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NUMERICAL APPROXIMATION OF SOLUTION DERIVATIVES
OF SINGULARLY PERTURBED PARABOLIC PROBLEMS
OF CONVECTION-DIFFUSION TYPE

J. L. GRACIA AND E. O’'RIORDAN

ABSTRACT. Numerical approximations to the solution of a linear singularly
perturbed parabolic convection-diffusion problem are generated using a back-
ward Euler method in time and an upwinded finite difference operator in space
on a piecewise-uniform Shishkin mesh. A proof is given to show first order
convergence of these numerical approximations in an appropriately weighted
Cl-norm. Numerical results are given to illustrate the theoretical error bounds.

1. INTRODUCTION

The solutions of singularly perturbed problems typically contain steep gradients
in narrow regions of the domain, often referred to as layer regions. Layer adapted
meshes, such as piecewise-uniform Shishkin meshes [5] or Bakhvalov meshes [4],
have been designed to concentrate a significant proportion of the mesh points into
these layer regions and thereby generate pointwise globally accurate piecewise—
polynomial approximations to the continuous solution, irrespective of the size of
the singular perturbation parameter. An additional feature of these layer-adapted
meshes is that accurate approximations to the first derivative of the solution can
be easily generated. For ease of reference, we shall refer to this additional feature
of layer-adapted meshes as fluxz-capturing. In this paper, we present a proof of this
flux-capturing property of Shishkin meshes in the case of a singularly perturbed
parabolic problem.

When estimating the error in a numerical approximation, relative errors are more
relevant than absolute errors. In many cases, the continuous solution is initially
normalized to have a maximum value of O(1), and then a pointwise bound in the
maximum norm on the absolute error is equivalent to a bound on the relative error,
measured in the maximum norm. In the context of singularly perturbed problems,
these comments are pertinent, as there are different scales involved in the problem.
In particular, the magnitude of the derivative can vary significantly within the
layer regions as compared to its behavior outside the layer regions. For this reason,
the appropriate norm to measure the error in approximating the flux needs to be
examined closely.

Given that the singularities appearing in the solution of singularly perturbed
problems are pointwise singularities, it is natural [5] to employ pointwise norms to
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measure accuracy. Below we will discuss the following discrete versions of C°, O
and weighted-C!-norms, defined over a finite set of mesh points QY = {z;}¥

lulloy = max fu(z:)l,
[ullov == D7 ullav a0y + llullox,
ulliwoy = [lwD™ullon(ae) + [[ullo~,

where D~ w is the discrete backward derivative defined by

D™ u(x;) := —U(Iz) — u(zi_l).
Ty — Tij—1
However, the value of a nodal error estimate depends on the choice of mesh points.
Global accuracy over the entire domain is a more neutral measure. Hence, we will
consider the merits of various weighted-C'-norms defined over a measurable region

R as follows:

[ullw,r = wuelr + [lullr,  llullr := esssup,eplu(z)].

For a singularly perturbed boundary value problem of the form
(1) ev +au = fir € Q:=(0,1); u(0) =A,u(l) =B; a(x)>a>0,

it was established in [5] that for a numerical solution U generated using a standard
upwind finite difference operator and an appropriate piecewise-uniform Shishkin
mesh, one has a global error bound of the form

(2) = Ullyec = el = (0) flo + Jlu = Ulla < CN~ I N,

where U denotes a piecewise linear interpolant over the domain € of the discrete
solution UV. Throughout this paper, C' denotes a generic constant that is indepen-
dent of the singular perturbation parameter € and of all discretization parameters.
That is, the bound in () states that the numerical method is parameter-uniform
[5] in the e-weighted norm || - ||1,c,0.

Gartland [7] measured the errors from an exponentially fitted compact finite dif-
ference operator on a locally quasi-uniform exponentially graded mesh in a discrete
version of this e-weighted norm || - ||1,c,o. However, the number of mesh points re-
quired in the Gartland mesh depends (albeit logarithmically) on 1/e. Moreover, in
the context of parameter-uniform numerical methods [5], exponentially fitted finite
difference schemes (which are designed to be nodally exact in the case of constant
coefficients) are limited to certain classes of singularly perturbed problems. An-
dreev [I] presented sharp bounds on the continuous solution measured in || - |10
and the discrete solution of a monotone three point difference scheme on arbitrary
non-uniform grids in a discrete version of the norm | - ||1.c.0 [2]. These results can
be used to derive parameter-uniform global error bounds in || - ||1,.,o in the case of
problem ().

Note that the error in the estimate of the derivative term in (2)) has been nor-
malized by the factor ¢, as ¢||u’||q = O(1). However, the derivatives of the solution
only require scaling within the layer. For example, in the case of problem (), we
note that

|u/(z)] < C, x> Celn(1/e).
Hence the scaling by the factor ¢ in the error bound (2)) is not appropriate if this
error bound is restricted to points outside the layer region [0, Celn(1/¢)].
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In [I2] Kopteva and Stynes established an error estimate of the form

elu'(w;_95) — DU(x;)] <CN~'InN, x; <CelnN,
|u'(z;_05) — DU(x;)] <CN"'InN, x; >Celn N

(where DU denotes a discrete derivative of U) for Shishkin and (corresponding
bounds) for Bakhvalov meshes. The bound outside the computational layer region
[0, Celn N] is now an unweighted C'* error bound.

In the context of nodal accuracy on a certain mesh QV, the discrete weighted
norm

g, if ar; <eln N,

[ully,z.0v == lz2D7ulloy + fJulloy,  2(xi) = { 1, if az; > eln N

appears to be a reasonable discrete norm to use to measure accuracy in the approx-
imating solutions of singularly perturbed problems. However, observe that in the
classical case of N=! < ¢, the scaling factor of & for mesh points within the region
(eln(1/e),eln N) is not appropriate.

It is also worth remarking that, in the case of singularly perturbed ordinary
differential equations, if a scheme is nodally second order (ignoring logarithmic
factors) in || - ||q~ on a Shishkin mesh, then it is nodally first order in the e-weighted
C'-norm |- ||;c.o~. In particular, Andreev and Savin [3] analysed a modification
of Samarskii’s monotone finite difference operator on a piecewise-uniform mesh to
establish an error bound in | - ||g~ of the form C(N~'InN)?, and thereby one
has an error bound of the form CN~'In N in the discrete norm || - ||, . o~ for the
scheme presented in [3].

In this paper, we confine our attention to a simple finite difference scheme on a
standard piecewise-uniform Shishkin mesh as it applies to a singularly perturbed
partial differential equation defined over a region G := Q x (0, T], which is a time-
dependent version of problem (). More sophisticated finite difference operators
on various layer-adapted meshes, which are second order in space and first order
in time, exist in the literature. However, in contrast to the case of an ordinary
differential equation, one cannot directly deduce a first order error bound in the
discrete norm

[ullyeomnn = el Dy ullgr.an (wo,e012e, + 1D tllgaan g, a0y, + 1wl gaar,
from such nodal error bounds. Kopteva [I1] analysed a non-monotone finite dif-
ference scheme on a Shishkin mesh, which is second order in both space and
time; thereby, this scheme is first order in the discrete norm || - [|; . g~ (assum-
ing M = CN). In this paper, we choose to establish convergence in a global norm
(specified below) for a monotone finite difference scheme, which is only first order
in both space and time.

In the case of singularly perturbed parabolic problems, Shishkin [I5] introduced
a sophisticated global metric which is designed to measure the pointwise relative
error in estimating the first derivative both within and outside the layer region. In
the case of the time dependent version of problem (), this new weighted metric is,
in essence, of the form

g
e+ efa(zl,t)z/s ’

[olls.6 = llsvalle + l[vdlle + lvlla, sz, t) =
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where x; is the first internal mesh point in the spatial direction. In [I5], Shishkin
shows that the error bound (2)) applies in the case of upwinding on a piecewise-
uniform mesh, but the same numerical scheme is not e-uniformly convergent in
this new metric. Conditions can be imposed on the parameters in a generalized
piecewise-uniform Shishkin mesh (see [15, §6] for details) so that the numerical
approximations converge almost e-uniformly in this metric || - ||1,,¢, to be precise,
at a rate of O(e"VN~!), where v > 0 is arbitrarily small. We refer the reader to
[15] for further details. Shishkin extended these ideas on suitable metrics to the
case of singularly perturbed elliptic partial differential equations in [I4].

In this paper, we choose the simpler (but cruder) global metric of simply scaling
the first derivative by the constant ¢ within the layer and using no scaling factor
outside the layer. Hence, instead of || - ||1,s,c we will measure the errors in the
following weighted C'-norm:

(3) [vlixe = lxvalle +lville +lvie,
() = g, if alz —p| < 2eln(1/e),
X T 1, if |z — p| > 2e1n(1/e),

where p = 0 or p = 1 depending on the location of the boundary layer. In this
paper, we examine a problem with the boundary layer located on the right (where
p = 1). Note that the weighting function x(x) is excessive in the region where
Ce < alx —p| < 2eln(1/e).

In §2 the continuous problem is stated and parameter-explicit bounds on the
derivatives of the solution are established by decomposing the solution into regular
and singular components. In §3 the numerical method is described and appropriate
bounds on the nodal errors are given. These estimates are used in §4 and §5
to establish scaled nodal error bounds on approximations of the space and time
derivatives, respectively. In §6 the main result of the paper, which establishes an
error estimate in the norm || - [|1,y,¢, is given in Theorem[7l Some numerical results
are given in the final section of the paper.

2. CONTINUOUS PROBLEM

Consider the following class of singularly perturbed parabolic problems:

(4a) Leu = —eUyy + a(z, t)ug + bz, )u + c(t)uy = f(z,t), in G := Q x (0,77,
(4b) u=0, onTpUTlLUIlgr, 0<e<l; a(z,t)>a>0, c(t)>c >0,
(4c)  b(z,t) > max{laz e, llatlla: e} + B, B> 0,

where Q := (0,1), I'p := {(2,0)|]0 < a2 < 1}, T :={(0,¢)|0 <t < T} T :=
{(1,t)]0 <t < T} and ' := G\G. Since the problem is linear, there is no loss
in generality in assuming zero boundary /initial conditions. The constraint (k) on
the coefficient b(z,t) can be transferred to the time variable by using the change
of variable u = ve", where v > 0 is sufficiently large. We assume that the data of
the problem satisfy regularity and compatibility conditions so that the solution of
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problem () is such that u € C’GJ“V(é(see [6] and [13]) and so that the analysis
presented below is applicable.

It is well-known that the differential operator associated with () satisfies a
comparison principle. From this, one can establish the stability estimate

x t
t)| < min{—, — .
ju(a, 1) < min{ %, =376

Motivated by the bounds given in [9] and [I5] we present the following bounds
on the derivatives of the regular and singular components of u. For the sake of
completeness, we outline a proof of these bounds here.

Theorem 1. The solution of ) can be written in the form u = v + w, where the
reqular component v € CT7(G) satisfies

(5a) Lov=f, inG, v=u, onT'gUTy,

and v = v* can be specified on the boundary I'r so that

ak-{-mv -
5b Hiu <O +eF™), 0<k+2m<6.
(5b) oxkotmlla — (1+e ) shem s
The singular component w satisfies the homogeneous differential equation
(6a) Lw=0,mG;, w=0, onI'pUIl'; w=u—wv, onlg,

and for all points (x,t) € G its derivatives satisfy the pointwise bounds

oFtmy

‘&tkatm

Proof. Using the stretched variables ¢ := (1—x)/e,n := t/e and the a priori bounds
[13, pg. 320, Theorem 5.2], one deduces the bounds

oFtmy

H dxkotm

Consider the extended domain G* := {(0, A) x (0, B); A > 1, B > T}, with associ-

ated extended boundaries I'; ,I'; and a*, b*, ¢*, f* are smooth extensions of a, b, c, f
to the extended domain G*. The first order reduced operator L is defined by

Liz:=a"z; +b* 2+ c*z, inG*\ (THUTY), z=2z on Iz UT].

(6b) (a:,t)‘ < Cek(1 4 e m)emal-2)/e 0 < k4 2m < 6.

HG <Ce ™ 0<k+2m<6.

The regular component v is composed of the reduced solution vy, higher order terms
v1, V2 in an asymptotic expansion and a remainder term R, given by

vt = vl +ev) el + 3R

* % * . * * * * .
Livy = f7, inG*, vy=u, onl'zUly;
Livi = (v} 1)gz, n G, v; =0, on T UL}, =12
L'R* = (V3)zs, in G*, R*=0, on G*\ G*.

The bounds on the derivatives of v* (and hence v) are then easily deduced.
The singular component w can be decomposed as follows:

w(z,t) = (u—v)(1,8)¥(z,t) + eR(z,t),

IThe space C™ 17 (D) is the set of all functions whose derivatives of order n are Hélder contin-
uous of degree v > 0. That is,
oitiy

C"t(D) i={z: —=
(D) :=Az: 55

€C(D), 0<i+2j <n}
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where, for each value of ¢, the unit boundary layer function ¥ satisfies
_E\Ilzm+a(x;t)qlm =0, \I](Ovt) =0, \Il(lat) =1
Note that R
fx e fs:'r‘ =e—ds dr
1 _ri a(s,t)ds N
f'r‘:O e fs:r € d’r
Using the strict inequality a > o and ((1 — 8)t)me ™t < mle % 0< 0§ < 1,¢t >0,
we have that

U(z,t) =

< Ce=2)/e < m < 3.

OV (x,t) ’
otm
For the remainder term, R(z,t) =0, (z,t) € T and for all (x,t) € G,

eL.R = —(u—v)(1,t)b(z, t)¥(x,t) — c(t) ((u—v)(1, ) (z,1)),.

Hence

|R(z,1)| < Cem(i=2)/e,
Using the stretched variables and the localized bounds on the derivatives [13]
pg. 352, (10.5)] one can deduce the bounds

OFTMR(x, 1) -
— m, —a(l— ac)/e < 2 <
‘7&3’@81&’” ‘_CE 0<k+2m<6.
Hence,
I 1— ke—a(l—z)/
m — —Q x E
‘We improve the above bounds on the time derivatives by noting that for m = 1,2, 3,
8 w(x,t) D w(x,t) oty
‘<CZ‘ ots ‘ Z‘ tﬂax ’(x’t)EG’
5”” (z,t) Omw(1,t)
IO 0, (e,t) e T UTy, ‘7"<C,
atm (@,8) €' UL orm | =
which implies that
(7b) ’(‘3;}7xtI<Cl+€2 e —all=w)/e | < < 3.
From the equation (L.w) = 0 we have that, for all ¢t > 0,
0? 0
8 2U)tt + a(l’ t)%wtt = g(fE t) (O, ].), wtt(O,t) = 0, "U}tt(].,t)‘ S C,

9i+1
atﬂ 89&

xu<c§jagjt\ §j

For each time ¢, we use this boundary value problem for wy; to deduce (use argument
from [5 pp. 46-47] with z — 1 — ) that

‘ O + e Vyemalt-a)/e,

2
——w(x,t)| < C(A+e Ve @2/ j =12
(7c) | (@ )| < C+e e =,
Collecting all these bounds together completes the proof. (I

Remark 1. The proof of the bounds in Theorem [ simplifies significantly in the
special case of a(x) being independent of time. In fact, in this particular case, all
the time derivatives of the solution u of ({) are e-uniformly bounded.
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3. NUMERICAL SCHEME

Consider a uniform mesh in time @™ = {kr, 0 < k < M, 7 = T/M} and
a piecewise-uniform Shishkin mesh Q¥ [5] in space on which numerical approxi-
mations of the solution of problem () are generated. The subintervals [0,1 — o],
and [1 — o,1] are each uniformly subdivided into N/2 mesh intervals, where the
transition parameter o is defined by

o= min{l,2ilnN}.
2«

Then, the grid in the space variable QY = {z;} is given by
@) [ iH, if 0<i<N/2,

"7 (1—0)+(i— N/2)h, if N/2<i<N,
where the step sizes are h := 20 /N and H := 2(1—0)/N. We denote the local step
sizes by hj :=x; —xj_q for j =1,..., N, and we define the following sets of mesh
points:

GN,M = QN % u—)M’ GN,]V[ = GN,M OG, FN’M = GN’M\GN’M.

We combine this mesh with a simple fully implicit finite difference operator, which
uses the classical upwind approximation for the space derivatives, to produce the
finite difference method:
(9)
LN’MU(:L‘i,tj) = f(l‘i,tj), (:L‘i,tj) S GN’M, U(l‘i,tj) =0, (,Ti,tj) S FN’M,
LNMU(z4,t5) := (€62 + aD, + bl + c¢D; U (x4, t5),

where
- Ui j —U;i- 1 _
Ui,j = U(xi,tj), Dt Ui,j = mfml’ 5§Ui,j = fL_(D;rUz’] - Dx Ui,j),
pry oo Y= Ui o Ui =Uicy o hit iy
x 1,7 hi+1 I x v, h,l I (2 2 .
Throughout the analysis in this paper we assume that
(10) o=25IN, CO/N<M<U0,N.
!

It is well-known that the finite difference operator associated with problem (@)
satisfies a discrete comparison principle. To obtain appropriate bounds of the error
in the maximum norm, consider the following decomposition of the numerical solu-
tion U = V + W, where the discrete regular V' and singular W components satisfy
the problems

(11) LN’MV = f, V|1"N,Z\/I = U|1"N,M, LN’MW = O, W|FN,M = ’UJ|FN,M.
In the next theorem we establish bounds on the error associated with the regular

and singular components, which are used later in the error analysis in the weighted
Cl-norm || - |1 y.c-

Theorem 2. Assume ([[0). For all t; > 0, we have the following bounds:

|(V — ’U)(:L‘i,tj” < Cth_l, Zf:L‘z c [O, 1],
(W —w)(z4,t;)] < CN~2, if x; € 0,1 — o],
|(W - w)(a:i,tj)| < CN—2+ Cth_l InN, ifx; € (1 — 0, 1],

where v,w are the solutions of problems ([Bh), Bh) and V,W are defined in ().
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Proof. From the truncation error bound ||LYM(V — v)|| gy < CN~! and the
discrete maximum principle one has the nodal error bound

(V= v) (i, 1) < Ct; N~

For the singular component, we distinguish two cases depending on the location of
the grid point. First, outside the layer, we have that [5]

(W —w) (i, ;)| < W (i, t5)] + Jw(zi, t;)| SONT2, 2 <10
If x; € (1 — 0,1), then the truncation error satisfies

LM (w = W) (i, t)| < C(7 + hlwao (2}, t)] + ehlwass (€77, 15)]),
with o} € (x; — h,x;), and x;* € (x; — h,x; + h). Using the inequalities

|wes (27, t5)| = ‘/ Waat (2], 8)ds

[Wame (277, 15)] < Ctje3e"admTir1)/e,

< Ot 672 —a(l- m,)/s

within the layer region, we obtain the truncation error bound

N='InN

LM (w = W)(wi, t)] < C(r + tje@Umme)/E) 1 o <3y < 1.

Use the discrete barrier function
C(t;N ' In N(1 + a(h/e)) >N 4 1t; + ON?)
and |(w — W)(1 —o,t;)| < CN~2 to complete the proof. O

4. NODAL APPROXIMATION OF SPACE DERIVATIVES

Consistency and stability form a classical argument in numerical analysis, which
is typically employed to deduce a nodal error bound. To bound the quantity
D_ (U — u) at the mesh points, we use an argument of this type by employing
a bound on a quantity of the form ||LN-™ (D, (U —u))||, where the finite difference
operator LN is monotone and is defined below in @3).

We denote the nodal error by e(z;,t;) := U(x;,t;) —u(x;,t;), and the associated
truncation error by 7 (z;,t;) := LY Me(x;,t;). We define the discrete error flux to
be

U ;= Dye(x;t;), if0<az; <1
The main purpose of this section is to deduce suitable bounds on % ~

We identify a discrete problem associated with the error flux defined over the

region

GEM = aGNM N {(H,1) x (0,T]}, GYM:=GNMn{[H1]x[0,T]}.
We define a new finite difference operator 5% by

1 hiyt D+ Ry

027 ; :g( e e T Pe

which has the property that
02D, Z;; = D; 627 ;.
Note the following identity:
(12) D, (Pi;Qig) = PijDy Qij + Qic13D; Pij.
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Using these identities and D (L™NMe(z;,t;)) = Dy 7 (x4,t;), we see that for all
mesh points within the region G‘JF\II’M, the quantity %;; satisfies
(13) LNMy = Dy T (wi,ty) — e(wio1,t;) Dy b(wi, ty), (x4,t5) € G,
where for the internal points (z;,%;) € Gﬁ’M,
LNMz, o= (=£0% + a(wi—1,t;)Dy + (b+ Dy a)(xi, ;)] + c(t;) Dy ) Zi j,
and LNMZ, ;.= Z, ; for (x4,t;) € Gg’M \ GZ’M.

Remark 2. When bounding the term D, .7 (z;,t;) we will make use of the following
truncation error bounds:

_ B 1, [t tj B
|D; (ur — Dy u)(wi, )] = —]/ Dy ug(w;, s)dsdr|
T t=tj71 S=r
(14a) < CTHUttz||(zi,1,xi)x(tj,1,tj)-
If hi,1 = hi, then
(14b) 1D, (e = Dy u) (@i, t5)| < Chilltiaea (2,15) o (@00
and if hi—l = hi = hi-&-h then
(14c) |D, (tge — 55“)(3% ti)l < Ch’LzHuIa?lem(x’tj)||I€($i—2,xi+l)'

From the assumption that 5 > |la.||¢, the discrete operator LNM gatisfies a
discrete comparison principle.

Now we deduce bounds on the regular ¥~ := D_(V — v) and the singular
W~ = D (W —w) components of the discrete error flux % ~. We begin with the
singular component. For the mesh points along the right hand boundary z = 1,
we will need an appropriate bound on the outgoing error flux |D, (W — w)|. We
achieve this by sharpening the nodal error bound given in Theorem 2, within the

layer region, to reflect the fact that (W — w)(1,t;) = 0.

Lemma 1. Assume ([IQ). For the solutions w, W of the problems [Gh) and (),
and for sufficiently large N,

(15) e|Dy (W —w)(1,t;)| < CN~'(InN)?, t; > 0.

Proof. For each t; > 0, consider the discrete function ¥ (x;,t;) as the solution of
the discrete problem

—5531/) + (a‘(xiatj) + 5ta)D;¢ =0, z; € (1 -0, )a 1/)(1 -0, tj) =1, w(latj) =0.
Note that the mesh is uniform within (1 — o, 1) x (0,T]. Define the discrete flux to
be

F} = D (zi,t;) <0,
which satisfies the inequalities

N N—-1
: i t;) + Btj)h, -
hS F=1, F= ) [+ M) ARy
i=N/2+1 k=1 €

Hence, for sufficiently large N,

>

)71

A~ (14 (lallo +57)2) 7%

1= (1+ (lalla + 8T)2

|

1Dz 9(1,t5)] <

3
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Here we have used the inequality

(1+K1DN)N/2 K1112N(1_K%),

and N is sufficiently large. Note also that for z; € (1 —o,1),
(—e02+(alwi tj) +Bt;) Dy ) Dy (@i, ty) = —(Dy alzi ;) +B) Dy ((xi,tj-1)) 2 0,
where we have used the identity (I2) and D; ¥(1 — o,t;) = D; 9(1,t;) = 0. Also

- - _ ah
(D a(it)) + Dy (blas, b)) < C7H (14 =)
Using a discrete comparison principle, we deduce that

hi
Dl t;) 20, |Df ()] < C(1+ 2T,

Now we define a barrier function to deduce appropriate bounds for #, N First, we
note that, at each time level ¢;, the grid function x; — 1 + o9(x;,t;) is the solution
of the problem

(=62 + a(wi, t;) Dy ) (v — 1+ op(wi, t5))
= a(z;,t;) — ofBt;D(x,,t5), x; € (1 —o0,1),
(x; — 1+ o¥(xi,t5))z=1—0 = (x; — 1 + o¥(x;,t5))z,=1 = 0.
So, by the discrete maximum principle z; — 1 + o9(x;,t;) > 0. Note that
LNM (g — 14 o9p(w,t5)) > a(wi, t;) + o(c(t;) Dy — BtyD )b(xiyty) > alwi, t)).
Define the discrete barrier function
Bi(ws,tj) = C|LYMW —w)||leca—o (@ — 1+ ot(xi,t5)) + CN 72,

where LM (W —w) is the truncation error associated with the singular component.
Recall that in the boundary layer region

IV M(W = w) e < Ce'N™'InN.
We then have that |(W — w)(z;,t;)| < Bi(z;,t;) for z; € [1 — o, 1]. Therefore,

Wyl = T —w)A = hty)]
< Ce|LYMW = w)lleca—on) (1 +a|Dy9(1,85))) + ON !
< ON"'(InN)?,
which is the required result. (Il
Theorem 3. Assume ([I0). Then, for allt; > 0,
|IDy (W —w)(z;,t;)| <CNL, if r; <1-—o0,

(16) elD; (W —w)(zs,t;)| < CN"Y I N)2, ifa; >1—o

where W is the solution of ([ and w is the solution of ().
Proof. Note that outside the layer region, Theorem 2] implies that
| <CNT'ifa; €[0,1—0], t; >0.
Also, forxz; =1—0+ h,1 — o + 2h,
lw(zi,t;)| < Ce*/eemao/s < ONT2
\W(zs,t;)] < C(+ah/e)*(1+ahfe) N2 < CN2.
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Hence,
eW ;| <CN™', zy=1—0+h,1—0+2h

In the layer region (1 — o +2h, 1) x (0,T) we will obtain the bounds by using (I3).
Initially, 7/5 =0, z; € (1—0,1), and we established the required bound on the right

K3
boundary in ([I5). For z; € (1 — o 4 2h,1),¢; > 0 and G? := (x;—1,x;) X (tj—1,t;),
using (I4) we get that

2 N, M gy —
LY

S OTHwttw”(;g +Ch(5h||wxac;cacx||G£'71UG{U(;{+1

+||a:c||G||meGg + HGHG”wxm”GLNGQ +CN'InN
—1

gN lnNeia(

13 13

< 1=ed/e L ON“'In N.

Use the discrete barrier function (and the strict inequality a(z,t) > «)
N7 In® N(1+ (1 + ahe 1)),
with the stability properties of LNM 44 complete the proof. |

Consider now the contribution of the regular component to the discrete error
flux.

Lemma 2. Assume ([[Q). Forv,V, the respective solutions of [Bh), (), we have
that

(17) e|D; (V —v)(1,t;)| <CN~', ¢;>0.

Proof. It follows using a similar argument to the proof of Lemma [Il but involving
all the grid points of GN™. Use the barrier function

Ba(wi,t5) i= C|LNM(V = 0)||gmvaar (5 — 1+ (w4, t5)),

where

—e020 + (al(wi,tj) + Bt;) Dy =0, z; € (0,1), $(0,¢;) =1, ¥(1,t;) = 0.
Then e[ ¥y ;| < Ce||[ LNM(V — )| gvm (1 + |D;(1,t;)]) < CN—L. O
Theorem 4. Assume ([I0). Then, for all t; > 0,

|D; (V —v) (2, t;)| < ON7Y, ifx; <1—o,
elDy (V —v)(wiyt;)] < CN"YHInN)?, ifz; >1—o,

where V' is the solution of () and v is the solution of ([Eh).

(18)

Proof. We again apply a stability and consistency argument, but now across the
domain Gz’M to deduce suitable bounds on ¥ ~. At the interior points, using the

bounds ([I4]), we get that
ILNMy S| < CN7' mi#l—o0,1—0+h,
ILNMy | < Cle+N7Y), az=1-o0,

and if z; = 1 — 0 + h, using ([[4h), we have that

A c
NMoy— « 2 -1 < .
LNMT 51 < S (eHlarallc + Hlvss ) + ONT' <
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Using a suitable barrier function we can establish that |(V — v)(x;,t;)| < Cz; N1
and, hence,

D

(V = v)(z1, )] < C%N* < CON~L.

We can deduce appropriate bounds for “I/Z; by again constructing a suitable barrier
function. Define the following two mesh functions:

N =, ifz; <1-o, N
R(z:) : {1, fl-o<m<1, S@) {

Observe that

O7 if.’ljigl—U,
1, fl-o<az<l.

R Q, ife; <1-—o0,
LYMR(x)>{ eH ' 4a, ifz;=1-o0,
b+Dja, ifz;>1-0

and
0, ifz; <1-—o,
N, M ) —ENHil, ifxl-:1—0,
L5 5(x) 2 eNhv ' +ah™t, ife;=1—0+h,
b+ D, a, ifz; >1—0+h.

Define the piecewise linear barrier function
Bs(z;) = CN'e Y (R(z;) + N71S(x;)) + CN™'R(x;).
Then, the discrete maximum principle establishes the bound
¥, ;1 < CBs(w;) < CN~tet
By using a sharper barrier function, we will next remove the scaling factor ¢ outside
the layer. Define the local mesh Peclet numbers as follows:
ot ah

5:: s pi= ’
3 g

and the following two mesh functions:

(14 &)iN/2, ifz; <1-—o,

P(z;) = 1, ife;=1—0+h,
(1+05p) " N2=1 ifl —og+h<x <1;
0, if z; <1—o,

@) { (1+0.5p) N2 if g, > 1 — 0.

Hence, using 2¢In N <1 and N sufficiently large,
. 0, ifz; <1-—o,
LNM(P(z;) + aN e 1Q(z;)) > { CNo™ !, ifa;=1—0+h,
0671, ifz; >1—o0+h.
Form the barrier function
By(x;) := CN"'R(x;) + C(P(1)) " Y(P(z;) + aN '™t Q(xy)).

Then we have established that |7 (;,t;)| < CBa(z;). This bound is of little value
in the area [1 — 0,1] (as By(x;) < C(1 4+ N~'e™1) in this area). However, in the
coarse mesh region x; € [0,1 — o], we deduce that |¥; ;| < CBy(x;) < CN7Ll z; <
1—o. (]
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Using the bounds obtained for the regular and singular components, the trian-
gular inequality and the truncation error bound

ID; v — ug|;, <Cmin{llu,

Ii}7

I hz ||uzz
we obtain the following result.
Theorem 5. Assume ({I0). Then, for all t; > 0,

(D; U — ug)(wiyt;)] < CN7 if0<z;<1—o0,

(19) (DU — ) (w5, ;)| < CN“{Ia N2, if 1 —0 <a; < 1,

where U is the solution generated by the numerical method @) and u is the solution
of the continuous problem (H).

5. NODAL APPROXIMATION OF TIME DERIVATIVES

We follow the approach outlined in [8, Appendix A.2] and [10, §8.2] to deduce
nodal approximations of the time derivatives. We note that the proof in [I0] was
given only for the case of constant a.

Lemma 3. Assume ([{0). The following bounds hold, for all t; > 0:

|(D;V—U,§)(.Ti,tj)‘ < CN-! lnN, ifﬂ?i S [0, 1],
(D W —wy) (i, )| < CNL, if z; €0,1 — o],
(D W —wy)(xs,t5)| < CN~Y(InN)3, ifx; €[l -o,1],

where v,w are the solutions of problems [Bh), (@), and V,W are defined in ([II).

Proof. Using the bounds on the components v, w of the solution u of problem (),
we deduce that for all (z;,t;) € [0,1] x [, T],

[(Dy w— wp) (i, )] < O7llugl| < CN
Hence,

(D V = v)(wi, )]
|(Dy W — wy) (i, £5))|

Dy (V = v) (@i, tj)| + ONY,
|Dy (W — w)(z;, ;)| + CN L.

IN A

Note that along the side boundaries
D;(V—’U)(Jﬁi,tj)zo, (J?i,tj) € (FLUFR)HGN’NI, t; >,

and from the error bound in Theorem [2lwe deduce that |D; (V —v)(x;, 7)] < CN~L.
At the interior points (z;,t;) € GNM N {t; > 27}, we will first estimate

LMDy (V = o) (i, t)].

We wish to reverse the order of the operators LY and D, . To this end, we use

again the identity (IZ)) and we define a minor modification to the operator L¥-
denoted by

LNMZ; o= (LM 4 (e(ty-1) = e(ty)) Dy + Dy e(t))1) Zs
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to obtain
ILNM Dy (V — )| | Dy (LM M(V = w)) = Dy (b(V — v)) + bDy (V — v)

—D; (aD,(V —v)) +aD; D; (V —v)|

< Dy (LNM(V =)+ N~ 4 C|D, (V = )|
< 5|Dt_(5§11—v;m)‘ + C|D; (Dy v — vy

+C|D; (D;v— )|+ CN~' + C|D, (V —v)|
< ehillveaatlle + Chillvaatlla + C(rlvulla + N7

+CHD; (V — ’U)HC;N,M < CN~'+ CHD;(V — ’U)HGN,M.
We recall that for all t; > 0,

_ CN—1, ifx; <1-o,
1Dz (V =)@ t5)] < { ON-le !, ifa;>1—o.
Consider the mesh function

N (1+4¢&)-N/2, ifz; <1-—o0,
Z(xl)'_{1+(xi—(1—0))/0, ifl—0o<a; <1,

with £ = ae/H. Note that
EN’MZ(J:i) >0, z; <1-o, f/N’MZ(xi) >ac ! oz, >1—o0.
Use the barrier function CN~1(1 + Z(z;)In N) to deduce that
|D; (V —v)(2i,t;)| <CN"'InN, (x,t;) €[0,1] x [r,T).
Now we consider the singular component. Outside the layer region, we use the
bound
max{|W (z;,t;)|, |w(z;,t;)|} <CN2? 2;,<1-o0,

to deduce that, for all t; > T,

|D;(W—w)(xi,tj)|§C’N*1, l'ig].—O'.
It now remains to bound D, (W — w) within the layer region. We repeat the
argument from above to deduce the truncation error estimate

~ N—l In N 2

|ILNM(Dy (W — w) (24, t5))| < C%, x; >1—o0, t; >T.

At the first time level t; = 7, using the bounds in Theorem [2l we deduce that
|(Dy (W —w)(z;,7))| <CN"'InN, z; >1—o,

and at the right boundary, D, (W —w)(1,t;) = 0. Use the discrete barrier function

C(WN‘l(ln N2+ N~'In N)

to complete the proof. O

Motivated by the bounds in [I2], Corollary 3] we can sharpen the bound given in
Theorem [ for points within the layer region in the special case where N2 < ¢.

Theorem 6. Assume ([IQ). If N=2 < ¢, then

20 D (U —u)(z,t:)| < CN~(In N)3, xi<1—ilnl,t'20,
( j =0
(07

x

where U, u are the respective solutions of @) and (@).
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Proof. If N=2 < ¢, then 611’1% < 2¢In N. From the previous result, we only need
to consider the mesh points in the region (1 —2£1InN,1 — £In1). Within the fine
mesh, the error satisfies

e B B .
_E(%—H,j — U ;) +alxi, )% ; = i j,

where 9 j = LNM (U —u) (x4, t5) — e(t;) Dy (U — ) (2, t5) — bz, t5) (U — u) (x4, ).

Note that

T v < C(N~Fn Ne~te—@(=2)/e 4 N=1(In N)3,
GO

, h
with GY'M = GNM A (1 =221 N,1 - £1In1). Thus, with p:= —, we have
3

h .

_ h - _ 1k _
%5 = (L+ Zal@it) |2 90 + %5, < 0+ C1 T g +15,,)-

€

Thus, we have the following estimate at x; (within the fine mesh):

1—(14p)~WN-9
1-(1+p)t

- N~1(In N)? :
< O g+ P g v,

B _1h, s —(N—i —
%51 < (1+p) IEHQHG[Z;’*M +CO(L+p)~ W )|%N,j|

Since z; < 1 - £ 1n%, there exists some 6 > 1 such that z; < 1—-60ZIn % For
N sufficiently large, we note that, (1+ p)~! < e P? p<6lné, 6 > 1. Hence, for
r;<1-60%In %,

a(l—=;)

;| < C(Nfl(ln N)2e~lem + N’l(lnN)?’) < ON~(InN)3.

6. GLOBAL ACCURACY IN WEIGHTED C'-NORM

In this section, we examine the global accuracy (in the weighted C'-norm

Il - l1,x,c) of the bilinear interpolant

N—1,M

Uz, t) =Y Ulwi ty)di(x);(t), (1) € G,

i,j=1
where ¢;(x),1;(t) are piecewise linear basis functions in space and time, defined
by the nodal values of ¢;(xx) = ;1 = ¥i(tx). Note the following bound on the
bilinear interpolant g of a function g (see e.g. [16, Lemma 4.1]) in the rectangular
cell R’ij = (Ii—hxi) X (t]‘_htj)l

R;; < len{h12||g:vw|

23
ns x| lga(s0)lds)
x

teltj—1,t5] Sy

[ sy

tj71

lg — g

+C min{72||gtt|

Rij» max
xT€[wi—1,]

Theorem 7. Assume ([[Q). Then,
(21) 1T~ ullixe < CN~H(In N)?,

where U is the solution generated by the numerical method @) and u is the solution
of the continuous problem (H).
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Proof. Using the decomposition v = v + w and splitting the argument to inside
and outside the computational layer region [1 — o, 1] x (0,T"), we have the following
interpolation error (see e.g. [16, Theorem 4.2]):

|lu—1a|c < C(N"'InN)? + Cr2
Hence, the following global error estimate follows:
|lu—Ullec <CN 'InN.
Note that

N-1
(U = @)e(x,t) = Z Dy (U = u)(zi t;)¢i(x), ¢ € (tj-1,15],
M

(= ZD Y@, tj)i(t), x € (i1,

Using the bounds in Lemma [3 for the discrete time derivatives, the bounds in
Theorem [ when ¢ < N~2 and the bound in Theorem [6 when ¢ > N2 for the
discrete space derivatives, we have that

||U — T_LHLX,G < CNil(lnN)S.

We are left to estimate the interpolation error ||u — u||1,y,q. For « € (z;_1,2;], we
have

M M
(u — Z (D u(wi, t5) — ua(w,t;));(t) + Zuw(x,tj)d)j(t) — ug(x,t).
j=1 j=1
Therefore, in the rectangular cell R;;, we obtain

109 = 9allr,; < minthillgas|[r;;, 1921 7i; } + min{7l|gatll r,; 192 Ri; }-

We employ the decomposition u = v + w. For the regular component it trivially
follows that
(v — )|

For the layer component, we split the argument to inside and outside the layer
region [1—221In 1, 1] x (0, 7] and deal with the two cases of ¢ < N2 and ¢ > N~ 2.
We observe the following: If e < N2, then 2eIn N < eln% and in this case

Ce <CN72 ifz; <1-2(g/a)ln(1/e),

Ce 'N72 if1-2(e/a)In(l/e) <z; <1—o0,
Ce™'N'InN, ifz; >1—o0.

ij —

IN N IA

hillwael ri; + 7l watl R,

In the second case, where € > N2, we then distinguish two subcases: If ¢ > N1,
then

Chi+ 1), ifz; <1-2(g/a)ln(1/e),
Ce™'N='InN, ifz;>1-2(e/a)ln(l/e).
On the other hand, if N~! > ¢ > N2, then

Clhi+71), ifz; <1-2(¢/a)ln(l/e),
Ce™'N72 if1-2(e/a)In(l/e) <z; <1—o0,
Ce™'N~'InN, ifz; >1—o0.

<
<

(VAN VAN VAN
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Combining all these bounds, we deduce that
Ix(2) (u = @)sllc < CN~'In N,
where x(z) is defined in (B)). Similarly, for ¢ € (¢; — 1,1;],

N-1 N-1
(@ —u)i(z,t) = Y (Dyulwity) — ue@i, 1)) di(x) + > uelwi, t)di(x) — uy(a,t).
— i=1

=1

In the rectangular cell R;;,

||(g - g)tHRij < CT”gttHRij + min{h’i”gﬂft”RiN ||gt||R7,]}

By again using the decomposition ©u = v + w and splitting the argument to inside
and outside the layer region [1 —2£1n 1, 1] x (0, 7], we deduce that [|(u — @)¢/|¢ <
CN—L |

Remark 3. The bound (ZI) in Theorem [7] can be easily extended to the classical
case of o = 0.5 by using the inequality e~! < C'In N when o = 0.5.

7. NUMERICAL EXPERIMENTS

In this section we consider the variable coefficient problem
(22a) —EUgy + (1 4+ + 4t uy + 2u 4 up = 5022 (1 — )2,
(22b) u(0,t) = u(1,t) = 0,u(z,0) = (4o(1 — 2))?,
whose solution is not explicitly known.

To estimate the errors in the norm || - ||1,y,¢ of the numerical scheme (@) for
any fixed value of the singular perturbation parameter £, we use a variant of the
double mesh principle (see [5]): Given a numerical approximation UN'"M generated

over a mesh GN'M | we also generate the numerical solution on a fine Shishkin mesh
U2048,2048 with N, M < 2048, and compute the global fine mesh differences:

E;V’M = maX{HUN’M _ [72048,2048||17X’(_;N1M7 ||UN,M _ U204872048||17X7G2048,2048}7

where UMM denotes the bilinear interpolant of the numerical solution over the
mesh GNM . From these values, we compute the approximate order of convergence
using
QN = logy (B 2V2M),
The uniform global errors in the norm || - [|1,,,¢ and their orders of convergence are
estimated as follows:
ENM . max ENM QNM . g (ENM /2N 2M)
13
with § = {2°,271,272 . 2730},

In Table [0 we present the global and uniform global computed
errors for N = M = 27,5 = 4,5,6,7,8,9, with their corresponding orders of con-
vergence associated with the finite difference scheme (@) on the Shishkin mesh for
test problem ([22)). The numerical results in Table [I] indicate that the method is
uniformly convergent in the weighted C'-norm || - ||1,y.c. The computed orders of
convergence in this example are slightly higher than the theoretical order of con-
vergence established in Theorem [, but this is a well-known effect when the errors
are estimated by considering the computed solution on a fine mesh as the exact
solution.

N,M N,M
E! E
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TABLE 1. Finite difference scheme (@) on the Shishkin mesh:

Global computed errors in ||-||1,y,¢ estimated by
global computed errors

EN’M

N,M
EE

and uniform
with their corresponding computed

orders of convergence QMM QN-M for the test problem (Z2)).

N=M=16 N=M=32 N=M=64 N=M=128 | N=M=256 | N=M=512

e =20 2.040E+001 | 1.757E+001 | 1.369E+001 | 9.412E+000 | 5.781E+000 | 3.170E+000
0.216 0.360 0.540 0.703 0.867

e=2"1 1.090E4+001 | 8.177E+000 | 5.417E+000 | 3.329E+000 | 2.038E-+000 | 1.067E4000
0.415 0.594 0.702 0.708 0.933

e =22 |[ 6.162E+000 | 3.928E+000 | 2.230E+000 | 1.239E+000 | 7.300E-001 | 3.720E-001
0.650 0.817 0.848 0.763 0.973

e=2" 4.678E+000 | 2.796E+000 | 1.513E+000 | 7.684E-001 | 3.665E-001 | 1.588E-001
0.742 0.886 0.978 1.068 1.207

e =2"7 || 4.681E+000 | 2.580E+000 | 1.355E+000 | 7.390E-001 | 3.712E-001 | 1.656E-001
0.859 0.929 0.875 0.993 1.165

e =277 || 5.164E+000 | 2.946E+000 | 1.683E+000 | 9.742E-001 | 5.231E-001 | 2.480E-001
0.810 0.808 0.789 0.897 1.077

e =29 || 5.393E+000 | 3.492E+000 | 2.110E4000 | 1.249E+000 | 6.649E-001 | 3.113E-001
0.627 0.727 0.756 0.910 1.095

e=2"" || 5.685E+000 | 3.881E+000 | 2.427E+000 | 1.425E4+000 | 7.643E-001 | 3.587E-001
0.551 0.677 0.769 0.899 1.091

c=2" 5.850E+000 | 4.087E+000 | 2.685E+000 | 1.578E+000 | 8.256E-001 | 3.834E-001
0.517 0.606 0.767 0.935 1.107

e=29 |[ 5.978E+000 | 4.190E+000 | 2.816E+000 | 1.670E+000 | 8.783E-001 | 4.020E-001
0.513 0.573 0.754 0.927 1.128

e =210 [[ 6.047E+000 | 4.273E+000 | 2.881E+000 | 1.715E+000 | 9.042E-001 | 4.152E-001
0.501 0.569 0.748 0.924 1.123

e =211 [[ 6.075E+000 | 4.315E+000 | 2.911E+000 | 1.740E+000 | 9.176E-001 | 4.224E-001
0.494 0.567 0.743 0.923 1.119

e =212 || 6.089E+000 | 4.336E+000 | 2.928E+000 | 1.752E+000 | 9.245E-001 | 4.261E-001
0.490 0.566 0.741 0.922 1.118

e =213 [[ 6.099E+000 | 4.346E+000 | 2.936E+000 | 1.758E+000 | 9.286E-001 | 4.278E-001
0.489 0.566 0.740 0.921 1.118

e =211 [[ 6.101E+000 | 4.351E+000 | 2.939E+000 | 1.761E+000 | 9.300E-001 | 4.287E-001
0.488 0.566 0.739 0.921 1.117

e =229 |[ 6.103E+000 | 4.355E+000 | 2.943E+000 | 1.764E+000 | 9.314E-001 | 4.296E-001
0.487 0.565 0.739 0.921 1.116

e =230 [ 6.103E+000 | 4.355E+000 | 2.943E+000 | 1.763E+000 | 9.314E-001 | 4.296E-001
0.487 0.565 0.739 0.921 1.116

EN.M 2.040E+001 | 1.757E+001 | 1.369E+001 | 9.412E+000 | 5.781E+000 | 3.170E+000
QN-M 0.216 0.360 0.540 0.703 0.867
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