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THE BMR FREENESS CONJECTURE
FOR THE 2-REFLECTION GROUPS

IVAN MARIN AND GOTZ PFEIFFER

ABSTRACT. We prove the freeness conjecture of Broué, Malle and Rouquier
for the Hecke algebras associated to the primitive complex 2-reflection groups
with a single conjugacy class of reflections.

1. INTRODUCTION

We prove several new cases of the freeness conjecture for the generic Hecke alge-
bras associated to complex reflection groups (sometimes called: cyclotomic Hecke
algebras), including all 2-reflection groups (of exceptional types). Recall that, when
W is a finite reflection group over the real numbers, that is to say a finite Coxeter
group, the Iwahori-Hecke algebra H associated to it can be defined as a quotient
of the group algebra Z[q, ¢~ '] B of the braid group B associated to W — which is
also known in this setup as an Artin group, or Artin-Tits group, or Artin-Brieskorn
group. This is the quotient by the relations (s + 1)(s — ¢) = 0, where s runs among
the natural generators of B — or equivalently all their conjugates in B. These
conjugates are called braided reflections.

In the more general setting of complex reflection groups, there is a natural geo-
metric description of these braided reflections, as well as a topological description
of the braid group B, described in [BMR]. In case W is generated by (pseudo-)
reflections of order more than 2, or if W admits several reflection classes (aka con-
jugacy classes of reflections) the ring Z[q, ¢~ '] needs to be replaced by a larger ring.
However, since the groups we are interested in are generated by reflections of order
2 — although they can not be realized inside a real form of the vector space — and
have a single reflection class we can and will restrict to this case. A conjecture of
Broué, Malle and Rouquier in [BMR] then states the following.

Conjecture. The Hecke algebra H defined as the quotient of Z[q,q ']B by the
relations (s + 1)(s — q) = 0 where s runs among the braided reflections of B is a
free Zlq, g~ t]-module of rank the order |W| of W.

We refer the reader to [Ma2] for the state-of-the-art of this conjecture, as well as
the proof that this formulation of the conjecture is equivalent to a few others (see

proposition 2.9 there). We only mention the following important fact, originally
proved in [BMR].

Proposition 1.1. In order to prove the conjecture for W it is sufficient to show
that H is spanned by |W| elements.

Received by the editor September 17, 2015 and, in revised form, January 12, 2016.
2010 Mathematics Subject Classification. Primary 20C08; Secondary 20F55.

©2016 American Mathematical Society

2005


http://www.ams.org/mcom/
http://dx.doi.org/10.1090/mcom/3142

2006 IVAN MARIN AND GOTZ PFEIFFER

We state our main result.

Theorem 1.2. All primitive irreducible complex 2-reflection groups with a single
reflection class satisfy the freeness conjecture, namely H is a free Z[q, ¢~ ]-module
of rank |W| for these groups.
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FIGURE 1. The coset graph for Ga4/Bs

In Shephard and Todd notation, this statement covers the groups G2, Gaa, Gay,
Gar, Gag, G31, G3z and Gag.

Together with previous results, this theorem admits several corollaries. We refer
to [Ma2] or [BMR] for the general statement of the BMR freeness conjecture we
are referring to in these corollaries. We also recall that this conjecture was already
known to hold for the general series of imprimitive complex reflection groups when
it was stated (see [BMR], theorem 4.24). Therefore, one only needs to focus on
primitive, exceptional reflection groups.

First of all, it has been recently proved by E. Chavli in her thesis [C] that the
group G113, which is generated by 2-reflections but has two reflection classes, satisfies
the conjecture. This group is the only primitive 2-reflection group having more than
one reflection class. Therefore, we get the following corollary.

Corollary 1.3. FEvery irreducible complex 2-reflection group satisfies the freeness
conjecture.

It has been proved in [Mal] and [Ma2] that the groups Gas, G2 and Gso satisfy
the freeness conjecture. In addition, Etingof and Rains have proved in [ER] that
the groups of rank 2 satisfy the weak freeness conjecture, namely that their Hecke
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algebra is finitely generated (and therefore has the right dimension as vector space
over the field of fractions of the generic coefficients) — see again [Ma2] for further
details, and see also the recent paper [L] for more implications. As a consequence,
we get the following corollary.

Corollary 1.4. Ewvery irreducible complex reflection group satisfies the weak free-
ness conjecture.

In order to prove the theorem, we need a presentation of the braid groups. For
groups of rank 2, presentations were first obtained by Bannai, in [Bal. For groups
of higher rank, using the Zariski-Van Kampen method for computing presentations
of fundamental groups, a conjectural presentation of B was found by empirical
means by Bessis and Michel in [BM]. The proof that these presentations were cor-
rect did depend on the verification of a geometric criterion. This justification was
subsequently provided in [Be]. Moreover, one finds in [Be] another way to justify
these presentations in the case of well-generated groups, that is, when the minimal
number of reflections needed to generate W is equal to the rank of W — this is the
case for all the 2-reflection groups of higher rank except G31. Note however that,
because of Proposition [Tl we do not really need a presentation of B, but only to
know that the chosen generators are braided reflections, and that the relations we
use are valid — but we do not really need to check that they are sufficient to define
the group.

From such a presentation, we can describe H as the Z[q, ¢~ ']-algebra defined by
the same generators s; submitted to the defining relations of the group together
with the additional relations s? = (¢—1)s;+q¢. Indeed, it can be shown (see [BMR])
that all the braided reflections are conjugated to one another as soon as W admits
a single reflection class; therefore, every relation s? = (¢ — 1)s + ¢ for s a braided
reflection is implied by the single relation s? = (¢ — 1)s1 + ¢.

In order to prove the theorem, we use the following lemma, for which we do not
know any proof that does not rely on the classification.

Lemma 1.5. FEvery irreducible complex 2-reflection group W has a maximal para-
bolic subgroup which is a Cozxeter group.

Proof. If W belongs to the infinite series of complex reflection groups, of type
G(de, e,n) in Shephard and Todd notation, the subgroup G(1,1,n) of permutation
matrices, which is a Coxeter group of type A,,_1, is a maximal parabolic subgroup,
except when G(de, e, n) = G(1,1,n) is itself a Coxeter group. If W is an exceptional
group of 2-reflections of rank 2, the subgroup generated by either of its reflections is
a maximal parabolic subgroup of Coxeter type A;. In higher rank the groups Ga4
and Go7 admit a maximal parabolic subgroup of Coxeter type By, and the groups
Gag, G31, G33 and G34 admit maximal parabolic subgroups of Coxeter types Bs,
As, A4, Ds respectively. O

We then prove the theorem as follows. We know by [BMR] that to any such
maximal parabolic subgroup Wy is attached a (non-canonical) embedding By — B
of the braid groups of Wy inside B. Among the presentations of [BM], we choose one
for which such an embedding corresponds to the choice of a proper subset I of the
set of indices involved in the presentation of B. That is, we can identify B with the
subgroup of B generated by the corresponding generators, and defining relations of
By are given by the set of all the relations of the given presentation of B which do
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FIGURE 2. Diagrammatic presentations for the Coxeter relations
of the groups Ga4/Ga7, Gag, Gs1, G33
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not involve any generator of By. In rank at least 3, the relations of Coxeter type in
these presentations can be depicted inside a Coxeter-like diagram; see Figure 2l Of
course, there are additional relations involving 3 generators, that we will describe
in due time (for Gs1, these are represented by a circle in the diagram).

This group homomorphism By — B induces an algebra morphism Hy — H,
where Hy denotes the (usual) Hecke algebra of Wy. Although we do not know a
priori that it is injective, it nevertheless endows H with the structure of an Hy-
module.

We prove the following, for W an irreducible complex 2-reflection group with
a single reflection class but the largest one Gs4, and Wy the parabolic subgroup
provided by Lemma

Proposition 1.6. As an Hy-module, H is generated by |W/Wy| elements.

By the classical theory of Iwahori-Hecke algebras we know that Hj is generated
as a Z[q, ¢~ ']-module by |W;| elements; therefore Proposition implies that H
is generated as a Z[q, ¢~ !]-module by |[W| = [Wy|.|W/W;| elements and Proposi-
tion [Tl finally implies the theorem for all groups but Gsy.

Once it is proved, the theorem implies that the map Hy — H is indeed injective.
Actually, Propositions and [[.J] together imply a statement a bit stronger than
the theorem (for all groups but Gs4), namely:

Proposition 1.7. As an Hy-module, H is a free Hy-module of rank |W/Wy|.

We now explain how we prove Proposition We denote by S the set of
generators s; of W. In each case, we choose a system of representatives of W/Wy,
and more specifically a set x;,1 € {1,...,|W/Wyl|}, of words in the s; of minimal
length whose images in W represent all the classes of W/W,. We show that the
Hy-submodule ), Hox; is a right ideal in H. Since it contains the identity of H this
will prove our Proposition For this we need to establish |WW/Wy| |S| relations
of the form z;.5s = Zlgkg\W:WO\ oy i (s)xy with oy (s) € Hy. This is basically what
we do.

In Section [l we will prove the conjecture for the group Ga4 following this proce-
dure ‘by hand’ by establishing a number of equations of the form m.s = ... for m
some word in the generators. This involves a well-defined ordering in the building
of coset representatives, plus a well-defined ordering of the entries that we fill in, so
that the computation of each entry does not involve entries that are not yet filled
in. A visual support is given by the ‘coset graph’ for W/W}, namely the graph
whose vertices are the (images in Wy of the) z;, and an edge x; —° z,, means that
Xy is defined as x;.s. The graph for G4 is given by Figure [Il the three different
colors for the edges corresponding to the 3 generators of the group. The graphs for
G112 and Gag are similarly depicted in Figures [3 and [l
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FIGURE 3. The coset graph for G12/A4;

FIGURE 4. The coset graph for Ga9/Bs
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Then, in Section @l we will show that the procedure can be automatized: we
define algorithms which happen to converge in each case. These algorithms need
to know in advance some additional relations inside B, that we found heuristically.
The search for such relations and their justification rely on the solution of the word
problem inside B. Fortunately, thanks to previous works, all these groups have
decidable word problems, and there is effective software to deal with them; we
explain all this, along with some basic algorithmic procedures, in Section 2

Finally, we prove in Section [l the conjecture for all groups, using the algorithms
described above. At the end of this section, we explain the trouble we got into
when dealing with the largest group G4, and the solutions we found to tackle this
case, too.

2. GENERAL AUTOMATIC PROCEDURES

We now explain a few tools that we use in a systematic way and for which we
will not detail the calculations.

2.1. Determining the coset graph. The coset graph of Wy in W with respect
to S is the graph which has the (right) cosets Wow, w € W, as its vertices, and
edges x 2 y if z.s = y for cosets z,y and s € S.

The coset graph, together with a distinguished spanning tree, is determined
by a standard orbit algorithm which works on an ordered copy S of the set S of
generators of W, which induces a fixed order on all subsets J of S.

Input: W, S and a subset J of S generating Wy.

Output: The coset graph I' = (V, E) of Wy in W with respect to S and a
spanning tree T' C F.

1. Initialize an empty queue @, a vertex list V' and two edge lists £ and T as
empty lists. Then push the trivial coset Wy = (J) onto @ and add it to V.

2. while @ is not empty:

3. pop the next coset z off @

4. for s € S: process (z, s).

5. return the graph T' = (V| E) and spanning edges T

Processing (z, s) is done as follows:

1. Compute the coset z := x.s and add the edge x > 2 to E if not already
present.

2. If z ¢ V: push z onto @ and V, and add the edge = — 2 to the spanning
tree T

Note that the spanning tree T defines, for each coset x, a word w of minimal
length in the generators S, which represents the coset when evaluated in W. This
word depends on the ordering of S. The cosets are enumerated in the lexicographic
order induced by S on the set of words in S.

It is possible, to group the cosets into double cosets of Wy in W and to ensure
that the words representing cosets in the same double coset have a double coset
representative as a common prefix. For this, one uses an additional queue P, which
like @ initially contains only the trivial coset Wy, and modifies the processing of
(x, s) so that a new coset z = x.s is also pushed to the queue P, in addition to Q.

The modified algorithm has the same input and output as the original. The
order S on S induces an order J on the subset J and an order K on its complement
K = S\ J. The algorithm then proceeds as follows.
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la. Initialize two empty queues P and @, a vertex list V' and two edge lists E
and T as empty lists. Then push the trivial coset Wy onto P and @, and add it to
V.

1b. while P is not empty:

lc. pop a coset y off P

1d. for ¢t in K:

2a. while @ is not empty:

3a. pop a coset x off )

4a. for s € J: process (z, )
ba. process (y, t)

5b. return the graph I' = (V, E') and spanning edges T'.

Note that this modified algorithm enumerates the cosets of Wy in W in an order
that is potentially different from the original lexicographic order, with potentially
different words for the coset representatives.

In the tables of results below we will indicate which version of the algorithm was
used, to uniquely identify the words used for the coset representatives.

2.2. Inversion of the relations. The most elementary tool we will use in both
cases is the following one.

Lemma 2.1. Assume that o € Hy is invertible with inverse o/, and that 3 € H.
Then, for each generator s with inverse s' = ¢ 's +q~' — 1, and for any I,n €
{1,...,|W/Wy|}, we have

(2.1) x.8 = azy, — (¢—1)8 = 2,.5 = qd'x; + (¢—1)z, + q(qg—1)a/B.¢,
(2.2) 1.8 = azp + (=) (2 + B) = zp.s =g’z — (¢—1)d/B.s.

Hence, x,.s can be computed provided that §.s is computable.

Proof. For the first equality, we have x;.s = ax, — (¢—1)8 hence ax,.s’ = z; +
(g—1)p.¢" and, expanding s’, we get x,,.(s—(¢—1)) = ga/ (x;+(¢—1)B.s"). Therefore,
Zp.s = qd (z;+(q—1)B.8")+(¢—1)x,. For the second equality we have z;.s = ax,,+
(g—1)z;+ (¢—1)8 hence gx;.s' = ax,+(q—1)5 and therefore ax,, = qx;.s' —(¢—1)
whence x,,.s = go/x; — (¢—1)a’B.s. O

2.3. Checking equalities inside the braid group. The groups B are known to
have decidable word problems, and there are actually efficient decision algorithms.
In the case of well-generated reflection groups, Bessis has shown in [Be| that the
groups B are the groups of fractions of monoids M which share with the monoid of
usual positive braids all the properties used by Garside to solve the word problem
for the usual braid group (such groups B are called Garside groups). Bessis actually
introduced one monoid for each choice of a so-called Coxeter element ¢ in W, and
called it the dual braid monoid attached to c¢. In terms of the generators that we
introduce later on (see also the numbering of the diagrams inside Figure 2]) one can
choose ¢ = s15983 for Goy and Go7, ¢ = 81898483 for Gag and ¢ = s5545828183 for
G33. There are tools in Michel’s development version of the CHEVIE package for
GAP3 (which is described in [Mi]) in order to encode that monoid and therefore to
efficiently decide the equalities of two words inside B. In case the groups are badly
generated, we use the following properties. In the case of G152 and Gag, they are
groups of fractions of the monoids f(4,3) and f(5,3), where f(h,m) denotes the
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monoid presented by generators x1,...,x,, and relations
L1 .. . Ty .. =X2L3 ... LT oo — v
h terms h terms

These monoids are also Garside monoids, investigated in M. Picantin’s thesis (see
[P]), and therefore we can use the same algorithm to get a normal form. In the
case of 31, it is possible to embed B inside the Artin group of type Fg, using the
formulas of [DMM] §3].

Let us now consider some entry x;.s that we want to compute. Let x; be the
image of z; in W. There exist w € Wy and n € {1,...,|W/Wp|} such that Z;.s =
wZ,. Since Wy is a Coxeter group, it is easy to find a shortest length word m =
Siy - .- 8;, representing w in W. Then, through the computations of normal forms
we can make 2" tests in order to check whether the equality x;.s = siil1 . sil.xn
holds inside B for some choice of the signs +1. This is the way we used to find the

additional relations used in the sequel.

3. A SAMPLE CASE BY HAND: Gy
The braid group of type G24 admits the presentation

B = (s1,52,53 | 515251 = 525152,515351 = 535153, 52535352 = 53525352,
§253515253515258351 = 833233318283818283>

and the first three relations can be symbolized by the diagram
/\
2—=3
For short, we replace each generator by its numerical label, and therefore the
defining relations for Go4 become 121 = 212,131 = 313, 2323 = 3232 and 231231231
= 323123123. In the sequel, we will denote i’ the inverse si_l of the corresponding
generator.
We check equalities inside B using the dual braid monoid. On the example of
(24 this can also be done by hand. In order to illustrate this, we prove a few
remarkable identities. For this we first need to describe this monoid.

The dual braid monoid associated to ¢ = 123 is generated by 14 atoms by, ..., b14
defined by

b = 1, by = 2, by = 3, by = 212,
by = 313, b = 232, by = 323, by = 3b43,
by = 1232052'3'2'1, by = 1bgl, bin = 20102, by = 1bsl,
bis = 2bg2, by = by 'bobs.

It is presented by the relations depicted by all the cycles of Figure [6] as follows:
a cycle y; = yo — --- — yn41 = y1 represents the relations y1y2 = yoys = ysys =
-+ =ypy1. Conjugation by ¢ permutes the atoms as in Figure

From this we get the relation 231231232 = 123123123. Indeed, 231231232 =
23¢%2 = 02(23)(02)2 = CQ(bg)(CQ)(bg)(Cz)bg = ?bgbi3by by the conjugating action
of ¢ (see Figure Bl). Now, by the defining relations of the dual braid monoid (see
Figure @, we have bgblgbg = @bg = bg% = %63 = blbgbg = c¢. Notice that
this relation is valid inside B, but not inside the monoid with generators si, sz, s3
defined by the same presentation: this proves that this monoid does not embed
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bg ——= b1z —bo bg ——= b1z —= by

/ /

bl b3

AN AN

by =~——bg <~—10s bijg ~—— by <~— b7

FIGURE 5. Action of z — ¢ 'xc on the set of atoms for type Gag

by — by by — b1 bg — bs b1a
P ] Fe /] Vv
by <— by by <— bg bg <— b1o
b1y — bi2 bg — b1y bg — b13 by — by
o 7
by <—— b1g by =—— byo by =—— bio
by — b3 by — bs bg — bs by —bs
I e T
bg <—— br b1z <— by by <——bny big <— bi2

FIGURE 6. Defining relations of the dual braid monoid in type Gaq4

in B, as opposed to the dual braid monoid. This relation also has a nice group-
theoretic interpretation: it says that there exists an involutive automorphism of B
defined by 1 — 1/, 2 — 3', 3 —~ 2'.

Another useful relation is 123/2313'23.1 = 2.123'2313’23. To prove it, we notice
that 3’23 = b; and therefore

1232313231 =  bybobrbibrby = bobabrbibrby = bobibrbobobs
= bobyb1brbi2by = bab1babrbioby = babibabrby by
= 2123'2313'23.

The main computations are gathered in Table [l One first gets a list of repre-
sentatives of the cosets in the form of words in the generators, as described in the
previous section. Here we choose to group the cosets W/Wjy corresponding to the
same double coset inside Wyo\W /Wy, by using the modified version of the algorithm
on the natural order S = (1,2, 3).

The entries 1.2 = 2-x1 and x2.3 = 3- x5 arise from the fact that Wy is generated
by ss and s3.

Entries corresponding to edges in the spanning tree are underlined, e.g., the edge
w1 zo s represented by the entries 3 for z1.1 and gz, 4 (¢—1)x for x5.1. (The
name z in the entry for z,.s always denotes x,,.)



2014

IVAN MARIN AND GOTZ PFEIFFER

TABLE 1. Multiplication table for G54 and sorting

x x.1 x.2 x.3
=9 To 2-x 3-x
ry=1 qr1+ (¢—1)z z3 T4

T3 =12 2. qr2 + (g—1)z T5

T4 =13 3.z T qz2 + (¢—1)z
z5 =123 T10 z7 qr3 + (¢—1)
T = 132 T1a qra + (¢—1)z T8

z7 = 1232 T1s qrs + (¢—1)z Ty

xg = 1323 Tag g qz6 + (¢—1)z
T = 12323 Tog qrs + (=) qz7+ (¢—D=
z10 = 1231 qrs + (¢—1)z T 2z

x11 = 12312 19 qrip + (q—l)x Ti2

x12 = 123123 232/ - x 213 qrii + (¢—1)x
213 = 1231232 T34 qr12 + (g1 2-x

x4 = 1321 qre + (¢—1)x 3. Z1s

x5 = 13213 Tos Z16 qr1a + (¢— 1)
716 = 132132 (z31) qr15 + (¢—1) Ti7

z17 = 1321323 T3g 3. qris + (¢—1)z
18 = 12321 qry + (¢—1)x Zig T

T19 = 123212 gz + (g—1)z  quis + (¢—1)z B.2)

T90 = 123213 Tog Ta1 qris + (g—1)x
To1 = 1232132 BID) qra + (g—1)x

Too = 13231 qrs + (¢—1)x T3 Ty

Lo = 132312 Tor qzo2 + (1) Tos

Toy = 132313 qr15 + (g—1)x (331) qrae + (¢—1)x
Tos = 1323123 B3) B9) qras + (¢—1)x
T2 = 123231 qre + (¢—1)z a7 28

T = 1232312 qroz + (g—1)z  qos + (¢—1)z T29

Tog = 1232313 qroo + (¢—1)z T30 qrae + (¢—1)x
Ta9 = 12323123 B3I) x31 qrar + (¢—1)z
T30 = 12323132 BI12) qras + (¢—1) T3

T31 = 123231232 BI13) qrae + (¢—1)x T33

T30 = 123231323 @I T33 qr3o + (¢—1)x
733 = 1232312323 Tao qrse + (g—D)z  qrg + (¢—1)x
T34 = 12312321 qz13 + (1) 232z T35

T35 = 123123213 2. T3 qras + (g—1)z
T3¢ = 1231232132 B0) qr3s + (¢—1)x T37

z37 = 12312321323 @) 232" - qrss + (¢— D)z
T8 = 13213231 qr17 + (¢—1)z Z39 (B.14)

T30 = 132132312 3.z qr3g + (¢—1)x T4

T40 = 1321323123 BI0) T4y qrsg + (¢—1)z
T4 = 13213231232 BI5) qrao + (¢—1)x B.14)

T4 = 12323123231 | grs3 + (¢— 1)z GBIS) (B.19)
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Some of the remaining entries are straightforward consequences of the braid
relations:

8.2 = x9, r9.2 = qzs + (¢—1) o,

r11.1 = T19, z19.1 = qz11 + (g—1) 19,

T15.1 = Tay, z24.1 = qa15 + (g—1) 224,

Z90.1 = Tag, Tog.1 = qwog + (q—1)w2s,

To3.1 = o7, To7.1 = qro3 + (¢—1)x27,

239.2 = T3, r33.2 = qw3z + (¢—1)x33,

and
3.1 =223, 24.1 =3 24, Z12.1 = 232" - 219,

210.3 =2 - 19, 214.2 = 3 - T14, r34.2 = 232" - 234,
x13.3 = 2- 113, z17.2 = 3 217, r37.2 = 232" - 137,
Z35.1 =2 35, x39.1 = 3 - 39.

Note that z19.3 can also be computed as z19.3 = z19.1’3’131; there are similar
relations for the other equations in this list.

The expression for xg.2 follows obviously by expanding 2’ in x9.2' = zg. Note
that this can also be computed by applying ([21) from Lemma Il with o = @ (the
empty word and identity of Hy) and 5 = 0.

After that, 19 entries in the table remain to be filled, and this is achieved through
the following explicit computations:

(3.1) 1‘16.1 = 3/23 X116
— (q—l)(q31232/ - x7 + 3'23. 9 + 3'23. T15 — q2/ - T18 — Toq — .TQG)
+(q—1)%(q3'232" - 25 + 3'23 - 15 — q2' - w10 — T22).

In order to get this formula, we start from the relation
13'21'32'.1 = 3/23 - 13/21'32/,

which holds true inside B. By expansion of the inverses we have ¢2?13/21'3 =
x15 — (¢—1)(xg + ¢2' - x5) and therefore z15 — (¢—1)(¢2" - x5 + 235)).2'1 = 3'23 -
(x15 — (¢=1)(¢2" - x5 + s)).2". Expanding 2’ then yields (B.]).

(32) .1319.3 = 232/ s T19 — (q—l)(232/ cT11 — 3312).
We start from the relation
123121'.3 = 232’ - 123121/,

which holds true in B. By expanding 1’ it can be rewritten (z19 — (¢—1)z11).3 =
232" - (219 — (¢—1)x11), from which we get (3.2).

(33) (E21.3 = 232/ X1 — (q—l)(232/ X0 — 2332/ cX18 — 2. T12 + 23 - 1'11)
+ (¢ — 1)%(23 — 2332') - 210.
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This can be computed as x91.3 = 741.2'3/23232’, or from the relation

1232'13'2".3 = 232" - 1232/13'2.

(34) :L‘24.2 = 3/23 X4 — (q—l)(3/23 - Tog — T23 + q3’232’ X0 — q2/ . :L‘u).
This can be computed as x94.2 = 224.1’2"121, or from the relation

13/21'31.2 = 3’23 - 13/21'31.

(3.5) To5.1 = q 223 - 236 — (q—1)(q 223 - w35 + ¢ '3/23 - 234),
(36) r36.1 = q33/2' - Tos + (q—l)(l‘36 + q2’ - I35 + q223/2/ . 3313).

For the first equation, we use 1323123.1 = 23 - 123123213’2" and expand 3'2’. The
second one is a consequence, multiplying on the right the first one by 1, as an
application of Lemma 211

(37) r37.1 = q33/2/$29 + (q—l)(l‘37 + q232/2/ - X35 + q2$13),
(3.8) T99.1 = q 223 - 237 — (¢—1)(q 23 - w34 + ¢ 2323 - 235).

The first equation can be computed as x37.1 = x37.3'1’313. The second follows by
using the second form of Lemma 211

(39) $25.2 = 3/23 - To5 — (q—l)(3/23 s 12 — {Elg).

By expanding 3’ we get 13/23123 = x95 — (¢—1)x12. Then, multiplying on the right
by 2 and using the relation

13/23123.2 = 3/23 - 13/23123
we get (39).

(310) I40.1 = q23 +T21
— (q—=1)(q23 - 20 + q23 - 19 — q2'323 - w19 — ¢~ 2223 - 237 — ¢ 13/223 - 236)
+(q—1)*(q23 218 — 32310 — (¢ '3/223+¢22323) 235 — (3'3'2234¢1232)-134),

(311) Igl.l = 3/2/ - L40
— (q=1)(3" - x99 — Tas + ¢3'2'3'2 - wo5 — w21 + ¢3'2'3 - x12 — qz11)
+ (¢—1)%(¢232" - x5 — qx7 — 290).
We start from 1/3/2/1323123.1 = 23 - 1232132’ and expand the 1’3’2’ on the LHS.

This provides (3I0). Then (BII) is obtained by multiplying (3I0) by 1 on the
right and ¢~ 13’2’ on the left, as an application of Lemma P11
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Computing x39.1 = x30.2'1'212 yields:

(3.12) 230.1 =32 - x4y — (¢—1)(3' - 31 — T30 — g0 — ¢°210)
+(g=1)% (g1 +¢°23'2 - 27 — ¢*w5) + ((¢=1)%¢~1(232') — (¢—1)¢33'2) - w25
+((¢=1)°G" +4¢7'2) = (¢-1)%¢'2323" — (¢-1)¢3'2'3) - 213
+ ((g—=1)*q¢ 1 (3 —232) + (¢—1)?¢3'3'2) - 215

Computing x31.1 = x31.2'1212' yields:

(3.13) @31.1 =3 231 — (¢—1)(¢2'3 - w25 + 3 - w29 — ¢ 232" - w36 — ¢~ 223 - w37)
—(q=1)*((q 7323 + ¢ '232) - w35 + ¢ '23 - w34 + 3 - 13).

Computing x3g.3 = 1'3/131 yields:

(3.14) .’1338.3 = 3’23 - L38
— (q=1)(¢?3'23 - 26 — s + q3/23 - 218 — qEo0 + 3/232 - Tog — 2 - Tog)
+(g—1)*(¢*3'23 - 23 — ¢® x5 +3/223 - w99 — 3/23 - w94) — (¢—1)3(3/223 — 3/232) - 1.

Computing x41.1 = 141.2'1212' yields:

(3.15)  241.1 = ¢23 - 230 — (q—1)(¢323 - x5 + ¢23 - wog — 23 - 31)
+ (q—1)%(q72223 - 237 — 23 - 9 — q3 - Ta5 — ¢23 - T19 — ¢°3'23 - ;15 — 3/223 - 219)
—(q—1)%23 - 213+ ((¢—1)q " '332 + (¢—1)%¢~123'23) - w36
— ((q=1)%q~ 3324 (¢—1)°q'23'23 + (q—1)°q~?2323) - 35
+ ((q=1)g3 — (q—1)%¢3’ — (q—1)*3'3'23 — (¢—1)*¢~'232) - 234.
Computing x41.3 = 141.2'3'2'3232 yields:
(3.16) .’1,‘41.3 = 3/23 - T41
+ (q—1)(2 - 233 — 2323 - 231 + ¢°232' - 290 — ¢°23 - 218 + ¢ a5 — ¢*3'23 - 13)
+ (q—1)2q(3’23 - Los — 3/223 . To3 + (2332/ — 23) - T19 + (2 — 3/23) . 3313)
+(q—1)%¢*(—=3'23-29+3'223-27) — (¢—1)3¢3'23-2124+((¢—1)3323— (¢—1)1232) -z
Expanding 3’ inside the braid relation 123/2313'23.1 = 2 - 123/2313'23 yields:
(3.17) w301 =233 — (¢—1)(¢%23 - x5 — ¢*3 - 210 + 2 - 29 — ¢~ 223 - 237)
+(¢=1)*((q@ — q3'2) - 212 — ¢~ 123 - w34 — ¢ 2323 - x35).
Computing x49.2 = 149.12'121 yields:
(318) I42.2 =2 T4 — (q—l)(23 31 — 223 - {EQQ)
4+ (g—1)%*(¢71(3'23 — 3) - x37 + (32 — 3223) - w34 + ¢*3 - 219 — ¢°23 - 218)
— ((q=1)3¢72323 + (g—1)%¢712232') - z3¢
+ ((q—1)%¢ %2323 4 (q—1)%q '22232') - a35.
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Computing x49.3 = 142.1’3'131 yields:

(3.19) 2423 =3 - 240 — (q—1)(q23 - o7 — q3'23 - 29 + ¢*3 - w23 — ¢°T25)
+(q—1)*(g72(232 — 323) - w37 + ¢ *(23 — 2/323) - w36 + 32232 - w35 — 2232"x34).

In summary, three different types of operations are used to fill in an entry. It
is either derived from a suitable relation in the braid group, or it is derived by
replacing the acting generator s by a word w in the generators (so that s~ 'w = 1
is equivalent to a defining relation of W this is called a cyclic expansion of s in the
next section), or it is obtained by an application of Lemma 2] that is, by reverting
an edge in the coset graph.

A systematic search for suitable relations is computationally expensive and not
guaranteed to succeed. Cyclic expansions and edge reversals can simply be applied
on a trial and error basis. It turns out that the operations of cyclic expansion and
edge reversal are sufficient to complete the coset tables for the algebras in Theo-
rem [[.2] provided we add only a few defining relations to the usual presentations
of the braid groups. In the next section we will formulate this as a strategy.

4. ALGORITHM

The observations from the example in the previous section can be used to au-
tomate the entire procedure. This leads to the following algorithm. The strategy
used is similar to a Todd-Coxeter procedure. Here, however, first all the cosets are
defined all at once (using the information on cosets in the finite group), and only
then cyclic conjugates of the relations are used to fill missing entries in the table.

By this we mean, that every relation is used to express a generator as a word in
all possible ways. The words obtained in this way, for a generator s € S form the
set Ry of cyclic expansions of s.

For example, the relation 121 = 212, gives cyclic expansions

1 — 21212, 2 12121,
1 — 2'1'212, 2 — 12121,
1 — 2'1212, 2 — 12121,

ie., Ry = [2121'2/,2'1/212,2'1212] and R, = [12121/,1/2/121,1'2121'].

The algorithm then proceeds as follows:

0. Compute the lists R, s € S, of cyclic expansions.

1. Compute coset representatives and a spanning tree as in Section 2.1}, and fill
the corresponding entries of the table.

2. For each s € J, set the entry z1.s = s - x1, where z; is the trivial coset,
represented by the empty word.

3. Loop over missing entries x.s, try to compute z.s as x.w for w € Ry, or by
an application of Lemma [2.1]if possible, until no more entries can be filled.

Note that step 2 corresponds to filling the subgroup tables in a Todd-Coxeter
procedure. The order in which the different computations in step 3 are tried is not
relevant.

In our implementation of the algorithm, Lemma 2.1l is only applied, if the coeffi-
cient « is obviously invertible, i.e., if it is a product of a power of ¢ and an element
of the natural basis of Hy. This is sufficient for the purpose of proving Theorem [[.21
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In general, it is indeed a non-trivial task to identify and invert invertible elements
of the Hecke algebra Hj.

In the example of Go4 the algorithm completes after the following sequence
of steps. Here, an expression like revert(xg.2) stands for the result of applying
Lemma 2.1 to the known entry zg.2.

25.1 = 13.2'1/212,
4.1 = 24.3'1'313,
18.2 = 15.3'2'3'2323,
x9.2 = revert(zrs.2),
210.3 = 210.13'131,
o1 = 2,.2'1212,
Z19.1 = revert(x;.1),
z12.1 = 212.3/2/173'2'1'232/123123,
713.3 = 713.2/3/2/3232,
214.2 = 214.12'121,
215.1 = 215.3'1'313,
x24.1 = revert(zy5.1),
217.2 = 217.3/2/3/2323,
Z19.3 = x19.1'3131’,
Z90.1 = 290.3'1'313,
x28.1 = revert(zag.1),
T21.3 = 221.2'3/23232’,
wo3.1 = 95.2'1'212,
x97.1 = revert(zas.1),
T39.2 = 232.3/2/3/2323,

x33.2 = revert(rsz.2),

230.2 = 234.1'2'121,

x35.1 = x35.3'1'313,

2371 = 237.3'2/1/3'2/1/232/123123,
Zo9.1 = revert(xs7.1),

x37.2 = 237.3/2/3/2323,

9.1 = 39.2'1'212,

Zos.1 = 295.3'1313’,

x36.1 = revert(xas.1),

To5.2 = 195.1212'1,

1.1 = 23,.2'1212,

Ta0.1 = 132.3/2'1/3'2/17232'123123,
249.2 = 249.1'2/121,

T49.3 = x42.1'3'131,

To4.2 = 294.3/23232'3’,

2401 = 240.3'2'1'23'2/12312313'2',
x91.1 = revert(x49.1),

ra 1= 240.2'1212,

x30.1 = revert(x41.1),

241.3 = 24,.1313'1,

2161 = 216.2'1212,

238.3 = x3g.1'3'131.

A similar sequence of steps proves the theorem in the remaining number of cases.

5. PROOF OF THE MAIN THEOREM

The proof of the theorem is then obtained by applying the above algorithm to
each 2-reflection group having a single conjugacy class of reflections, together with
a presentation of the group. We start with the groups of rank 2, where we use
the standard presentations of [BMRI. In the ‘ordering’ column we put the ordered
set S used to build the spanning tree, as in Section 2] We use parenthesis as in
(1,2,3) in order to indicate that we use lexicographic ordering, while we use square
brackets as in [1, 2, 3] to indicate that we use the modified version of the algorithm
that groups cosets into double cosets. In each case, the digit in bold font indicates
(the generator of) the parabolic subgroup which is used — in general, the digits
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in bold font will be the generators forming the subset J of Section 2l The other
columns indicate the Coxeter type of the parabolic subgroup Wy, the order of the
group W and the number of cosets inside W/Wj. Finally, the last column contains
a checkmark if the algorithm succeeded, and if not it contains a cross together with
the number of entries that remained empty at the end of the process.

w relations Wo |[W| |W/Wy| ordering result

G, 1231=2312 A4, 48 24 (1,2,3)
1231 = 3123 (1,2,3) v
(1,2,3) v
1,2,3] v
[1,2,3]  x(9)

[1,2,3] v
Gap 12312=123123 A; 240 120 (1,2,3) v
23123 = 31231 (1,2,3) v
12312 = 31231 (1,2,3) v

[1,2,3]  X(25)

[1,2,3]  x(26)

[1,2,3]  x(25)

Of course the choice of a parabolic subgroup matters, in that the completion of
the algorithm proves that H is a free Hyp-module, for the given choice of W C W.
The choice of ordering also matters, in that it proves that the specific list of words
in the generators induced by this ordering provides a basis of the free module Hy-
module H. For instance, let us consider the case where W has type G12. In case
of (1,2,3), that is, the standard lexicographic process attached to the ordering
(1,2,3), the basis of H as an Hp-module that we obtain is

@,2,3,21,23,31,32,212, 213, 231, 232, 312, 313, 321, 323,
2121, 2123, 2131,2323, 3131, 3232, 21212, 21232, 21313,

while for [1,2, 3] it is

@,2,21,3,31, 23,231,212, 2121, 213, 2131, 32, 321, 312, 3121,
313, 3131, 232, 2321, 21212, 21213, 212131, 31212, 312121.

Therefore, every checkmark in the table, for a given group, corresponds to a new
result, distinct from the other ones — but of course only one checkmark is needed
in order to prove Theorem for this group.

We turn to the cases of ranks 3 and 4. In the first two cases, we slightly changed
the standard presentation of [BM]. It is easily checked that the non-Coxeter relation
we use for Ga4 is equivalent to the standard one 231231231 = 323123123, while the
one we use for Go7 is equivalent to the standard one 323123123123 = 231231231232.
In the case of Gag, we do not need any additional relation to the standard presen-
tation. In the process, we however noticed that the companion relation 423423 =
234234, which holds inside the reflection group but not in the braid group, admits
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a pretty-looking counterpart 42'34/23" = 2/34'23'4, which holds inside B and might
be useful in other contexts.

W relations Wy |W| |W/Wy| ordering result
Gay 121 = 212 By 336 42 (1,2,3) v
131 = 313 1,23 v
3232 = 2323
12312313’
= 232"12312
Gy 121=212 B, 2160 970 (1,2,3) X (136)
131 = 313 1,2,3 v
3232 = 2323
2321231231
= 1231231323
Gao 121 = 212 Bs 7630 160 (1,2,3,4) v
242 — 424 1,2,3,4 v
343 = 434
2323 = 3232
13 = 31,14 = 41

432432 = 324324

The case of the remaining group of rank 4 is somewhat special, in that it involves
two new generators instead of one, and because we needed to introduce a number
of extra relations so that our algorithm managed to fill all the entries of the table.
Moreover, there is no really ‘natural’ ordering of the vertices in this case. We got
the following results:

w relations Wy |W| |W/Wy|  ordering  result

Gs1 141 = 414,15 =51 As 46080 1920 (1,2,3,4,5) v
9242 — 424,252 — 525 (5,1,2,3,4) v
34 — 43535 — 353 (4,5,1,2,3) v
45 = 54,123 = 231 (3,4,5,1,2) v
231 = 312,123 = 312 (2,3,4,5,1) ¢
Rs1 (2,4,5,1,3) v
(2,4,5,3,1) ¢
[1,2,3,4,5] x(2633)

In this table, the additional relations are:

Ra1 124124 = 412412, 235235 = 523523, 232523 = 5232'52,
1242'12 = 242'124, 212’5235 = 52352'12,232'4124 = 41242'32.

Finally, the group G33 has a standard presentation in which a parabolic Coxeter
subgroup of type A4 naturally shows up. The Coxeter relations are symbolized by

the diagram
A

1 2 4 5
and there is one additional relation 423423 = 342342. This group (33 also contains
a parabolic subgroup of type D, which cannot be seen in this presentation. In
[BM], Bessis and Michel propose an alternative presentation of the braid group for
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G3s, given (up to a harmless swapping of letters) by the Coxeter relations described
by the following diagram:

ti

\

together with the relation wvutwv = vutwwvu. This presentation is deduced from
the previous one by the relations s =1, ¢t =2, u = 4, v = 3, w = 3454’3'. From
these presentations and the corresponding parabolic subgroups we get the following
results, which in particular conclude the proof of Theorem

w relations Wo W |[W/ Wy ordering  result
Gas 121 = 212,323 = 232 A, 51840 132 (1,2,3,4,5) «
424 = 242,434 = 343
454 = 545,13 =31
14 = 41,15 = 51
25 = 52,35 = 53
423423 = 342342
342342 = 234234
Gss 121 =212,454 =545 Dy 51840 270 (1,
13=31,14 =41 1
15 = 51,232 = 323
242 = 424,252 = 525
343 = 434,35 =53
543254 = 432543
R

In this table, the additional relations are:

RLE 1 324324 = 432432, 324324 = 243243, 432432 = 243243,
4215421 = 252/421542, 425432 = 32543245'.

Altogether this completes the proof of Theorem [[.2]for all the 2-reflection groups,
but the case of the largest one, G34. This case presents the following obstacles. First
of all, because it is so big, we need to use sparse vectors in order to keep the amount
of memory needed to store all entries reasonably. Then, we know that Gs4 admits
two maximal parabolic Coxeter subgroups, of type As and Ds, but unfortunately
they both have a too-large index in Gay4, precisely 54432 and 20412, respectively.
As a consequence, our program spends too much time trying to fill in the table:
after a few months of computations it appears to be very far away from the goal.
Because of that, we were not able to prove Proposition [[.6lin the way we did before.

We used instead the following ‘two-layers’ strategy. The group G344, described
by the diagram below and the additional relation 423423 = 342342, has a maximal
parabolic subgroup Wy of type Gs3, that we use in the replacement of the Coxeter

subgroups:
/ 3\
% 4

5—F6
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We let Hy denote the corresponding parabolic Hecke algebra, and try to prove
that H is an Hy-module of rank |W/Wy| = 756. By the same arguments as before,
this would imply the conjecture for G4, and subsequently that H is a free Hp-
module of rank 756.

We define in the usual way a list of coset representatives as words in the gener-
ators x1,..., %756, and use the same algorithm as before. For this we need to use
multiplication inside Hy. We know how to perform it by the previous computations,
as the table we filled in in the case of G33 described Hy as an (Hoo, Hp)-bimodule,
where Hyg is the parabolic subalgebra of type A4 that we used in this case. We
then launched our algorithm associated with the ordering (1,2,3,4,5,6) and with
the Coxeter relations together with 423423 = 342342 and 342342 = 234234. This
algorithm almost completed in a few hours, in the sense that almost all entries of
the table were filled in by then. At the very end however, the multiplications inside
Hy took much more time, because of the size of the entries. Keeping it running,
our program finally completed in 3 weeks, thus proving the remaining G34 case.

The interested reader will find the code we used at the url http://www.lamfa.
u-picardie.fr/marin/GGGGcode-en.html.

REFERENCES

[Ba] E. Bannai, Fundamental groups of the spaces of reqular orbits of the finite unitary reflec-
tion groups of dimension 2, J. Math. Soc. Japan 28 (1976), no. 3, 447-454. MR0407199
(53 #10982)

[Be] D. Bessis, Finite complex reflection arrangements are K(mw,1), Ann. of Math. (2) 181
(2015), no. 3, 809-904, DOI 10.4007/annals.2015.181.3.1. MR3296817

[BM] D. Bessis and J. Michel, Ezplicit presentations for exceptional braid groups, Experiment.
Math. 13 (2004), no. 3, 257-266. MR2103323 (2006b:20051)

[BMR] M. Broué, G. Malle, and R. Rouquier, Complex reflection groups, braid groups, Hecke
algebras, J. Reine Angew. Math. 500 (1998), 127-190. MR 1637497 (99m:20088)

C] E. Chavli, The Broué-Malle-Rouquier conjecture for reflection groups of rank 2, These
de doctorat, Université Paris-Diderot, 2016, arXiv:1608.00834.

[DMM] F. Digne, I. Marin, and J. Michel, The center of pure complex braid groups, J. Algebra
347 (2011), 206-213, DOI 10.1016/j.jalgebra.2011.06.034. MR2846406

[ER] P. Etingof and E. Rains, Central extensions of preprojective algebras, the quantum Heisen-
berg algebra, and 2-dimensional complex reflection groups, J. Algebra 299 (2006), no. 2,
570-588, DOI 10.1016/j.jalgebra.2006.01.005. MR2228327|/(2007f:16037)

[GP] M. Geck and G. Pfeiffer, Characters of Finite Cozxeter Groups and Iwahori-Hecke Al-
gebras, London Mathematical Society Monographs. New Series, vol. 21, The Clarendon
Press, Oxford University Press, New York, 2000. MR1778802//(2002k:20017)

[L] I. Losev, Finite-dimensional quotients of Hecke algebras, Algebra Number Theory 9
(2015), no. 2, 493-502, DOI 10.2140/ant.2015.9.493. MR3320850

[Mal] I. Marin, The cubic Hecke algebra on at most 5 strands, J. Pure Appl. Algebra 216 (2012),
no. 12, 2754-2782, DOI 10.1016/j.jpaa.2012.04.013. MR2943756

[Ma2] I. Marin, The freeness conjecture for Hecke algebras of complex reflection groups, and the
case of the Hessian group Gag, J. Pure Appl. Algebra 218 (2014), no. 4, 704-720, DOI
10.1016/j.jpaa.2013.08.009. MR3133700

[Mi] J. Michel, The development version of the CHEVIE package of GAP3, J. Algebra 435 (2015),
308-336, DOI 10.1016/j.jalgebra.2015.03.031. MR3343221

P] M. Picantin, Petits Groupes Gaussiens, Thése de doctorat, Université de Caen, 2000.

LAMFA, UNIVERSITE DE PICARDIE JULES VERNE, 33 RUE SAINT LEU, 80039 AMIENS, FRANCE
E-mail address: ivan.marin@u-picardie.fr

SCHOOL OF MATHEMATICS, STATISTICS AND APPLIED MATHEMATICS, NUI GALWAY, UNIVERSITY
RoAD, GALWAY, IRELAND
E-mail address: goetz.pfeiffer@nuigalway.ie


http://www.lamfa.u-picardie.fr/marin/GGGGcode-en.html
http://www.lamfa.u-picardie.fr/marin/GGGGcode-en.html
http://www.ams.org/mathscinet-getitem?mr=0407199
http://www.ams.org/mathscinet-getitem?mr=0407199
http://www.ams.org/mathscinet-getitem?mr=3296817
http://www.ams.org/mathscinet-getitem?mr=2103323
http://www.ams.org/mathscinet-getitem?mr=2103323
http://www.ams.org/mathscinet-getitem?mr=1637497
http://www.ams.org/mathscinet-getitem?mr=1637497
http://www.ams.org/mathscinet-getitem?mr=2846406
http://www.ams.org/mathscinet-getitem?mr=2228327
http://www.ams.org/mathscinet-getitem?mr=2228327
http://www.ams.org/mathscinet-getitem?mr=1778802
http://www.ams.org/mathscinet-getitem?mr=1778802
http://www.ams.org/mathscinet-getitem?mr=3320850
http://www.ams.org/mathscinet-getitem?mr=2943756
http://www.ams.org/mathscinet-getitem?mr=3133700
http://www.ams.org/mathscinet-getitem?mr=3343221

	1. Introduction
	2. General automatic procedures
	2.1. Determining the coset graph
	2.2. Inversion of the relations
	2.3. Checking equalities inside the braid group

	3. A sample case by hand: G24
	4. Algorithm
	5. Proof of the main theorem
	References

