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A. The bi-variate Gaussian copula

The density of the bi-variate Gaussian copula is given by

cpu, v; ρq �
1a

1 � ρ2
exp

"
�
ρ2px21 � x22q � 2ρx1x2

2p1 � ρ2q

*
, (1)

where ρ P p�1, 1q is the parameter of the copula, x1 � Φ�1puq, x2 � Φ�1pvq and Φ�1p�q is the inverse

of the standard univariate Gaussian distribution function. For this copula, the h-function is given by

huvpu, v; ρq � Φ

�
Φ�1puq � ρΦ�1pvqa

1 � ρ2



, (2)

and the inverse of the h-function is :

h�1
uv pu, v; ρq � Φ

�
Φ�1puq

a
1 � ρ2 � ρΦ�1pvq

�
, (3)

The dependence represented by a bi-variate Gaussian copula is 2
π arcsinpρq.

B. The bi-variate Student copula

The density of the bi-variate Student copula is given by

cpu, v; ρ, τq �
Γp τ�2

2 q{Γp τ2 q

τπdtpx1, τqdtpx2, τq
a

1 � ρ2

"
1 �

x21 � x22 � 2ρx1x2
τp1 � ρ2q

*� τ�1

2

, (4)
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where ρ P p�1, 1q and τ P N are the parameters of the copula, x1 � t�1
τ puq, x2 � t�1

τ pvq, and dtp�, τq

and t�1
τ p�q are the probability density and the quantile function, respectively, for the univariate standard

Student-distribution with τ degrees of freedom. For this copula, the h-function is given by

huvpu, v; ρ, τq � tτ�1

#
t�1
τ puq � ρt�1

τ pvqb
τ�pt�1

τ pvqq2p1�ρ2q
τ�1

+
, (5)

and the inverse of the h-function is given by

h�1
uv pu, v; ρ, τq � tτ

#
t�1
τ�1puq

d
τ � pt�1

τ pvqq2p1 � ρ2q

τ � 1
� ρt�1

τ pvq

+
, (6)

The dependence represented by a bi-variate student copula is 2
π arcsinpρq.

C. The bi-variate Clayton copula

The density of the bi-variate Clayton copula is given by

cpu, v; δq � p1 � δqpu � vq�1�δpu�δ � v�δ � 1q�1{δ�2, (7)

where δ P p0,8q is the parameter of the copula. For this copula, the h-function is given by

huvpu, v; δq � v�δ�1pu�δ � v�δ � 1q�1�1{δ, (8)

and the inverse of the h-function is given by

h�1
uv pu, v; δq �

�
pu � vδ�1q�

δ

δ�1 � 1 � v�δ

�1{δ

, (9)

The dependence represented by a bi-variate Clayton copula is δ
δ�2 .

D. The bi-variate Gumbel copula

Let ũ � � log u and ṽ � � log v. The density of the bi-variate Gumbel copula is given by

cpu, v; δq � Cpu, v; δqpu � vq�1 pũṽqδ�1

pũδ � ṽδq2�1{δ

Cpu, v; δq � expt�pũδ � ṽδq1{δu,

(10)
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where δ P r1,8q is the parameter of the copula. For this copula, the h-function is given by

huvpu, v; δq � v�1 exp
�
� pũδ � ṽδq1{δ

�
�

�
1 �

� ũ
ṽ

	δ
�1�1{δ

, (11)

and the inverse of the h function must be obtained numerically using, for example, Newton-Raphson

method (Lee, 1993).

The dependence represented by a bi-variate Gumbel copula is 1 � 1
δ .

E. The bi-variate Frank copula

The density of the bi-variate Frank copula is given by

cpu, v; δq �
δη exp

�
� δpu� vq

�
�
η �

�
1 � exppδuq

��
1 � exppδvq

�	2
η � 1 � expp�δq,

(12)

where δ P r0,8q is the parameter of the copula. For this copula, the h-function is given by

huvpu, v; δq �
e�δv

1�e�δ

1�e�δu � e�δv � 1
, (13)

and the inverse of the h-function is given by

h�1
uv pu, v; δq � � log

"
1 �

1 � e�δ

pu�1 � 1qeδv � 1

*N
δ, (14)

the According to (Bauer et al., 2012), the joint pdf can be decomposed based on the OBM-PCC model

as follows:

fpxq �
¹
iPV

¹
wPpapiq

ciw|papi;wq
�
Fi|papi;wqpxi|xpapi;wqq, Fw|papi;wqpxw|xpapi;wqq

�¹
kPV

fkpxkq, (15)

The dependence represented by a bi-variate Frank copula is 1�
4
�
Dpδq�1

�
δ , where Dpδq � 1

δ

³δ
0

t
expptq�1dt.
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