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hp-DGFEM FOR SECOND-ORDER MIXED ELLIPTIC
PROBLEMS IN POLYHEDRA

DOMINIK SCHOTZAU, CHRISTOPH SCHWAB, AND THOMAS P. WIHLER

ABSTRACT. We prove exponential rates of convergence of hp-version discontin-
uous Galerkin (dG) interior penalty finite element methods for second-order el-
liptic problems with mixed Dirichlet-Neumann boundary conditions in axipar-
allel polyhedra. The dG discretizations are based on axiparallel, o-geometric
anisotropic meshes of mapped hexahedra and anisotropic polynomial degree
distributions of p-bounded variation. We consider piecewise analytic solutions
which belong to a larger analytic class than those for the pure Dirichlet prob-
lem considered in our earlier works (2013). For such solutions, we establish
the exponential convergence of a non-conforming dG interpolant given by lo-
cal L2-projections on elements away from corners and edges and by suitable
local low-order quasi-interpolants on elements at corners and edges. Due to
the appearance of non-homogeneous, weighted norms in the analytic regular-
ity class, new arguments are introduced to bound the dG consistency errors in
elements abutting Neumann edges. The non-homogeneous norms also entail
some crucial modifications of the stability and quasi-optimality proofs, as well
as of the analysis for the anisotropic interpolation operators. The exponential
convergence bounds for the dG interpolant constructed in this paper generalize
the results of our earlier works (2013) for the pure Dirichlet case.

1. INTRODUCTION

Consider an open, bounded and axiparallel polyhedron Q C R? with Lipschitz
boundary I' = 0 that consists of a finite union of plane faces I', indexed by
Lt € J. The faces I', are assumed to be bounded, plane polygons whose sides form
the (open) edges of Q. The set {I',},c7 is partitioned into a subset of Dirichlet
faces {T', },e7, and a subset of Neumann faces {T',},c 7, , with corresponding (dis-
joint) index sets Jp and Jy, respectively (i.e., J = Jp U Jn). Then we consider
the diffusion equation

(1.1) —Au=f in €,
(1.2) Yo(u) =0 onT', O, e Jp,
(1.3) v (u) =0 onl', COQ, ey,

where the operators yg and -, denote the trace and (co)normal derivative operators,
respectively. With the Sobolev space H,(Q) := {v € HY(Q) : v|r, =0, ¢t € Ip}
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and the continuous bilinear form a(u,v) := [, Vu - Vv da, the weak formulation of
problem (I)—(3) is to find u € HL(£) such that

(1.4) a(u,v) = /va de Yo e HH(R) .

For every f € H}(Q)*, the dual space of H}(f2), problem () admits a weak
solution u € H} (). The solution is unique if Jp # (), and unique up to constants
if 7p = 0 (in which case we also require the compatibility condition fQ fdx=0).

This paper is a continuation of our work [IIL[12] on hp-version discontinuous
Galerkin (dG) finite element methods (FEM) for second-order elliptic boundary-
value problems in polyhedral domains Q@ C R3. In [II], we showed the well-
posedness, stability and consistency of hp-version interior penalty (IP) discontin-
uous Galerkin discretizations of () for the pure Dirichlet case, that is, for the
case where J = Jp, Jy = 0, and where the homogeneous essential boundary
conditions ([2)) are posed on all of 9. For axiparallel configurations, we then
used these results in [I2] to prove exponential rates of convergence in the num-
ber of degrees of freedom, for hp-dG discretizations on appropriate combinations
of o-geometric anisotropic meshes and s-linearly increasing anisotropic elemental
polynomial degrees; see also [15] for related work on linear elasticity.

In this work, we consider and analyze hp-dG methods for the case Jn # 0. Al-
though the hp-error analysis will be along the lines of [T1[12], there are significant
differences. As shown in [3], the solutions of mixed Dirichlet-Neumann or pure
Neumann problems for second-order, elliptic boundary-value problems in polyhe-
dral domains with piecewise analytic data belong to countably normed Sobolev
spaces Ng' (Q) with non-homogeneous weights. In the case of homogeneous Dirich-
let conditions (i.e., when Jn = @), these spaces coincide with the (smaller) spaces
Mg () for which we proved exponential convergence in [12]. When Jx # 0, how-
ever, we have the strict inclusion Ng'(Q2) 2 Mg (€2), due to the different structure
of the weights near Neumann edges (where two Neumann faces I',, ¢ € Jy, inter-
sect). Compared to [12], this entails new technical difficulties and requires essential
modifications in the stability and consistency analyses and in the choice of the
anisotropic hp-interpolation operators.

We show that for solutions to problem (LI)-(T3]) belonging to the countably
normed Sobolev spaces NE’(Q), the hp-dG approximations are well-defined and
satisfy the Galerkin orthogonality property. Hence, the dG energy error can be
bounded by suitable consistency terms involving a discontinuous elemental poly-
nomial interpolation operator. The main result of this paper is the construction
and analysis of a non-conforming dG hp-interpolant given by local L2-projections
on elements away from corners and edges and by local low-order quasi-interpolants
on elements at corners and edges, which allows us to bound the consistency terms
at exponential rates of convergence. That is, we prove that hAp-dGFEM achieves
exponential convergence with respect to the dG energy error, i.e., asymptotic con-
vergence rate bounds of the form C' exp(—b\S/N ), where N is the number of degrees
of freedom and where b, C' > 0 are independent of V. An extensive numerical study
of various aspects of these theoretical results will be presented in a forthcoming pa-
per.

We point out that although we use ideas and notation from [I1[12], the proof of
exponential convergence in the present paper is self-contained and the results are in
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several respects stronger than the analysis in [I2]: exponential convergence is shown
for larger classes of solutions and for a non-conforming dG interpolant which re-
quires much less smoothness of the solutions than that in [I2] (merely L2-regularity
for the L2-projections and Wt l-regularity for the quasi-interpolants), thereby gen-
eralizing the analysis in [I2] in the pure Dirichlet case, as well as providing an alter-
native proof for it. The main reason for using L2-projections is that they allow us
to separately analyze the errors in edge-perpendicular and edge-parallel directions,
which is crucial in the appearance of Neumann boundary conditions. However,
this is purchased at the expense of additional powers of the maximal polynomial
degree (as compared to [I2]) appearing in the consistency error bounds; these are
subsequently absorbed into the exponentially small terms.

The outline of the article is as follows: In Section Bl we recapitulate analytic
regularity results for solutions to (LI)—(L3)) from [3] (which extend the pioneering
work [2] in two dimensions to the three-dimensional case). In Section Bl we define
hp-dG finite element spaces on o-geometric meshes of hexahedral elements with
possibly anisotropic and s-linearly increasing polynomial degree distributions. In
Section M we focus on the dG discretizations and discuss their consistency and
stability. In Section Bl we introduce the non-conforming dG interpolant which will
be used in our analysis. In Section [6] we present dG-norm error estimates for this
interpolant and state our exponential convergence result (Theorem [6.2]). Section [l
is devoted to the proof of this result.

The notation employed throughout this paper is consistent with [I1,12]. In
particular, we shall frequently use the function

I(g+1-—r)

(1.5) Vyr= m, 0<r<yq,

where I is the Gamma function satisfying I'(m+1) = m!, for any m € N. Moreover,
we shall use the notation ”<” or ”~” to mean an inequality or an equivalence
containing generic positive multiplicative constants which are independent of the
discretization and regularity parameters, as well as of the geometric refinement
level, but which may depend on the geometric refinement ratio ¢ and on the slope
parameter s.

2. REGULARITY

In this section, we specify the regularity for solutions of (LI))-(L3]). We follow [3],
based on the notation already introduced in [111[12].

2.1. Subdomains and weights. We denote by C the set of corners ¢ and by £
the set of (open) edges e of Q. The singular set of 2 is then given by

(2.1) S = (g;) U <e€U€e> cT.

Force C, e €&, and x € (), we define the following distance functions:
(2'2) Tc(m) = |:B - C|, Te(m) = !lllg(; |:B - yl, pce(m) = Te(m)/'rc(m)'

As in [IT], Section 2.1], the vertices of Q are assumed to be separated. For each
corner ¢ € C, we denote by &, := {e€ & : eNe#D} the set of all edges of Q
which meet at c. Similarly, for any e € &, the set of corners of e is given by
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Ce:={ceC: cne#0}. Then, fore>0,ceCl, ecké&,respectively e € &, we
define the neighborhoods

we={x €N :1e(x) <& A pee(x) > Veel:},
(2.3) we={z €N : re(x) <e A re(x) > Vecelel,
Wee ={x €Q : re(x) <& A pee(x) <}

By choosing e > 0 sufficiently small as in [I1], the domain Q can be partitioned

into four disjoint subdomains, Q = Q¢ U Q¢ U Qee U Qq, referred to as corner,
edge, corner-edge and interior neighborhoods of €2, respectively, where

(24) Qc = U We, Qe = U We, Qce = U U Wee

ceC ecé ceC ecé,

and g := Q\QC U Qg U Qce.
It will be useful to tag Dirichlet corners, as well as to distinguish Dirichlet and
Neumann edges. To that end, we introduce the sets

CD::{CEC : EILEJDWithcﬂE;A[Z)},

(2.5) thenl
Ep={ec&:FeJpwithenl, #0},

and set Ey := E\Ep. Corners in Cp and edges in £p abut at least one Dirichlet face
I, for ¢ € Jp. Note that we possibly have Ey = (). Hence, the edge neighborhood
Q¢ in (24) can be further partitioned into

(26) Q=0 UQg, with Q= (] we, Q= |J we

ecép ecén

2.2. Weighted Sobolev spaces. To each ¢ € C and e € £ we associate a corner
and an edge exponent ¢, fe € R, respectively. We collect these quantities in the
weight exponent vector 8 = {f. : ¢ € C}U{Be : e € £} € RICIHIEl Tnequalities
of the form 3 < 1 and expressions like 3 £+ s, where s € R, are to be understood
componentwise. We shall often use the notation

(2.7) be:=—-1—08:, c€C, be :=—1—L3., ec&.

To review the analytic regularity results of [3] for solutions to (LI)-(T3), we
choose local coordinate systems in we and wee, for e € £ respectively e € &, such
that the edge e corresponds to the direction (0,0,1). Then, we indicate quantities
transversal to e by (-)* and quantities parallel to e by (-)I. In particular, if o =
(a1,a9,a3) € N3 is a multi-index of order || = a1 + az + ag, then we write
a = (at,all) with a = (a1, as) and all = a3, and denote the partial derivative
operator D® by D* = DﬁL Dﬁ“”, where DﬁL and Dﬁ‘” signify the derivative operators
in the perpendicular and parallel directions, respectively. We also denote by D
and D? the gradient and the Hessian operator in edge-perpendicular direction,
respectively, and set D = Dﬁ.

The solution u of (LI)-(L3) belongs to a scale Nj'(€2) of countably normed
spaces which are, in the case Jy # () under consideration here, strictly larger
than the scale Mg'(€2) of spaces considered in [I2] for the pure Dirichlet case (i.e.,
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for J = Jp). For k > 0, we define the semi-norm

2 L 2
|u|N§(Q;CD7€D) = Z {||DauHL2(QO)
|| =k

+ > ||r§c+|a\Dau||iQ(wc)+ 3 ||7n1c‘ﬂax{ﬁc+|a|~,0}DauHiQ(wc)

ceCp ceC\Cp
1 1
N Z ||T£e+|a |D°‘U’|2L2(wg>+ Z ||T]:ax{:8e+|0¢ |70}Da“”iz(%)
ecép ecén
Bet+|at 2
PR DI DI [7ai oAttt s L

ceCp ec€.NED

D VID I EEL e

ceCp ecENEN

Bet|at 2
DDV e R
ceC\Cp e€&:NEp

£
YYD |frmestsetlaloppietle |’0}D°‘“H;<wce>}‘
c€C\Cp e€€NEN

70} Dau||i2(wce)

Wee)

For m > kg, with
2.9 kg := —mi i i
(2.9) 8 min{min S, min fe},
we write Ng'(Q2;Cp, Ep) for the space of functions u such that HUHN,;”(Q;CD,SD) < o0,
. 2 m 2 .
with the norm Hu||NgL(Q;CD7SD) = o |u|N’5(Q;CD,SD)' For subdomains K C Q we
shall denote by | - | N5(KiCp &) the semi-norm (Z8)) with all domains of integration
replaced by their intersections with K C Q, and likewise we shall use the norm
|| ' ”Ng‘(K;CD,ED)'
The spaces N[,”(Q;CD,SD) are monotonic with respect to the sets Cp, Ep: for
CCp CCand P CEp CE, we have
(2.10) Mg'(Q) := Ng'(;C, &) € Ng'(2;Cp,Ep) € Ng'(;0,0) =: Ng'(Q2),

where Mg'(£2) is the weighted Sobolev space obtained as the closure of C§°(£2) with
respect to the norm ||-||Mgz(m = H~HN51(Q;C£).

2.3. Regularity of weak solutions. We adopt the following classes of analytic
functions from [3].

Definition 2.1. For subdomains K C Q and subsets ) C C' C C, ) C & C &,
the space Bg(K;C',E’) consists of all functions u such that u € NG (K;C',&’) for
m > kg, with kg as in ([229) and such that there exists a constant C,, > 0 with the
property that |u|Ng(K;c,75/) < CEFLE! for all k > kg.

Remark 2.2. The analytic class Bg(2) = Bg(£2;0,0) is closely related to the count-
ably normed spaces Bé (©) introduced by Babuska and Guo in [2L[7L]: if the edge
and corner exponents 3;; € (0,1) and B, € (0,Y/2) introduced in [2,[7,[8] satisfy
Bij = Be + ¢ and By, = B + £ for every ¢ € C and e € &, then Bé(Q) = Bg(Q).
By (2I0), we also have Ag(Q?) = Bg(Q;C, &), where Ag(QQ) is the analytic class
considered in [I2] for the pure Dirichlet problem; see also [3].
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We have the following regularity result (see [3, Theorem 7.3]).

Proposition 2.3. There are bounds bg,bc > 0 (depending on 2 and on the space
H$(9Q)) such that, for b satisfying

(2.11) 0<be<be, 0<be<bg, celC, ecé,
any weak solution u € H}(Q) of problem [LI)-(L3) defined in (L) satisfies
(2.12) f S B1_b(Q;C,8D) — uc B_1_b(Q;C,5D) .

Remark 2.4. In the analytic regularity ([2.12)) all the corner weights have the same
structure as in the pure Dirichlet case, even if ¢ € C\ Cp is a “Neumann corner”
(where only Neumann faces meet in Ex). This also means that in the analytic class
B_1_p(;C,Ep) only six out of the nine terms in the weighted semi-norms in (28]
suffice to characterize the regularity of u (since C\ Cp = 0 in B_1_4(C,Ep)).
Corner weights do not imply homogeneous Dirichlet boundary conditions since by
Hardy’s inequality {u € H'(Q) : r;'u € L?(Q) Ve € C} = H'(Q) for bounded Lip-
schitz domains Q in R3. For edges e € £, the two cases e € £p and e ¢ £p must
be distinguished. An inspection of the terms in the semi-norm (28] reveals that

the assumptions in Remark force the solution to zero weakly at Dirichlet edges

. et+|at],0 .
e € Ep. On the other hand, the structure of the weights rzlax{ﬁ [0} associ-

ated with Neumann edges e € Ey in the fifth and seventh terms in ([2.8) allows
for non-zero traces of u € HL(2) at such edges. Indeed, by taking |at| = 0 and

max{Be+|at|,
recalling that S, < —1 by Remark 2.5 we see that r. {Bet|ot].0) = 1, and thus no

restriction on u € HL (1) is imposed by this weight function along the associated
edge e.

Remark 2.5. In the following and without loss of generality, we may and will assume
that in (2I0)) there holds 0 < b, be < 1forc €C, e € € (i.e., b = bg = 1). Then,
we have B¢, Be € (—2,—1) in (7). Consequently, ks € (1,2) in ([29), and the
regularity property in Definition 1] holds for k > 2. Moreover, for |at| > 2, we
have max{—1—be+|a’|,0} = —1—b+|at|. In addition, we shall assume that for
any polyhedron € and right-hand side f in the classes considered here, there exists
some 0 € (0,1) such that the weak solution u € Hb () belongs to H'*(Q). For
example, by [6l Theorems 2.2 and 2.4], this global regularity property is satisfied for
f € L*(Q) under certain restrictions on the angles between Dirichlet and Neumann
faces, or by [8, Theorem 3.10] and Remark for certain ranges of the weight
exponents. In [9, Theorems 4.3.2, 8.3.9 and 8.3.10], this regularity is verified for
the pure Dirichlet and pure Neumann problem of ([II]). In [9, Theorem 8.1.7], a
global regularity result in NV g—spaces is shown for the mixed boundary conditions
(@T2), [@3), with bounds bg,be > 0 in (2IT]) characterized in terms of spectra of
certain operator pencils for the Beltrami operator on spherical triangles, also for
second-order elliptic systems such as the Lamé system. For the Dirichlet problem
of that system, exponential convergence of a hp-dG discretization was shown in
[15].

3. DISCONTINUOUS FINITE ELEMENT SPACES

In this section, we review the construction of hp-version dG spaces from [ITL[12]
in the axiparallel setting. The spaces are based on o-geometric anistropic meshes
and s-linearly increasing anisotropic polynomial degree distributions.
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g fi g

FiGURE 1. Examples of three basic geometric mesh subdivisions
in the reference patch @ with subdivision ratio o = 1/2: isotropic
refinement towards the corner ¢ (left), anisotropic refinement to-
wards the edge e (center), and anisotropic refinement towards the
edge-corner pair ce (right). The corner ¢ and the edge e are shown
in boldface.

3.1. Geometric meshes and polynomial degree distributions. To construct
geometric meshes, we start from a coarse regular quasi-uniform partition M° =
{Qj}jzl of € into J convex axiparallel hexahedra, which we also call patches.
Throughout, we shall assume that the initial mesh MO is sufficiently fine so that
an element K € M° has non-trivial intersection with at most one corner ¢ € C
and either none, one or several edges e € £, meeting in c¢. We assume further that
the partition MO is geometrically exact and conforming with the partition of 9

into Dirichlet and Neumann faces. Each axiparallel element Q; = G;(Q) € M° is
the image under an affine mapping G of the reference patch @ = (=1,1)3, given
as the composition of isotropic dilations and translations. As in [IT[I2], with each
patch Q; € MO, we associate one of four types of geometric reference patch meshes
on @, as constructed in [T, Section 3.3] in terms of four different hp-extensions
(Ex1)—(Ex4). More specifically, whenever @; abuts the singular set S, we assign
to Q; one of the geometrically refined reference mesh patches shown in Figure [Il
Here, we also allow for simultaneous refinement towards several edges in the corner-
edge case shown in Figure [ (right). The geometric refinements on the reference
patches are characterized by (i) a fixed parameter o € (0, 1) defining the subdivision
ratio of the geometric refinements and (ii) the index ¢ € N defining the number of
refinements. Interior patches @);, which have empty intersection with S, are left
unrefined, i.e., Q; = G (é) If we denote by Mvj = {IN(} the axiparallel reference
mesh on @ associated with @;, then the corresponding partition M; on patch @;
will be given by M; :={K : K = Gj(IN(), K e Mvj}

For fixed parameters ¢ € (0,1) and ¢ € N, a geometric mesh M = MY in
is now given by the disjoint union M := U;-Izl M. Here, it is important to note
that the geometric refinements M; in the patches @); have to be suitably selected
and oriented in order to achieve a proper geometric refinement towards corners and
edges of ). Each axiparallel element K € M in a geometric mesh M is the image
of the reference cube K under an element mapping K = & K(IA( ), where @k is
the composition of the corresponding patch map G; with an anisotropic dilation-
translation. We collect all mappings ®x in the mapping vector ®(M) := { Pk :
KeM}.
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Following [I1], Section 3], we may partition a geometric mesh Mﬁf) into interior
elements D¢ away from S and into the terminal layer elements T at S. That is,

(3.1) MO =0l Ut

with 9 = {K e MY KNS =0 and T = {Ke MY KNS £0}. We
further partition the terminal layer T¢ into T% := T4 U T%, where

(32) Teo=|JT, TL:={KeT, :Knc#0}
ceC
(3.3) %L .= U T, T ={KecT\T5: (Kne)°is an entire edge of K }.
eef
For MY sufficiently fine, we may assume that T4 consists of at most a finite number
of terminal layer elements K € T%.

With each element K of a geometric mesh M((Tl), we associate a polynomial
degree vector px = (px.1,Pk2,PK,3) € N3. Its components correspond to the
coordinate directions in K = <I>;<1 (K). The polynomial degree is called isotropic
if pxk1 = pr2 = Pr,3 = px. We combine the elemental polynomial degrees px
into the polynomial degree vector p(M) = {px : K € M} and define pyax =
maxgem |Pxl, with |px| := max}_; px ;. We remark that, in addition to the mesh
refinements, the extensions (Ex1)—(Ex4) introduced in [I1] also provide appropriate
polynomial degree distributions that increase s-linearly away from the singular set
S for a slope parameter s > 0.

For an axiparallel element K € MY, we set hy = diam(K) and denote by h#

and hg( the elemental diameters of K transversal, respectively parallel, to the sin-
gular edge e € £ nearest to K; cf. [I1I]. As shown in [I2] Propositions 3.2 and 3.4],
these quantities are closely related to the local distances:

c . e . 1 .
(3.4) % = dist(K,c) = l}g}f{ re(x), % = dist(K,e) = wlg%re(w)

Consequently, we may write K € M,(f) in the product form
(3.5) K:=K*xKl,
where K= is an axiparallel and shape-regular rectangle with diam(K*) ~ h% in

edge-perpendicular direction, and K is an interval of length hﬂ( in edge-parallel
direction. In fact, in our analysis we may assume without loss of generality that

K = (0,h%)? x (0, hﬂ(); cf. [12, Section 5.1.4]. Analogously, we then choose px 1 =

PK2 =i Dk, PK,3 = ng and write px = (p%‘oPQ()

For a fixed subdivision ratio o € (0, 1), we call the sequence M, = {Mﬁf)}gzl
of geometric meshes a o-geometric mesh family; see [I1, Definition 3.4]. As before,
we shall refer to the index ¢ as refinement level. Geometric mesh families satisfy
a bounded variation property with respect to the local mesh sizes; cf. [I1 Sec-
tion 3.3.3]. To review, let MM, be a o-geometric mesh family. For any M € M,
we define the set of all interior faces in M by Fr(M) := { f = (0K® N 9OK*)° #
§ . K° K* ¢ M}. Similarly, the sets of Dirichlet and Neumann boundary faces
are denoted by Fp(M) and Fn (M), respectively. We shall always assume that
boundary faces belong to exactly one boundary plane I', for ¢« € J. In addition,
let F(M) = Fr(M)UFp(M)UFn(M) denote the set of all (smallest) faces of M.
When clear from the context, we omit the dependence on M and simply write Fy,
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Fp, Fn, and F, respectively. Furthermore, for an element K € M, we denote the
set of its faces by Fx = {f € F(M) : f COK}. For K € M and f € Fg, we
denote by hf(y s the height of K over the face f, i.e., the diameter of element K in
the direction transversal to f. Then there is a constant p € (0,1) (only depending
on o, M?) such that

(3.6) pS hgeg/hgey Su7h Y MEM,, Vf € Fi(M).

3.2. Finite element spaces. Let M, = {M&Z)}gzl be a o-geometric mesh family
in Q. For a geometric mesh M = MY in this family, let P(M) and p(M) be the
associated element mapping and elemental polynomial degree vectors, as introduced
above. We then define the generic discontinuous hp-version finite element space by

(3.7) V(M,®,p)={veL*Q) : v|g €Qp,(K), KEM}.

Here, the local approximation spaces are defined as follows. First, on the reference
element K and for a degree vector p = (p1, p2,p3), the tensor-product polynomial
space Qp(l?) is given by Qp(ff) =P, (1) QP,, (1) QP,, (1), with Pp(:f) denoting the
space of all polynomials of degree at most p > 0 on the reference interval I= (-1,1).
Second, on a generic element K € M and with the element mapping P : K-> K ,
we set Qp(K) := {v e L*(K) : v|x o ®x € Qup(K) }.

We now introduce two families of hp-finite element spaces for the discontinuous
Galerkin methods; both yield exponentially convergent approximations and are
based on a o-geometric mesh family 9, = {./\/l((f)}gzl. The first family of hp-dG
subspaces is defined by

(3.8) VE=V(MP, MP), pr(MP)),  €>1,

where the elemental polynomial degree vectors px in pl(./\/lf(f)) are isotropic and

)

uniform, given on each element K € ./\/lf(f as px = max{3,£}. The second family

of hp-dG subspaces is chosen as
(3.9) Vi =V (MY, @MP),py(MP)), =1,

for an increment parameter s > 0. Here the polynomial degree vectors po (MSf’)
are linearly increasing with slope s away from S; i.e., specifically, the polynomial
degrees px and pg( within each element K € /\/lgf) increase linearly with the num-
ber of mesh layers between that element and the closest edge e € &, respectively the
closed corner ¢ € C of €, with the factor of proportionality being the slope param-
eter s > 0; see [I1] Section 3| for more details. In the pure Neumann case (Jp = ()
we consider the factor spaces 170[ = V*!/R and 170{5 = Vf,s /R, respectively.

4. DISCONTINUOUS GALERKIN DISCRETIZATION

In this section we present the hp-dG discretizations of ([I)—([L3]) for which we
shall prove exponential convergence. In addition, we shall adapt the stability and
approximation results from [I1], Section 4] to mixed boundary conditions. Through-
out, M € 9, denotes a generic o-geometric mesh.
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4.1. Trace operators and trace discretization parameters. We shall first
recall the jump and average operators over faces; cf. [I1l[12]. For this purpose,
consider an interior face f € F;(M) shared by two elements K*, K* € M. Further-
more, let v, respectively w, be a scalar, respectively vector-valued, function that is
sufficiently smooth inside the elements K*, K”. Then we define the following jumps
and averages of v and w along f:

[v] = vlkemge +vlome () =12 (vlxr +vlxe)
[w] = wlk: -y + Wl - npe {(w)) =12 (wx: + wlxe) .-

Here, for an element K € M, we denote by ny the outward unit normal vector
on 0K. For a Dirichlet boundary face f € Fp(M) belonging to K € M, we let
[v] = vikna, [w] = w|k - ng, and (v)) = v|k, (w)) = w|k, where ng is the
outward unit normal vector on 0f).

In analogy to the definition of h[l(  in Section B we denote by pf(’ ¢ the poly-
nomial degree of px transversal to an elemental face f € Fx, K € M, defined
as the corresponding component of <I>I_(1(K ). With these definitions, we intro-
duce the trace discretization parameters h,p € L (F;(M) U Fp(M)) by setting
hy := h|y := min{h}-(nvf,hj;,,’f}, and py := p|y := max {p§n7j.,pf(b7f}, for any
interior face f € F7(M) shared by OK* and K. For a Dirichlet boundary face
f € Fp(M) shared by OK and I',, ¢ € Jp, we set accordingly hy :=h|; = th,f,

Ps =Pl = Px
4.2. Interior penalty dGFEM. The problem (I)-(T3]) will be discretized using
an interior penalty (IP) discontinuous Galerkin finite element method. For an hp-

dG finite element space V (M, ®,p) and a parameter § € R, we define the hp-
discontinuous Galerkin approximation upg by

(4.1) upg € VM, ®,p): apc(upg,v) = / fode Vo € V(M, ®,p),
Q
where the bilinear form apg (v, w) is given by
apg(v,w) == | Vpv-Viywde — / (Vpo)) - [w] ds
Q FrUFp

+6 (Vpw)) - [v] ds+ / j[v] - [w] ds.
F1UFp F1UFp

Here, V}, is the elementwise gradient operator, and v > 0 is a stabilization param-
eter that will be chosen sufficiently large. Furthermore, j is defined as

(4.2) ilf =psh;',  feFUFp.
Finally, the parameter 6 allows us to describe a whole range of interior penalty
methods: for # = —1 we obtain the standard symmetric interior penalty (SIP)

method while for # = 1 the non-symmetric (NIP) version is obtained, cf. [I] and
the references therein.
To address the well-posedness of the hp-dGFEM, we use the standard dG norm:

2 . 2
(4.3 ol = [ 1Vael deto [ s
Q FIUFp

for any v € V(M, ®,p) + H'(Q). In the pure Neumann case (Fp = 0), || - [pc is
a norm on the subspace (V (M, ®,p) + H(Q))/R.



hp-DGFEM FOR MIXED ELLIPTIC PROBLEMS IN POLYHEDRA 1061

4.3. Galerkin orthogonality and stability. In order to show the well-posedness
of the dG formulation (1], we first establish the Galerkin orthogonality of the dG
discretization ({I]).

Proposition 4.1. Suppose that the solution u to problem (LI)—([L3) belongs to the
weighted space N*,_(Q;C,Ep), where b is a weight vector satisfying (ZI1). Then,
the dG approzimation upg € V(M, ®,p) in [@I) satisfies apg(u—upg,v) =0 for
any v € V(M, ®,p).

Proof. The proof is similar to the one of [I1, Theorem 4.9] and follows from the fact
that the solution u satisfies apa (u,v) = [, fvdez, for any v € V(M, ®,p). To prove
this identity, we first note that for any u € N2, ,(;C,&Ep) and v € V(M, @, p),
there holds the Green’s formula

(4.4) —/ UAudw:/ Vu-thdw—/ (Vu-ng)v ds, VK e M,
K K oK

where in the case K N 0N # ), the boundary term has to be understood as a
pairing in L'(0K) x L>(9K). The formula ([{4) is proved along the lines of [11,
Lemma 4.8] with the aid of the trace inequality in [II, Lemma 4.2] (with ¢ = 1).
Employing (@A), the term fQ Vu - Vpvdex can be integrated by parts on each
element, thereby revealing that —fQ vAudx = fQ fvdx. Here, the remaining
boundary and inter-element flux terms vanish since [u]|; = 0 along all f € FpUFy,
and that [Vu]|; = 0 on all interior faces f € F;. The proof of the latter identity is
similar to the proof of [I1, Lemma 4.7]. |

Moreover, the following proposition results from minor modifications of the
proofs of the corresponding stability results presented in [II, Theorem 4.4] for
the pure Dirichlet case.

Proposition 4.2. For any degree vector p(M), the bilinear form apg is continuous
and coercive on V (M, ®,p): there exist constants 0 < Cy < C1 < 0o independent
of the refinement level £, the local mesh sizes and the local polynomial degree vectors
such that |apg (v, w)| < Ch||v|lpellwlpe for all v,w € V(M, ®,p) and such that,
for v > 0 sufficiently large, independent of the refinement level ¢, the local mesh
sizes and the local polynomial degree vectors, we have apc(v,v) > Ca||v||}q for all
v € V(M,®,p). In particular, there exists a unique solution upg of (&Il (unique
up to constants in the pure Neumann case).

5. NON-CONFORMING APPROXIMATION

In this section, we specify the dG interpolant, upon which our error analysis
will be based, and discuss its properties (Section [54]). To that end, we first prove
auxiliary results for elemental L?-projections (Sections (.1l and [5.2)), as well as for
a low-order quasi-interpolant (Section [£.3)). Finally, we show an anisotropic jump
estimate for our dG interpolant (Section [5.5]), which will be essential to control the
non-homogeneous weights in (2.8) near Neumann edges.

5.1. L*-projections. We denote by 7, the L2-projection onto P,(I) on the refer-
ence interval [ = (—1,1).
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Lemma 5.1. Letp >0 and u € Hj(f) for 7 € Ng. Then we have the bound
(5.1) |Gl < CO+ ¥ o,
where C' > 0 is a constant depending only on j.

Proof. The L*-stability of 7, on I , that is, the case j = 0, is clear and the inequality
holds with constant C' = 1. Next, consider the case j > 1. For 0 < p < j, we have
(7pu)¥) = 0 and (5)) is satisfied. Then, for p > j, we have that (7,u)?) € P,_;(I),
and with the L2-projection 7;_1u € P;_1(I) there holds
@)D 2y = I @pre = Tjm1w) D] a1y = 1Ty = Tjm1w) Dl 2 -
Hence, applying the inverse inequality from [[3, Theorem 3.91] and the L?-stability
of 7, yield
ol = 751Dl oy < i (0 + Dl = 51 () -
Combining this estimate with a Poincaré-type inequality in H7 (1) /P 1) gives
H(%pu)(j) Hm(f) < Cinv,j(p+ 1)2jCPoinC7j Hu(j) HLz(f)a
which is the desired estimate. |

We now conclude the following approximation result for the L?-projector 7, with
bounds which are explicit in the polynomial degree p and the regularity order s.

Lemma 5.2. For any3<s<pandu€ HSH(IA), we have

(5:2) lu — Fpull; S

HQ(I) S pS\IjP*LS*lHu

with Up_q s_1 defined in (L3).

Proof. From [4, Section 8], it follows that for every p > 3 there exists a projector

Tpo © H?(I) — P,(I) that satisfies (7pou)? = 7, _ou? ~and (Tp2)Du(£1) =
ul)(£1) for j = 0,1. The projector 7,5 is stable in H?(I). Moreover, for any

3<s<pandue HTHI ) there holds the approximation bound

(5:3) lu = p 2l o3

L2(1)’

‘I’pfl,sfluu Lz(f) .

By the triangle inequality, the fact that 7, reproduces polynomials, and the
stability estimate (B.1I), we see that

H2(T) ~

(5.4) ||u_%pu”H2(f) < ||u_%p72u||Hz(f)+‘|7?p(u_%py2u)||H2(f) 51’4”“_%1072“”1{2(?)-
Referring to (B.3]) yields the assertion for any u € Hs+1(f). O

Now let K = (—1 1) be the reference element. In analogy to (BX), we write
K = K+ x Kl with K+ = (=1,1)? and K! = (—=1,1). For a polynomial degree
vector p = (p-,pll) and 7 : K — R, the L2-projection H of ¥ into Qp (K ) =
QPL(KL) ® Q,l (IA(”) is given by

(5.5) o= (7Y 07 @7 )7 = (M ol )3

where the one-dimensional L?-projections act in directions 2, Zo, and 3, and
where we use the short-hand notation H;L and sz to denote the L2-projections
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on K in perpendicular and parallel direction, respectively. Moreover, in this setting
we also introduce the tensor-product Sobolev space

(5.6) H2, (K):=H*(K') o H*(K) = H*(I) ® H*(I) ® H*(I),

mix
endowed with the standard tensor-product norm || - [/ ;> (R)-

Next, we provide approximation results of the L2-projection (53] for a possi-
bly anisotropic axiparallel hexahedron, separately in edge-perpendicular and edge-
parallel direction. To state them, consider the element K = (0, h)? x (0, hll) with

element mapping ®x : K — K and a polynomial degree vector p = (pJ-,p”).
Consider the function v : K — R, and let 7 := v o .

Proposition 5.3. In the above setting, let f* =0 — ﬁ;ﬁ and il =5 — f[y)” ?.

For the approzimation error n*= (on I?) i edge-perpendicular direction there
holds

~1 1 1
71, iy S )" By s (0,
for any 3 < s+ < pt, with

ELL’SL(K;U) =Wy Z (hl)maL‘_Q(hH)QO(H_1||D?_L T\yHUHi?(K)-

P
st+1<lal|<sL+3
o<all<2

For the approzimation error | (on IA() in edge-parallel direction there holds

Nat el A at|— sl at sl
DY I 77““%2(1?) S (P”)S \I/p”fl,sufl(hL)Q‘ | Q(h”)2 +1||DL Dﬁ +1U||2L2(K)7
for any |at]| >0, 0 < all <2, and 3 < sl < pll.
Proof. Estimate for - : From (5.3)), we have
~1

it =70 @7t = (0 -70) + 7 (@7 -709) .

Hence, by the triangle inequality and the stability properties in (B.IJ), we find that
2
~1 1 PN PS
”77 Hi{?mx(f() 5 (p )82 HU _W;?U‘lzéix(f{) .
i=1

The one-dimensional approximation properties in Lemma now imply that

~ R(st L alhy~
”nJ—”iIz () /S (pL)16\I/pL—17sL—1( Z ||D(S thoz,e )UHi’z(I’%)

0<az,al<2

A(aLﬂsL—i-l,aH)A 2
+ E ”D ! U||L2(f<) :
OSaf,a”SQ

This bound and a scaling argument as in [I2), Section 5.1.4] yield the desired bound
for .

Estimate for il : The bound for 7l is a direct consequence of the one-dimensional
result in Lemma (applied in edge-parallel direction), again combined with a
scaling argument as in [I2] Section 5.1.4]. O
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5.2. One-dimensional geometric meshes. In this section, we provide auxiliary
exponential convergence results for elementwise L2?-projections on one-dimensional
geometric meshes. To that end, on the domain w = (0,1), we consider a sequence
{7}@)}521 of geometric meshes T¢") = {I; }fii with £ + 1 elements which are geo-
metrically graded towards the origin with grading factor 0 < ¢ < 1. The elements
are given by I; = (0,0%) and I; = (67277, 0"177) for 2 < j < £+ 1. The size of
element I; is given by

(5.7) hj =o' (1-0), 2<j<l+1,
which implies that there is a constant k solely depending on ¢ such that
(5.8) K hy <o) <kh;, wel;, 2<j<i+1.

For a slope parameter s > 0, we define on 7}(6) a s-linear polynomial degree
vector p of length £ + 1 given by p = (p1,...,pe+1), with p; = max{3, [sj]},

j=12...,0+1, and set |p| = maxﬁii p;. We then consider the one-dimensional
hp-version discontinuous finite element space
(5.9) SP(w; TIO) = {ue L2(w) : ul, € Py, (L;), j=1,2,....0+1}.

Then, we denote by 7, the L%-projection onto the space SP(w; '7:,“))7 defined on
each element I; as the (scaled) L?-projection 7, ; cf. Section 51l For a sufficiently
smooth function u : w — R, we define the approximation error by 1 := u — mpu and
introduce the elemental error quantity:

(5.10) Tiln) = hy 2l ey + 10 122 0ry) + B3 10" 1221, )-
Proposition 5.4. For a weight exponent § > 0, let u: w — R be such that
(5.11) 2] u) | oy < C5TIT(s +1) Vs > 0.

Then for € sufficiently large, we have ZfiéTj[n] < Cexp(—2bl), with constants
b,C > 0 independent of £.

Proof. Fix an element I; € 7;(5) for 2 < j < /4 1. A straightforward scaling argu-

ment yields Tj[n] =~ (hi/2) " ||ﬁ\|§{2(f), where as usual we denote by 77 the pullback of

n|z, to the reference interval I= (—1,1). Therefore the approximation bound (5.2))
implies that

T; [ S |P\8 (hf/Q)_1 ‘I’pj—l,sj—1||ﬂ(sj+l)||ig(f)7
for any 3 < s; < p;. Scaling the right-hand side above back to element I; results
in

2s; Y
(5.12) T[] < Ipl* (n3/2)™ Wy, 1,1 |+ V|72
Moreover, by the equivalence (5.8)),

(5.13) 5D |2, ) ) o BIFHPTEE gt Dy it 2,

By combining (512), (E13) with (BI1I), we find that
2 — 25 —1— S S
Tj[n] N |p|8h]‘62 2 J\I]pjfl,sj-71|||x| 1B (sg )y ( J—H)”%?(Ij)
S [pPhS7 (Cuf2)™ Wy, 1T (s +2)°

for any integer index 3 < s; < p;. An interpolation argument as in [I2] Lemma 5.8]
shows that the bound (5.I4) holds for any real s; € [3, p;].

(5.14)
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Next, we sum the bound ([B.I4) over all layers 2 < j < ¢+ 1. In view of (&1,
we obtain

£+1 41
Somil S Il | YT min [CPW, o, T (s + 2)7]
Jj=2 Jj=2

SjE[S,p]‘]

In [12] Lemma 5.12], it has been shown that terms of the form as in the bracket
on the right-hand side above can be bounded by Cexp(—2b(¢ + 1)). By possibly
increasing the constant C' > 0 and by reducing the value of b, the algebraic factor
|p|® can be absorbed into the exponential convergence bound. ]

Similarly, we obtain the following result.
Proposition 5.5. For a weight exponent 3 > 0, let u : w — R be such that
(5.15) 2] P75 u || oy < CET20(s+2) Vs > 0.

Then for € sufficiently large, we have Zf:; HnHsz(Ij) < Cexp(—2bf), with constants
b,C > 0 independent of £.

Proof. Fix an element I; € T for 2 < j < £+ 1. Scaling gives ||77||%2(Ij) =
hj/2|\ﬁ||2L2 @ Then, the approximation bound (5.2)), a scaling argument, the equiv-
alence (5.8)), and the regularity assumption (5.15)) yield, for 3 < s; < p;,
1221,y  1BI® (45/2) Wy D2,
S 1P, 10,1 (o) Ul 2,
; 28—25;—2)|) | —f+s; v

SIPPTy, 15,1 (hif2)* 2 hjﬁ S [ e R A [P

S PPy, 1,1 (Cof2)™ BT (s; +3)° .
From here, the desired estimate follows as in the proof of Proposition [£.4] |

5.3. A low-order P;-approximation operator. We further require the following
low-order quasi-interpolation operator considered in [5]. Let & C RY be a bounded,
convex polygonal (d = 2) or convex polyhedral (d = 3) domain which is shape-
regular, with diameter hg, and whose barycenter is given by x4 := ﬁ fﬁ xzdx € R,

where || denotes the volume of K. Then, by definition of xg,

(5.16) /ﬁ(w—wﬁ)dw:O .

Define the quasi-interpolation operator Z; : W (&) — Py (8) by
(5.17) v :=ov + (x — xg) - Io(Vv),

where P (R) denotes the polynomials of total degree at most 1 on &, and where I,
and IIj denote element averages, i.e., the L2-projections onto Py(£) and Py(R)4,
d = 2,3, respectively.

Lemma 5.6. For the quasi-interpolation operator I, defined in (BI7), there holds:
(1) V(Z1v) = (Vo) on & for allv e WH(R).
(2) [((w—Tw)dx =0 and [; V(v —Tiv)dx =0 for allv e WH(R).
(3) Iy reproduces polynomials in P1(R).
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(4) For 1< q < oo, the quasi-interpolant I, is W14(8)-stable:
Yo e WH(R):  |[V(Zwo)ll o) < IVOllLas) -
(5) For v e H'(R), there holds
lo = Tuvllzaga S hal Vol llo = Tavllzeony S g2 IV0li2e -
(6) For v e H?(R), there holds
lv = Zyol L2 (a) + hall V(v = T1o)l| 22(n) S P&lol a2 (s -
et d = 2, ¢ a corner of R, and r(z) = |x — ¢|. v E an

7) Let d = 2 f ], and Ifv e H(K) and

Z\a\:z [rPD*v||p2(q) < o0 for a weight exponent 0 < 3 < 1, then there

holds

o = Tivll ey + hallV (0 — Zoo) oy S 057 3 107D sy

|a|=2
Proof. We prove this lemma item per item.

Item (1): The first item follows immediately from the definition of Z; in (5I7).
Item (2): Note that, by definition and item (1),

v—Tw=(v—yw) — (& — xg) - IH(Vv), V(v —Tyv) = Vo — I(Vv).
Integrating these identities over £, the desired properties follow from (GE.I6]) and
from the fact that [ (v — Iov)de = 0 and [, (Vo — IIy(Vo) de = 0.

Item (3): For v € Py (K), we see that, with item (1), V(Z,v) = IIj(Vv) = Vo.
Hence, Zyv = v + ¢, for a constant ¢. With item (2), we find that ¢ = 0.

Item (4): For 1 < q < oo, the Wh4(R)-stability property results by noticing
that II(Vv) is constant, and from Hélder’s inequality:

Kl / Voudx
8

< &7Vl Ly 11 Loy < IV zags) -

For g = oo the proof is similar.
Item (5): To prove the L?(&)-bound, we use (5.I7) and the stability in item (4):

[v—Zivl[r2(q) < llv = Tov|[r2(g) + [[Hov — Tavl| L2(g)

IV(Z19) || a(s) = Mo (VV)|lLa(a) = |8

= |lv = Hov|p2(n) + [[(® — xg) - Mo (V)| L2 ()
S v = Tov|| g2 sy + hall Vol 22(s) -

From the Poincaré inequality on H'(8)/R, we have [[v—IIgv||r2(q) S ha
and thus the L?(£)-bound follows.

To prove the L?(98)-bound, we invoke the trace inequality from [I1, Lemma 4.2]
(with ¢ = 2) for the isotropic element K:

Vollr2g),

—1 1
lo = Tuollza oy < g v — Tovll oy + b 1V (0 = Zyv)l| sy -
For the first term, we employ the previous L?(£)-bound. For the second term,
we employ the triangle inequality and the stability bound in item (4). We readily
arrive at [|v — Trol| 200 S bt Vol L2 (-
Item (6): By items (2), (3), we can employ the Poincaré inequality twice, together
with scaling, to obtain

o = Thol 2y + hallV (0 = Tho) || L2(r) S hklo — Taoluz(m) = B[z (-
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Item (7): Similarly as before, we find that |[v—Z1v||r2(g) S hal|V(v—T10) || L2(5)-
To further bound this term we apply item (1) with the Poincaré inequalities of [10]
Proposition 27] or [14] Corollary A.2.11] to find that

V(v —Z1v)[|L2(a) = Vv = TLo(V)|L2(a) S

lo|=2

This completes the proof. O

5.4. A non-conforming dG interpolant. We now specify a dG interpolant II
as follows. Let v € H'(Q), and let V(./\/l((f)7 @(Méf)),p(/\/lff))) be an hp-dG space
based on a geometric mesh ./\/l((,z). For an element K = K+ x Kl € Mﬁf) with
polynomial degree vector px = (pK,p‘Il() we choose IIv elementwise and with

respect to the partition MY = Of UTL U TL (introduced in Section B)) as

Up, (v]K) = H;l ®HH|| (v|K) if K €9,

K P
(5.18)  (Iv)x =1gv|K = Zy(v|K) if K € T4,
If@Hp.I.{ (v|r) if K € T¢.

The operator II,, is the (scaled) L2-projection onto Qp, (K) given by
(5.19) My (0]x) = (Tl (v 0 @) 0 BFL,

with ﬁpK the reference projection in (B3] and @k the element mapping. As on the
reference element, it tensorizes into projections Hﬂ and Hl‘)l in edge-perpendicular
and edge-parallel directions, respectively. The operator 7, is the three-dimensional
quasi-interpolant (5.I7) for the isotropic corner elements, whereas Zi- is the two-
dimensional P;-interpolant (B.I7) applied in edge-perpendicular direction.

It is evident that on K € O U T, the interpolant IT in (5.I8) has tensor-product

structure. For simplicity, we shall then write II = II+ @ IIll or IIx = % ® Hg( (to
indicate the dependence on element K).

Lemma 5.7. On elements K € O U fg with K = K+ x K| the tensor-product
interpolant i = 1% ® Hﬂ( introduced in (B.18)) satisfies:

(1) The operator Hﬂ{ is the L2-projection in edge-parallel direction into poly-
nomials in P ol (K1), and 11 is an approzimation operator from H*(K*)
into Q1 (Kl) for K € OF, respectively into P1(K*) for K € T¢.

(2) The operator I3 reproduces polynomials in Qp L (K*Y) for K € DY, respec-
tively in Py (K=L) for K € T¢.

(3) The operator HJIQ satisfies the approximation property:

o’

lv—TxvlZeoney S hlDivlzaggey, — veH (KD

Proof. The first two properties follow by construction and Lemma 5.6 item (3).
The trace approximation bound in item (3) is a standard result for the two-
dimensional L2-projection I = H;ﬁ in ((I8). For Il = Zi- in (BIR) this
follows from Lemma [5.0] item (5). O



1068 D. SCHOTZAU, CH. SCHWAB, AND T. P. WIHLER

5.5. An anisotropic jump estimate. The following bound is crucial for control-
ling the consistency errors in anisotropic elements near Neumann edges.

Proposition 5.8. Consider an interior face f = (0K1NOK2)°, which is parallel to
the nearest edge e € £ and shared by two aziparallel elements K, = Ki- x K and
Ko = K5 x K. Here, Ki- and K5 are two shape-reqular and possibly non-matching
rectangles in edge-perpendicular direction, and K is a one-dimensional interval in
edge-parallel direction. We assume that the bounded variation property B8] holds
over the face f. For elemental polynomial degree vectors given by pr, = (pJIgi,p“),
let 1 = I @II! be a tensor-product dG interpolation operator as in BEI]) satisfying
properties (1)~(3) in Lemma B over {K1,Ks}. For v € HY((K; U K2)°), let
n=uv—1Ilv, n* =v -1 and !l = v — v, Then there holds

(5.20) B EZe ) S 1D ey + 1D L 12 iy -
Proof. Since IT* reproduces polynomials in perpendicular direction, we see that
(5.21) nt —Itnt = (v —TTt) — T (v — THe) = v — T = pt,

on {K7, K»}. Noting that [n] = [IIv] and Hﬂﬁv\Kl = szv\;{z on f and with (5.21),
we obtain

2
102 = /f (T, o], — Thyoli,)? ds

2
- /f (1, @ 1 vl = T, vli) = (M, @ T ol — T, vlk,)) ds

2 2
5/ (Hl}qnl\m) d8+/ (Hl}QﬂHKg) ds
f f
< [ (e o — 1 ) e, (i — Tt )i, ) d
< i, (1 ’n )k ) ds+ f K, (1 KM )Ks ) ds.

By the definition of hy and the bounded variation property (B.6]), we remark that
hy o~ h}ﬁ}f ~ hIL(Q’f ~ hjkl ~ h[z. Hence, the trace estimate in Lemma .7

item (3), in edge-perpendicular direction and the stability of the L2-projection il
in edge-parallel direction (cf. Lemma .7 item (1)) readily yield

102y S by (D0 I3y + I i) )

which completes the proof. O

6. ERROR ANALYSIS AND EXPONENTIAL CONVERGENCE

In this section, we first derive error estimates for the specific dG interpolant IT
defined in (B.I8]). We then state our main exponential convergence bound.

6.1. Splitting of errors and consistency terms. Let u be the solution of (II])—

(@3, and II the dG interpolant defined in (5I8) on a geometric mesh M = MP.
In the sequel, we shall denote by 7 the approximation error

(6.1) n:=u — Iu, for K € M.

We will separately consider the errors in edge-perpendicular and edge-parallel di-
rections. Recall that T = TI*+ @ Tl on K € 9% U F%; of. Lemma 571 We set

(6.2) 0t = u -1, = —1ilhy, for K € O U TL.
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For K € 9% UL, we write n = (v — Ilu) + Il (u — Ttw) = gl + 10yt with 1T
an L2-projection; cf. Lemma 5.7} Hence, the stability result (5.I)) yields

at nel all o at a”
(63) D2 DF 13200, S o (IDF D5 2206, + 1D OF i Bacay)

for any K € Of UT%, at € N2 and 0 < ol < 2.

Next, we introduce various consistency terms, in accordance with the partition
of Mff) 0L U TE U TL, with T% = Upee Th and TE = U, ce T6; cf. Section Bl
We define

(64) Yorlnl:= > TEM, Yeilnl:= Y TEMm, T [n]= Y T

Keo?! Ke%t Ke%t
for i = 1,2, with
TE ] = (b)) 2l ) + IV0l32 50y + (R ID3 0112 1) + (AR ID3 0l (e,
TE[) = Rl o) + V9132 (10) + PR 0l i),
[

L) = (he) ™ Il ae) + Hwném + (i) IDf 2
T2 ) = K| (hg) 21Dl
In addition, for a Dirichlet boundary edge e € Ep, we set
— K K o N=2)1,112
(6.5) TsﬁrD[U] = Z Te,D[n]a Te,D[W] = (hx) ||77||L2(K)
Ke%t

An analogous term does not arise for Neumann boundary edges e € £y (which are
not present in the dG bilinear form apg (v, w)).

6.2. Error estimates. We now establish the following error bound for the dG-
€nergy Norm error.

Theorem 6.1. Let u € B_1_(2;C,Ep) be the solution of (LI)-(L3), and let upg
be the DG approzimation obtained from ([A1]) with a sufficiently large penalty param-
eter v > 0 in the dG space V} in BF), respectively in V{, in B9). Let Ilu be the
dG interpolant selected in (BI8). Then for the approximation errors in (6.1), ([6.2)
there holds the bound

lu —upclde < Cpias <T9g ]+ Lo+ e ]
ceC

7 (Tag, ]+ Ty '+ Yy b)) + D2 (T, ]+ Ter, In]) )
ect ecép : :
The constant C > 0 is independent of the refinement level £, the local mesh sizes

and the local polynomial degree vectors.

Proof. We write u —upg = n+ &, with n = v —IIu as in (G1)), and & := Ilu — upg.
Then,

lu = upclbe <2 (IElbe + Inlbe)

6.6 _
(6.6) S Ul + Pha (IVnnley + > B Il )-
feEFpUFT
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To bound [|¢]|3¢ in (6.8), we employ the coercivity in Proposition and the
Galerkin orthogonality in Proposition £l We find that

(6.7) |||f”|12:>(; S —apg(n, &) =T + Ty,
where
T = /Q Vi Vaédae - 0 L ) -Dilds /f il

- (T I

The term 77 is bounded using the Cauchy-Schwarz inequality:

2 1/2
2 —1/2
73] S P IVl + 2700, . )

< (IEl3aqe + [ 72708 + [l

Estimating the term involving (V) as in the proof of [II, Theorem 4.10], with
the aid of [I1, Lemma 4.3a)], we obtain

2

1/2
L2(F1UFp) L2(F1UFp ) '

2 1/2
2 —1/2
68) 1T S pacleloe (IVunla + 200, . )"

Next, we bound T5. There holds
ni< Y /|<<vhn>>-nf||[[sﬂ|ds
feEFIUFD I

SO Ve - mglln N e o)
feEFIUFD

where ny is an orthonormal vector on f pointing in a preset direction. Therefore,
using [11l Lemma 4.3b)] and the bounded variation property (3.6), it follows that

T S P D 17722 (Vmm) - mgllir i 721D 2y
feFIUFD

1/2
SPRaleloc (XD (T gl
fEFIUFD

SPhudéloa( Y Y IRy

KeM fe(FiUFp)NFi

1/2
|Vh77'nK||2L1(f)) -

Since |Vn-nk| = |0k 11| on f € Fi, with Ok ;1 denoting the partial derivative
in direction transversal to f, and |K| ~ |f |hll( 7+ applying the anisotropic trace
inequality [11, Lemma 4.2] (with ¢ = 1) yields

2] S Phacléllog (Y 1K1V )
Kem

1/2
3 IR ke )10k )
KeM fe(F1UFp)NFk
By Holder’s inequality, we conclude that \K|f1||V77||2Ll(K) < HVUH%Z(K). Since

all elements K are axiparallel hexahedra, there are only two cases, f| e and
f L e, where e is the edge nearest to f € Fx. In the former case, there holds
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(thf) 0% fﬂ?HLl(K) (h%)?ID3 77||L1(K),1n the latter (hﬁf) (6% fJ-n”Ll(K)
(h))2ID2n|I2, - Therefore,

IT2] S Phaxlélne (V]2 o)

1/2
+ 30 (K (i) 1Dl ey + 1K1 ()2 DRl )
Kem

Combining this estimate with (67), ([@8]), and dividing the resulting inequality by
I¢llpe give a bound for ||€||pe. Squaring it and taking into account (G.6]) give

— 2
lu = upclba < Pma | IVanlZz@ + D byt Illzas

(69) feFIUFD

1/2
+ > 1K ()220 ey + (R IDF s )) :

KeM

It remains to bound the jumps of n over f € F; U Fp. To this end, we distinguish
three cases:

Case 1. If f | e, f € F; is an interior face transversal to the closest edge e € &,
shared by two elements K; and K3, with hy ~ hK F hK o h” hk (cf.
property (B.0G])), we use the trace estimate [11] Lemma 4. 2] (Wlth t= 2) to obtain

2

B D30 S D0 (Pe) 232y + 19002, ) -

i=1
The same bound is applied over interior faces shared by shape-regular elements K4
and Ky, where hﬂfl ~ hg, >~ hg, ~ hkz.
Case 2. If f || e, f € F, is an interior face parallel to the closest edge e € &, shared

by two anisotropic elements Ky and Ky, with hy ~ hK1 F th = hl ~ hyg,
(cf. B0)), and with the same edge-parallel polynomial degree pl as in Proposi—

tion 5.8 (see also [I1]), then we apply the anisotropic jump estimate in (5.20) to
find that
b T2 ) S I 120y + 1D T2 an) S NV T2y + IV 12k -
Case 3. If f € Fp is a Dirichlet boundary face, we again invoke the trace esti-
mate [II, Lemma 4.2] (with ¢ = 2) to obtain, for f € F,

hy 12 gy = (i) " HInl ey S (i) 2Nz ey + V12 s -
Inserting these jump bounds into estimate ([E9) results in

e = unclbe S Phax D ((Ri) 20l () + IV0E2())
KeM

+ P O (K7 (22D 012 sy + 1K ()2 1D 01 )
KeM

+p;1nax Z anL”%Q(K) +p;1nax Z TTi‘D[n] :
KeM\T, ecép
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Recalling the partition MY = Of UTL UTE, we estimate the L(K)-norms of
D37 (for K € DL UTY) and Dﬁn (for K € DY) by their L?(K)-norms using Holder’s

inequality. Moreover, noting that elements in ‘Ié are isotropic with hx ~ h}; ~ hﬂ(
and |K| ~ h3; yields

lu — uncllbe S Phax (Tog UEDIRAUESDD IIanllszuq)
ceC KeM\T}

+ pfnax Z (Tf‘é,l [77] + TT‘;Q [77}) + pfnax Z T‘If;’D [77] .
ecé ecép

By property ([6.3]), we have
Top (1] S DYoo 1]+ Yo o), T ) S Pl (Taxs ] + T ),

as well as Yoo ] S Ve [nt] 4+ Yo . [n]. This implies the assertion. O

6.3. Exponential convergence. We are now ready to state the main result of
this paper.

Theorem 6.2. Let the solution u of the boundary-value problem (LI)-([L3) in the
axiparallel polyhedron Q C R belong to the analytic space B_1_(Q;C,Ep), as in
Proposition 23], and with a weight exponent vector b satisfying (ZI1). Let the
assumptions in Remark be satisfied.

Furthermore, let M, = {Mgé)}g21 be a family of aziparallel o-geometric meshes
as introduced in Section Bl and consider the hp-dG discretizations in [1]) based
on the sequences of approzimating subspaces VX and va5 defined in (B.8]), respec-

tively B9), with the associated polynomial degree distributions py (./\/lg)) (constant
and uniform), respectively pg(./\/l((f)) (s-linear and anisotropic). All polynomial de-
grees are assumed greater than or equal to 3 in interior elements K € O°.

Then for £ > 1, the hp-dG approximation upg is well-defined, and as £ — oo,
the approximate solutions upg satisfy the error estimate

(6.10) Ju—upcling < Cexp (-bYN),

where N = dim(V(./\/lg), @(Méf)),p(/\/lﬁf)))) denotes the number of degrees of free-
dom of the discretization for any of the two spaces VX or Vfﬁﬁ.

The constants b > 0 and C > 0 are independent of N, but depend on o, M°, 6, é,
~, minb > 0, and on which of the polynomial degree vectors p; (./\/lff)) or P (./\/l((f))
is used.

Remark 6.3. The assumption that polynomial degrees are greater than or equal to 3
in interior elements is purely technical; cf. Lemma As for the pure Dirichlet
case, we do not expect this assumption to be relevant in practice. This is cor-
roborated by preliminary numerical tests which will be presented in a forthcoming
computational study.

Remark 6.4. In particular, the hp-dG interpolant constructed to prove Theorem [6.2]
yields an exponential approximation bound of the discretization error in the dG
norm as in (GI0) for any u € B_1_(£2;0,0).
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Remark 6.5. We note that Theorem remains true in the pure Neumann case.
Indeed, the hp-approximation analysis on geometric meshes presented in this work
as applied to the hp-dGFEM (1)) with Fp(M) = 0 and based on the hp-space

V(M, ®@,p)/R leads to the bound (6I0) as well. This simply follows from the fact
that all the interpolants in our error analysis reproduce constant functions.

The proof of Theorem [6.2] will be detailed in Section[[lby proving that all the con-
sistency terms in Theorem are exponentially small for the hp-dG interpolant IT

in (.I8).

7. PROOF OF THEOREM

A geometric edge mesh Mff) consists of a finite number of patches {M; }3]:1.
This makes it possible to bound the error terms in Theorem separately on
each patch M;. Moreover, due to the simple structure of the patch mappings, the
weighted Sobolev space Ng (M;;C,Ep), as restricted to a physical patch M, can
be identified with an equivalent space which features the same regularity and is
equipped with equivalent norms on the associated reference patch M j- Hence, it is
sufficient to limit the proof of the exponential convergence bounds to geometrically
refined reference patches as shown in Figure [Il (unrefined patches can be treated
similarly to [12, Section 5.2.1]). Furthermore, by superposition arguments as in [12],
it is enough to show exponential convergence bounds for reference corner, edge,
and corner-edge meshes ./T/l\f;, M\f; and /T/l\f;e, respectively, in the context of a single
corner ¢ and/or a single edge e. Finally, since the meshes M\f; and M\f; can be

viewed as collections of certain elements of MY _, it is sufficient to consider a single

— ce’
L

reference corner-edge mesh M, where e is either a Neumann or a Dirichlet edge.

ce’

7.1. Reference corner-edge mesh. We consider the reference patch (0, 1)3 with
corner ¢ = (0,0) and the single edge e = {0} x wﬂ € &, wlc‘ = (0,1), originating
from it; cf. Figure [ (right). We introduce the reference geometric corner-edge
mesh /\//Yﬁe in (0,1)2 by

+1 g
(7.1) M. =JJ<i,

j=1i=1

where the sets Efje stand for layers of elements with identical scaling properties; cf.
[12, Section 5.2.4]. The decomposition in (1)) is not a partition, in general: ele-
ments may be contained in several layers (but whose number is uniformly bounded

with respect to £). The index j indicates the number of the geometric mesh layers in

edge-parallel direction along the edge w(ll, whereas the index ¢ indicates the number

of mesh layers in direction perpendicular to/g;,l;‘.

In agreement with Section 3.1l we split MY, into interior elements away from ¢
and e, boundary layer elements along e (but away from ¢), and a corner element,
M, = DL, UTLUTE, with

041 g 41
(7.2) of = U U £y Tt = U el gL .= gl

j=2i=2 j=2
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In particular, an interior element K € ﬁﬁ belongs to 2” if it satisfies
(7.3) el ~ d$ ~ hip ~ o171, Te|lk =~ df ~ h!{ ~ gt
for 2 <i < j <+ 1. The terminal layers £% consist of clements K € T¢ with

(7.4) Telg ~d% < hj ~ o' relie ~ dS ~ bl ~ gt+173,

for2 < j <0+ 1. Finally, an element in the layer ‘Eﬁ = E}:}e is isotropic with
Telw ~ d% S h ~ of and 7|k ~ d% < hi ~ of. The sets €12 and £L1 are in
fact singletons, and K € £ can be written as

(7.5) Kj=K'xKl, 2<j<(+1,

where K+ = (0,0%)?, and the Sequence {K I }”1 forms a one-dimensional geometric

mesh 7" along the edge wl = (0,1) as in Section 521 Moreover, the corner
element K € ‘Eﬁ is given by K = (0,0°)%. In agreement with Section B we
consider s-linearly increasing polynomial degree distributions on M\ﬁe that satisfy,
for1<i<j<{+1,

(7.6) VK € Eij : pr = (pj ,py) ~ (max{[si|, 3}, max{[sj],3}) .

Analogously to the definition of the reference corner-edge mesh Mce, we intro-
duce the reference corner mesh Mﬁ and the reference edge mesh ./\/le, cf. Figure[ll
For the purpose of deriving the ensuing exponential convergence estimates it is im-
portant that, without loss of generality, the geometric meshes M\ﬁ and M\ﬁ can be
characterized as collections of certain elements K € ./(/l\ﬁe. More precisely, for £ > 2
and with €4 as in (), we define

+1

(7.7) M =9DLucl, U £, =gl
é+1

(7.8) M\ﬁ =9ug!, of = U ghet Tl = gLttt
=2

Here, we remark that we abuse notation slightly in that the definitions of ﬁﬁ and ‘Eé
in (C1) and () differ from ([T2]).

In the sequel, we denote the domains formed by all elements in ./\/lce, ./\/lf; and M\i
by ch, Qf; and Qf;, respectively. Now let e € £, N Ex be a Neumann edge. By the
regularity property ([212]), the definition of the weighted semi-norm (2.8]), and for
exponents b, be, we introduce the corner-edge semi-norm on ﬁﬁe as

1 1 1
Tcl bc+|a|pg;ax{ L=be+|a™|,0} pe,, E>0.

2
(7.9) ‘u|ﬁfl—b(§£e) = L2(0e)’
‘alzk ce
Under the assumption b.,be € (0,1) as in Remark and for o/l > 0, the norms
on the right-hand side of (Z.9) take the form:

11— Il Il
||T 1=beta a ”LQ Ql 2) |al| = O’
_ Il II
(7.10) Irgbetel DY D“ ull?., ae lat] =1,
||Tb —be +a” —1 b +la* |Da Da” H |aJ_| > 9.

LQ(QZ )
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For m > kg as in (2.9), the corresponding weighted spaces N™ ' b(QZ ) are defined

as in Section 2 with respect to the norm || - ||N (@) = => ol NGRS
Under the analytic regularity property in Proposmon 23 the solutlon u to

problem (ED:I) ([@3), localized and scaled to ch, belongs to B_1_ b(Q .); that is,

we have u € N*,_,(QL,) for k > kg, and there is a constant d,, > 0 such that

(7.11) ulge, ey < A" k> kg

In the reference corner domain ﬁl and the reference edge mesh ﬁf defined in (7))
and (L), respectively, expressions analogous to (but simpler) (IIQD result: since
peelge = O(1), we introduce the corner semi-norm on QZ by

(7.12) |u|ka1 . k>0

2
- —1—bet|a|pa
NG ke T, D*u

L2(@%)

le|=F

In the reference Neumann edge mesh ()Y o» since 7¢|g, = O(1), we define the edge
semi-norm on Qﬁ as

2
k> 0.

2
(7.13) ulr, @) =

L"O}D"‘u’

~ ’
L2(9¢
eIk ()

The weighted spaces NTl_b(Qf:) and NTl_b(Qf;) are defined as before, for m > kg.

7.2. Exponential convergence at Neumann edges. In this section, we estab-
lish exponential convergence estimates for the consistency bounds in Theorem
over the reference corner-edge submesh ﬁf;e U %f; and for a Neumann edge e. Due
to (T1) and (C8), the required exponential convergence bounds for the basic geo-
metric (sub)meshes ﬁﬁ and /\//Yé will follow as a special case.

For a function u € B,l,b(ﬁﬁe) (cf. (T10))), we define the elemental dG approxi-
mation operator 11 on /T/l\f;e as in (B.I8)) and in accordance with the partition in (Z1]).
As in ([6.1]), we then write n = u—IIu for the dG approximation error = u—Ilu on
/Wf;e. On the submesh f)f;e U ‘gﬁ, we set nt = u — [Tt u, nll = u — My, analogous
to (62). In view of the error estimates in Theorem [6.I] we will now bound the
contributions Tﬁﬁe’ T‘ii,l’ Tff;,z’ and T%gv where these terms are defined exactly

as in ([64]) (but over the reference mesh M\ﬁe).

Theorem 7.1. Let e € Ey be a Neumann edge, u € B_y_y(Q%,) (c¢f. (CID)), with
weight exponents be,be as in Remark 25l Then in the settmg of Section [[1] and
for £ sufficiently large, there exist constants b,C > 0 such that

(7.14) Tg, 1]+ Ts, 1+ Ta b+ T, 0]+ Tg, 0] < Cexp(=200) .
Analogous exponential bounds hold for the consistency terms Yg, and Yg,.

The remainder of this subsection is devoted to the proof of Theorem [TIl We
proceed in several steps. Note that the proofs for the terms Tg,, T5, are analogous

and will not be detailed; see (C1) and (ZS).
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7.2.1. Convergence of Tg, [n*]. The following auxiliary result holds.

Lemma 7.2. Let K € Dﬁe, K 5 R, and 0 =vod! € HI%HX(A); cf. (B0).

Then there holds TE [v] < hl HUH Ry

HE

Proof. The scaling properties in [I12] Section 5.1.4] imply

() 10l 2 a0) + 1Dyl ae) + (i) IDF0lFeae) S (i) () 1o -

nx

as well as ||DJ_v||L2(K) (hJ]g)2||D2lv||2L2(K) hQ{HvH . These scalings and

(K
the fact that hi < h!( for K € 53ﬁe yield the result. O

Proposition 7.3. For { sufficiently large, there are constants b,C' > 0 such that
Tge [nt] < Cexp(—2b0).

Proof. We consider an element K € Efge with2 < j < /41 and 2 <i < j, according
to (T2)). With Proposition 5.3l Lemma [7.2] and (Z6]), we obtain

T < 1Pl Py g gr

ai‘f Oé”f aJ‘ Oé”
x ST )M 2 ()2 DS DR R e,

si+i<lal|<st+s
0<all<2

for any 3 < s < p;. Thanks to the equivalences (T.4) on K, we may insert the
appropriate Welghts as in (ZI0) to obtain

105 DF e ey == (d) e 2em20" () 242021

_ \I _
% ||’I”b beta 1 be+|at \Da | UH%Z(K)

From the analytic regularity (ZI1]) there exists a constant C' > 0 such that
(715) Tg[n ] pmax\II L —1 sL 1(dc )Qb ~2be (de )2b OQS (le +6)2a

for all 3 < s; < p;-. Summing (ZI5) over all layers in 9!, in ([T2) with the use
of ([T3) results in

£+1 J
Tﬁg pmax ZJ —be)(£+1—7) Z szE(”l*i)\I’pii,l,sj,lczsjf(sil + 6)2
i=2
By interpolating to real parameters s;- € [3,p;] as in [12, Lemma 5.8], this sum

is of exactly the same form as S+ in the proof of [I2 Proposition 5.17], and the
assertion now follows from the arguments there and after adjusting the constants
to absorb the algebraic loss in pyax. O

7.2.2. Convergence of Y5, [n . To establish the analog of Proposition [7:3in edge-
parallel direction, we make use of the following auxiliary estimate.
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Lemma 7.4. Let K € 55£e and 3 < sﬂ( < pﬂ(. Then there holds TEnl] <
(Ph)® (St [u] + S ¢ [u]), with

Surlul S, o (d5) e ul®
K

71,8“ — s +2
K N KTO(K)

Lol _q (d5) 2 (d5e) %= el
S K

)

s+3
71b

Sak[u] SV
K

Proof. From scaling arguments as in [12, Section 5.1.4] and the approximation
property in Proposition 53] for 5l (with || = 0), we obtain

(Rhe) 212 ey + 1Dy 1225y + (B2 IID30 1122

_ Kol ~ spc+1
<™ S 1B ) S 0P,y (BRI
0<al<2

Then, we insert the corner weight with the aid of (CI0), (Z3) to find that

HD sho+1 (dS; )2+2b 728&(72” —1—bc +sK+1D b+t

U||L2(K) I u||2L2(K)

< (dc )2b 725K‘u|2
~ A@K+1
(K)

Combining the two estimates above shows that
(hh) 21122 iy + 1Dy 01122 1y + (I IDTN 32 ) S (Pl)® S0 s
With |at| = 1 and (7I0), we conclude analogously that
1D 32 ey S R 1132 2,
<GP,y (2D D
<Oy (5P R 22 D D s

\
SR,y (%) fuf? < (px)*Suclul.

AS‘I‘(+2
—1-b )

It remains to bound the term (h3)2||D? 7l H%Z(K)' To do so, we proceed along the
same lines, for |at| = 2. With (Z.I0), we obtain

(h2)2ID2 012 ) < Bl ID2AN |12

L2(R)
S WP,y (R 2 DD s
<(p I ) U ph1al_ (% )2be (S, ) 2be—2be |0 be—be +sK+1 1-bep2 DHK—HUH%Q(K)
S (PK) Sz,K[UL
which finishes the proof. |

Proposition 7.5. For { sufficiently large, there are constants b,C' > 0 such that
Ts. ] < Cexp(—2b6).
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Proof. By summing the result of Lemma [[.4] over all layers of ﬁﬁe and notic-
ing (3], (Z.6), as well as the analytic regularity (1)), we conclude that T 5, [ <

DS (5’1 + Sg), where the sums S; and Sy are given by

+1 j
. Il
Sy = Z Z \pru_l S‘.‘_10.2(Z+17])bc025j F(sy +3)2,
j=2i=2
i g .
_ 2(041—i)be _2(0+1—5)(bo—be) 25! 2
= 30y g OO g

The terms in the first sum S; are independent of the inner index i. Hence, by
interpolation to real parameters sy € [3, py] as in [I2, Lemma 5.8], by apply-
ing [12] Lemma 5.12], and after possibly adjusting constants, we conclude S; <
Lexp(—2b1 (£ + 1)) < exp(—2baf) . The second sum Sy can be estimated in exactly
the same manner as the sum S| in the proof of [I2, Proposition 5.17], and we ob-
tain Sy < exp(—2b3f). Adjusting the constants to absorb the algebraic factor p$,,

yields the assertion. (|

7.2.3. Convergence of Tz, [nt]. We show the following auxiliary bounds for n*
e,l

by using properties of the quasi-interpolation operator Zi- in edge-perpendicular

direction on 8 = K+.

Lemma 7.6. Let K = K+ x K]“, 7 > 2, be an element in the terminal layer ‘Eﬁ of
the form (CH). Then there holds

(716) (W) B + D7 e S 0P MmOl
and
(1) IO e + 1Dy ey S ™ b ulZ,

Proof. To show (ZI6), let s = 0,1 and |a*| = 5. By Lemma [5.6 item (7) (with
B=1-"be), we get

s— at s— —25—2(1—be —be
(Rj)2 DD 0 [ Fa sy S (B)® 2 (he) 272072 [l D w32 ) -
From the equivalences in (4], we further obtain
(k) 72070 [lrbe~berl e DY ulf3a )

(Phe) ™42 uff

—be
lre*D3 ullZ2(x) S
S

_b(K) ’

Thus, combining these estimates and expressing the mesh sizes in terms of o

(cf. (T4)), we see that
S— aJ‘ S—4— — 4S8
(b2 1) S (g )™ 7272 e (R P2 e ulZ,

2be (b4+1—75)+2be (5—1) 25 (1—s5)+2(s—1)|,,|2
~ 0 ag Ul
i, 0
< 2min{be,be }£|,, (2.
NU |u‘N317b(K)’

which yields ([I6]).
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To prove (ZI7)), we proceed similarly and obtain, for s = 1,2,

(g )* D IDR [y < ()™ 2 (i) =201 rd "D Diful| 7
S( ) 2_2(be_bc)(hl)2+2be||,r. e—bc-i-ST(13 beD2L ﬁuH%?(K)
§02b e ((+1—5)+2be (—1) ;2(5— 1)\u|2 e )
< UQmIH{bc’beM'“‘?Viib(K) :

This completes the proof. ([l

As a consequence of the preceding lemma, we have the following approximation
bound in perpendicular direction.

Proposition 7.7. For { sufficiently large, there are constants b,C > 0 such that
Tz ) [nt] < C exp(—2b0).

Proof. From Lemma [0 we find that 75 [n*] < o2 mi’“{bc’be}é||u||?\74L (K)’ for any
—b

K € 3‘;. The assertion now follows by summing this estimate over all elements

K €% (ie., over 2 < j < /+1) and by suitably adjusting constants. O

7.2.4. Convergence of Yz [n1]. A similar estimate holds for the approximation
e,l

error nll in direction parallel to e.
Proposition 7.8. For { sufficiently large, there are constants b,C > 0 such that
T‘fﬁ,l [nl] < C exp(—2b¢).
Proof. We note that, by (I0), the functions v and D u satisty, respectively,
g =t D o, < €7 TN +1), ol 22,
lrg b=+ D! Dlu||L2(§£e) <c'ril +2), ol >1.

In view of (4)), ([Z3), these properties correspond to the one-dimensional analytic
regularity assumptions considered in (BIIl) and (BI5)), respectively. Moreover,

due to (4], the polynomial degrees ]0H are s-linearly increasing away from the
corner ¢. Hence, Proposition [5.4] respectively Proposition 5.5 and the tensor-
product structure of the elements yield

> (Bl 2 ey + 1Dy 2y + (BR)2IDRNNE 2 ) ) S exp(=200),
Ke%t

respectively ZKe‘ﬂ DLl HLQ(K) < exp(—2b¢). This completes the proof. O

7.2.5. Convergence of Tz, 2[77], Finally, we bound the term in Tz, . [7].

Proposition 7.9. Let u be in N2,_,(QL,).

(1) For K € X, there holds T[] < (hf()%e(h‘,'()%c*%e\U%EH o

(2) For £ sufficiently large, there are constants b,C > 0 such that T@,; 2[17] <
C exp(—2bf).
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Proof. To show item (1), we note that by Holder’s inequality and due to the fact
that be,be € (0,1) (cf. Remark ) and Dﬁln = Dﬁlu for |at| = 2 (since
Titu € Py(K1)), there holds

aL — - al
Z DT 77”%1(1() S g e pg e ||L2(K) Z e~ pee <D 77||%2(K)

ol |=2 lal|=2
be—be . —1+be ||2 2
< lres e ||L2(K)|u|ﬁ317b(§£e)'
Then, employing (Z4) in direction parallel to e yields [[rge~Perg*be|[Z; ) =~
(hk)%“_%e||7“e_1+be\|%2(K). Since |K| =~ hk(hf() , we also have ||y 1*0e Nierey S

|K|(ht )% =2, Therefore, referring to (T4) yields

Toal) S o2 Vfg, oy S o™t Ml

which yields item (1). Summing this last bound over all elements K € %ﬁ yields
item (2). O

7.2.6. Conclusion. The proof of the exponential convergence bound (ZI4]) on the
hp-dG interpolation error 7 in Theorem [l follows now straightforwardly by using
the above results.

7.3. Exponential convergence at Dirichlet edges. For the reference corner-
edge patch M\ﬁe in the setting of Section[I.T] we then consider the case where e € £p
is a Dirichlet edge and establish the analog of Theorem [[T] for the submesh ﬁﬁe U
%f;. Note that if e is a Dirichlet edge, we also need to estimate T%ﬁ_ . given as
in 63). According to (Z8) and [3], the solution regularity in the Dirichlet case is
characterized by the homogeneous corner-edge semi-norms

(7.18) |u‘gj\/7k @) = E H —1—be +\a\ —1 be +|o¢i‘Da }
—1-b ce
|| =k

. k>0
L2(8,)

For m > kg, the weighted spaces M" m ( ¢.) are defined accordingly. We say a
function u € Hl(ﬁﬁe) belongs to A_;_ b((AZ o) ifue Mk1 b(Q o), for k > kg, and
there is a constant d,, > 0 such that

(7.19) ul gy, @y SduTRL k> kg

While exponential convergence for solutions with regularity in this family of
spaces was already shown in [I2], we present an alternative argument, based on the
preceding analysis of the Neumann case.

Corollary 7.10. Let e € Ep be a Dirichlet edge, u € A_y_p(QL,) (cf. (CIT)), with
weight exponents be,be as in Remark 25l Then in the settmg of Section [[1l and
for £ sufficiently large, there exist constants b,C > 0 such that

(7.20) Yg, 1]+ Ts, ']+ Ts, 0]+ Ts, 0]+ Yg, 0] < Cexp(~2b0).
Analogous exponential bounds hold for the consistency term Yg, . In addition, there
holds

(7.21) Tae [1]+ Tz (] < Cexp(—2b¢).

e,
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Proof. There holds |u\Nk @) < \u|Mk NG for k > 0, and u € A,l,b(ﬁﬁe)

implies u € B,l,b(Qﬁe). Hence, the bound ([Z.20) follows from Theorem [7.1]
To bound (ZZ1)), let K be in T4. Then, by Lemma [5.6] item (7), the definition
of the corner-edge semi-norm (I8)), and the equivalences (74)), we find that

(h) 2t 2250y S (k)= (R )2 Gt rbeberl=be D2 |2, )

L \2be (11l \2(be—be)],,|2
~ (hK) (hK) ‘u|]/\4\2 7b(K).
In direction parallel to e, we proceed similarly: The stability of the L2-projection
and inserting appropriate weights in accordance with the definition of the homoge-
neous semi-norm (Z.I8)) and employing property (4] readily yield

(i)l W ae) S () llullFarey © (hi)™e (i)™ ulZg -

Therefore, expressing the mesh sizes in terms of o (cf. ({4])) implies

() 2l ey + 1172 a0y ) S o> EFIDPF2000e g,

2min{be,be }£ 2
50 ||uHA2 —b(K) N
Summing the above bound over all elements in %ﬁ implies the asserted bound. [

7.4. Exponential convergence for corner elements. It remains to show expo-
nential convergence for the consistency terms TX<[n] in (6.4]) associated with the
single corner elements K. € ‘I‘ of the reference corner-edge mesh /\/l (cf 2))
and the reference corner mesh MZ in (7). We detail this for K. € M, the
estimates in K. € Mf; being analogous. The element K. is shape-regular and
of diameter h. = O(c?). The quasi-interpolant Z; defined in Lemma is used
for & = K., and 1|k, = u|k, — T1(u|k,). By Lemma [5.6] there holds ||7]|12(x.) <
he|VllL2(x.) = hellVu = TIo(Vu)| 2 (k). We conclude that

(7.22) T[] < IVu = To(Vu)l| 72 (s, + b ulfyza g, -

ce’

The following bound is a standard h-version approximation result.

Lemma 7.11. Assume that u € HHé(Kc) for some € (0,1); ¢f. Remark 23
Then we have ||V (u — Ziu) | r2(k,) = [[Vu — o (Vu) | 2 (k) S hZHUHHHé(KC)-

It remains to bound the term hgl|u|€V2,1(Kc) in ((C22]).

Lemma 7.12. Let u € nglfb(ﬁf;e) with weight exponents be,be € (0,1) as in

Remark 2.5l Then we have |ulw21 (k) S hé Jthe ‘ulﬁil,b(KC)'

Proof. Let || = 2. Then there holds

< ||,r;1:+bcf|a\pf max(—1—be+|at],0) HL2

||DauHL1(Kc) ce (Ke)

Hr_l be +|a|pmax( 1—be+|at|,0) Dau||L2(K ) -

Introducing spherical polar coordinates on K., we bound the last term by

||'F(1:+b°_ —max(—1—be HOLLLO)”LZ < hz/2+bc—\a\ 5 hz/2+b°, ‘aJ_‘ =0,1,

e (Ko) S
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as well as
g e e el 2 aeyy = ke Perg el o) S R, et =2,
Hence, we arrive at |uly21(k,) S hi/2+bc|u|ﬁil_b(Kc)' O

By inserting the estimates in the previous two lemmas into (7.22)) we obtain the
following error bound in corner elements.

Proposition 7.13. Let e be a Neumann edge, u € J\Ale_b(ﬁﬁe) and let the as-
sumptions of Remark be satisfied. For £ sufficiently large, there exist con-
stants b,C > 0 such that Tz,[n] < Cexp(—2bf). The same result holds for a

Dirichlet edge e and u € M?,_,(QL,.).

7.5. Conclusion of the proof of Theorem The exponential convergence of
hp-dGFEM, Theorem [6.2] follows now immediately from the error bounds in The-
orem [6.1] and from the fact that, by our analysis in this section, all terms on the
right-hand side of the estimate in Theorem[6.I] converge exponentially in the number
of mesh layers ¢ over the reference meshes M\ﬁ, /\//\lﬁ, and ./\//\lf:e. The general result

will then follow upon noting that a geometric mesh ./\/l((f) is obtained by a finite
superposition of (scaled and translated versions of) these reference meshes. Fur-
thermore, for the number of degrees of freedom in either of the hp-dG spaces in (3.8)
and ([3.9) there holds N =~ ¢5+O(¢*), which yields the desired estimate (G.10).
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