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ABSTRACT

Genome-wide association studies (GWAS) have discovered numerous loci involved in ge-
netic traits. Virtually all studies have reported associations between individual single nu-
cleotide polymorphisms (SNPs) and traits. However, it is likely that complex traits are
influenced by interaction of multiple SNPs. One approach to detect interactions of SNPs is
the brute force approach which performs a pairwise association test between a trait and
each pair of SNPs. The brute force approach is often computationally infeasible because of
the large number of SNPs collected in current GWAS studies. We propose a two-stage
model, Threshold-based Efficient Pairwise Association Approach (TEPAA), to reduce the
number of tests needed while maintaining almost identical power to the brute force ap-
proach. In the first stage, our method performs the single marker test on all SNPs and selects
a subset of SNPs that achieve a certain significance threshold. In the second stage, we
perform a pairwise association test between traits and pairs of the SNPs selected from the
first stage. The key insight of our approach is that we derive the joint distribution between
the association statistics of a single SNP and the association statistics of pairs of SNPs. This
joint distribution allows us to provide guarantees that the statistical power of our approach
will closely approximate the brute force approach. We applied our approach to the
Northern Finland Birth Cohort data and achieved 63 times speedup while maintaining 99 %
of the power of the brute force approach.

Key words: epistasis, gene—gene interaction, GWAS.

1. INTRODUCTION

ENOME-WIDE ASSOCIATION STUDIES (GWAS) attempt to discover genetic variation associated with
disease traits. To perform GWAS, studies collect genetic variation of individuals and their disease
status or disease related traits. GWAS studies typically collect single nucleotide polymorphisms (SNPs)
because technologies allow for very cost efficient collections of SNPs. Current GWAS studies collect about a
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million SNPs in thousands of individuals. The standard approach for identifying associations between SNPs
and traits is that for each SNP, we compare the average trait value of individuals who have one allele of an
SNP and that of individuals who have the other allele of the SNP. If the difference between the two average
trait values is above a certain threshold, we declare that the SNP is significantly associated with the trait. We
refer to computing the difference in the average trait values for each SNP as the ‘‘single marker test,”” and it
has successfully identified many individual SNPs associated with several complex diseases (Corder et al.,
1993; Bertina et al., 1994; Altshuler et al., 2000; Saxena et al., 2007; Consortium, 2007). Since SNPs are so
prevalent in the genome, they are likely to be correlated with other genetic variations.

Current studies on certain complex diseases have also suggested that some SNPs influence diseases
through interactions (Williams et al., 2000; Brem et al., 2005; Yanchina et al., 2004). In an extreme
scenario, two SNPs may not have any effect on a disease independently, but they may affect the disease
when both are present. To detect an interaction of SNPs, one needs to consider the association between a
trait and a pair of SNPs. One approach to finding such associations is to divide individuals into two groups:
one group of individuals who have a certain combination of alleles for a pair of SNPs and the other group of
individuals who have different combinations of alleles for the pair of SNPs. We then compute the dif-
ference in the average trait value between the two groups to determine whether the pair of SNPs is
significantly associated with the trait. Finding an association between a trait and a pair of SNPs is called the
“pairwise association test,”” and recently, several different methods have been proposed for pairwise
association tests (Evans et al., 2006; Zhang et al., 2010; Prabhu and Pe’er, 2012; Yang et al., 2009;
Millstein et al., 2006; Ljungberg et al., 2004).

One major challenge in discovering pairs of SNPs associated with a trait is that it requires enormous
computation. One needs to compute associations between a trait and 4 X (AZ/I ) pairs of SNPs, where M is the
number of SNPs available for testing. When M is close to one million as in current GWAS, an exhaustive
pairwise search that goes through all pairs of SNPs considers 2,000 billion pairs of SNPs, which is a
computationally challenging task. As the number of SNPs in GWAS keeps increasing with the improve-
ment of technologies to collect SNPs, the exhaustive search becomes even more computationally infeasible.

In this article, we present a threshold-based efficient pairwise association approach (TEPAA) for de-
tecting associations between traits and pairs of SNPs using a two-stage model. In the first stage, our method
performs the single marker test on all individual SNPs and selects a subset of SNPs that exceed a certain
SNP-specific predetermined significance threshold for further consideration. In the second stage, individual
SNPs that are selected in the first stage are paired with each other, and we perform the pairwise association
test on those pairs. In this method, there exists a trade-off between the probability of detecting a pair of
SNPs associated with a trait and the computational burden. Intuitively, statistical power increases as we
include more SNPs in the second stage, which means a higher computational burden. The first stage
thresholds determine this trade-off. We derive the analytical power of our method, which allows us to
control this trade-off by choosing appropriate thresholds. The key insight of our approach is that we derive
the joint distribution between the association statistics of single SNP and the association statistics of pairs
of SNPs. This joint distribution allows us to provide guarantees that the statistical power of our approach
will closely approximate the brute force approach. We can accurately compute the analytical power of our
two-stage model and compare it to the power of the brute force approach. Hence, we are able to choose as
few SNPs as possible in the first stage while achieving almost the same power as the brute force approach.
We demonstrate the utility of TEPAA applied to the Northern Finland Birth Cohort (Rantakallio, 1969;
Jarvelin et al., 2004).

Several methods have recently been developed to increase the efficiency of detecting gene—gene in-
teractions. Most of these methods are only applicable to case/control data. These methods include TEAM
(Zhang et al., 2010), which uses a dynamic programming approach to identify significant pairs, SIXPAC
(Prabhu and Pe’er, 2012), which utilizes a novel randomization technique, BOOST (Wan et al., 2010),
which utilizes a Boolean representation of data and a screening stage to filter out most nonsignificant SNP
interactions, and RAPID (Brinza et al., 2010), which utilizes geometric properties of the ¥* statistic to
identify significant pairs. However, none of these methods are applicable to quantitative traits.

The only existing method that is feasible on a GWAS dataset to detect SNP pairs associated with
quantitative traits is FastEpistasis (Schpbach et al., 2010). FastEpistasis is a brute-force approach that
conducts pairwise associations for all pairs of SNPs, or SNP pairs specified by users. The advantage of
FastEpistasis is that their method utilizes architectures with multiple cores. In essence, FastEpistasis is an
extremely efficient implementation of the brute force approach.
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2. RESULTS
2.1. Overview of the two-stage model TEPAA

We present a two-stage model, TEPAA, for detecting associations between traits and pairs of SNPs. In
the first stage, the association statistics for all SNPs are computed. Any SNP that has a statistic higher than
a predetermined SNP-specific threshold advances to the second stage in which all pairs of these SNPs are
evaluated. The specific first-stage thresholds are important in determining the tradeoff between statistical
power and computational cost; they control the number of SNPs to be selected in the first stage. For a truly
associated pair of SNPs to be identified using our approach, both SNPs must advance to the second round
and thus must have association statistics higher than the thresholds. Clearly, the more stringent the
thresholds are, the smaller the number of SNPs in the second stage and the smaller the number of pairs of
SNPs that must be evaluated. More stringent thresholds speed up this method. On the other hand, more
stringent thresholds increase the chance that at least one of the pair of truly associated SNPs will not be
more significant than its first-stage threshold, and the pair will not be identified by the method. Hence, there
is a trade-off between power and cost, which is determined by the first-stage thresholds. The thresholds
themselves are influenced by the desired statistical power versus computational time tradeoff and also the
minor allele frequency as we show below.

Our method chooses the first-stage thresholds 74 and T such that the two-stage model loses only a
small amount of power but increases computational efficiency dramatically compared to the exhaustive
search. To find such thresholds, we first derive the analytical power and cost of both the brute force
approach and the two-stage model. This analysis allows us to choose the threshold that yields the desired
power and cost, and hence it allows us to control the trade-off between the two. To derive the analytical
power of our two-stage model, we use the framework of multivariate normal distribution (MVN) to
model the association statistics (Han et al., 2009; Kostem and Eskin, 2013; Kostem et al., 2011), where
the statistics follow standard normal distributions under the null hypothesis. We use an MVN to ap-
proximate the joint distribution between the association statistics of single SNP S, and Sp, and the
association statistic of pairs of SNPs S,5. The noncentrality parameters (NCPs) of statistics are considered
to be the mean vector in the MVN, and correlations among statistics are considered as the covariance
matrix in the MVN. The NCPs and correlations can be calculated from the data, and thus we obtained all
the parameters of the MVN.

In order to demonstrate the power loss of TEPAA, we consider the scenario in which we have two SNPs,
A and B, and are also considering their interaction resulting in three statistics (S4, Sp, Sap). For the
simplicity of the example, we show how to compute the power loss when there are two dimensions (Sy,
Sap), under the assumption that S, = 0 and S, = 0. We project the MVN surface to the (S, S4p) plane as
shown in Figure 1. The probability density function of the MVN is represented by the contour lines in the
plane. The center of the contour lines corresponds to the mean vector of the MVN. For the brute force
approach, we declare an SNP pair AB to be significant whenever we see the statistic S4p is greater than a
threshold 7. So the area on the right of the vertical line S45 = T5 in Figure 1 is the significant area of the
brute force approach. In our method TEPAA, we first examine the statistic S4. Only when Sy = T4 will we
further compute S, to see whether it is greater than 7». T is obtained using the desired overall significance
level for discovering gene-by-gene interactions, which in our case is 7> = —®~ '(«/2), where o = 10~ '
(Prabhu and Pe’er, 2012). So, the Area 1 in Figure 1 corresponds to the power of TEPAA. Compared to
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brute force approach, if a pair of SNP AB has Syp = T, but S4 < T4, our method will not be able to detect it.
So Area 2 in Figure 1 corresponds to the power loss of TEPAA compared to the brute force approach. The
details of the analysis are discussed in sections 3.3 and 3.4.

From our analysis, we observe that the thresholds that control the power loss of the two-stage approach
depend on the minor allele frequency (MAF) of the SNPs. In particular, more common SNPs can be filtered
out with less significant thresholds than rare SNPs. In order to efficiently implement TEPAA using MAF-
dependent thresholds for each pair, we group the SNPs into bins based on their MAFs to apply the correct
thresholds to each possible pair. After disregarding rare variants with MAF < 0.05, we categorize all
common SNPs into nine bins according to their MAF, with step size 0.05. Each pair of SNPs would have
two thresholds, one for each SNP in the first stage. In total, we have (g) +9 categories of SNP pairs. We
precompute the first-stage thresholds for each combination of two MAFs in order to achieve 1% power loss,
while achieving high cost savings. We sort the SNPs within each bin by their association statistics and use
binary search to rapidly obtain the set of SNPs above a single threshold to efficiently implement the first
stage of our method.

2.2. Application of TEPAA to the NFBC data

We applied TEPAA to the Northern Finland Birth Cohort (NFBC) data to demonstrate the utility of our
two-stage model and the cost savings on real data. The Northern Finland Birth Cohort data contains 5,326
individuals, and 331,476 SNPs are genotyped. The histogram of all SNPs’ MAFs is shown in Figure 2. As
described in detail in section 3.5, we categorize all common SNPs into nine bins according to their MAFs.
The number of SNP pairs in each category is shown in Table 1. The first-stage thresholds of TEPAA are
precomputed for each category in order to have the power loss at 1% using the methods described in section
3.5. The cost saving for each category is summarized in Tables 2. Based on Tables 1 and 2, the estimated
overall cost savings is 63.2 times, which is the ratio between total number of pairwise association tests in
brute force approach and that of TEPAA.
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FIG. 2. The distribution of all single nucleotide polymorphisms (SNPs’), minor allele frequencies (MAFs).
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TABLE 1. THE NUMBER OF SNP PAIRS IN EACH CATEGORY

MAF of SNP B
005 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
005 113 52 5.86 5.70 5.54 5.30 5.13 5.00 4.97 4.94
< ol — 597 1345 1307 1272 1216 1178 1148 1140 1134
& 015 — — 757 1471 1432 1369 1326 1293 1284 1277
& 02 — — — 715 1391 1331 1289 1256 1248 1241
S 025 — — — — 677 1295 1254 1222 1214 1207
03 — — — — — 619 1199 1169 1161  11.55
S 035 — — — — — — 581 1132 1125 1118
0.4 — — — — — — — 552 1096  10.90
0.45 — — — — — — — — 544 10.83
0.5 — — — — — — — — — 538

Numbers are shown in factor of 100 million. MAF, minor allele frequency; SNP, single nucleotide polymorphism.

For all SNPs in each bin, we calculate the association statistics and sort the SNPs in descending order of
their statistics. We perform our analysis using the dominant model, which is standard for analysis of
epistatic interactions. We note that the basic approach of TEPAA can be extended to other models, such as
the recessive model or additive model as well.

We compare the performance of the brute force approach and TEPAA when detecting the SNP pairs
associated with the phenotype “CRP”’ (C-reactive protein) on a machine with 2.3 GHz AMD Opteron
Processor. Since it is impractical to run the brute force approach on the whole chromosome, the CPU time
of the brute force approach is estimated from one single chromosome by scaling, which is estimated to be
1,542 hours for phenotype “CRP.” The CPU time of TEPAA is 24.5 hours for the same phenotype. We
achieved 62.9 times of cost saving, which verifies our analysis of the cost savings of TEPAA when
achieving 1% of power loss. However, both the brute-force approach and two-stage model report no
significant SNP interactions under the significance threshold 10~ '2. This is understandable since this data
set contains only 5,326 individuals. In the next section, we show that the brute force approach and TEPAA
have similar power when there exist significant SNP interactions.

2.3. TEPAA controls power loss in simulated data

To demonstrate that TEPAA has only 1% power loss using the precomputed first stage thresholds, we
perform simulations where we implant a significant SNP-SNP interaction to the NFBC data and then detect
the SNP pair using TEPAA.

TABLE 2. THE THRESHOLD FOR SNP A/SNP B AND CoST SAVINGS IN VARIOUS COMBINATIONS
OoF MAFs To ACHIEVE POWER Loss oF 1%

MAF of SNP B
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0.1 34/34/8 8/50/25 7/58/25 5/62/32 2/76/66 0.82/84/145 0.26/79/487 0.10/84/1190 0.02/90/5555
< 0.15  —  14/14/51 3/24/139 3/31/107 2/46/108  1/58/172  0.35/54/529 0.13/62/1241 0.03/69/4830
L 02— — 5/5/400 2/9/556 2/16/312  1/21/476  0.47/31/686 0.19/58/907  0.05/69/2899
3 025 — — —  3/3/1100 2/5/1000  1/7/1429 1/16/625  0.26/21/1831 0.10/42/2380
$ 03— — — —  1/1/1e5  1/3/3333 1/4/2500  0.62/12/1344 0.13/16/4807
%035 — — — — —  0.6/0.6/2.7¢4  05/1/2¢4  0.1/2/5¢4  0.03/8/4e4
S 04— — — — — — 0.3/0.3/1.1e5 0.1/0.6/1.6e5 0.1/1/1€5

045 — — — — — — — 0.2/0.2/2.5¢5 0.1/0.5/2¢5

05  — — — — — — — — 0.1/0.1/1e6

Here we assume that the MAF of SNP A is smaller than that of SNP B in each pair. The first and second number in each cell is the
threshold for SNP A (2.4) and SNP B (), respectively. These two thresholds are scaled by 10~ 2. The third number in each cell is the
cost saving, which is the ratio between cost of brute-force method and that of the two-stage model.
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We created phenotype data using the phenotype “CRP” (C-reactive protein) in the NFBC data as a
starting point. To simulate the significant SNP pairs, we randomly sample the MAF of each SNP from
[0.05, 0.5). The alleles of each of the individuals at these two simulated SNPs are then sampled from the
MAF. The phenotypes of the individuals with causal alleles at the SNP pairs are increased by a selected
effect size so that the pairs have 50% power in the brute-force approach. Then we apply both the brute-
force approach and the two-stage approach to the simulated dataset. The first stage significance thresholds
in the two-stage approach are selected in order to obtain 1% power loss.

We generated 10,000 simulated SNP pairs and applied both approaches. The power for each approach
is calculated as the proportion of experiments that the approach detected the implanted SNP pairs among
all 10,000 experiments. The power of the brute-force approach is 51% while the power of TEPPA is
50.8%. The practical power loss is 0.4%. We note that the power loss is lower than we expected
because the thresholds are chosen for MAF frequency bins to be conservative and valid for all members
of that bin.

3. METHODS
3.1. Association test between traits and one SNP

We first illustrate the method to detect associations between traits and one SNP. A traditional approach
to identify the association is that for each SNP, we compare the average trait value of individuals who
carry the causal allele at the SNP and that of the individuals who do not have the causal allele at the SNP
of interest. If the difference between those two values is above a certain threshold, we declare that the
investigated SNP has a significant correlation with the trait. This approach is referred to as ‘‘single marker
test” and has been successful in many association studies. We analyze the power of the ‘“‘single marker
test” as follows.

Assume we are investigating SNP A, with minor allele frequency to be p, and the causal allele is the
minor allele (for the case where the causal allele is the major allele, we have a similar analysis). Let N be
the number of individuals and y; be the trait value of individual i. Then the number of individuals with the
minor allele at SNP A can be denoted as Ny = N - p,, and the number of individuals without the minor
allele at SNP A can be denoted as N_y = N - p_4, = N - (1 — p4). We use x’l“ to denote the allele of individual
i at SNP A; y; is any real number and x’;‘ € {0, 1}. We set xl-A =1 when the allele of individual i at SNP A is
the minor allele and x! =0 otherwise.

We assume that a trait value of individual i follows the normal distribution with a certain mean u and a
variance ¢°. If the minor allele affects the trait, the mean trait value (p) of individuals with the minor allele
will increase by an effect size §4. Now, we can obtain the distribution of y; as

yi~N(u+x{ By, o%) (1)

Let Y4 be the average trait value of individuals who have the causal allele at SNP A and Y_, be the
average trait value of individuals who do not carry the causal allele at SNP A. Then we can derive the
distributions of Y, and Y_4 as follows:

Do Vi o’ DoV o?
Yo=———— ~N(u+py, —— |, Yu=—L1——~N|{upu, 2
A Na (# Ba N~pA) A N (u N-pﬁA> ()

We normalize the difference between Y4 and Y_4 to obtain the following statistic S,, which is normally
distributed with mean /4v/N (the noncentrality parameter) and unit variance.

Yi-Y, v/ pa(l—=
SA=A—2A~N(/1A\/IV, 1), where /IA:W (3)
N‘I’A'((Tl —pa)

Given the significance level o and the observed value of the test statistic Ss, the SNP is deemed as
significant, or statistically associated with the trait, if |S4| > @ '(1 — a/2), where @' is the quantile
function of the standard normal distribution. For simplicity, we use the notation 7= ®~'(1 — a/2) as the
per-SNP threshold.
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We declare all those SNPs with statistic |S4| > T to be associated with the trait. So the per-causal-SNP
power of a putative causal SNP A, which is the probability of |S4| > 7, can be calculated as

Pi(A)=P(|S4| > T)=®(-T+4VN)+1-O(T +/4VN) )

The average power P; is obtained by averaging per-causal-SNP powers over all putative causal SNPs.

3.2. The brute-force approach for pairwise association test

Current studies on complex diseases have also suggested that some SNPs influence traits in pairs. Only
when both causal alleles appear on a pair of SNPs is the trait value increased. To detect the interaction of
SNPs that influence the trait, we need to consider the association between a trait and a pair of SNPs
(pairwise association test). We analyze the power of the brute force approach, which calculates the as-
sociation between a trait and all pairs of SNPs as follows.

We assume that there exists an SNP pair AB, composed of SNP A and SNP B, that influences a trait.
Assume the causal alleles are minor alleles at both SNPs. Our statistic is the difference between the
average trait value of individuals who have minor alleles on both SNPs and that of individuals who do
not have minor allele on at least one of the two SNPs A and B. Here we assume the two SNPs have
the same (positive) direction of effect. We use the same notation as in section 3.1. The expected number
of individuals who have minor alleles at both SNPs can be computed as Nap = N - ps - pp, and the
expected number of individuals who do not have minor alleles at both SNPs can be computed as
N_ap =N - (1 — p4 - pp). If an individual carries the causal alleles at both SNPs A and B, the mean of trait
value is increased or decreased by the effect size of the SNP pairs, which is denoted as f43. Then we can
write the distribution of y; as

~N(u+x}x" Bag, 0°) )

Let Y4 be the average trait value of individuals with causal alleles at both SNPs and, let Y_4 5 be the average
trait value of individuals without causal alleles at both SNPs. For simplicity, let > ;; denote Z, W= 1A =1 and
similarly for Y10, > o1, Yoo for different alleles of SNPs A and B. We can calculate Yap and Y_,p as

_ 1 a2
Y = yi ~N <,u+ s ) )
B =N 511 Bas

Npaps

- 1 o’
Yopp= yi~N (#7 7) (6)
N-ap 00%;10 N(1-paps)

We normalize the difference between Y5 and Y_5 to obtain the following statistic S4z, which is normally
distributed with mean A,5v/N (the noncentrality parameter) and unit variance.

Yap—Y., /Paps(L=paps)
Sap= AB—ZAB ~N(Z4VN, 1), where Jap= Pan pApi( PaPs) (7)
g

Npaps(1=paps)

According to Prabhu and Pe’er (2012), we set the per-SNP-pair significance level o = 10~ '%. The per-
SNP-pair statistic threshold is then T, = —®~ '(/2) = 7.13. The per-causal-SNP-pair power of a putative
causal SNP pair AB can be estimated as

Ppr(AB)=®(=Ts + AagV/N) + 1 = O(Ty + 145V N) ®)

The average power Ppy is obtained by averaging per-causal-SNP-pair powers over all putative causal SNP pairs.
Assuming the total number of SNPs is M, we define the cost of brute-force method to be the total number
of SNP pairs needed for association analysis, that is, Cgr(M) = (’g )

3.3. Two-stage model

In the brute force approach, the total number of SNP pairs to be considered is (1;1 ) and we need to

compute the statistic S4p for all these pairs. Considering the number of SNPs involved in current GWAS,
the computational burden makes this strategy infeasible.
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We propose a two-stage model to reduce the number of tests needed while maintaining similar power
with the brute force approach. In the first stage, we propose two thresholds 74 and Ty and perform the
single marker test on all SNPs. In the second stage, we pair all SNPs that are significant under threshold T4
with those significant SNPs under threshold 7. Then we perform a pairwise association test between traits
and all those pairs. The SNP pairs that pass the per-SNP-pair statistic threshold 7, are considered to be
statistically associated with the trait.

The analysis of single marker tests in the first stage is quite similar to that of the single SNP association
test in Section 3.1. We derive the similar equations with (1), (2) and (3) except that the effect size of SNP A
becomes ppfiap, when the pair of SNP A and SNP B is the causal SNP pair. So the statistic S, of SNP A is
approximately distributed as

Yi-Y., . v/ pa(l—=
Sy = AT A - 4 ~N(XA\/]V, 1), where Ay = PBasv/Pa(1=Pa) )
s o
N-pa-(1-pa)

The analysis of SNP B is the same except that we switch p, and pp in the equations. We note that this is
an approximation, because for the individuals that have SNP A, the distribution of the phenotypic mean is
actually a mixture of two normal distributions where one component is of the individuals who have SNP A
and also have SNP B and the other component is of the individuals who have SNP A but do not have SNP
B. We approximate this mixture as a single normal distribution, which in principal may underestimate the
variance for phenotypic mean. However, for the plausible range of effect sizes, samples sizes, and minor
allele frequencies in gene—gene interaction studies, the effect of this approximation is negligible. We
describe the empirical verification of this observation in our experiments in the Appendix.

Assume a pair of SNPs A and B are putatively associated with a trait. The underlying effect size 5
could either be positive or negative. Here we first analyze the case where the true effect size is positive. To
find such positive pairwise association in our model, S4 must be no less than 74, S must be no less than T
(or vice versa, but here we only analyze one case since we will show in section 3.5 that the other case is not
necessary), and S,p must be at least 7». Hence, we need to consider three statistics and three thresholds to
compute the analytical power of the two-stage model. Under the assumption that we are aware the effect
size is positive, the per-causal-SNP-pair power of a putative causal SNP pair AB can be denoted as

P,+(AB)=P(Sa > Ty, Sp > Tp and Spp > 1) (10)

However, considering the fact that whether the effect of the SNP pair is positive or negative is unknown,
we also need to calculate the probability where S,p is less than — 75, that is,

Pz—(AB)ZP(SA S _TA,SBS —TB and SABS —Tz) (11)
So, the per-causal-SNP-pair power of a putative causal SNP pair AB is
P,(AB)=P,+(AB)+P,—(AB) (12)

The analysis for the case where the true effect size is negative is exactly the same except that the
noncentrality parameters for Sy, Sp, and S4p are negative.

To calculate the value of P,(AB), we need to take into account correlations between statistics. The two
statistics S, and S,p are correlated because both involve SNP A. Similarly, we have a correlation between
Sz and S,5. We assume SNPs are independent, and hence there is no correlation between S, and Sg. The
average power P, is obtained by averaging per-causal-SNP-pair powers over all putative causal SNP pairs.
Computing the analytical power of the two-stage model is complicated because of the correlations between
statistics. We estimate the power using a multivariate normal distribution framework as in section 3.4.

Denote the per-SNP significance level corresponding to the statistic thresholds 74 and Ty in the first stage
to be a4 and g, respectively. Then we have oy = 20(—-T,) and oz = 2O(—T},). The cost of the two-stage
model can be computed as Crs(M, oy, 0p) ~ MZOCAO!B/Z.

We measure the cost saving by the ratio between cost of brute-force method (Cpr) and that of the two-
stage model (Crg):

Cor) _ (5) 1
Crs(M, op, 08)  M?aq05/2  op0p

(13)
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And we define the power loss to be
P,
- == (14)
Pgr
For a given dataset, there exists a trade-off between the power loss and cost saving. The trade-off
is controlled by the two thresholds 7,4 and 7. We carefully design the thresholds to achieve high
cost saving while maintaining low power loss. The details of the algorithm are summarized in
section 3.5.

3.4. Estimating the two-stage power using the MVN

In this section, we provide an approach to compute the power of the two-stage model in Equation (12).
The distribution of association statistics Sy, Sp, and S4p has been derived in sections 3.2 and 3.3. We aim to
compute the power in Equation (12) for any given thresholds T4, T, and 75.

For many widely used statistical tests, the statistics over multiple markers asymptotically follow an
MVN (Seaman and Muller-Myhsok, 2005; Lin, 2005). To derive the analytical power of our two-stage
model, we use the framework of MVN proposed by Han et al. (2009). The statistics (S4,55,545) follow an
MVN. The mean of each statistic of the MVN is the noncentrality parameters (NCPs) of the statistics. The
NCPs of S4, Sp, and S,p are already derived in Equations (7) and (9), so the mean vector of the joint
random vector (S, Sg, Sap) is (JuV/N, AzV/N, Jap\/N). The covariance and the correlation between any
pair of statistics are equivalent in this case because variances of the statistics are 1. So, the covariance
matrix in the MVN will be the correlations among statistics. We assume the SNPs are independent of each
other, so the correlation between S, and Sy is 1, and the correlation between S, and Sp is 0. The covariance
matrix is as follows:

1 0 Cor(Sa, San)
0 1 COF(SB, SAB)
COF(SA, SAB) COr(SB, SAB) 1

We only need to compute the correlation between S, (or Sg) and S4p, which is denoted as Cor(S4, Sap),
to derive the complete MVN. We provide a simple but accurate way to compute the correlation. First we
create a virtual SNP C, where the allele of SNP C is exactly the same with the value of the SNP pair AB.
The minor allele frequency of SNP C is denoted as pc = pap = papp. The statistic S¢ will be equivalent to
statistic Ssp. Instead of computing Cor(S4, Sap), now we can compute Cor(Su, Sc). Since we adopt the
dominant model, the genotypes of SNP A and SNP B are binary values {0, 1}. The genotype of SNP C is
obtained by multiplying the genotypes of SNP A and SNP B, so it is also a binary value. The Pearson
correlation r4¢ between the genotypes of SNP A and SNP C is then

_ pc(l—pa) _ paps(1—pa)
Vpc(L=pc)pa(l=pa)  \/Paps(1—papp)pa(1—pa)

rac (15)

It is well known that the correlation Cor(S4, Sc) between the test statistic S, and S¢ is equal to 74 (Han
et al., 2009). Similarly, we can compute the correlation Cor(Sg, Sap).

Up to now we obtained all parameters for the MVN framework. Then, we can compute the power as
the volume outside of the significance threshold under the MVN we created. Figure 3 helps to illustrate the
idea. We can see that in the three-dimension space of the MVN framework for statistics Sy, Sp, and Syp, the
two cubes on the corners correspond to the significance region. Using the MVN, we can compute the power
of our two-stage model for any given thresholds T4, T, and 7, by summing up the volume of these two
cubes under the MVN. This method yields a very accurate estimate of power when there exist correlations
among statistics, and hence it provides an appropriate framework to compute the analytical power of our
model.

3.5. Efficient pairwise association test using TEPAA

In previous sections, we have illustrated how to calculate the power and cost savings of our
two-stage model for any given threshold. In this section, we provide a framework, TEPAA, to
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MVN of TEPAA
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FIG. 3. The volume of the two cubes under the MVN on the two corners is the power of our two-stage model.

determine the first thresholds, which generate a relatively small number of SNP pairs for pairwise
association test in the second stage while losing a small amount of power compared to the brute
force approach.

From Equation (12) and section 3.4, we can see that the joint distribution between the association
statistics of single SNPs and the association statistic of a pair of SNPs depends on the MAFs of the
pair of SNPs. MAFs are observable values, so we can categorize all SNP pairs based on the combi-
nation of their MAFs. Since MAFs are continuous values, we can discretize the MAFs into bins to
have a small number of combinations. After removing rare variants, we can categorize all SNPs into
nine bins, with step size 0.05. In order to detect the pairwise association for all SNP pairs, we break all
combinations of SNP pairs into two cases. First we pair SNPs within different bins and this results
in (J) categories. The second case is to combine SNPs within one bin. So totally we have (3)+9
categories of SNP pairs.

Assuming the power of brute force approach is 50%, we can calculate the effect size 45 from Equation
(8). Then for each category of SNP pairs, we can compute the power loss and cost savings from Equations
(13) and (14) with the MVN, given two first-stage significance levels o4 and az. We do an exhaustive
search over the space [0, 1) with a small step size to find the optimal values of o4 and oy to achieve best
cost savings while maintaining power loss of 1%. The values of a4 and a3 are shown in Table 2 when there
are 5,326 samples in the dataset.

For SNPs in each bin, we carry out the single marker test and sort the association statistics of the SNPs.
Then for each category of SNP pairs, we do a binary search in each involved bin to find all significant
SNPs under the precomputed significance level. The selected SNPs are then paired for the second-stage
pairwise association test. Based on the precomputed values of a4 and o3, we can estimate the cost savings
for each category of SNP pairs as in Table 2. We propose a threshold for each bin in each category of
SNP pairs, and the bins are disjoint. So, in the calculation of Equation (10), we only need to consider the
case where Sy > T, and Sz > T, and it is not necessary to consider the case Sy > T and Sy > T4. We
have the same conclusion in the calculation of Equation (11). We summarize the framework of TEPAA in
Algorithm 1.

Although the calculation is based on the assumption that the brute force approach has a power of
50%, our approach is robust to the effect size. We did simulations for different effect sizes, which generate
different power for the brute force approach. The cost saving of TEPAA is stable when achieving 1%
power loss under various effect sizes.
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Algorithm 1: Framework of TEPAA

Input: A GWAS data set with genotype and phenotype for each individual.
Output: SNP pairs associated with the phenotype.
1 Remove rare variants, categorize rest SNPs into 9 bins according to MAFs, with step size 0.05.
Precompute the thresholds for each combination of bins as in Table 2, which only depend on the number of samples
in the dataset and second-stage threshold.
For SNPs in each bin, we carry out the single marker test and sort the association statistics of each SNP in the bin.
4 For each pair of bins, we perform binary searches within the corresponding bin to determine which SNPs have
association statistics more significant than the predetermined thresholds.
5 For each of these identified pairs of SNPs, we perform the pairwise association test and report any significant pairs.

w

4. CONCLUSIONS

In this article, we proposed a two-stage model to detect SNP pairs associated with traits. The key idea
behind our method is that we model the joint distribution between association statistics at single SNPs and
association statistics at pairs of SNPs to allow us to apply a two-stage model that provides guarantees that
we detect associations of pairs of SNPs with small numbers of tests while losing very little power. We
rapidly eliminate from consideration pairs of SNPs in which high probability is not associated with the trait.
Using extensive simulations, we show that our approach can reduce the computational time by a factor of
63 while only losing approximately 1% of the power compared to the brute-force approach.

We note that in this article, we are only considering pairs of SNPs that are far apart from each other.
There is another class of methods that consider multiple SNPs close to each other (Wu et al., 2010, 2011;
Listgarten et al., 2013). These problems are completely different and characterized by very different
challenges. For example, the computational burden that is the focus of our article is different because the
number of pairs of SNPs near each other is significantly smaller than the total number of pairs of SNPs. In
addition, neighboring SNPs are typically correlated with each other, referred to as in linkage disequilibrium
(LD). Pairs of SNPs far from each other are typically independent or unlinked, which is an observation that
we leverage in our approach.

In our case, we assume that the effect of the interaction is in the same direction as the independent effects
of the SNPs. Under this assumption, the worst case scenario in terms of statistical power of our two-stage
approach is when the marginal effects are zero, which is how we determine our thresholds. If the inde-
pendent effects are nonzero, the statistical power will be higher. If the independent effects are in a direction
inconsistent with the interaction effect, then our model is not appropriate and may not discover the
interactions.

S. APPENDIX

In order to justify the assumption that we can approximate the phenotypic variance in Equation (9) with a
single uniform variance, we did extensive simulations to demonstrate the negligible effect of gene—gene
interaction on the phenotypic variance of different subgroups determined by the genotype. We first use the
phenotype CRP(C-reactive protein) of the NFBC data as a starting point, which has mean value —0.0256.
The phenotype is collected from 5,326 individuals and the variance of phenotype (¢°) is 2.65.

We simulate the genotype of one causal SNP pair in each iteration. The MAF of the SNPs are randomly
chosen from the [0.05, 0.5). In order to simulate the phenotype, the effect of gene—gene interaction f is
computed to guarantee that the brute force approach have power 50% at the 10'* significance level. Thus
f depends on the MAFs of the causal SNP pairs. After the genotype of the causal SNP is simulated, the
phenotype is simulated according to Equation (5). The phenotype of individuals with causal haplotype is
elevated with the effect size 5. We then check the variance of phenotype within each group determined by
the genotype to see whether there is significant difference. The process is repeated 10,000 iterations. The
average value of phenotypic mean and variance within each group throughout the 10,000 iterations is
summarized in Table 3.
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TABLE 3. THE AVERAGE VALUE OF PHENOTYPIC MEAN AND VARIANCE
WITHIN EAcH GROUP THROUGHOUT 10,000 ITERATIONS

Phenotype group Average mean Average variance
Ya 0.209 2.689
Y_a -0.026 2.653
Yg 0.138 2.680
Y_s —-0.026 2.658
YaB 0.378 2.652
Y ab -0.024 2.650

Y, represents the phenotype of individuals with causal allele at SNP A. Y_, represents the phenotype
of individuals without causal allele at SNP A. Y represents the phenotype of individuals with causal
allele at SNP B. Y_p represents the phenotype of individuals without causal allele at SNP B. Y,p
represents the phenotype of individuals with causal allele at both SNP A and SNP B. Y,, represents the
phenotype of individuals with causal allele at SNP A but not SNP B.

TABLE 4. THE MEAN AND VARIANCE OF DIFFERENT PHENOTYPES
oF THE NFBC DATaA

Phenotype Mean Variance
TG —-0.430 3.910
INS -0.908 7.461
DBP -0.076 126.5
BMI —-0.483 4.141
GLU -0.817 6.70
HDL —-0.431 3.809
SBP -0.124 163
LDL —-0.451 4.593
Height -0.011 39.9

TG, triglyceride; INS, insulin plasma levels; DBP, diastolic blood pressure; BMI, body
mass index; GLU, glucose; HDL, high-density lipoprotein; SBP, systolic blood pressure;
LDL, low-density lipoprotein.

We can see that the average variance in each group does not differ much, the largest difference is within
2%. We also compared the variance of two subgroups within group A, where one subgroup has causal SNP
pair AB and the other subgroup only has SNP A but not SNP B. We found that the variance of these two
subgroups are also close and within 2% difference of the variance of group A. So, although the distribution
of group A is a mixture of two normal distributions, these two normal distributions share similar variance
with the distribution of group A and the effect of mixture is negligible.

We also did simulations on the other 9 phenotypes of the NFBC data, which have various phenotypic
mean and variance, to see the effect of different phenotypic mean and variance on the approximation in
Equation (9). The phenotypic mean and variance is summarized in Table 4. Similar with the phenotype
CRP, our simulation shows that the average variance of different groups differ at most 2% for all nine
phenotypes. So we conclude that under various phenotypic mean and variance, we can approximate the
mixture of two normal distributions as a single normal distribution in Equation (9).
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