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Abstract

We study the issue of how to fairly allocate communication rate among the users of a
Gaussian multiaccess channel. All users are assumed to value rate equally and each is assumed
to have no limit on its desired rate. We adopt a cooperative game-theoretic viewpoint, i.e. it
is assumed that the users can potentially form coalitions off line to threaten other users with
jamming the channel, using this as an argument for deserving a larger share of the rate. To
determine the characteristic function of the game, we first determine the capacity region of
the Gaussian multiaccess arbitrarily varying channel, with an operational meaning of capacity
somewhat modified from the usual one, which is more appropriate to our context and permits
time sharing. We then propose a solution concept for the game through a set of natural fairness
axioms and prove that there exists a unique fair allocation that satisfies the axioms. Moreover,
we demonstrate that the unique alocation is always feasible and lies in the core of the game.
It is also shown to possess some intuitively natural qualitative properties as the signal to noise
ratio varies.

keywords: Cooperative game theory, Gaussian multiaccess channel, arbitrarily varying chan-
nel

1 Introduction

There has been aresurgence of interest in multiuser information theory. Major driving forces be-
hind this are the growth of networking, the increasing penetration of wirelesslocal access (includ-
ing multiple antenna techniques), and the drive to develop sensor networks using ad hoc wireless
networking technol ogy.



Apart from playing an obvious role in meeting the technical challenges needed to develop and
deploy such systems, we believe that information theory can aso help to provide insight into the
important social choice issues that arise from this networking explosion. By this we mean aspects
of multiple agent interaction that are normally studied in the economics iterature, such asfairness,
incentive compatibility, mechanism design, pricing, revenue maximization, budget balance, etc.
[3, 6]. When the system is modeled as having a single objective, which may be shared by the
agents or imposed from above, some of these issues disappear, and such problems fall within
the traditional domain of optimization theory. There is a well established body of such work in
the information-theoretic literature. However, much less attention has been paid to the study of
situations where the individual agents may have objectivesthat are in conflict with each other.

In this paper we make a start on the discussion of such issues by considering one of the most
basic multiuser information theory models : the Gaussian multiaccess channel. We view the chan-
nel from the point of view of the users and ask : what is a fair way for the users to choose an
operating point in the capacity region? The answer, of course, depends on what one means by
“fair”. To thisend we adopt the viewpoint of cooperative game theory. First of all, we assume that
al users value rate equally and each user has no intrinsic limit on its desired rate. We envision
subsets of the users as being able to form contracts off line that enable them to act as coalitions;
such a coalition of users can threaten the others with using its power to jam the shared channel and
can implicitly demand a larger share of the resource as a payoff to avoid the execution of such a
threat. Cooperative game theory addresses this by defining anotion called the “ characteristic func-
tion” : this associates to each subset of the players (users) a number which is the largest payoff
that they are guaranteed even if al the other players form a coalition to work against them. A fair
allocation may then be roughly defined as one that is compatible with the characteristic function
(precise definitions are given later — what we mean is that the allocation should lie in the core of
the game) and satisfies some natural set of fairness axioms. Our goal in this paper isto carry out
this cooperative game-theoretic program for the Gaussian multiaccess channel.

There are severa aspectsthat we need to address. First, we need to determine the characteristic
function of the game, and for thiswe need to solve aversion of the Gaussian multiaccess arbitrarily
varying channel problem. This problem has been known to the community for some time and the
major bottleneck to its solution is the ability, in the traditional formulation, of the jammer to use a
very skewed power distribution in itsjamming sequence, preventing the use of time sharing. In our
context it is natural to think of all users as aligned to a common underlying time frame, so we are
able to finesse this problem by working with an alternative operational meaning of capacity region
(which reduces to the usual definition in the absence of a jammer). This development is carried
out in Section 2. Secondly, we need to propose a natural set of fairness axioms for the problem.
We do this, with the notion of envy-freeness, in Section 4, after a quick introduction to standard
cooperative game-theoretic concepts in Section 3. Finally, we need to demonstrate the existence
and uniqueness of arate allocation that is both compatible with the characteristic function (in the
core) and feasible — i.e,, it is in the capacity region. We do this in Section 5. We make some
concluding remarks in Section 6. Some simpleinequalitiesthat we use in the proof are gathered in
an Appendix.



2 Capacity region of Gaussian multiaccess arbitrarily varying
channel

We first discuss the standard power constrained Gaussian multiaccess channel with an alternative
operational interpretation of capacity that yields a capacity region identical to the original one.
The reason for doing this will become apparent when we turn to the analysis of the version of
the Gaussian multiaccess arbitrarily varying channel that is necessary for us to set up the game-
theoretic formulation of the problem we are interested in.

2.1 A mildly different look at the usual Gaussian multiaccess channel

Consider a Gaussian multiple access channel with 7 usersand let Z = {1,..., I} denote the set
of users. A coding scheme at block length n for this channel is a collection of sequences of codes
{Ci(k), k > 1}, onefor each user, whereC; (k) : M;(k) — R". Here (M;(k), k > 1) isasequence
of positive integers. The coding scheme is assumed to be common knowledge to all users and to
the receiver. The coding schemeis said to satisfy power constraints” = (I'y,..., ;) if for each
i € Z,each k > 1,and each m € M;(k) we have

n
Z x? < nl};
=1

where z = (z1,...,z,) = C;(k)(m) is the codeword corresponding to message m of user i in
block k. We denote a coding scheme at block length n by (™.

Let
>k log M;(k)

nk

where the logarithm is to base 2, and let p denote (py,...,pr). We cal p the rate vector of the
coding scheme (™,

Each user 7 uses its sequence of codebooks in the coding scheme to encode a sequence of
messages block by block, being allowed to send one of M;(k) messagesin block &. Suppose user
i sends message m; (k) in block k. The received vector in block & is

pi = lirr}( inf

where z;(k) = (z1,...,2,) = C;i(k)(m;(k)) isthe codeword corresponding to message m; (k) of
user i inblock £ and z = (z1,..., 2,) IS a sequence of independent Gaussian random variables
of mean zero and variance 0. A decoding scheme for the given coding scheme is a sequence
(d(k),k > 1) whered(k) : R" — [M(k)] x ... x [M(k)] U {*}. Here [M;(k)] denotes the set
{1,..., M;(k)}. The probability of error of the decoding schemein block % is defined as

e(k) = P(d(k)(y) # (mi(k), ..., mi(k))

where y isthe received vector in block & corresponding to the users having transmitted messages
m;(k) in block & and the choices of messages in the message sets of the individual users assumed
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to be uniformly distributed. The probability of error of the decoding scheme is defined as e =
sup,~, e(k). Finally, for the given coding scheme at block length n, C™, let ¢(C™) denote the
infimum of the probability of error over al decoding schemes for that coding scheme.

We say coding is achievable at rate vector R = (R, ..., Ry) if there is a sequence of coding
schemes (C™,n > 1) such that both e(C() — 0 asn — oo and liminf, p(C™) > R. The
capacity region of the Gaussian multiaccess channel with I users satisfying power constraints [ is
defined as the closure of all achievable rate vectors.

Theorem 2.1 The capacity region of the Gaussian multiaccess channel as defined in the preceding
paragraphsisidentical to the capacity region of the channel asit is usually defined.

Proof: Theusual definition of coding at block length » differsfrom our definition precisely in that
it presumes a coding scheme where each user uses the same code in each block, i.e., M;(k) = M;
and C;(k) = C; for each k£ > 1, and aso requires that the same decoding rule be used in each
block, i.e., d(k) = d for each k > 1. Onethen hase(k) = e for each £ > 1 and the rate vector of
the code becomes p = (py, . .., pr) With p; = 262 Also, in the usual case, one has exactly the
same definition for the concept of coding being achievable at rate R as we have, only that one has
aready restricted to coding schemes using the same set of codebooks in each block.

It follows then that the capacity region of a Gaussian multiaccess channel, as we have defined
it, isno smaller than the capacity region as usually defined. For the converse, suppose we are given
a sequence of coding schemesin our sense, (C™,n > 1), such that both ¢(C™) — 0 asn — oo
and lim inf,, p(C™) > R. Then, for any § > 0, for al sufficiently large n we have p(C™) > R
where R = (R, ..., R;) with R; = (R; — §)*. Givene > 0, however small, we then also have,
for all sufficiently large n, that for every block k& > 1 of the coding scheme C(™ there is a decoding
rule for the associated family of codes Ci(”) (k),1 <i < Z,resulting in average probability of error
at most e. By applying Fano’s inequality in the usual way we then conclude that for any subset
J C T of userswe have

1
> —log Mi(n) (k) <

log(1 + ==—
ier "

where D isafixed constant that does not depend on n, k, § or e. From this we conclude that

_ 1 N
ZRig—log(Hz’eg ) + De .
ieT 2 o

Since this holds for every 6 > 0 and every ¢ > 0, we conclude that the capacity region of the
channel in our sense isidentical to the capacity region of the channel asit isusually defined. 0

2.2 Afreshlook at the Gaussian multiaccess arbitrarily varying channel

We next turn to study the Gaussian multiaccess channel where a subset of the usersform acoalition
attempting to limit the ability of the other users to communicate. We call these users the jamming
users, while the remaining users are called the communicating users. Assume, for notational con-
venience, that the jamming users are users J + 1 < ¢ < [, so that the communicating users are
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users1 < ¢ < J. We assume that communication takes places with all users using codes at block
length n to determine their input into the channel. We may then describe the overall communi-
cation system via a coding scheme with notation essentially as above, while noting the following
crucia difference : since the jamming users are no longer participating in the communication
process, we assume that the inputs to the channel of the jamming users are private knowledge to
the coalition of jammers. The sequences of codes of the communicating users are assumed to be
common knowledge to al users and to the receiver. The communicating users should be able to
communicate irrespective of the jamming strategy of the jamming users. With thisin mind we may
set up the problem asfollows:

Since the jamming users do not wish to communicate, we do not ascribe a set of messages
to such users, but rather use the notation s; (k) for the input to the channel of the jamming user
i, J+1 < i < I,intheblock k. Thus a coding scheme C(™ at block length n for a Gaussian
multiaccess channel with I userswhereusers.J + 1 < i < [ arethejamming usersis acollection
of sequences of codes {C;(k),k > 1}, one for each communicating user, 1 < i < .J, where
Ci(k) : M;(k) — R™ and acollection of sequences (s;(k),k > 1), one for each jamming user
i, J +1 < i < I, where s;(k) € R". The coding scheme is said to satisfy power constraints
L=(Iy,...,['y)ifforeach1 <i < J,each k > 1, and each m € M;(k) we have

n
Z x? < nl};

Jj=1

where z = (z1,...,z,) = C;(k)(m) is the codeword corresponding to message m of user i in
block %, and further, foreach J +1 < ¢ < I and each £ > 1 we have

Z Sij(k)z S TLFz
7=1

where s;(k) = (si1(k), . .., sin(k)) istheinput to the channel of jamming user i. Let

> iy log M;(k)
nkK ’

p; = lim inf 1< < T,
K
where the logarithm is to base 2, and let p denote (p1, ..., ps). We call p the rate vector of the
block coding scheme C(™).
Suppose communicating user i, 1 < i < J, sends message m;(k) in block k. The received

vector in block & is ;

J
y=2mk)+ X sk)+2(k)

=1 i=J+1
where z;(k) = (z1,...,2,) = C;(k)(m;(k)) is the codeword corresponding to message m; (k)
of communicating user ¢ in block k£, and z = (z1, ..., 2,) is asequence of independent Gaussian
random variables of mean zero and variance 0. A decoding scheme for the given coding scheme
isasequence (d(k),k > 1) whered(k) : R™ — [M; (k)] x ... x [M;(k)] U {x}. The probability
of error of the decoding scheme in block & is defined as

e(k) = sup  P(d(k)(y) # (m(k),. .., mi(k))

(s, (k),J+1<i<I}



where y is the received vector in block £ corresponding to the communicating users having trans-
mitted messages m; (k) in block £ and the choices of messages of the communicating usersin the
individual message sets assumed to be uniformly distributed. The probability of error of the de-
coding scheme is defined as e = sup,..., e(k). Finaly, for the given coding scheme at block length
n, C™, let e(C™) denote the infimum of the probability of error over all decoding schemes for
that coding scheme.

We say coding is achievable at rate vector R = (R, ..., R;) if there is a sequence of coding
schemes (C™,n > 1) such that both e(C() — 0 asn — oo and liminf, p(C™) > R. The
capacity region of the Gaussian multiaccess channel with I userswhereusers J +1 < i < [ are
jamming users, and satisfying power constraints I, is defined as the closure of all achievable rate
Vectors.

Theorem 2.2 The capacity region of the Gaussian multiaccess channel with 7 users where users
J +1 < < I arejamming users, and satisfying power constraints [, isa convex set.

Proof: Suppose coding is achievable at rate vectors R, and R, where R, = (R?, ..., RY%) and
R, = (R{,...,R}),andlet A € (0,1). We will show that coding is achievable at rate vector R,,
where Ry, = AR, + (1 — \)R,. Choose integers (/,,n > 1) such that = — X and consider the
sequence of coding schemes where the one at block length » is constructed by repeatedly interlac-
ing [,, blocks of the coding scheme at block length n in the sequence that verifies the achievability
of R, withn — [,, blocks of the coding scheme at block length » in the sequence that verifies the
achievability of R,,. 0

Theorem 2.3 The capacity region of the Gaussian multiaccess channel with I users where users
J +1 < < I arejamming users, and satisfying power constraints is

{(Ry,...,R;) : R;=0 forall 1 <i< JsuchthatT'; < A and Q)
> Ri<CO_Ti,A+0% forall AC[J]}
iI€A icA

where A denotes (37, , T};)% C(T', ¥) denotes L log(1 + &), [J] denotes {1, ..., J}, and for
ACI[J],Adenotes{i € A : T; > A}.

Proof: Proof of the converse : Since the jamming users are acting as a single coalition we can
think of them as a single agent, which we will call the combined jammer. This combined jammer
ispower limited to A, as can be seen from the fact that the jamming users can coherently combine
their jamming vectors.

Let1 < i < Jbesuchthat I'; < A. Consider any sequence (C™,n > 1) of coding schemes
for which lim sup,, sup,~, M" (k) > 2. We claim that lim sup,, e(C™) > L. This proves that
no vector of rates R = (R,, ..., R;) with R; > 0 is achievable. Hence the capacity region of the
channdl iscontained in the set of vectorsof rateswhere R; = 0foral 1 <i < JsuchthatI'; < A.

The proof of thisfollows Blackwell’s argument, which was also used in [1] (see the beginning
of the Appendix on page 23 of [1]). Given any ny > 0 thereisn > ny and at least one block £
with Mi(") (k) > 2. We now consider the family of jamming strategies for the combined jammer,
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indexed by M,-(”) (k), with strategy m being to use as jamming sequence (in block &, which is all
we are interested in) the codeword Cf”)(k)(m) of user i corresponding to his message m. We
think of the combined jammer as choosing one of these strategies uniformly at random. Then, for
any decoding rule in block &, the error probability in block % for decoding the message of user
i, averaged over equiprobable messages and averaged over the strategies of the jammer is at |east
i (in fact very close to % if M,»(") (k) islarge) because any decoding rule that is correct when the
message is m and the jamming strategy ism (m # m) is wrong when the message is/n and the
jamming strategy is m. This means that the jammer has a strategy whose probability of error for
decoding the message of user 7, averaged over equiprobable messages, is at least i This being
true in block %, and since the error probability of a coding scheme is given by the supremum of
the error probability over its blocks, we have e(C™) > i Since given arbitrary ny > 0 thereis
n > n, for which thisistrue, we havelim sup,, e(C™) > 1.

Next consider asequence of coding schemeswherefor al sufficiently largen we have Mi(") (k) =
l1foral k > landforall 1 < i < JsuchthatT; < A. Given A < A consider the strategy of
the combined jammer for the coding scheme at block length » which is to pick a jamming se-
guence whose components are independent Gaussian random variables of mean zero and variance
A and to use the same jamming sequence in each block. The probability that the jamming se-
guence does not meet the power constraint goes to zero asn — oo. In any block of the coding
scheme at block length n the average probability of error, averaged over equiprobable messages
and the randomly chosen jamming sequence, is bounded above by the sum of the probability that
the randomly chosen jamming sequence does not meet the power constraint and the maximum over
jamming sequences that do meet the power constraint of the average probability of error, averaged
over equiprobable messages. Since this goes to zero asn — oc it must be the case that in each
block the rate vectors asymptotically satisfy the capacity constraints for a Gaussian multiaccess
channel with noise power A + . We may now let A — A to complete the proof of the converse.

Proof of achievability :

We first need to verify that everything in the paper of Csiszar and Narayan goes through with
the following noise model : instead of the noise vector V. = (V4,...,V,) inablock havingi.i.d
Gaussian coordinates, it ismodeled as

where W = (W4, ..., W,) hasi.i.d Gaussian coordinates, W, U,, ..., U, are independent, and
each U, is chosen uniformly at random from a sphere in R™ of fixed radius.

Let R = (Ry,...,R;) beacorner point of the rate region given in the theorem. To clarify
what this means let us assume, for notational convenience, thatI'; > Aforl <:< KandI'; < A
for K +1 <+ < J and let us consider the corner point corresponding to the decoding order :
decode user 1, followed by user 2, and so on ending with user K. By this we mean the rate vector
R= (Rl,. . .,RJ) with

K
R1 == C(FlaZFz —|—A—|— 0'2)
1=2

K
R2 == C(FQ,ZFZ'—FA—FO'Q)

1=3



RK == C(FK,A+0'2)
R, = 0forK+1<i<J.

Fix 0 > 0withd < min;<;<x I2;. We will demonstrate the achievability of the rate vector R where
R=(Ry,...,Ry)withR; = (R;—d)for1 <i< Kand R; = 0for K +1 < i < .J. Fromthe
result on the convexity of the capacity region that we have proved earlier, on letting 6 — 0, this
will complete the proof.

We will show the existence of a sequence of coding schemes that verify the achievability of
R by arandom coding argument. The coding schemes that we will show the existence of will be
coding schemes in the usual sensg, i.e., they will be constant in each block. Thus we focus on any
one block of the coding scheme to be constructed at block length » and drop the notation for the
specific block under consideration.

Following Csiszar and Narayan, we change the normallzallon of power so that the additive
Gaussian noise in the channel has mean zero and variance - in each coordinate and so that each
codeword of each communicating user : and the jamming sequence of each jamming user ¢ have
norm at most /T'; respectively. )

Suppose user 1 chooses a random codebook C; asfollows: he first picks M, = 2" indepen-
dent vectors in R", each uniformly distributed on the sphere of radius 1, call them z,,, ..., z;,;,-
These are scaled by /T'; to give the codewords z;, = /T'12y;,,1 < i; < M;. Users2 through K
choose their random codebooks by an anal ogous procedure.

The average probability of error of maximum likelihood decoding for user K, assuming that
users 1 through K — 1 have already been correctly decoded, when the jamming users use jamming
sequencess;, J +1 < i < ITandusers K + 1 < i < .J send the zero vector, is given by

eK(ﬁ) = M—K Z P(HEKiK + Z s, +W _iK]’KHQ < || Z S; +w”2
ig=1 i=J+1 i=J+1

for some jx # ik ) .

This should be thought of asarandom variable, whichisafunction of the realization of the random
codebook Cx aswell ass = (s;, J +1 < i < I) Here W = (W4,..., W,) with coordinates that
arei.i.d. Gaussian with mean zero and variance >~

Fix 1 < k < K. The average probability of error of maximum likelihood decoding for user £,
assuming that users 1 through £ —1 (thissetisempty if £ = 1) have already been correctly decoded,
when the jamming users use jamming sequencess;, J + 1 <i < ITandusers K +1 < ¢ < J send
the zero vector is given by

g A Z ([|zks, + Z 2y, + Z s+ W — xkjk“Z

k=1 I=ht1 =711
K I
< >0 my + Y s +W|* for some i # i) -
I=kt1 = T+1

Here i, for k + 1 < [ < K arethought of as random, uniformly distributed on [M/;] respectively.
Also, é,(s) isthought of as arandom variable which isafunction of the realizations of the random
codebooks Cy, throughto Cx aswell asof s = (s;, J +1 < i < I).
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Foreach1 < k < K, let &, denote sup, éx(s). Again these are thought of as random variables
dependent on the realization of the random codebooks.

We now consider the expectations of each of these quantities, taken over the distribution of the
random codebooks. Consider first the expectation of é;. On the event that the random codebook
Ck is derived from scaling a set of unit norm vectors that satisfy the conditions of Lemma 1 of
Csiszar and Narayan, ¢ is pointwise dominated by -,, for some ~,, — 0 asn — oo. Further, the
complement of this event has probability bounded above by 7, for somer,, — 0 asn — oo. Hence
the expectation of e isbounded above by some «,, where ,, — 0 asn — oc.

Next consider any 1 < k£ < K. On the event that the codebook C, is derived from scaling
a set of unit norm vectors that satisfy the conditions of Lemma 1 of Csiszar and Narayan, e is
pointwise dominated by ~,, for some v, — 0 asn — oo, where in making this claim we appeal
to the extension of the resultsin Csiszar and Narayan to noise models which are of the extended
type discussed above, the saient point being that we now treat the entire vector >, xy, + W
as anoise vector (where we recall that for each £ + 1 < [ < K wethink of i, asarandom variable
drawn uniformly at random from [}/;]). As before the complement of this event has probability
bounded above by 7, for some 7, — 0 asn — oo. Hence the expectation of ¢, is bounded above
by some o, where o, — 0 asn — oo.

We may therefore find realizations of the codebooks C,,1 < k < K such that for these real-
izations each of the quantitiesé,, 1 < k£ < K isbounded above by «,,, where ;;, — 0 asn — oo.
This compl etes the proof. 0

3 Cooperative games

In Section 2 we have characterized the capacity region of a Gaussian multiaccess channel when a
subset of users form a coalition of jamming users. The formation of such coalitions will depend
on the offered rates to each individual user by proposed coalitions. In other words, a user will join
acoalition of communicating usersonly if it feelsthat it is getting afair share of the available rate
based on its perception. A natural question that arisesin such a scenario is how these users should
alocate the available rate among themselves, given the possibility of forming different coalitions
among themselves. Providing a plausible answer to this question for the Gaussian multiaccess
channel is the main aim of this paper. We approach this question via cooperative game theory. In
this section we therefore first briefly review the language of cooperative game theory [4].

LetZ = {1,2,---,1} bethe set of players. The problem is to decide how to allocate some
fungible quantity between the users (in our case this quantity is communication rate), which we
will call value. A key assumption isthat all the users have a shared notion of value. A non-empty
subset of 7 is caled a coalition. The basic mathematical object that describes the game between
the playersis its characteristic function. Thisis a function v defined on the subsets of Z, which
associates to each S C 7 the maximum value that the playersin S can acquire from the game
regardless of what the playersin Z \ S do. Namely, the playersin S, acting as a coalition, can
guarantee themselves as a group the value v(.S) even if the playersin Z \ S, acting as a coalition,
work to minimize the total value achieved by the playersin S.

In the Gaussian multiaccess channel viewed as a game, »(.S) for a subset of users S C 7 is



seen, from Theorem 2.3, to be
v(S) = C(Tg,Ans +0%) )

WhereAI\S = (ZieI\S \/F_i)2’ S = {Z €S | r;, > AI\S}; and Fg = ZZGS‘ I;.
It is generally assumed that the characteristic function should satisfy the following two proper-
ties:

(i) Thevalue of characteristic function for an empty set is zero, i.e., v(0)) = 0.

(i) Supposethat S and T are two digoint codlitions, i.e.,, S NT = (). Then,

v(S) +v(T) < v(SUT) (superadditivity) )

In our case, these properties are apparent. The truth of the second property is most easily seen
from the obvious fact that the sum of the sum rates achievable by two digoint coalitions of users
each acting separately when its complementary set of users actsto jam it isno bigger than the sum
rate that can be achieved when both these sets of users group together to form a single coalition
whose complement is then acting to jam it.

An imputation for an /-person game v isavector x = (x4, - - -, xy) that satisfies (i) Y ez v =
v(Z), and (ii) z; > v({i}) for @l i € Z. One can argue that any proposed allocation of value
among the users that is not an imputation is unreasonable. Thisis because, first of al thereis no
point in leaving some value unallocated so the first condition had better be satisfied, and second, if
some user is given an alocation that is less than what he/she could get by acting unilaterally even
when everybody else forms a coalition to work against him/her, this user will not be satisfied with
the proposed allocation.

We say that an imputation = dominates another imputation y through acoalition S'if (i) x; > ¥;
forali € S, and (i) >;csz; < v(S). Also, we say that = dominates y if there exists some
coalition S such that = dominates y through S. One can argue that any proposed allocation of
value among the users that is dominated by another allocation is unreasonable. Thisis because if
the proposed allocation (necessarily an imputation), say ¥, is dominated by some other imputation,
say x, through a subset of users S, then the usersin S will find it to their advantage to disregard
the proposed alocation, since they can act as a coalition to guarantee each of them a strictly better
alocation even when theusersin Z \ S work as a coalition against them.

The set of al undominated imputationsis called the core of the game, denoted by C'(v). With
the axioms we have assumed on the characteristic function, one can show that C'(v) isgiven by the
set of imputations that satisfy > ,cqz; > v(S) foral S C Z. Also, what we have argued so far
suggests that any proposed allocation of value among the users must lie in the core of the game if
it isto be considered reasonable.

Here it is necessary, unfortunately, to point out a key problem with cooperative game theory :
there are examples of games where the core can be empty. Such games would then seem to have
no reasonable solution. On the other hand, in many examples the core is nonempty and for such
games (of which, as we will prove, the Gaussian multiaccess game is one) the core provides a
natural starting point in the search for reasonable solutions. However, for most games, including
the one we are interested in, the core has more than one element. Thus one needs some additional
natural set of axioms to further restrict the set of reasonable solutions. We will carry out this
program for our game in the next two sections. To end this section, we mention another very
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popular axiomatic approach to the search for a notion of solution for a cooperative game, due to
Shapley. Our purpose in describing the Shapley approach is only for completeness : axiom (a3) in
the axiomatic formulation below is not natural for the class of games we consider, since there is
no natural way in which the sums of the characteristic functions of two of our gamesis physically
relevant. Indeed, the Shapley value aso suffers from another problem, in that it can result in an
alocation that is not in the core, as we will later show it does in our game. Nevertheless, being
such a popular concept, it merits some discussion.

Let 7 be a permutation of the set of players Z. Then, we denote by 7v the new game « such
that, for all S = {iy,---,is} CZ, u({nw(iy), 7(i2),---,7(is)}) = v(S). Clearly, this new gameis
the game v with the roles of the players interchanged by the permutation 7.

Shapley proposed to study an allocation of value ¢[v] in game v that satisfies the following set
of axioms:

al. Additive partition of the value of the game: >,y éi[v] = v(Z).
a2. Invariance under permutation: for any permutation  and i € Z, ¢ ;) [mv] = ¢;[v].
a3. If uw and v are any two games, ¢;[u + v] = ¢;[u] + ¢;[v].

He showed that there is a unique function ¢ defined on all games that satisfies the axioms above.
It isgiven by

(t—1)!(n —t)!

n!

gilv] = Y

TCN ieT

(0(T) —o(T' = {i})) , (4)

wheret = |T'|. Thisallocation is called the Shapley value of the game.

4 An envy-freeallocation of rate

In the preceding section we have already implicitly introduced our notion of the Gaussian multiac-
cess game through definition of its characteristic function, given in equation (2). Communication
rate plays the role of value in our game, and the maximum value that a coalition of users can get
even when the other users work as a coalition against them is the maximum sum capacity of the
corresponding Gaussian multiaccess arbitrarily varying channel, whose capacity region we char-
acterized in Theorem 2.3.

In this section wefirst discussthe core of our game. The core can be immediately written down
as the set of allocations satisfying a set of linear inequalities determined from the characteristic
function, aswas mentioned in Section 3 —all thisusesisthat the characteristic function of our game
is superadditive. The most important point for usisthat the core contains all feasible imputations,
as demonstrated in subsection 4.1. We then propose a natural set of fairness axioms which we
will work with in Section 5 to propose an alocation in the game that is uniquely defined as the
one satisfying our axioms and will turn out to be both feasible and in the core. Thisis donein
subsection 4.2. Finally in subsection 4.3 we briefly return to the Shapley value and give a simple
example of a Gaussian multiaccess game where the Shapley value is neither feasible nor in the
core.

11



4.1 Thecoreof a Gaussan multiaccess game

Recall that the capacity region for a Gaussian multiaccess channel, which can be thought of as
the capacity region corresponding to the game when all the users form a single communicating
coalition, is given by the set of rate vectors satisfying

S Ri< C(Ta, 07 forall ACT . (5)
i€EA

We denote the set of rate vectors R that satisfy (5) by C. The main result about the core of our
gamethat interests usisthe following :

Proposition 1 The core of the game C'(v) contains {R € C | ¥;cz R; = C(I'z,0%)}.

Proof: We show that if R belongsto the capacity regionand 3°,.; R; = C(I'z, 0?), then for all
S C1T,

Y Ri > C(Ts,An\s +0°) > 0(S).

€S
This can be easily shown from the following:
ZRZ = C(FI,O'z) - Z R]'
icS JET\S
Z C(FI, 0'2) — C(FI\S, 0'2)
= C(FS, )\I\S + 0'2) 5

where the inequality follows from the capacity constraint in (5) with A =7\ S. 0

One sees from this result that the core of our game is not empty. In fact, all imputationsin C
belong to the core, and so it is also the case that the core is not unique. Therefore, to arrive at a
reasonable allocation that serves as a solution for the game, we need to propose a natural system
of axioms that one can argue the alocation should satisfy. This allocation should, of course, aso
be feasible for it to make sense. We now turn to thisissue.

4.2 Fair allocation

We now propose an axiomatic system to define afair allocation in our game. The first two axioms
of Shapley (axioms al and a2) which require efficiency and invariance under permutation respec-
tively, are both natural requirements : there is no point in leaving some rate unallocated, and any
solution concept that yields different values for the same player if they are labelled differently is
hardly natural. Hence, we impose the following two axioms:

(f1) Efficiency or Pareto optimality: >, v;(v) = C(T'z, 0?).
(f2) Invariance under permutation: For any permutation m and i € Z, ¢;(v) = 1) (mv), where

v isthe permuted game.
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To these, we add a third axiom based on the notion of envy [2].* The second axiom of Shapley
states that two users with the same power constraint should receive the same rate. Now suppose
that we take two users 7 and j such that I'; > I';. Then, clearly user i can act as if its power
constraint were also I'; instead of I'; by not consuming all of its power constraint. Let this new
game with user i's power constraint reduced to I'; be denoted by v*/. We say that user i envies
user j if ¢;(v) # 1;(v™7), and we measure it by the difference ¢;(v) — 1;(v*7). Based on this
definition of envy we impose the following fairness constraint:

(f3) Fairness (or envy-free allocation)
Z @Z}j(U) — @Z)Z'(Ui’j) = Z wj(v) — @Z)Z'(Ui’j) =0 fordlie I,
{g#iIl0; <T'i} {a#il; <Ti}

where the first equality is a consequence of axiom (f2).

We will show in the following section that axiom (f3) is equivalent to the stronger requirement that
foraland j suchthat I'; > I';

¥j(v) — ¢i(v) = 0. (6)

Also in that section we will show that there is a unique allocation satisfying our axioms and this
allocation isfeasible and in the core.

4.3 About the Shapley value

To end this section we briefly discuss the popular concept of Shapley value, even though we have
argued that the axiom system underlying this concept is not appropriate for our game. We give an
example of a Gaussian multiaccess game where the Shapley value is not feasible and does not lie
in the core.

Consider the following example: there are three userswith 'y, = 10.1,Ty = 10, and '3 = 1.
The noise power is given by o2 = 10. In this example, from (4), the Shapley value of user 3 is

o] = 5 (0({31) — o) + 2 (0({1,3)) — o({11) + (o({2,3)) — v({2}))
2 (0({1,2,3)) — o({1,2)))
= %( 0) + é((C(lO.l, 20) — 0) + (0 — 0)) + %(0(21.1, 10) — C(20.1,11))
= 0.07206 .

However, the rate of user 3 cannot be larger than C'(T';,02) = C(1,10) = 0.06875 from the
capacity constraint in (5). Therefore, the Shapley value of this game does not belong to C.

In addition, one can see that the Shapley value of the game does not belong to the core of the
game by realizing that ¢ [v] + ¢[v] = C(21.1,10) — ¢;[v] < C(20.1,11) = v({1, 2}).

1The definition of envy is slightly modified in our context from the reference.
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5 Existence, uniguenessand propertiesof afair allocation

In this section we first show that there exists a unique function ), defined on al games, which
satisfies axioms (f1) - (f3) in Section 4.2, and then prove that the unique allocation always lies
in the capacity region, i.e, it is feasible. Since the allocation is efficient it then follows from
Proposition 1 that it isalso in the core. Without loss of generality we assume that users are ordered
by decreasing power constraint I"; throughout the rest of this paper.

5.1 Existenceof afair allocation

Theorem 5.1 There exists a unigque rate allocation that satisfies axioms (f1) through (f3).
Proof: Consider the following rate allocation: for al i € 7

C(ili + Xjoina 1, 0%) — Tjmipr 95 (v)
oilv) = B ™
One can seethat such an allocation can be easily computed recursively, starting with user 7. Axiom
(f1) istrivially satisfied by construction. Suppose that there aretwo usersi and i+ 1 such that I'; =
[';41. We show that ;(v) = ¢;41(v). In order to show thiswe provethat foral £ =1,---,7 — 1,
CkTy +t,  Ti,0%) = C(kTjyy + X0, T, 02
ou(0) — ) = D F e ) ORI T i ) g

This can be proved by showing that the sum of the right-hand side of (8) and ¢, (v) from (7)
equals ¢, (v) asfollows.

CkTy + Xi—pi1 gy 0%) = C(kDpir + Xy T, 07%)

ors1(v) + i
_ C(kaH + E§:k+1 Fja 02) B Eyl':k+2 ¥ (U)
k+1
+C(ka + Z]I':kJrl Fj; 02) - C(ka+1 + Z]I‘:k+1 Fja 02)
k
_ 1 (C(krk + i r, o) — SUEF Dlkn & Sjekia D 0%) + k Ej @j(v))
k Pt kE+1
_ CO(kTy + Eyl':k+1 Tj,07%)
- k
1 C((k+ 1)Ly + Z]I':k+2 Tj,0%) — Z]I‘:k+2 wj(v) + (k+1) Z§:k+2 @i (v)
k k+1
O+ i1 Ty, 0%)
N k
1 (C((k+ 1)k + Z§:k+2 j,0%) — Z§:k+2 p;(v) !
—% 1 + > wi(v)
j=k+2
_ C(kTy + Z§:k+1 L'y, ‘72) - (SOIH-I(U) + Z]I‘:k+2 goj(v))
- k
= or(v) .
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From (8) one can see that if I'; = T';,4, then ¢;(v) — v;11(v) = 0. Hence, this proves that the
allocation given by (7) satisfies axiom (f2).
In order to show that axiom (f3) is satisfied, we first prove the following Lemma.
Lemmal For all i and j suchthat T'; > ['j, ;(v™7) = ¢;(v).
Proof: This can be easily shown from
CT; + Zi:jﬂ Ty, 0%) — Zi:jJrl i (v™)
J
CyT; + Zi:jﬂ Ty, 0%) — Zi:jﬂ wr(v)
J

pi(v') =

=¥ (U) )
where the first equality is a consequence of axiom (f2), and the second equality follows because
foral k > 7, or(v) = @r(v"7), i.e, therates of users k > j are not affected by the replacement of
power constraint of user by that of user j as can be seen from (7). 0

Now axiom (f3) holdstrivialy from
Y. (piw) —piw) = > (0)=0.
{7>i|l;<T;} {7>i|l;<T;}
Note that, combined with Lemma 1, axiom (f3) implies the stronger condition given in (6) under

o(-).

5.2 Uniqueness of thefair allocation

We now prove the uniqueness of rate allocation that satisfies axioms (f1) - (f3). Fori = 2,---, 1,
let w7, j < 4, be the game where the power constraints of the users are given by T,
0o I j<k<i
7 T, otherwise
Leti = I. From thefairnessconstraint in axiom (f3), we havey;_; (u>' =) = ¢;(v) = ¢ (u’ 7).
Starting with j = I — 1 repeatedly applying the fairness requirement to user j — 1 in game v/
withdecreasing j,j = 2,---,1 — 1, yields

¢j—1(ul’j_1) = @/}j(ul’j_l) == (u) = (v)

which, for j = 2, gives us ¢;(v) = M from axiom (f2) since al users have the same

power constraint I'; in game "~ Following similar stepswith v/, j = 1,---, I — 1, also leadsto
wj(vj,l) — wl(v) — C(I-FII,U )_

Decrease i by one, i.e., let i = I — 1. Following the above argument starting with j = ¢ and
successively applying the fairness requirement to «*/—! with decreasing j yields

i) = © (0(¢r,-+ S Teot) - 3 wk(v)) — oi(v) | )

b k=it1 k=i+1
Repeating this procedure after decrementing ¢ by one until 7 = 1 leadsto (9) foral i =1,---,1.
This completes the proof. 0
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5.3 Onthestructure of thefair allocation

We now provide an intuitive way of understanding the structure of the fair allocation whose ex-
istence and uniqueness was demonstrated in the last two subsections. Consider the following
scenario. Initialy al users start with the same power constraint I";, where each user receives a
rate of CU%’”Z) Now suppose that user I — 1 decides to unilaterally increase its power con-
straint to I';_;. Then, since user I — 1 was willing to pay the price of increasing its power
constraint (assuming that it finds this decision beneficial), the increase in the total rate, namely
C(Cry+ (I —1)-Ty,0% — C(ITy,0?), should be assigned to user 7 — 1, while the rates of the
other users remain the same. Suppose now user I — 2 paysthe priceto increase its power constraint
to[';_;. Then, the gain enjoyed by user I — 1 before should be shared with user I — 2 as well.
More specifically, the increase in the total rate C'(2I';_; + (I — 2) - 'y, 0%) — C(IT', 0%), should
be equally shared by users I — 2 and I — 1. Similar arguments can be made when another user
unilaterally changesits power constraint. The rate alocation in (7) the allocation scheme resulting
from this thought process.

5.4 Feasbility and reasonableness of the fair allocation

We now demonstrate that the rate alocation ¢(v) liesin the capacity region, i.e. it feasible, and
then show that it isin the core of the game.

Theorem 5.2 The rate allocation given by (7) lies in the capacity region, i.e, for all S C Z,
Yics pi(v) < C (Xies I, a?).

Proof: Before we prove the theorem we note that several smple inequalities will be used in the
proof, al of which can be obtained from the strict concavity of log function. These are gathered in
the Appendix.

We prove the theorem by induction. If thereis only one user, the theorem istrue. Now suppose
that the theorem holds for any set of k users, k =1, - - -, K. We now show that the theorem istrue
for any set of K + 1 users.

Let ZK+! = {1,---, K + 1} be the set of users and denote the game by v. We let S7 =
K+ {j}, where j € Z¥+!, and denote the game only with the usersin S7 by +7. In order to
prove that theorem holds with ZX+1, it suffices to show that, for all j € Z5+!

@i(v7) > @;(v), i #j . (10)

Eg. (10) tells us that when a new user enters the game, the rate of the existing users strictly
decreases. Therefore, from the induction hypothesis, for all strict subsets S of ZX+! we will have
Yies i(v) < C(Ties i, 0%) = Yicg 0i(v¥), where v¥ is the game only with usersin S. Thus,
the theorem will follow.

We consider the following threecases: (1) I'; = 'k, () I =T, and () I'y < T'j < Ty
case (1). I'; = 'kt Inthis case, from axiom (f2), without loss of generality we assume that
j = K + 1. First, from (7) and (8)

er(v) = pr11(v) + (Pr (V) — Pr+1(v))
C((K + 1)FK+1,O'2) C(KPK + FK+1,O'2) — C((K + 1)FK+1,O'2)
K+1 + K
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O(KPK+FK+1,O'2) O((K+1)FK+1,O'2)

K K(K+1)
pi(v )
E (C (K Tk,0%) = C(K - Tk + Tipn,0°) + %HC((K+ 1)FK+1702)>
> ( (K + 1)lk1,0%) = (C((K + Dl cr,0%) = C(K Ty, 02))>
>0,

where the first inequality follows from (23) (withz = K - ['yyq,y = K - 'y, and z = '), and
the second inequality from (24) (withz = I'y,4, and z = 0). From (8) and (26), one can show that
forali=1,---, K — 1,

.| =

K+1 K+1
0i(v) — pir1(v) = = (C’(iFi + Y ;0% = Ol + Y. Fj,02))

j=i+1 j=i+1

1 K K
S - (C’(zl“l + Z Fj,0'2) - C(ZFZ_H + Z Fj,0'2))
t j=it1 j=i+1
= SOi(UK+1) - <Pi+1(UK+1)
where the equality holdsonly if I'; = I';,4. Eq. (10) now follows from the above two inequalities.
case (2). I'; = I'y: Again, from axiom (f2), without loss of generality we assumethat j = 1. This
case follows directly from (8) and (25) because, foral : = 2,-- -, K,

1 K+1 K+1
SOi(U)—SOiH(U):; C(ili+ Y Ty o0?) =C(iTip1+ Y Th,0?)

k=i+1 k=i+1
1 K+1 K+1
< - C(i—1DIi+ > Ty0?) = C(Gi — iy + Y. Tg,0”) (11)
17— 1 k=i+1 k=i+1

= @i(v') — i (v') .
and ¢ 41(v) = g C((K + 1)k 11,0%) < C(KTk41,0%) = o (v').
cae (). I'1 <I'; < I'kyq: Similarly asin (11), we haveforall i = 5 +1,-- -, K,
i(v) = pin (v) < @i(v?) =i (v?) and @i ia(v) < pra(v?). (12)
We first show that, forall I'; € [['j4, ;4]
wic1(v) = 0i1(v) <@ (V) = @i (V7). (13)

Suppose that I';_; = I';44. Then, (13) istrivialy true from axiom (f2). Hence, we assume that
I';_y > T'j41. Onecan show from (7) that ;i (v) — ;41 (v) isstrictly decreasing in I'; over the
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range[T;;1, ['j_1]. Thiscan be shown asfollows. Supposethat I'; < I';_; and A is some positive
constant suchthat 0 < A <T',_; —I';. Then, one can show that

@i-1(v) — @it (v)
1

:.—1(0((j—1)rj1+in,02>—0 G-1r +ZF“U )

J— i=j

1 I
‘|‘; (C(]FJ—F Z Fi,O'Q)—C(j'Fj+1+ Z FZ’,O'Q))

i=j+1 i=j+1
_CU - DT+ 5, Tie?) OG- DE, + 50, T 0?)
J—1 jG—1)
_C(j T+ Ez‘I:jJrl L, 02)
J
JCU DL+ A+ EL T o) OG- +j- A+ 5Ty 07)
j—1 jG—1)
O -Tim+ im0’
J
1 I I
= ]j (O((] — 1)1—‘]‘71 + A + ZFi702) - O((] - 1)(F] + A) + A + ZFi702))
i=j =]
1 I
+-= C( F —|—A Z F“O' ] j+1+ Z Fi,O'Z)
J i=j+1 i=j+1

where the inequality follows from the strict concavity of log function. Hence, it suffices to show
that (13) istruewithI'; = I';;, asfollows:

Pi1(v) = @in(v) = i (v) = p;(v)

1 K+1 K+l
= (O((j D+ Y Tho?) = C((G -V + Y me?))
k=j k=j

<L (c((j SOt Y Tee?) OG- Dt Y Fk’”2)>

a k=j+1 k=j+1
=pj-1(v") — o (v)

where the inequality follows from (26).
Now we show that forali=1,---,5 — 2,

0i(v) — pir1(v) < @i(v)) — @it (V7). (14)

Thisfollowstrivially because

SR

0i(v) — pip1(v) =

I I
(C’(i-l“i—l— > To?)=Cli-Tipi+ Y Fk,02)>

k=i+1 k=i+1
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<=

.| =

(0( T; + Z Tk, 02) — C(i - Tiyy + 213 Fk702)>

k=i+1,k#j k=i+1,k#j
= i(v’) = @i (V')
where the inequality istrue from (26). Eq. (10) now follows from (12) - (14). 0

Theorem 5.3 Therateallocation ¢(v) isin the core of the game.

Proof: Thisisasimple consequence of the fact that the core contains al imputationsthat arein
C and ¢(v) isan imputation (from axiom (f1)) and liesin C from Theorem 5.2. 0

5.5 Qualitative propertiesof the fair allocation

Finally, we investigate how the allocation ¢(v) changes as one varies the noise power o2. In order
to make the dependence on o2 explicit we denote by 7 (v) the rate alocation given the noise
power o2

Theorem 5.4 Therate allocation 7 (v) satisfies the following: for all 4, j € Z suchthatI'; > T';

(1
(2) limyey %% —1.

. 7)1
(3) llmo-QToo W = F_z

From (1) - (3) for any ¢ and j suchthatI'; > I';, we have

piv) T

ei(v) T T

Proof: Thefirst property can be proved by showing that forall k = 1,---, 7 — 1,and e > 0,
i (v) — pii(v) > Piri(v) — oiis(v)
e (v) — 90k+1( v) 90k+1( v) — @k+2( v)

where '/, and ¢, , (v) are defined to be zero. Herewe assumethat I'y, > I'y4q > [';4» and show
that a strict inequality holds. The other cases can be handled similarly. After some algebra we get

1<

(15)

pp () — erdi(v) _ (O (WTh + Zfa Dy (0 + 9?) = O (Mlut + Zf oy T (0 + 9%)
or(v) — o (v) (€ (kDk + X1 Tj,02) = C (K1 + Sy Ty, 02)]

log (k(rk Fk+1)+(0'+€) +krk+l+Z] k41 ]>

B (o+¢€)2 +ka+1+E] k-‘rl (16)
log (’f(Fk Fk+1)+02+krk+l+zj k1 L )

Uz+krk‘+1+2j=k+l r;
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and

Pri(v) — @ZIS( )
Pia(v) = PRya(v)

B [C ((1‘7 + 1)Fk+1 + X2 D (0 + 6)2) -C ((k Dly2 + Xj o Ujy (0 + ) )]
N ((k + 1)1+ e D ) (k Dlkyo + X pya D )]

(k+1 (Crg1—Thia)+(o+e)2+(k+1) Fk+z+E] —kt2 >

(o+€ 2+(k)+1)Fk+g+Z] il

log (k+1)(Tr41— Fk+2)+02+(k+1)rk+2+2] k+z
o2+ (k+1) Fk+2+z —kga i

( (k+ D)% 11+ (o+e) +E] k42 ])

0'+E k-l—l Fk+2+z —k+42 ]

( k+1)Fk+1+02+2J jro L >

24 (k) Dh g2t

(17)

j= k+2

Let v = k(Fk — Fk—l—l)u o = (lﬂ? + 1)(Fk+1 — Fk+2), and ﬁ = (li? + 1)Fk+2 + E;:k—l—? Fj. Then,

o+e o+e M
o7 (v) — ptiv)  log (L)

= ) (18)
07 (v) — @i (v) log (vj;gjriz?:ﬁrﬂ)
ot ot (o+€)*+a+B
eiti) - eiist) _ o (Gits’) as)
Pi(v) — ofo(v) log (”fﬁ;ﬁ)
One can show that (18) isastrictly increasing function of + and
+(o+€)?>+a+8
hmbgeamﬂaﬁ): o’ +a+p
+o2+a+p 2
710 10g(ym) (c+e2+a+p
by L'Hopital’s rule. In order to prove (15) we now show that
o’tatf piii(v) — opis(v) 20)
(c+e)?+a+8~ i (v) =@l ,(v)
From (19)
g—T€ gT€ M
901@1—1 (U) gkaQ(v) . log ( (0+€)2+p )
a - o2 +atp
S0k+1 (,U) g0k+2(7)) log (W)
_log((o+€)>+a+ ) —log((o +€)” + ) (21)

log(o2? + a + 3) —log(o? + )
From (20) and (21) it sufficesto show that for al o/, 0 < o’ < a we have

srlog(lc+e’+B+a) A +f+ad P+ f+a
aa,log((f?—l—ﬁ—i—a’) (042 +B4+a T (0+e2+B+a
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because

2 ' 2
(21) < sup 0"+ B+« < 0"+ f+

ocar<a (C+E2+B+a ~ (c+e)2+B+a’ (22)

Sincethefirstinequality in (22) isstrict for any positive o and (18) isstrictly increasing in +y, under
the assumptionthat I'y, > I'y,1 > [’y 2, theinequality in (15) isstrict. This completes the proof of
the first property.

We now prove that lim,z :ZZ—EZ; = 1. In order to show this, it suffices to show that, for all
k=1,---.1-1, AW=2n ), ) g54 4 0. This can be easily shown as follows. From (7)

©7 (v)

07 (v) = M — oo aso | 0. Onthe other hand, from (8)

_ C(kTy + Z§:k+1 L', 02) — C(kDgy1 + E§:k+1 L', 02)

Pr(v) — i (v) = k
_ C(k(Ty = Thy1), 0% + ETppn + Z]I':kJrl ;)
- k
. C(k(Tk — Tky1), k/EkJrl + 3 L)) 2501 0.

Thus, the difference ¢ (v) — ¢, (v) is decreasing in o and lim,,, (2 (v) — ¢4 (v) ) isfinite for

alk=1,---,I—1,whereaslim, , ¢ (v) = co. Therefore, ZEEZ; llaso | Oforalk=1,---,]1.
I

To prove the last property we show that forall k =1,---,7 — 1,2

o7 (v) — Crt1 (v) - L'y — T

aso 1 oo.
Pht1 (v) — ‘10%-1-2(”) Iii1 — Digo

The rest can be easily proved from that - log(1 + z) = rama- From (8)

W)~ gfn(@) (41 C(kCk—Tr), 0"+ Ter + 5y T)
P (V) = @ie2(0) k- C ((k+1)(Tesr — Tiya), 0 + (k+ Dlgpa + Xy, 1))
|

FIchl - Fk+2

aso 1 oo by L'Hopital’srule

This completes the proof of the theorem. 0

Theorem 5.4 tells us that when the signal-to-noise-ratio (SNR) is high for all users, their rates
are roughly the same, while when the SNR is low, their rates are approximately proportional to
their power constraints. In the two users case when the noise power isvery small, i.e.,, high SNR,
the constraint that R, + Ry < C (I'; + I'y, 0?) becomes the dominant constraint. Hence, the allo-
cation is mostly governed by this constraint and both users receive roughly the same rate. On the
other hand, if the power constraints of the two users are quite different and the noise power is high,

2Herewe assumethat Ty 1 > Tgyo.
3Recall that the logarithm is to base 2 in this paper.
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i.e., low SNR, then the constraint on the rate of the user with smaller power constraint becomes
more active. Therefore, therate alocation is close to the intersection of these two constraints. Sim-
ilar intuition carries over to multiple user cases. Thus, in conclusion, we have also demonstrated
some pleasing and natural properties of the fair rate allocation as the noise power varies.

6 Concluding remarks

We have studied the issue of how to fairly allocate communication rate among the users of a Gaus-
sian multiaccess channel. We adopted a cooperative game-theoretic viewpoint which presumed the
ability to make contracts offline based on threat strategies and the potential formation of coalitions.
Contributions of the paper included (i) determining the capacity region of the Gaussian multiac-
cess arbitrarily varying channel (albeit with an alternative operational definition of capacity which
avoids the main technical difficulty of the usual approach); (ii) determining the characteristic func-
tion of the Gaussian multiaccess game; (iii) proposing a natural set of axiomsthat afair allocation
should satisfy; (iv) proving the existence and uniqueness of afair allocation that satisfies these ax-
ioms; (v) demonstrating that this fair allocation is feasible and reasonable, in the sense that it lies
in the core of the game; and finally (vi) demonstrating some nice qualitative properties of the fair
allocation as the noise power varies. We also briefly touched upon the Shapley value as a solution
concept, even though we argued that the axioms underlying this concept are not natural for our
game.

Our main motivation for undertaking this study was to explore the intersection of the two rich
fields of cooperative game theory and information theory. We believe that investigations in this
intersection can have a valuable role to play in bringing information-theoretic ideas to bear on the
social choice issues that arise in multiuser communication systems where the agents might have
diverse objectives.

7 Appendix

Here we gather some simple inequalities which the reader will have no trouble verifying in a few
minutes.

o Ify>z>0andz > 0, then
C(.’L‘ + Z702) - C(.’L’,O'Q) > C(y + 270-2) - C(y702) ) (23)
and the equality holdsonly if y = .

e Ifz>0andz > 0,then
C((k+ D)z +2,0%) > (k+1) (C((k+ 1o + 2,0%) = Clhz +2,0%))  (24)

wherek e N ={1,2,---}.
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e lIfy>zx>0andz > 0,thenfork=2,3,---,

1
- (C(ky +2,0%) — C(kz + 2, 02))

< 1 (C((k — Dy +z0%)-C((k—1)z+ 2,02)) (25)
and the equality holdsonly if z = y.
o If 2y >z >0andy >z > 0,thenforal k e N
C(ky + 21,0%) — C(kx + 21,0°%) < C(ky + 20,0%) — C(kx + 23,07) , (26)
and the equality holdsonly if y = .
e Ify>x>0andz > 0,then
C(ky + z,0°) — C(kx + z,0?)
>k(C((k =1y +y+20") - C((k—y+z+20%) . (27)
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