lower strand is
obtained by applying the complementarity relation p to each position of the upper strand. The non-deterministic multi-head
finite automaton non-deterministically guesses the complementarity element in the lower head for 'a' and executes that
particular transition. When the number of heads in the lower strand becomes more than one then this method does not work as
there is no way to ensure that the non-deterministic finite automata guesses the same complementarity element for 'a' every
time a lower head reads that particular position.

Lemma 2: For every non-deterministic multi-head finite automaton with m+1 heads there is a non-deterministic multi-



head Watson-Crick automaton with k;=m and k,=1 and identity complementarity relation which accepts the same language.

Proof: The proof of this Theorem is due to the fact that the complemenatrity relation is the the identity relation therefore the
content of the lower strand is same as the upper strand. Therefore non-deterministic multi-head Watson-Crick automaton with
k;=m and k,=1 and identity complementarity relation just simulates the moves of non-deterministic multi-head finite
automaton with m heads.

Theorem 2: Non-deterministic multi-head Watson-Crick automata with k,=1 and non-deterministic multi-head finite
automata have the same computational power.

Proof: From Lemma 1, we see that for every non-deterministic multi-head Watson-Crick automaton with k,=1 there exists
a non-deterministic multi-head finite automaton which accepts the same language and from Lemma 2, we get that for every
non-deterministic multi-head finite automaton there is a non-deterministic multi-head Watson-Crick automaton with k,=1
which accepts the same language L. Thus we can say that non-deterministic multi-head Watson-Crick automata with k,=1 and
non-deterministic multi-head finite automata have the same computational power.

Corollary 2: Non-deterministic multi-head Watson-Crick automata with k,=1 and can accept only regular unary languages.

Proof: We know that non-deterministic multi-head finite automata can accept only regular unary languages [12] and from
Theorem 2 we see that non-deterministic multi-head Watson-Crick automata with k,=1 and non-deterministic multi-head finite
automata have the same computational power. Hence we conclude that non-deterministic multi-head Watson-Crick automata
with k,=1 and can accept only regular unary languages.

Theorem 3: Set of languages accepted by non-deterministic multi-head finite automata is a proper subset of set of
languages accepted by non-deterministic multi-head Watson-Crick automata.

Proof: From Lemma 2, we know that for every non-deterministic multi-head finite automaton with m heads there is a non-
deterministic multi-head Watson-Crick automaton with k;=m-1 and k,=1 and identity complementarity relation which accepts
the same language and from corollary 1 we see that there exists a language accepted by non-deterministic multi-head Watson-
Crick automata with 1+2 heads which is not accepted by any non-determinitic multi-head finite automata, which proves the
above Theorem.

Lemma 3: For every parallel communicating Watson-Crick automata system A = (V, p, Ay, Az . . ., Ay, K), with n
components (where transitions of each component are of the form q(xi)eq' and |w;w,|<=1) there is a non-deterministic multi-
head Watson-Crick automaton with n+n heads which accept the same language.

Proof: The proof of the above theorem is similar to the proof in [13] for parallel communicating finite automata system and
multi-head finite automata.

The proof is as follows:
Let A=(V, p, Ay, Ay . .., Ay, K), be a parallel communicating Watson-Crick automata system with n components having

transitions of the form q(x;)aq' and |wyw,|<=1 in its components where Ai=(V,p,Qi,doi,Fi,0i), 1<=i<=n. The n+n head non-

deterministic multi-head Watson-Crick automaton accepting the same language as the parallel communicating Watson-Crick
automata system is obtained as follows.

M=(V,p,(Q1UK)X(QUK)X....X(QnUK),qo,F1XF2X....XFpn,8,n,n) where

S]'i e K, ifSi = Kji'
where p;={ q;, if there exist j such that s; = K;
s;, otherwise
for all 1<=i<=n
Each current state of the multi-head Watson-Crick automata keep track of all current states of the automata system.

From the construction of multi-head Watson-Crick automaton M it is evident that it accepts the same language as the
parallel communicating system A.

Lemma 4: Every parallel communicating Watson-Crick automata System is equivalent with a system where the
components have transitions of the form q(ﬁ;)aq' and |w;w,|<=1 and the equivalent system has the same number of

components as the parallel communicating Watson-Crick automata System.



Czeizler et. al.[6] proved Lemma 4.

Theorem 4: For every parallel communicating Watson-Crick automata system A = (V, p, A, Ay, . . ., Ap, K), with n
components there is a non-deterministic multi-head Watson-Crick automaton with n+n heads which accept the same language.

Proof: From Lemma 4, we know that for every parallel communicating Watson-Crick automata System is equivalent with a
system where the components have transitions of the form q( )—>q‘ and |wyw,|<=1 and the equivalent system has the same

w1

w2
number of components as the parallel communicating Watson-Crick automata System and from Lemma 3 we see that for every
parallel communicating Watson-Crick automata system A = (V, p, Ay, Ay, . . ., A, K), with n components (where transitions

of each component are of the form q(&)—»q‘ and |w;w,|<=1) there is a non-deterministic multi-head Watson-Crick automaton
with n+n heads which accept the same language. Thus, from Lemma 3 and 4 we conclude that for every parallel
communicating Watson-Crick automata system A = (V, p, A1, A, . . ., A, K), with n components there is a non-deterministic

multi-head Watson-Crick automaton with n+n heads which accept the same language.

Theorem 5: For every multi-head Watson-Crick automata with k;+k, heads there is a parallel communicating Watson-
Crick automata system with max(ky,k,) components which accepts the same language.

Proof: The proof of the above Theorem is similar to the proof in [13] for parallel communicating finite automata system and
multi-head finite automata.

Here we consider for simplicity k;=k,=n but the construction method described below will work even when k;#k, we will
just have to take the number of components to be max(ky,k,). In case ky#k,, the extra heads on the parallel communicating
Watson-Crick automaton will just read its symbol every time the other head in the same component reads a symbol.

Let M=(V,p,Q,q0,F,8,n,n) be a multi-head Watson-Crick automata. We construct the parallel communicating Watson-Crick
automata A = (V, p, Ay, Ay, . . ., Ay, K) in the following manner:

Ai:( V,p,Qi,qO,F,Si), Where ) ) )

Q:=KUQU(QX(VU {A})"* x(VU {A})Hu(Qx(VU {1})’x(VU {2}))UXUY;

with

B @,i <2

Xi_{{p]—|,1 <i<i-2}i>2

vz Q,i=n
i_{{sj|i+1sj$n},i<n,

For a transition 8(q;,(ay,az,.....,a/01,b2,.....,b))=0j am,b,EVU{A}, 1<=m<=n, 1<=p<=nand q;,q;eQ

The transitions introduced in the component A; of A i.e. in §; (1<=i<=n) are as follows:

All the components begin in state q;, all the components are in waiting except the first component. The first component
reads input from the upper and lower strands using two independent heads based on a; and b, read by the multi-head Watson-
Crick automaton and stores the symbol in its current state. The control then switches to component two, and the current state of
component one is passed to component two. All the other components are still in waiting.

=1 80, ))=(@1a1b0),
s(@anby), ())=s,
8i(s;, (i))zsjﬂ, 2<=j<=n-1,

A
8i(sn: (A)):Kn
Components 2 to n-1 behave in the same manner as component one that is they read the symbols according to transition of
the multi-head Watson-Crick automaton the i"" components head reads the symbol a; and b; stores the symbol read along with
the symbol read information it received from the component before it in its current state. It switches the control to its next
component and also passes its current state to the next state.

=2 (0. (})=Ks
(@b, (i ))=(01as.2201.62),
((@a2abiby), (1)=ss
(s, (1))=spa, 3<zi<=n-1,
Si(Sn, (i)):Kn



i=2<i<n &(q;, (;)):pl
Si(p;s (;)):pjﬂ: 1<=j<=i-3
Si(Pi2s (j)):Ki_l

Si(Sj, (:11))=sj+1, i+1<:j<:n-1,

A
8i(sn: (A)):Kn
In the ™ component, its head reads the symbol a, and b, all other components are waiting and then it goes to state g;, and
simultaneously sends its current state information to all other components. Thus, all other components also go to state g;.

i=n  &(a (;)):pl
() (i)):pjﬂy 1<=j<=n-3
Si(Pn-2, (j)):Kn-l

Thus, the parallel communicating Watson-Crick automata system simulates one transition of the multi-head Watson-Crick
automaton in the above stated manner. Thus any transition multi-head Watson-Crick automaton makes, the parallel
communicating Watson-Crick automata system can replicate it. Moreover if at a particular instance a multi-head Watson-Crick
automaton does not have a transition defined and rejects the input, a similar behaviour is expected from the parallel
communicating Watson-Crick automata system as at least one of its component will also not have transition defined as a result
that component will halt before others and thus reject the input also.

Theorem 6: Non-deterministic multi-head Watson-Crick automata and parallel communicating Watson-Crick automata
systems have the same computational power.

Proof: From Theorem 4 and Theorem 5, we see that for every parallel communicating Watson-Crick automata system there
is a non-deterministic multi-head Watson-Crick automaton accepting the same language and vice-versa. Hence, we say that
non-deterministic multi-head Watson-Crick automata and parallel communicating Watson-Crick automata systems have the
same computational power.

Lemma 5: non-deterministic multi-head Watson-Crick automaton with 1+2 heads can accept the non-regular unary
language L={a“2,where n> 1}

Proof: The A non-deterministic multi-head Watson-Crick automaton M=(V,p,Q,qo,F,3,ky,k;) accepts the unary non-regular
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language L={a"™ ,where n > 1} where V={a,b,c}, p = {(a,b), (a,c)}, Q={do, 1, U2, U3, Us, G1a, Y1aar U2a) Gsa}, F={0u}, ki=1,
k2:2.

The transitions of M are as follows:

8(qo,(Mb,A)=qo, 3(qo,(Ae,1)=qs, 3(qs,(8A,b))=q1a, 3(d1a(@[A.1)) =108, S(qaaa(@A1))=q2, 8(q2,(alc,b))=C2, 3(q2,(alb,C))=0l2a,
8(qza, (M 1))=q3, 8(q2,(AA.b))=ds, 0(qs3,(alb,C))=0s, (q3,(alc,b))=Caas 3(qsai(@A.1))=q2,  3(s,(A[A,C))=0a,  3(qa,(A[A,b))=qa,
8(qa»(MA,€))=qa.

The multi-head Watson-Crick automaton M works in the following manner:

We use the first lower head and the second lower head of M to check whether the lower strand have alternative blocks of
b’s and c’s which are of equal size.

We employ the upper head and the first lower head of M to check whether the number of ‘b¢c’ and ‘cb’ pairs in the lower
strand is one less than the total number of b’s in the first block.

Multi-head Watson-Crick automaton begins in state g, and moves the first lower head until it comes across the first ‘c’ in
the lower strand. When M comes across the first ‘c” in the lower strand it goes to state q;. If the lower strand is of the form
b"c"b"c"..., then when the first lower head reads the first ‘c’ the upper head is n symbols behind the first lower head (as the first
‘¢’ comes after n b’s). When M comes across the first ‘c’ in its first lower head, its upper head reads three a’s and its second
lower head reads a ‘b’ and M goes to state q,. After that, every time the first lower head of M reads a ‘b’/‘c’ the upper head of
M reads an ‘a’ and the second lower head of M reads a ‘c/b’. As the second lower head of M was at the beginning of the tape
when first lower head of M read the first ‘c’ if the input is of the form b"c"b"c"... then for every ‘b’/ ‘c’ read by the first lower



head of M, the second lower head of M will read a ‘c’/‘b’. This ensures that the lower strand have alternate blocks of ‘b’s and
‘¢’ s of equal size. If the lower strand does not have equal blocks of ‘b’ and ‘c’ then M will halt without both its heads reaching
the end of the tape. Thus, M rejects the input.

Every time there is a change of symbol read by the first lower head of M from ‘b’ to ‘c’ or from ‘c’ to ‘b’ the upper head of
M reads an extra ‘a’ in addition to the steps mentioned above. Thus, for each ‘bc’or ‘cb’ pair except for the first ‘bc” pair the
upper head of M reads an extra ‘a’. For the first ‘bc’ pair, the upper head of M reads two extra a’s. The extra a’s read by the
upper head of M, for each ‘bc’ or ‘cb’ pair M comes across in its lower strand, enables the upper head of M which was n
symbols behind the lower head to catch up with lower head and reach the end of the tape.

Therefore the upper head and first lower head of M reach the end of their respective tapes at the same time only when the
number of ‘be¢’ or ‘cb’ pairs is (n-1) and M goes to state q4. If the total number of ‘bc’ and ‘cb’ pairs is more than (n-1) the
upper head of M will reach the end of the tape earlier than first lower head as result when the first lower head of M reads a
character in its lower strand there will be no ‘a’ available in the upper head to read thus the automaton M will halt with its
upper head at the end of the tape and the first lower hand not at the end. If the total number of ‘bc’ and ‘cb’ pairs is less than
(n-1) the first lower head will finish earlier than upper head and thus the automaton M will halt with its upper head still
needing to consume ‘a’. As there are no transitions in M where the upper head can read ‘a’ without the first lower head reading
any character, thus upper head of M will not reach the end of the tape. Both the heads of M reach the end of their respective
tapes only if the number of ‘be’ or ‘cb’ pairs is one less than the size of the first block of ‘b’s. In state qg, if the upper head and
the first lower head are at the end of the tape, the second lower head consumes its input to reach its tape end and then M
accepts the input as g4 is a final state.

From the above explained structure of M, we see that the upper head and the two lower heads of M will reach the end of
their respective tapes only when the upper strand of input to A contains only ‘a’s and lower strand is of the form b"c"o"c"...
where the number of ‘bc” and ‘cb’ pairs are (n-1).

Thus, if we analyze the string multi-head Watson-Crick automaton M accepts we will see that it accepts all those strings
composed of letter ‘a’ which has a complementarity string in the form b"c"b"c"... where the total number of ‘bc’ and ‘cb’ pairs
is (n-1).

Consider a string w in L={a"’, where n > 1}, one of its many complementarity strings must be of the form b"c"b"c"...
where the number of ‘bc” and ‘cb’ pairs are (n-1). E.g. a% i.e. aaaaaaaaa where n=3 one of its many complementarity strings
is bbbcccbbb. Therefore w is accepted by M.

Now consider a string w not in L, no matter what complementarity string of w we take it can never be of the form
b"c"b"c"... where the number of ‘bc’ and ‘cb’ pairs are (n-1). So w will not be accepted by M.

Thus, we can say that M accepts L.

Theorem 7: Parallel communicating Watson-Crick automata system with just two components can accept the non-regular
unary language L={a“2,where n > 1}.

Proof: From Lemma 5, we see that non-deterministic multi-head Watson-Crick automaton with 1+2 heads can accept the

non-regular unary language L:{a“Z,wheren > 1} and from Theorem 5 we know that for every multi-head Watson-Crick
automata with k;+k, heads there is a parallel communicating Watson-Crick automata system with max(ky,k;) components
which accepts the same language. Thus, there exists a parallel communicating Watson-Crick automata system with just two

components that can accept the non-regular unary language Lz{a“z, wheren > 1}

The above result improves on Czeizler et. al. work as Czeizler et. al. showed that parallel communicating Watson-Crick
automata system can accept the non-regular unary language L={a“z, where n > 1} using three components.

V. COMPUTATIONAL COMPLEXITY OF DETERMINISTIC MULTI-HEAD WATSON-CRICK AUTOMATA
In this Section, we discuss the computational power of deterministic multi-head Watson-Crick automata.

Theorem 8: Deterministic multi-head Watson-Crick automaton with 1+2 heads can accept the non-regular unary language
L={a"**, where n > 1}.

Proof: A deterministic multi-head Watson-Crick automaton M=(V,p,Q,qo.F,8,ky,k;) accepts the unary non-regular language
L={a""+!, where n > 1} where V={abc#}, p = {@b), (ac), @#} Q={do, du, Uz Us, Ger Gtar Gra Gow Usr Uit Ccs sk
Fz{q5}, k]_:l, k2=2.

The transitions of M are as follows:

8(qo,(AMb,1))=do, 3(qo,(Alc,M)=q1, 8(q1,(afA,b))=q1a, O(qar(@A1))=q12a, 3(Qraar(@A.1))=02, 8(q2,(alc,b))=0l2, 5(q2,(alb,C))=0pa,
8(qza, (a1 1))=q3, 8(q2(af#,b))=0s, (qs,(alb,C))=0s, (q3,(alc,b))=Csas 3(qaa(alA,1))=q2, 3(qs,(al#,C))=0a, 3(qa,(AA,b))=qa,
8(qa,(M2.¢))=04, 3(q4,(MA#))=qs.

The multi-head Watson-Crick automaton M works in the following manner:



We use the first lower head and the second lower head of M to check whether the lower strand have alternative blocks of b’s
and c’s which are of equal size.

We employ the upper head and the first lower head of M to check whether the number of ‘bc’ and ‘cb’ pairs in the lower
strand is one less than the total number of b’s in the first block.

Multi-head Watson-Crick automaton begins in state go and moves the first lower head until it comes across the first ‘c’ in
the lower strand. When M comes across the first ‘c’ in the lower strand it goes to state q;. If the lower strand is of the form
b"c"b"c"..., then when the first lower head reads the first ‘c’, the upper head is n symbols behind the first lower head (as the first
‘¢’ comes after n b’s). When M comes across the first ‘c’ in its first lower head, its upper head reads three a’s and its second
lower head reads a ‘b’ and M goes to state q,. After that, every time the first lower head of M reads a ‘b’/‘c’ the upper head of
M reads an ‘a’ and the second lower head of M reads a ‘c/b’. As the second lower head of M was at the beginning of the tape
when first lower head of M read the first ‘c’ if the input is of the form b"c"b"c"... then for every ‘b’/ ‘c’ read by the first lower
head of M, the second lower head of M will read a ‘c’/‘b’. This ensures that the lower strand have alternate blocks of ‘b’s and
‘c’ s of equal size. If the lower strand does not have equal blocks of ‘b’ and ‘c’ then M will halt without both its heads reaching
the end of the tape. Thus, M rejects the input.

Every time there is a change of symbol read by the first lower head of M from ‘b’ to ‘¢’ or from ‘¢’ to ‘b’ the upper head of
M reads an extra ‘a’ in addition to the steps mentioned above. Thus, for each ‘bc’or ‘cb’ pair except for the first ‘bc’ pair the
upper head of M reads an extra ‘a’. For the first ‘bc’ pair, the upper head of M reads two extra a’s. The extra a’s read by the
upper head of M, for each ‘bc’ or ‘cb’ pair M comes across in its lower strand, enables the upper head of M which was n
symbols behind the lower head to catch up with lower head and reach the end of the tape.

Therefore the upper head and first lower head of M reach the end of their respective tapes at the same time only when the
number of ‘be’ or ‘cb’ pairs is (n-1) and M goes to state g,(in the deterministic case unlike the non deterministic case explained
before the end of the tape is identified by the symbol '#' in the lower strand). If the total number of ‘bc” and ‘cb’ pairs iS more
than (n-1) the upper head of M will reach the end of the tape earlier than first lower head as result when the first lower head of
M reads a character in its lower strand there will be no ‘a’ available in the upper head to read thus the automaton M will halt
with its upper head at the end of the tape and the first lower hand not at the end. If the total number of ‘bc” and ‘cb’ pairs is
less than (n-1) the first lower head will finish earlier than upper head and thus the automaton M will halt with its upper head
still needing to consume ‘a’. As there are no transitions in M where the upper head can read ‘a’ without the first lower head
reading any character, thus upper head of M will not reach the end of the tape. Both the heads of M reach the end of their
respective tapes only if the number of ‘bc” or ‘cb’ pairs is one less than the size of the first block of ‘b’s. In state qq, if the
upper head and the first lower head are at the end of the tape, the second lower head consumes its input to reach its tape end
where its reads the symbol '# and goes to state gs, then M accepts the input as gs is a final state and all the heads are at the end
of the tape.

From the above explained structure of M, we see that the upper head and the two lower heads of M will reach the end of
their respective tapes only when the upper strand of input to A contains only ‘a’s and lower strand is of the form b"c"b"c"...#
where the number of ‘bc” and ‘cb’ pairs are (n-1).

Thus, if we analyze the string multi-head Watson-Crick automaton M accepts we will see that it accepts all those strings
composed of letter ‘a’ which has a complementarity string in the form b"c"b"c".. # where the total number of ‘bc’ and ‘cb’ pairs
is (n-1).

Consider a string w in L={a"**!, where n > 1}, one of its many complementarity strings must be of the form b"c"b"c"...#
where the number of ‘be’ and ‘cb’ pairs are (n-1) for e.g. a% i.e. aaaaaaaaaa where n=3 one of its many complementarity
strings is bbbcccbbb#. Therefore w is accepted by M.

Now consider a string w not in L, no matter what complementarity string of w we take it can never be of the form
b"c"b"c"...# where the number of ‘bc’ and ‘cb’ pairs are (n-1). So w will not be accepted by M.

Thus, we can say that M accepts L.

Corollary 3: A deterministic multi-head Watson-Crick automata with 1+2 heads accepts a language not accepted by any
non-determinitic multi-head finite automata.

Proof: From Theorem 8, we know that a deterministic multi-head Watson-Crick automata with 1+2 heads can accept the

non-regular unary language L={an2+1,where n > 1} and we also know that non-deterministic multi-head finite automata can
accept only regular unary languages[12]. Thus, deterministic multi-head Watson-Crick automata with 1+2 heads accepts a
language not accepted by any non-deterministic multi-head finite automata.

Theorem 9: For every deterministic multi-head finite automaton with k+1 heads there is a deterministic multi-head Watson-
Crick automaton with k+1 heads and identity complementarity relation.

Proof: The proof of this Theorem is due to the fact that the complemenatrity relation is the the identity relation therefore the
content of the lower strand is same as the upper strand. Therefore deterministic multi-head Watson-Crick automaton with k;=k
and k,=1 and identity complementarity relation just simulates the moves of non-deterministic multi-head finite automaton with
k+1 heads.



Theorem 10: The language L = {#wy*x,__ #W,*x,$In>0, w; €{a,b}’, x€ {a, b}, i3j wi=w;, x;#x} is accepted by a
deterministic multi-head Watson-Crick automaton with non-injective complementarity relation and 1+1 heads.

Proof: Let, M=(V,p,Q,qo,F,5,1,1) be a deterministic multi-head Watson-Crick automaton,

Where V:{alblvmllva’#3*7$}5p:{(a’a)’(#Q#)7(#3vm1)1(#!Vm2)l(blb)!(*l*)l($l$)}! Q :{qO! q|! QZ: q3! q4! q51 q5$| qﬁ}yF:{ qG}:and
we have the following transitions:

8(qo, (##))=0o, 8(qo.(ala))=o, 3(qo,(b|b))=0o, 3(qo,(*[*))=Co, (qo,(#IVm1))=01, 8(qu,(Ma))=0l1, (q,(AD))=C, 8(qs,(A*))=0,
8(qu(M#))=01,  8(q1,(MVm2))=02, 3(q2:(ala))=02, 3(q2:(DID))=02, 8(q2,(*[*))=0s, 8(qz,(a[2))=0, 3(qs,(blb))=03, (qs,(#H#))=0a,
6(qs,(#%))=0a, 5(qs,(ab))=0s, 5(qs.(al*))=0s, 3(qa(af#))=0s, 6(qs.(a$))=0ss, S(qs,(bla))=Cs, (qa.(bI*))=0s, 5(qs,(bF))=0s,
6(qs,(bl$))=0ss, (qa,(*12))=qs, 3(qz.(*Ip))=Cs, S(qa,(*W))=0s, 6(qs,(*I$))=Us, O(qa.(#la))=0s, (qa,(#ID))=Cs, 5(qa,(#*))=0s,
8(ds,(AX))=0s where Xx€V-{$}, 5(qs,(A$))=ss, 5(qss.(X|A))=qss Where xeV-{$}, 3(qss.(31))=qe,

The above stated automaton works in the following manner:

The elements (%,Vy,) and (%, Vi) of the complementarity relation p are used to guess the two substrings of the input string
which has its w parts equal and x parts unequal. On finding these guessed substrings the automaton goes to state g,. In state g,
the automaton M checks to see whether the guessed substrings have their w parts equal or not. If the substrings do not have
their w parts equal then the automaton halts in a non-final state as no transitions are defined for such a situation in state g, and
the automaton rejects the input string. If the two guessed substring have their w parts equal then the automaton goes to state gz,
In state g3, the automaton M checks whether the guessed substrings having their w parts equal have their x parts equal or not. If
the x parts are equal then the automaton goes to state g,. The state g4 is a non-final state and no transitions are defined on state
04, thus, the automaton rejects the input string. If the x parts are unequal then the automaton goes to state gs which signifies the
guessed strings have their w parts equal but x parts unequal, therefore in gs the elements in the lower strand which are left is
consumed until M comes across '$' in the lower head then the control switches to gsg where the elements in the upper strand is
consumed until M comes across '$' in the upper strand on encountering '$' M goes to state g, both its head are at the end of
their respective tapes and g is a accepting state; thus the input string is accepted as the guessed substrings have their w parts
equal and x parts unequal.

Consider a string s in L. One of the many complementarity strings of s will correctly guess the two substrings which have
their w parts equal and x parts unequal and s will be accepted by the automaton M.

Now, consider a string s not in L. As s is not in L there are no two substrings of s whose w parts are equal and x parts are
unequal. Therefore, no matter the guess made by any complementarity string of s for the location of two substrings of s they
will never have their w parts equal and x parts unequal. So M rejects s. Thus, from the above stated arguments we conclude
that M accepts L.

Corollary 4: A deterministic multi-head Watson-Crick automata with 1+1 heads accepts a language not accepted by any
determinitic multi-head finite automata.

Proof: From Theorem 10, we know that a deterministic multi-head Watson-Crick automata can accept the language L =
{Hwi*xe #w*x$n=>0, w; €{ab}’, x€ {a, b}, 3iJj Wimw;, Xi#X} with 1+1 heads. Moreover we also know that
deterministic multi-head finite automata cannot accept L={#w,*x, ___#W,*x,$|n>0, w; €{a,b}", ;€ {a, b}, 3i3j wi=w;, x;#X;}
[5]. Thus, deterministic multi-head Watson-Crick automata with 1+1 heads accepts a language not accepted by any
deterministic multi-head finite automata.

Theorem 11: The set of languages accepted by deterministic multi-head finite automata is a proper subset of set of
languages accepted by deterministic multi-head Watson-Crick automata.

Proof: From Theorem 9, we know that for every deterministic multi-head finite automaton there exists a deterministic multi-
head Watson-Crick automaton which accepts the same language and from Corollary 4, we see that deterministic multi-head
Watson-Crick automata accept a language which is not accepted by any deterministic multi-head finite automata. Thus, the set
of languages accepted by deterministic multi-head finite automata is a proper subset of set of languages accepted by
deterministic multi-head Watson-Crick automata

Lemma 6: For every deterministic parallel communicating Watson-Crick automata system A = (V, p, Ay, Ay, . . ., Ap, K),
with n components there is a deterministic multi-head Watson-Crick automaton with n+n heads which accept the same
language.



Proof: The proof of the above Lemma is same as the proof for Theorem 4. If the components of the parallel communicating
Watson-crick automata are deterministic then the multi-head Watson-Crick automata constructed from the parallel
communicating automata system is also deterministic.

Lemma 7: For every deterministic multi-head Watson-Crick automata with k;+k, heads there is a deterministic parallel
communicating Watson-Crick automata system with max(ky,k,) components which accepts the same language.

Proof: The proof of the above Lemma is same as the proof for Theorem 5. If the multi-head Watson-Crick automata is
deterministic then the components of the parallel communicating Watson-crick automata system constructed from the multi-
head Watson-Crick automata is also deterministic.

Theorem 12: Deterministic multi-head Watson-Crick automata and deterministic parallel communicating Watson-Crick
automata systems have the same computational power.

Proof: The proof follows from Lemma 6 and Lemma 7.

VI. CONCLUSION

In this paper, we introduce a new model namely multi-head Watson-Crick automata. We discuss in details the
computational power of both the deterministic and non-deterministic variant of this model. We establish the superiority of this
model over multi-head finite automata and have also shown that both the deterministic and non-deterministic variant of this
model can accept non-regular unary languages. Moreover we also compare this model with parallel communicating Watson-
Crick automata system. The question whether the set of languages accepted by deterministic multi-head Watson-Crick
automata is a proper subset of languages accepted by non-deterministic multi-head Watson-Crick automata is still unanswered.
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