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A Extensions

A.1 Capacitated garages with multiple periods

Suppose that we model garage capacity explicitly and consider a planning horizon of mul-
tiple periods, for instance, the entire morning rush hour until the garages are filled up. We
index time periods by t = 1,2, ...,T. The baseline demand altl as well as the random shock
Hgﬂ are both changing inter-temporally. The random shocks {Qz[t]}’s are independent and
identically distributed, with identical variance o2, and correlation p[t] = p,Vt. The under-
lying economy is stationary such that Sl = 8 and Bl = j vt Garages are symmetric
with the same capacity W. In this case, the garages’ equilibrium is characterized by the
following best-response functions:
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We summarize the results for this extension in the following proposition.

Proposition 5. The following results for the symmetric capacitated model over multiple
periods hold:
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1. When ¢ > 52(2:533) : % — B(ﬁﬁfé) . thjlat , the capacity constraints are not binding,
the parking rates in equilibrium remain the same as in the static incapacitated model:
[t] L A [¢]
a4+ Be 0
ph=the, b (29)
26—-8  28-Pp

Vi=1,2,....,T andi=1,2.



2. Otherwise, the parking rates in equilibrium are given by
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almost surely, vVt =1,2,....7T and i =1,2.

3. When W1 # Wa, an one-period snapshot is equivalent to an incapacitated static model
with heterogeneous cost ci and co, wherein ¢1 and cy > c.

4. Compared with the static incapacitated version, while the baseline rates suffer from
a constant downward distortion, the response to a private signal remains the same,
and thus, the incentives for information sharing remains the same.

5. When g € (0,1], the parking rates as well as the aggregate payoff over T periods
(limT_wo En) decrease in total capacity W, but increase in average market potentials
ol 1a . (The converse is true when g €(1,2).)

From this proposition, as a robustness check, we are assured that the results from a
single-period snap-shot extend naturally toward multiple-periods. The proof is via a dual
approach wherein we use Lagrangian multlphers to calculate the shadow price of limited

6B W _ _B_ L Zigg ol , the cost of selling one unit capacity

5(s-8) T B(e-B) T
is less costly than its shadow price, and thus capacity constraint is not binding. In the
same vein, when Wy # Wy, an one-period snapshot is equivalent to an incapacitated static
model with heterogeneous cost ¢; and co, wherein ¢; and ¢y > ¢. The additional costs ¢; —c¢
and co — ¢ capture the shadow price for limited capacity.

In fact, if we extend the restriction of elasticities to 8 < 203 (allow the cross-price
elasticity to be greater than price elasticity), the capacity W (or average market potentials
Zt 1 alt

capacity. When ¢ >

) poses opposite effect toward parking rates/payoffs when 5 > B In fact, let

k= W/T — € BB— i) . Et*%a (which is increasing in total capacity W and decreasing
Sz, ol
T

in average baseline rates

price-sensitive demand. When 8 > B, i.e., price elasticity is more dominant than cross-
price elasticity, the inverse price-demand relationship within a garage dominates. Since an
higher extra capacity x satisfies higher price-sensitive demand, this implies a lower parking

rate. Therefore, the parking rates (and consequently the aggregate payoff) decrease in the
Sl ol
T

) capture the extra capacity which satisfies per-period

extra capacity x, and thus increases in W and decreases in Conversely, when
B > B, i.e., the strategic complement between two garages dominates, and thus an higher

capacity « implies higher parking rates from the other garage.



A.2 Noisy demand forecasting

In the basic model, we assume that private signals are received via a noiseless information
channel. We find this to be a harmless assumption by examining real-time parking demand
data, as private demand forecasts tend to be fairly accurate using historical data (with error
rates around 5%). Nevertheless, we generalize the basic model in this section to incorporate
noisy demand forecast. Suppose that there are two symmetric garages, $11 = [oo = B,
P2 =Pz =—PF,and c1 =g = ¢

di = a—Bpi+ Bps+ 64,
dy = a+ fBp1— Bp2+ 0, (31)

We further assume that (01, 92)T are drawn from symmetric bivariate normal distribution

1 e . . 5 .-
N <O, o2 { p f ]) As a standard stability constraint, we require 0 < 5 < . In addition,
the garages cannot accurately forecast their demand. Instead, each garage observe a noisy
signal z; = 0; + ¢;, where ¢; ~ N(0,7?). We assume observation channels are independent,

ie., €1 Les.

Proposition 6. The following statements are true for the symmetric uncapacitated model
with two garages and noisy demand forecasting:

1. Baseline parking rate structure remains the same as that with perfect demand fore-
casting.

2. In addition, all comparative statics in Pmposition hold, i.e., %—Jg > 0, g—f > 0,
OEm OEx OEx
3,6’ <O’Tﬁ>0andTp>0

3. Garages respond more aggressively toward private signals when they are more accu-
rate, and the payoff increases, i.e., %—5 <0 and aalwﬂ < 0.

The first two statements confirm our structural results in the basic model with per-
fect demand forecasts, which serve as robustness check with general demand forecasting
accuracy. Not surprisingly, garages respond more aggressively toward private signals when
they are more accurate, and the payoff increases since the value of information increases.
However, information sharing is not always desirable in general, and information sharing
being unprofitable is more likely to happen when forecasting noise increases. Note that
information sharing is always favorable if the demand correlation is positive, since the
knowledge sharing helps garages reduce demand uncertainty and further take advantage of
their monopoly power. Fixing forecasting accuracy and price elasticities, there is a nega-
tive region of demand correlation such that information sharing is not preferred. Usually,
garages tend to positively respond to the other’s signal when information is shared, i.e.,
Bis > 0, since the competitor’s demand surge potentially increases her demand through



cross-price elasticity. However, under some environment where demand signals are nega-
tively correlated, they form an equilibrium where garages strongly negatively respond to
the shared signal. In the long run, this causes both garages to price lower than the the-
oretical optimum. This underutilization of the demand on average reduces the expected
payoff for both garages.

A.3 Garage coalition model

It is worth noting that multiple garages in an urban area may be controlled by a single
entity and thus not independent in the pricing game. In this subsection, we show that
our insights on information sharing do not heavily rely on the assumption of independent
garages. The model in Section can be generalized to a pricing competition among
garage coalitions. (A garage coalition is a parking firm that owns several garages in the
city.) We derive the pricing equilibrium of the coalition competition.

Consider K as a set of independent garage coalitions controlling all garages N =
{1,2,--- ,n}. Each coalition K € K corresponds to a subset of N, and K is a parti-
tion of N. Every coalition has access to a certain set of demand information, decides the
prices of her garages, and maximizes her total expected payoff. Let N (K) be the informa-
tion index set of coalition K. That is, information 6; can be used for the pricing of garage
i € K if and only if j € N (K). Given information 0y g, every coalition K decides the
price vector px to maximize her own expected total payoff

>

€K

Eg [11(K)|On(x)] = Eo

Z d;p;

€K

9N(K)] =Ey

HN(K)] . (32)

Proposition 7. Suppose coalition K observes signals O (). Then, the equilibrium pricing
strategy is given by p (6) = A+B0, where coefficients A € R™ and B € R™"*" are determined

by

A:Q_l(a—i-(Q—ﬁ)C)a (33)
{ Qr«BZ.n(r) — Srn(r) = 0.VK €K, (34)
Brj=0,Yj ¢ N(K),
and
Q = 3+ diag {(5;1{) KGIC} : (35)

The equilibrium payoff is given by
Ep [I1(K)] = (Ak — ¢k, Bk (Ak — ck)) + <BK*ZBIT<*75KK> VK eK.  (36)

where (-, -) is the Frobenius inner product of two vectors/matrices of the same dimension(s).



This proposition extends the pricing equilibrium (Proposition to the case where
garages are owned by competing coalitions. Here, Equations & are the extensions

of Equations &7@ The definition of @ has slightly changed. In , diag [(BI—EK)KEIC} is

an n X n block diagonal matrix whose main-diagonal blocks are square matrices B[T{ K VK €
K. In particular, if every coalition K contains only one garage, this proposition reduces to
Proposition [2| In Equation , <B K*EB[T( o BK K> corresponds to the information value
for coalition K in the coalition model.

The connection between the original model and the coalition model lies in the di-
mensionality of the pricing decision. The coalition model is high-dimensional: Instead of
deciding a single price p;, each entity decides a set of prices pg to maximize the total payoff
> ick Ti- The base model is a special case of a single dimension pricing. Therefore, we
start from the base model without coalition formation to capture the main insight related
to information sharing, which is robust shown in this extension. Furthermore, we will show
in the next example additional insights derived from this coalition version.

Consider a symmetric duopoly setting where each garage coalition owns m garages in
the city. The total 2m garages are assumed to have a symmetric influence on each other.
Specifically, fi; = 1, 05 = 1, and 045 = p, Bij = —f,Vi # j. (Note that Assumption
requires 2mlfl <p<land 0 < g < 2m171 A.) Then, under the coalition setting,
we can show properties similar to the ones in Proposition In Figure [0, we extend
the 4th observation in Proposition (1| to the coalition competition. As the demand signals
become more positively correlated, the information value (also the expected payoff since the
baseline payoff is independent of p) increases. Figure illustrate the additional value gain if
information sharing is adopted. This result echoes Proposition 1 in that information sharing
always generates positive value even if coalition formation is allowed. It also confirms that
information sharing is more beneficial when the cross-elasticity S is higher. The value
gain from sharing is non-monotone in the signal correlation. Because information is most
useful when demand signals are weakly correlated. In the extreme case when demand
signals are perfectly correlated, information sharing has 0 marginal value since competitor’s
information is already contained in the knowledge of demand correlation.

A.4 Optimal information assignment

Proposition [2] presents the exact equilibrium solution for an arbitrary observation matrix
M. A natural question one would be curious about is: among a set of possible infor-
mation structures, which one of them would result in an equilibrium that maximizes the
expected payoff of a particular garage (or their total expected payoff). The result for two-
garage model in Section [3.3]indicates that information sharing is beneficial to both garages.
However, this does not always hold in general.

From the perspective an information service provider, a natural question to ask is
who should know what and how much they should know. The insights from answering
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Figure 6: Information value
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such questions facilitate the design of information systems. In general, to identify an
information structure that maximizes the total information value, we need to solve the
following optimization problem

max {Bi*EBZ-T* . B and M satisty @])} . (37)
This is a mixed integer program with quadratic objective function (convex-maximization).

Or generally, we can get rid of binary decision variables M and rewrite it as an Quadrati-
cally Constrained Quadratic Program (QCQP)

max {Bi*sz; . (QBE - %)+ B = 0} . (38)
BERnxn

Solving the above programs awaits future computational studies, which in itself, is
of great interests. In this research, we focus on the strategic aspects of this operational
challenge. In Section we consider a certain type of symmetric information structure
— group information sharing. Assume we have one (or multiple) information exchange
platform. Every garage can choose to be a member of the platform and share her private
signal within the group. In section [A.5] we will see that such platform benefits their
members and appeals to garages not in the group.

A.5 Information exchange platform

We return to the general model where all parameters can be asymmetric. In this subsection,
we discuss the motivation for garages to form an information sharing group. Proposition
states that if all garages are using the information exchange platform, then no one has
an incentive to quit from the group.

Proposition 8. All agents joining the group is a Nash equilibrium.

The equilibrium in Proposition [§] refers to a Nash equilibrium of the group entering
strategy. Proposition [8|applies to arbitrary demand correlations as well as cross-elasticities,
which is more general than existing literature (Raith) 1996|) in this regard, to our best
knowledge. It states that given every garage inside the platform, no one can achieve
higher profit by unilaterally withdrawing from it. For a two-garage system, Proposition
apparently shows that sharing their signal is in the interest of both garages. For a
system with more than 2 garages, Proposition [§| ensures that everyone in the group is an
equilibrium. The study of the uniqueness and global optimality of such an equilibrium
remains for future research.



B Proofs.

In this appendix, we provide detailed proofs of the main results. We use * in the proofs to
denote component-wise multiplication of two matrices of identical dimensions.
Proof of Propositions [1] and

Proof. Propositions [1]is a special case of Proposition 2 Here we prove Proposition
Garage ¢ maximizes expected payoff by taking first-order condition:

6m
o, =|ao;— Z Bijp; + 0 | + Bii (pi —ci) - (39)
! J

Garage 7 observes information 6y,. Then, her conditional expectation of the entire 6 vector
is given by
E[0]0,] = Sun By, v, 0N, (40)

Therefore, her anticipation of the pricing vector p is
Elplon,] = E[A+ BI|0x,] = A+ BSan Sy 0. (41)

om;
Op;

Setting the expected first-order condition to 0, namely E [ \HNZ.} = 0, we obtain

<Ozi — Bix <A + BE*NiE]_VilNiHNz‘) + EiNiEJ_VilNiONi) — B [A + BZ*NiZJ_VilNiQNi —c| =0.
(42)

Matching the coefficient of fy,, we get
(_Qi*BE*Ni + EiNi) E]_V}NiaNi - QZ*A + a; — [/6 * IL’*C = 07 (43)

where * represents entry-wise multiplication, and Q = 8 + 8 * I is the matrix defined in
the proposition. This is a linear equation with respect to y,. And it holds for any ;.
Thus, we can get the decision A, B by solving

—QuA+a;+[fxI],,c=0 _
{ —QixBYuN, + Xin, =0 Vi€ N. (44)

Rewriting the first equation above in vector form, we have
A=Q M (a+[Bx1]c). (45)

Together with the 0 entry constraint, we obtain the system of linear equations which
determines our B matrix

{ QixBXn, — 2N, =0,Vi € N

Bij = 0,YM;; = 0 (46)

8



Note that, excluding those B;; = 0 entries, we have ) M;; unknowns and ) |V;| =
i

4,3
> M;; equations. Thus, there exists at least one solution to this system. In general, the

7
solution is unique.
The expected payoff of garage i conditioned on her observation 8y, is given by

E 7 [0n,] = E [(a; — Bixp + 0;) (i — i) |On,] = (0 — Bin E [p|On, ] + 6i) (i — ci),  (47)

which is a convex quadratic function of p;. Thus, substitute p = A + B which satisfies
the first-order condition, we obtain the expected payoff under equilibrium

E[m; |0n,] = Bii(pi — i)? = Bii(Ai + Bin,On, — ¢i)*. (48)

The expected payoff before the observation of Oy, is
E [m] = Eoy, [5@‘1‘(/11‘ + Bin,On, — Ci)2:| = Bii ((Ai —c)’ + BiNiENZ-NiBZ'TNi) : (49)
O

Proof of Lemma 2L

Proof. Rewrite equation in a simpler format,

L, Bo
zij = 5+~ (i = v;) = (i = pj)) - (50)
2 A
The expectation of v is exogenously given. Thus, AE [v] = 0. Since E [f] = 0, and followed
from Proposition
Epl =E[A+ Bf] = A.

A is independent of the information matrix M as stated in (8). Therefore, AE [p] = 0, and
then AE [z;;] = 0.
Note that

Tij l—x;;
Cij =E [/ ’ (et + copAa?) Adx + / ’ (et + cpAa?) /\dx]
0 0

1 1 1 1
= AE [2613.%'12]- + gcw)\x;?’j + ict (1 — -%'ij)Q + gcw/\ (I - wz‘j)g}

= At + cwA)E [mfj] + constant term.



Thus, AC;; = A(ct + cpAl) - A{var [z;5]} = ;‘—;OA {var [z;;]}. For the aggregate cost
summed over all links,

> var [z;;] = <ﬂ)\0)2 > var [(vi — pi) = (v; — p))]

ijEE ijEE
_ (&Y 52
=\ Z (var [v; — p;] + var [v; — pj] — 2cov (v; — pi,v; —p;))  (52)
ijeE

— (B)\O)Z (L, var [v —p]).

Hence, A{ > Cij} = % (L, var [v — p]).

ijEE
Similarly,
Tij l—x45
Uij—i—Cij =E [/ )\d$—|—/ (vj—pj))\dx
0 0
= AE [((vi — pi) — (vj — pj)) z4j] + constant term (53)
= A—2E [x2] + constant term
o Y

= 2C;; + constant term.

Thus, AU” = ACZJ ]

Proof of Proposition

Proof. Both Proposition |3| and 4| are derived from solving @ for M = I, and M = ee'.
Then, to solve the information value and to obtain aggregate cost. We omit the
algebra for solving B and present the solution directly.

In the private information scenario, B;; = %ﬁa ! Vi. Then,

27
v; = 2B0BiY; = aﬁo- (54)
2
(L,var [v—p]) = G—Zn : % (55)

For the circular model, the B solution is symmetric, i.e., B;; only depends on the
distance between ¢ and j but not ¢ or j. Thus, we simply give the solution Bi,.

Bt . .
By, = 74%/2_02?{”/271 [yn/2ayn/2—1a YL Yo, Y1, ,yn/2—1] , if n is even, (56)
B . .
: [yn/zvyn/%la s Y/2 Y12, 7yn/271] , if n is odd.

AW /2—2Yn 21

10



Here yy, is a constant defined in Table [2]
Then, by manipulating the hyperbolic functions, the two cases merge to a single ana-
lytical format in terms of information value and aggregate cost.

2 1 8
YA D <3 (AYyp—1+yn) +n — 3> Bo — <2 — 9\/§> Bo =~ 0.46045y as n — oo.

v, =
3 (Yn
(57)
2n Yn—1 — Yn ) Bo 2n By
L,varr) = — +Yp—n) —— —=-—asn— Q. 58
< ) 3(yn—1)< ) o 22 3v3 2 (58)
O
Proof of Proposition
Proof. For private information case, let index 1 denote the center garage. Then,
Bu=pah (59)
Bjj = 7=1By Vi # L.
The individual information values are,
2 ) (m o+ 1)
U1 = ( ) 0,
Tm—1 (60)
= 2(2m1) v £ 1
The aggregate information value is
2m (11m? — 4m + 1 22
v +muj = m( m m )Bgé—mﬁoasm%oo (61)

(Tm —1)? 49
The aggregate cost is

m2(5m—3) Bo 20 By
L S | L A N A N
(L, var [v — p]) (Tm 1 5 9" o as Mmoo,

For the complete information case, we also list the intermediate and final solutions.

1 [2 el 1[0 0 .
B_<3m[e eeT/2]+2[O I])ﬁo’ (62)
v =g (m+1) fo,
m . 63
Vj = :?),6m5/807VZ7éJ- ( )
17m —1 17
v + mu; = TBO — %mﬁo as m — 00. (64)
13m —5
(L,var [v—p]) = 3”;76% (65)
O
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Proof of Proposition

Proof. We begin by writing a general dual form, using Lagrangian multipliers A\; and A2 > 0

to relax the capacity constraints:

E

max Ly = (a[tl_g[ﬂp[ltuﬁmpgl n Hgt]) (p[lt}_c>

=121

~
Il

1
T

Y [m =3 (= BT 4+ gyl + o)

t=1

T
max Ly = Z(am_ Aipl] 4 gltlpl] +9g}) (pg}_(:)

pilt=12..T P

T
oy [W2 = >~ (= BHIpl) 4+ gty + o)

t=1

(66)

(67)

We can decompose these problems by t = 1,2,...,7, and each sub-problem can by solved

by
= ol + 8l (e + M) oy
! 2418 — pltl 9211 — Bl plt)’
p[t} _ olth + Bl (¢ 4 X9) Hg]
2 9241t — pltl 92/l — Bl plt)’
Plug in prices
ZT: ol — B all 4+ 8 (c+ M) 0} ]
o 231 — glt] 231t — It plt
: ]
+5[ﬂ alt] —I—Aﬁ[t] (c+ A2) ] 05 N Ggﬂ — W
241 — gl 231t — It plt
ZT: ol _ gl |+ B e+ 2) 0y ]
— 24l — gl 9241t — gl plt
: ]
Lt alt] _|_Aﬂ[t] (c+ A1) i 0; n Hg} — W
241t — gl 231t — It plt

under stationary conditions: Sl = 3, 81 = 3, pl) = p, we have

12



B d T3> B+B01—p) &
(4 Ao) — — A — W,
- Z Bc Do MY s, ; '
3 r 48 T3 B4 B(1=p) N~ i
—i—)\ — — + A 9 = Wo(72
26— BZ 6 R SR Y Je ; #72)

T [t]
When W7 = Wy = W, and limp_, Zt%(t — Eﬁl[t] almost surely, due to Strong Law of
Large Numbers, we have

B <. TA<5_B) B+B(1=p) =i
2 — ﬁza s TN, ;

)\:237_5_@_ (%—5) [ﬁJrﬁ(l—P)} g _ B _Zlea[ﬂ
B(B-8) T B(8-8)[28- 50 B(s-5) T
whenever this is non-negative. Plug this in the pricing strategies, and E@Z[t] = 0, we obtain

m_ ol W/T 8 SLal) gl
plf = 5 5+<ﬂ B) (B )( ) =l +23iﬁp’
B

ol w/T
Pl — /

—c, (73)

. Zthl alf 4 Qg]
265 (5—5) (28-8)(8-8) T 28-5
When W7 # W, a similar procedure returns Ay # Ao, a one-period snapshot is equivalent

to an incapacitated static model with heterogeneous cost ¢; = ¢+ A1, and ¢co = ¢+ Ag. For
finite T,

(74)

1 4 B (c+ A ol
woodbleth) b (75)
26— 26— Bp
wherein A\; will be function of both Hgt] and Hg], which is inconsistent, and thus we need

& (e}

to solve garage 1’s maximization problem. This problem is fundamentally more

complicated and awaits future research.
Alternatively, when

28— 8 K_@B_ﬁ) [BJrﬁ(l—p)]Eem_ 3 ‘Zzﬂ:la[t}
6(6 B) T B(s-8)|25-8) IR I

13

—c<0, (76)



we have non-binding capacity constraint (A = 0). This case is trivial, with

i ol + e . sz
’ 26—-8  28-Pp

Compared with the static incapacitated version:

(77)

~ A~

r .M
lim p — s = w/T B 2@ Be

T (6-8) (6-5)(s-5) T 2-5

which means the response to a private signal remains the same, while the baseline rates
suffer from a constant downward distortion. The aggregate payoff is

0,

2

lim E ET: B ol! c w/T B 23:1 all n 302
m = -~  _ - N - N N * -~  _ __ 9
e = |25 (8-8) (28-8)(8-8) T (23— Bp)?
T ~
which is decreasing in W and increasing in Zt%am when [ > 3, the converse is true when

b<p<p O
Proof of Proposition [6]

Proof. From Proposition we can obtain the equilibrium pricing strategy p; = A +
Bx;,Vi =1,2, and Er; = Emg = Exr = ((A —c)? + 3202). Garage 7 maximize expected
payoff by taking first-order condition:

OE (1 |z A .
gpll'l) — o — Bp1 + BE (pafa1) + E (01]21) — B (1 — ), (78)
2
PIUg in D = A+ Bxiy IE(91|x1) = 1/512/11/72 Ty = Uztf,ﬁxla and

2

o
E (z2|z1) = E (02 + e2|x1) = E (02]21) = E [E (62|01, 21) |21] = pE (01]21) = ﬁ. (79)
The first-order condition becomes:
~ pg‘2 2 ~
a—28(A+Bx)+5|A+ B x1+ fc=0. (80)

= . v
o2 4 A2 1 o2 4 A2

Matching coefficients:

a—2BA+ BA+ Be=0,

14



0.2

2
— 2B+ pB-L2

=0 81
02+72+02+72 ’ (81)

we have

A:oz—i—ﬁc o? (82)

26 - P (25 5;)) o2 42072

To summarize:

a+Bc o?
P = —= + ~ — - Tj, 83
Y (25—5;))02%572 ’ (%)
Er = g|% C]+ — | . BEs? 84
" 25-5 (28— 8p) o2+ 2872 ’ *
fa—(B-pc] Bot(0? ++?)
= 5 v + - —. (85)
L 266 (28~ Bp) 02 +25+?]

It can be checked that ‘9B >0, ‘gf >0, %5 <0, 653” <0, adEﬁ” >0 and aE’T > 0.
Suppose that garages share information. We can obtain the equlhbrlum pricing strategy

p1 = A+ Bix1 + Boxa, po = A+ Boxq + Bixo. We have

E (01|x1,22) = E[E(01|z1,22,602) |z1,22]
= E[E(@ﬂxl,eg) ]wl,xg], (86)

with marginal distribution being 61|02 ~ N(pba, 02 (1 — p?)),

o* (1-p?) 7*pbs
E = .
(O1]21,62) = —5 -2 o + 3 A=) 72 (87)
o (1-¢%) V?p
E (6 = -E -E (6
(01]z1, z2) oy S g (z1]z1, 22) + oy SR g (02|21, 22)
o2 (1 4?) +p 52
_ . 2. 88
o (1 - )+7 T RTEE Rr (83)
2
g 2 2 2 21| T1
E(el‘xl)xQ):(0_2_’_72)2_(/)0_2)2 [U (1_p)+’y’pf}/] |:$2:|

15



Garage ¢ maximize expected payoff by taking first-order condition:

OE . )
M = a—20(A+Bix1+Boxa)+PE (A + Baxy + Biza|z, z2)+E (01|21, x2)+Pc.

Op1
(89)
Matching coefficients:
- - o+ Bc
—(26—-0B)A+Bc=0=A=— , 90
o~ (28-8) A+ b Y (90)
A 2
—28(B1x1+Baxa)+SE (Baxy + le2|x1,x2)+(0_2 n 72;72 ~ (p0’2)2 [02 (1 — p2) + 72,p72] [ 2 ] =0
. 2
~2BH Bt [o* (1= p*) +7°] =0, (91)
. 2
—208B2 + BBy + (02412 — (po2)? =0, (92)
which gives
B _ 28+ 8p) +26(1— )0 o’
b 4p2 — 2 (02 +72)* = (po2)*’
2094 2\ 2 2
4p% — 3 (0% +7%)" = (po?)
Since 23 > (3, garages respond positively toward signals.
— (B — 2 R 20,2 2
Ew:B[a BBl | ppr ol +7) (94)
20 [(28 - Bp) 02 + 25?]
. 2
Er' = j [W + Bo® (B} + B3 +2pB1 Bs) . (95)

Recall that E (0;|x1,x2) has two parts, one associated with forecasting via xp, the
other associated with forecasting indirectly via xo, since #; and 6 is correlated. We can
explicitly observe the corresponding information value in the expression of By and Bs.
It can be checked that Ex’ — Exr > 0 as 8/ B — 2, i.e., information sharing is desirable
when 3/ ﬁ — 2. More comprehensive characterization can be obtained when v — 0, as in
Proposition O
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Proof of Proposition [7]

Proof. For conciseness, we present the proof of proposition using a two-coalition formula-
tion. The proof naturally extends to the multiple-coalition cases.

We use a sequence of vector-matrix formulations to prove the proposition. To clarify
the notations, (-,-) is the Frobenius inner product of two vectors/matrices of the same
dimension(s); zx = [z]) takes the subvector from vector z based on the index set K.
Suppose the two coalitions are denoted by index sets K7 and Ky

II (K1) = (dk,, P, — cK,) = (ak, — Br«p + 0K, DK, — CK,) -

Bk, O
Define Q := 3 + [ 1481
O ﬂI—EQKQ

p = A+ B#, we have Since E [HIGN(Kl)] = E*N(Kl)E;fl(Kl)N(Kl)HN(Kl)a we have

] . Utilizing the expression of Q and the linear pricing

oIl (K
M = 7'8[—21K1 (pr, — ¢Ky) + ok, — Br,«p + 0K,

oK,y
= [-Qp+(@Q—-B)cta+b,
QA+ (Q—-B)ct+a+(I-QB)0, -
E [81_[ (K1)
Oprc,
Under the equilibrium pricing strategy, the R.H.S is 0 for every 0 (k). Therefore, we have

[-QA+(Q—-B)dk, = 0,
0

2I(ll\f(f(l) _QKl*Bz*N(Kl) =

HN(Kl):| = [—QA +(@—-B)ct+a+(I-QB) E*N(Kl)EHKl)N(KI)HN(Kl) .

The same relations apply to Ko as well. Thus, we obtain and . (The 0 entries in
B are enforced by the information structure.)
K’s expected payoff given the information 0y (g, is

E [H (Kl)‘ QN(KI)} = E [<QK1 - ﬁKl*p + 0K17PK1 - CK1>| 9N(K1)]
- <E [aKl _/8K1*p+0K1’9N(K1)] 7]71(1 _CK1>

= </8f—;1K1 (pKl _CKI)?pKl _CK1>-
The last equality follows from the equilibrium condition

. [ a1 (K1)
OpK,

9N(K1)} =E [_/BITﬁKl (pr, — ¢ry) + ak, — Bryxp + Oy HN(Kl)} = 0.
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Finally, the expected payoff is
Eo [I1(K1)] = Eo [TI(K1)| One,)]
= Ey [<51T<1K1 (P, — ¢Ky) DKy — CK1>) 9N(K1)}
= </81T(1K1 (Ak, — k1) s Ary — CK1> + Eq [<5}T<1K13K1*9, BK1*9>}
<5;T<1K1 (Ax, —cry) s Ak — CK1> + <BK1*EB;T(W 5K1K1> :
This is equivalent to and we conclude the proof. [J ]
Proof of Proposition

Proof. Let S = N\ {n} be the set group members, and n be the only agent outside the
info-sharing group. We need to prove the information value v, under this structure is less
than the value when all agents are in the group.
B,,,, satisfies
{ RssBss¥ss + QsnBunXins — Xgs =0 (96)
QnSBSSZSn + anBnnZnn — X =0 ’

Eliminate Bgg, we get

QnSQgé’ESn — Ynn

By, = — — — . (97)
" anznn - QnSQSé’QSnznszséZSn
Thus,
QusQsiSsn — 8 ’
S gg4Sn — “nn
Vn = BanB2, Snn = B = = — : (98)
" e i (anzrm - QnSQS;‘QSnEnszsé’ESn "
If all agents are in the group, utilizing the inverse of block matrix, we have
. 1
B =[Q7']  =— - QnsQss, 1] - (99)
" [ ]n* an - QnSQSé‘QSn [ " 5 ]
~ 5 5T QnSQEéESS (QnSQgé')T - 2QnSQ§é’ESn + Xnn
Up = ﬁnan*EBn* = 1 2 : Bnn (100)
(an - QnSQSSQSn)
Then, we prove v, < o,.
1 2 —1Z5p¥ng —1\T _ -1
Un ( QnSQSSESn_Znn ) _ QnSQSS Snn (QnSQSS) 2QnSQSSESn+Enn
Brn QunSnn—QnsQgiQsnEnsSgatsn ) ~M" (Qm_ 0ns Q5105 znsg;snézsnf
QnsQ5s 25705 (Q,5Q58) | —2QusQ5 iEsn+5nn - QnsQ54Ts5(QnsQsh)  —2QnsQ5iTsn+Zun _ 5,
(Qnn—QnsQs5iQsn)” (Qnn—QusQsiQsn)” B *
(101)
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. . ChnsEoiTen . . .. .
The first inequality follows from % < 1 (since X is positive definite) and Qpy,

QnngéQsm Qnn — QnngéQsﬂ, > 0. The second inequality holds since Xgg — % is
positive definite.

O
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