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FINITE ELEMENT METHODS FOR SECOND ORDER LINEAR
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS
IN NON-DIVERGENCE FORM

XIAOBING FENG, LAUREN HENNINGS, AND MICHAEL NEILAN

ABSTRACT. This paper is concerned with finite element approximations of
W?2P strong solutions of second-order linear elliptic partial differential equa-
tions (PDEs) in non-divergence form with continuous coefficients. A non-
standard (primal) finite element method, which uses finite-dimensional sub-
spaces consisting of globally continuous piecewise polynomial functions, is
proposed and analyzed. The main novelty of the finite element method is
to introduce an interior penalty term, which penalizes the jump of the flux
across the interior element edges/faces, to augment a non-symmetric piecewise
defined and PDE-induced bilinear form. Existence, uniqueness and error esti-
mate in a discrete W?2P energy norm are proved for the proposed finite element
method. This is achieved by establishing a discrete Calderon—Zygmund-type
estimate and mimicking strong solution PDE techniques at the discrete level.
Numerical experiments are provided to test the performance of proposed finite
element methods and to validate the convergence theory.

1. INTRODUCTION

In this paper we consider finite element approximations of the following linear
elliptic PDE in non-divergence form:

(1.1a) Lu:=—A:D*u=f in €,
(1.1b) u=0 on 0.

Here, @ C R™ is an open bounded domain with boundary 99, f € LP(Q) (1 <
p < 00) is given, and A = A(x) € [Co(ﬁ)]nxn is a positive definite matrix on ,
but not necessarily differentiable. Problems such as (I]) arise in fully non-linear
elliptic Hamilton—Jacobi-Bellman equations, a fundamental problem in the field of
stochastic optimal control [I2/[17,25126], although, in general, Hamilton—Jacobi—
Bellman equations lead to discontinuous coefficient matrices. In addition, elliptic
PDEs in non-divergence form appear in the linearization and numerical methods
of fully non-linear second order PDEs [6l1T]20].
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Since A is not smooth, the PDE ([LTal) cannot be written in divergence form,
and therefore notions of weak solutions defined by variational principles are not
applicable. Instead, the existence and uniqueness of solutions are generally sought
in the classical or strong sense. In the former case, Schauder theory states the
existence of a unique solution u € C%%(Q) to (II)) provided the coefficient matrix
and source function are Holder continuous, and if the boundary satisfies 002 €
C?. In the latter case, the Calderon-Zygmund theory states the existence and
uniqueness of u € W2?(Q) satisfying (LT)) almost everywhere provided f € LP(1Q2),
A€ [CY(Q)]™ ™ and 99 € CY1. In addition, the existence of a strong solution to
(@I in two dimensions and on convex domains is proved in [2}3]18].

Due to their non-divergence structure, designing convergent numerical methods,
in particular, Galerkin-type methods, for problem (II]) has been proven to be diffi-
cult. Very few such results are known in the literature. Nevertheless, while problem
(CI) does not naturally fit within the standard Galerkin framework, several finite
element methods have been recently proposed. In [I9] the authors considered mixed
finite element methods using Lagrange finite element spaces for problem (I]). An
analogous discontinuous Galerkin (DG) method was proposed in [9]. The conver-
gence analysis of these methods for non-smooth A remains open. A discontinuous
Galerkin method for problem (L)) with discontinuous coefficients satisfying the
Cordes condition was proposed and analyzed in [24]. Here, the authors estab-
lished optimal order estimates in h with respect to a H2-type norm. This method
has been extended to elliptic and parabolic Hamilton—Jacobi-Bellman equations in
[25,26] in which the C°-continuity condition on the coefficient matrix A is added to
the Cordes condition. Recently a two-scale, low-order finite element method based
on an regularized integral formulation of (I) was proposed in [2I]. Here, dis-
crete Alexandroff-Bakelman—Pucci estimates are derived and, assuming the mesh
is weakly acute, the authors prove suboptimal convergence rates in the L°°-norm.

The primary goal of this paper is to develop and analyze a structurally simple
and computationally easy finite element method for problem (II)). The method,
given in Definition B.J] below, is a primal method using Lagrange finite element
spaces. The method is well defined for all polynomials with degree greater than
one and can be easily implemented on current finite element software. We note
that our finite element method resembles interior penalty discontinuous Galerkin
(DG) methods in its formulation because its bilinear form contains the jumps of
the fluxes across the element edges/faces. However, no interior penalty term is
used in the formulation, hence, our method is not a DG method per se. Moreover,
we prove that the proposed method is stable and converges with optimal order in
a discrete W?2P-type norm on quasi-uniform meshes provided that the polynomial
degree of the finite element space is greater than or equal to two and if the mesh
is sufficiently fine. However, numerical experiments given in Section [ suggest that
the polynomial restriction and mesh size restriction can be relaxed.

While the formulation and implementation of the finite element method is rel-
atively simple, the convergence analysis is quite involved, and it requires several
non-standard arguments and techniques. The overall strategy in the convergence
analysis is to mimic, at the discrete level, the stability analysis of strong solutions
of PDEs in non-divergence form (see [14] Section 9.5]). Namely, we exploit the fact
that, locally, the finite element discretization is a perturbation of a discrete elliptic
operator in divergence form with constant coefficients; see Lemma B.Jl The first
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1. Global stability estimate for II. Local stability estimate for

PDEs with constant coefficients PDEs with constant coefficients
lwnllw2r @) S 1€onwnllLe o) lwnllw2r sy S 1€onwnllLy s

IV. Global Gérding-type inequality III. Local stability estimate for
for PDEs in non-divergence form PDEs in non-divergence form
lwnllw2r @) S 1£awnllLy @) + lwallLe @) lwnllw2v () S [1£nwnllzp s

V. Global stability estimate for
PDEs in non-divergence form

lwnllw2r @) S II£nwnllzy @

FIGURE 1. Outline of the convergence proof.

step of the stability argument is to establish a discrete Calderon—Zygmund-type
estimate for the Lagrange finite element discretization of the elliptic operator in
([TI) with constant coefficients, which is equivalent to a global inf-sup condition
for the discrete operator. The second step is to prove a local version of the global
estimate and inf-sup condition. With these results in hand, local stability estimates
for the proposed C discretization of (LI]) can be easily obtained. We then glue
these local stability estimates to obtain a global Garding-type inequality. Finally,
to circumvent the lack of a (discrete) maximum principle, which is often used in the
PDE analysis, we use a non-standard duality argument to obtain a global inf-sup
condition for the proposed C? discretization for problem (LI)). See Figure [ for
an outline of the convergence proof. Since the method is linear and consistent,
the stability estimate naturally leads to the well-posedness of the method and the
energy norm error estimate.

The organization of the paper is as follows. In Section 2] the assumptions of the
PDE problem is stated, the notation is set, and some preliminary results are given.
Discrete W?2P stability properties, including a discrete Calderon—Zygmund-type
estimate, of finite element discretizations of PDEs with constant coefficients are
established. In Section 3] we present the motivation and the formulation of our C°
discontinuous finite element method for problem (II]). Mimicking the PDE analysis
from [I4] at the discrete level, we prove a discrete W?? stability estimate for the
discretization operator. In addition, we derive an optimal order error estimate in
a discrete W2P-norm. Finally, in Section @], we give several numerical experiments
which test the performance of the proposed C? finite element method and validate
the convergence theory.
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2. ASSUMPTIONS, NOTATION, AND PRELIMINARY RESULTS

1. The PDE problem. To make the presentation clear, we state the precise
assumptions on the non-divergence form PDE problem ([Il). Let A € [C°(Q)]"*"
be a positive definite matrix-valued function with

(2.1) NEPA@)E-€ <A VEER", 2T

and constants 0 < A < A < oco. Under the above assumption, £ is known to be
uniformly elliptic, hence, strong solutions (i.e., W?? solutions) of problem (I.1])
must satisfy the Aleksandrov mazimum principle for p > n [10,[141[16].

By the W?2? theory for the second order non-divergence form uniformly elliptic
PDEs [14, Chapter 9], we know that if 9Q € Cb!, for any f € LP(Q) with 1 < p <
00, there exists a unique strong solution u € W2?(Q2) N Wy* () to (L) satisfying

(2.2) [/l P(Q) N ”fHLP(Q)

Moreover, when n = 2 and p = 2, it is also known that [2\BLI3L[I518] the above
conclusion holds if 2 is a convex domain.

For the remainder of the paper, we shall always assume that A € [CO(Q)]"*" is
positive definite satisfying (Z1I), and problem (II]) has a unique strong solution «
which satisfies the Calderon—Zygmund estimate (2.2)).

2.2. Mesh and space notation. Let 2 C R™ be a bounded open domain. We
shall use D to denote a generic subdomain of {2 and 9D denotes its boundary.
W#P(D) denotes the standard Sobolev spaces for s > 0 and 1 < p < oo, WOP(D) =
LP(D) and WP (Q) to denote the subspace of W*P(Q) consisting functions whose
traces vanish up to order s — 1 on 99Q. (-,-)p denotes the standard inner product
on L?(D) and (-,-) := (+,")q. To avoid the proliferation of constants, we shall use
the notation a < b to represent the relation a < Cb for some constant C > 0
independent of mesh size h.

Let Ty := Tr(2) be a quasi-uniform, simplical, and conforming triangulation of
the domain 2. Denote by & the set of interior edges in Ty, &P the set of boundary
edges in Ty, and &, = &L U EP the set of all edges in T;,. We define the jump and
average of a vector function w on an interior edge e = 97T N AT~ as follows:

[w]l, =w® ni|, +w”-n|,

{whl, = 5 (w il —w o ],),

where w* = w}Ti and m4 is the outward unit normal of 7%,

For a normed linear space X, we denote by X* its dual and <~, > the pairing
between X* and X. The Lagrange finite element space with respect to the trian-
gulation is given by

(23) Vi = {Uh € Hé(Q) : 'Uh‘T S ]Pk(T) VT € 771},

where Py (T") denotes the set of polynomials with total degree not exceeding k (> 1)
on T. We also define the piecewise Sobolev space with respect to the mesh Tj:

Wer(T) = [T werm), Wi = WA (T) WG (),
TETh
(T =[] rr(r WP(D) = W*P(Ty)
TeTh

LZ(D) = Lp(ﬁl)’p

)
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For a given subdomain D C Q, we also define V3, (D) C V}, and W;(Lp)(D) C Wf(bp) as
the subspaces that vanish outside of D by

Vi(D): = {v € Vi; vlonp =0}, WD) == {ve W; v|o\p = 0}.

We note that V(D) is non-trivial for rp > 2h, where rp is the radius of the largest
ball inscribed in D.
Associated with D C (), we define a semi-norm on W,f’p(D) for 1 < p < oo:

1
(2.4) ||”||W§>P(D) = ||Df2ﬂ’HLP(D) + ( Z héip” [[V”]] ||ip(emﬁ)) g
665}{

Here, D?v € L*(Q2) denotes the piecewise Hessian matrix of v, i.e., Dv|p = D?v|p
forall T € Tp,.
Let Qp, : LP(Q)) — V4, be the L? projection defined by

(2.5) (Qhw, Uh) = (w, vh) Yw € Lz(Q), vp € Vi
It is well known that [8] Q) satisfies for any w € WP ()
(2.6) [Qnwllwmr) S lwlwmr@) — m=011<p<o0.

For any domain D C Q with rp > 2h and any w € L} (D), we also introduce the
following mesh-dependent semi-norm

w, Vp, 1 1
(2.7) |wllge(py == sup @, where ];—i— — =1

0#£v, €V3, (D) lvnl o (D) '

By (2.5), it is easy to see that || - [[Lr(p) is a norm on V(D). Moreover, by (2.0),

Wh,V wh, Qpv
(2.8) wnll Loy = sup M = sup M
veLP (Q) ||”||Lp’(sz) veLr' (Q) [v]| £ ()

(wn, Qnv)

sup

Ty < llwnllzr o Ywy, € V.
veLr (Q) ||th|\Lp/(Q) n ()

~

2.3. Some basic properties of W,gp ) functions. In this subsection we cite or

prove some basic properties of the broken Sobolev functions in W,Ep ), and in par-
ticular, for piecewise polynomial functions. These results, which have independent
interest in themselves, will be used repeatedly in the later sections. We begin with
citing a familiar trace inequality followed by proving an inverse inequality.

Lemma 2.1 ([]). For any T € Ty, there holds
(2.9) 1ol o) S (RE 1HVUHLP(T) + hl_“lH'UHI[),P(T)) Yo € WhP(T)

for any p € (1,00). Therefore by scaling, there holds

(2.10)
Z h, H H {l ”ip(D) Vv € Vh((l))) (TD > 2h)7
2 Melerenn S\ joj, oy Ty 0 e WD)

Lemma 2.2. For any v, € Vp, 1 <p < oo, and D C Q with rp > 2h, there holds

(2.11) lvnllyzrpy S B lvallwrn(p,),
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where
(2.12) Dy, ={z € Q: dist(z,D) < h}.
Proof. By [24), (Z3) and inverse estimates [4l[7], we have

1
lonllwzs oy = I1DFvnllo oy + (D2 BN TV0R] faersy)”
eefi

1
1 1 P
< ID3vnllecoy + 30 (W7 (5 DR 0u iy + B V0 )
TETh
TCDy

< 7 Honllwrr (py)- U

The next lemma states a very simple fact about the discrete W?2P-norm on
WPP(Q).

Lemma 2.3. For any 1 < p < oo, there holds
(2.13) Ilhoriy < Ielwor Vo€ WHH(Q).

Next, we state some super-approximation results of the nodal interpolant with
respect to the discrete W2P-semi-norm. The derivation of the following results is
standard [22], but for completeness we give the proof in Appendix [Al

Lemma 2.4. Denote by I, : C°(Q) — Vj the nodal interpolant onto Vj,. Let
n € C®(Q) with [nwi=@y S d7 for 0 < j < k. Then for each T € T; with
h <d <1, there holds

h
(2.14) W™ [on = In(non) llwmr0) S Zllvallee(p,y - form =0,1,

1
(2.15) lon = In(mon)llwzr oy S 5 lonllwieo,)-
Moreover, if k > 2, there holds

h
(2.16) lrvn = In(mvn)llwzr oy S 5 lonllwze ).
Here, D C Dy, C Q satisfy the conditions in Lemma 221

To conclude this subsection, we state and prove a discrete Sobolev interpolation
estimate.

Lemma 2.5. There holds for all 2 < p < oo,
IVelo@ S llwlw@llwlyzeg — Voe W

Proof. Writing HVwHLp @ = = [ |Vw|[P"2Vw - Vwdz and integrating by parts, we
find

||Vw||1£p(9) = —/ (|Vw|p72Aw + (p = 2)|Vw[P~H(DiwVw) - Vw)wda:

+ Z /[HVU}\” *Vullwds

eGSI

(2.17) < Z / |Vw|P~2| Diw||w| dx + Z/ |Vw|P~ V] wds.

TETh ecel
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To bound the first term in (ZI7) we apply Holder’s inequality to obtain
(2.18) /Q|Vw\p_2|D;2Lw|\w|d$ < H|Vw|p_2HLp v I1D*w|| Lo (o) lw| Lo ()

= Vw7, Q)Hth”LP(Q [wllze (-

Likewise, by Lemma [2.I] we have

(2.19) Z/[HVwP’ *Vuwlwds

668,{

< (RENVel ) (he ITVDl0) (B lolloce))

eefé

1
S IVwlf o ol ( 32 w7 Vel [},
ec&l

S [Vl Q)HU’HLP(Q)HU’HWQP Q)"

Combining (2I7)—(@219) we obtain the desired result. The proof is complete. O

2.4. Stability estimates for auxiliary PDEs with constant coefficients. In
this subsection, we consider a special case of (IL1a)) when the coefficient matrix is a
constant matrix, A(x) = Ag € R"*™. We introduce the finite element approxima-
tion (or projection) Lo of Ly on V3, and extend Lo, to the broken Sobolev space
W}(Lp ). We then establish some stability results for the operator Ly ;. These stabil-
ity results will play an important role in our convergence analysis of the proposed
C° finite element method in Section [
Let Ag € R™ ™ be a positive definite matrix and set

(220) E()w = —Ao D2w =-V- (onw)

The operator Ly induces the following bilinear form:

(2.21) ag(w,v) == (Low,v) = [ AgVw - Vvdx Yw,v € Hj(Q),

Q
and the Lax—Milgram Theorem (cf. [10]) implies that l:gl : H7YQ) — HY(Q)
exists and is bounded. Moreover, if 92 € C11, the Calderon—Zygmund theory (cf.
[14, Chapter 9]) infers that L5 : LP(Q) — W2P2(Q) N W, *(Q) exists and there
holds

(2:22) I1£5 ellw2r) S lelle@) Ve € LP(Q).
Equivalently,
(2.23) lwllw2r) S H‘COwHLP(Q) Yw € W2P N W, P (Q).

The bilinear form naturally leads to a finite element approximation (or projec-
tion) of Ly on V}, that is, we define the operator Lo : Vi, — V3, by

(224) (Eothh,vh) = ao(wh,vh) Yop, wp € V.

Remark 2.1. When A = I, the identity matrix, Lo is exactly the finite element of
the discrete Laplacian, that is, £y, = —Aj. By finite element theory [4], we know
that Lo : Vi, — V}, is one-to-one and onto, and therefore £ ,1L 1V, — V), exists.
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Recall the following DG integration by parts formula:

(2.25) /QT-V;ﬂ)d.’L': —/Q(vh Todr+ Y (/[[T]] {{o}} ds

+ [y E[vﬂ ds) + Eng/ev-ne)vds,

which holds for any piecewise scalar-valued function v and vector-valued function 7.
Here, V), is defined piecewise, i.e., V| = V| for all T € Ty,. For any wp, vy, € Vi,
using ([2.20) with 7 = AgVwy,, we obtain

(226) ao(wh, ’Uh) = —/ (A() : D,leh)vh dx + Z [[AOth]] vy ds.
@ ecEf ¢

We note that the above new form of ag(,-) is not well defined on H}(Q) x H}(Q).

However, it is well defined on W}(Lp ) % W}(Lp ) with % + i = 1. Hence, we can easily
extend the domain of the operator Ly} to broken Sobolev space W,gp ). Precisely,
(abusing the notation) we define L p, : W,gp) — (W,gp,))* to be the operator induced
by the bilinear form ag(-.) on W}(Lp ) x W}(Lp /), namely,

(2.27) (Lo pw,v) = ag(w,v) Yw € Wf(bp), vE W,Epl).

A key ingredient in the convergence analysis of our finite element methods for
PDEs in non-divergence form is to establish global and local discrete Calderon—
Zygmund-type estimates similar to (Z23]) for Lo . These results are presented in
the following two lemmas.

Lemma 2.6. There exists hg > 0 such that for all h € (0, hg), there holds
(2.28) lnllyzooy S 1ontnlioy  Yun € Vi

Proof. First note that (2228)) is equivalent to

(2.29) HE(I}LSDhHwﬁp(Q) Sllenllr@)  Veon € Vi

For any fixed ¢, € Vi, let w == Lglpn € W2P(Q) N W, P(Q) and wy, =
Ly }Lgoh € V},. Therefore, w and wy,, respectively, are the solutions of the following
two problems:

(2.30)  ag(w,v) = (pn,v) Yo € Hé(Q), ag(wp,v) = (n,vn) Yop € Vi,

and thus, wy, is the elliptic projection of w.

By ([223) we have
(2.31) llwllw2r) S llenlle@)-

Using well-known LP finite element estimate results [4, Theorem 8.5.3], finite ele-
ment interpolation theory, and (Z31]) we obtain that there exists hg > 0 such that
for all h € (0, hg),

(2.32)  fw—wnllwrr) S lw = hwllwiro) S hlwllwer@) S hlenllor@)-
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It follows from the triangle inequality, an inverse inequality (see Lemma [2.2)),
the stability of I, (Z31) and (232) that

lw —wallw2r@) S lw = Inwlly2pq) + [ Thw = whally2e q)
S llwllwzr@) + b7 H{hw — wpllwir )

S llenlle) + 2w — wllwe@) + 7w — wallwre @

< llenlle@)-

Thus,

lwnllyzr ) S llw = whlly2eq) + [wllwzr@) S llenllce @)
which yields ([Z229), and hence, ([Z28). a
Lemma 2.7. For zy € Q and R > 0, define
(2.33) Br(zg) ={z€Q: |z —x9| < R} C Q.
Let R = R+ d with d > 2h. Then there holds
(2.34) [whlly2r(ppeoy S [LonwnllLs (B @) Vn € Va(Br(zo)).

Proof. To ease notation, set Br := Bgr(zo) and Br := Bgr/(z0). Recalling (28],
we have by Lemma [2.6]
lwnllyzr g,y = lwnllw2e @) S [Lonwnllr@) S I1£0nwnllLy @)
— swp ag(wn, vn)
vhEVh ||”h||Lp’(Q)
Set R = (R+R')/2, so that R < R” < R'. Denote by xp,,, the indicator function
of Br := Bri(xg). Since wp, = 0 on Q\Bgr, we have
ao(Wn,vn) = ao(Wh, XBp,Vn) = ao(Wh, In(XB,,vn))  Yon € Vi
Moreover, we have I4(xB,,vn) € Vi(Br/) and
||Ih(XBRnUh)||Lp/(BR,) = ||Ih(XBR~Uh)HLp’(Q) S HXBR//vh”LP’(Q) S ||UhHLp’(Q)-
Consequently,
ao(wn, In(X B, vn)) ao(wn, vn
lwallyzr (g, S sup R <  sup _ao(wn, vh)
" ) v EVh ||Ih(XBR//Uh)||LP'(BR/) R €Vi (Brr) ||Uh||Lp’(BR,)
(ﬁo,hwh,’vh)
sup 1=
thVh(BR/) ||Uh

= [[LopwnllLr (B, U

|Lz/(BR/)
3. FINITE ELEMENT METHODS AND CONVERGENCE ANALYSIS

3.1. Formulation of finite element methods. The formulation of our C? finite
element method for non-divergence form PDEs is relatively simple, which is inspired
by the finite element method for diffusion-convection PDEs and relies only on an
unorthodox integration by parts.

To motivate its derivation, we first look at how one would construct standard
finite element methods for problem (L) when the coefficient matrix A belongs to
[C(€2)]™*™. In this case, since the divergence of A (taken row-wise) is well defined,
we can rewrite the PDE ([LIa)) in divergence form as follows:

(3.1) —V - (AVu) + (V- A)-Vu = f.
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Hence, the original non-divergence form PDE is converted into a “diffusion
-convection equation” with the “diffusion coefficient” A and the “convection co-
efficient” V - A.

A standard finite element method for problem (B1]) is readily defined as seeking
up, € V3, such that

(3.2) /(AVuh) - Vop, dx + / (V- A) Vupuy de = / fopdx Vop, € V.
Q Q Q

Now come back to the case where A only belongs to [C?(€2)]"*". In our setting,
the formulation ([B:2)) is not viable any more because V - A does not exist as a
function. To circumvent this issue, we apply the DG integration by parts formula

[229) to the first term on the left-hand side of (B:2) with 7 = AVuy, and V in (82)
is understood piecewise, we get

(3.3) —/ (A : Diuh)vh dx + Z [[AVuh]] vy ds = / fop dr Yo, € V.
Q Q

ecel "¢

Here, we have used the fact that [[Uhﬂ = 0 and vy |sq = 0.
No derivative is taken on A in ([B3]), so each of the terms is well defined on V.
This indeed yields the C° formulation of this paper.

Definition 3.1. The C° finite element method is defined by seeking u;, € Vj, such
that

(3.4) an(un,vn) = (f,vn)  You € Vi,

where

(3.5) ap(wp,vp) = —/ (A : Diwh)vh dx + Z [Athﬂ vp, ds,
Q

ec&l ¢
(36) (f, ’Uh) = / f’l)h dx Yoy, € V.
Q

A few remarks are given below about the proposed C° finite element method.

Remark 3.1. (a) The C° finite element method (3.4) is a primal method with
the single unknown wuy. It can be implemented on current finite element software
supporting element boundary integration.

(b) From its derivation we see that (B3.4]) is equivalent to the standard finite
element method ([B2)) provided A is smooth. In addition, if A is constant, then

B4) reduces to
ao(un,vn) = (f,on)  Vop € Vj.

This feature will be crucially used in the convergence analysis later.
(c) In the one-dimensional and piecewise linear case (i.e., n =1 and k = 1), the
method (34) on a uniform mesh {z;}¥, is equivalent to

A(z) (= cim1 +2¢; — ciq1) = W2 f(zy),

where uj, = sz\; ciapg), and {gogf) N | represents the nodal basis for V,.
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3.2. Stability analysis and well-posedness theorem. As in Section 2.4l us-
ing the bilinear form a,(-,-) we can define the finite element approximation (or
projection) Ly, of £ on V;, that is, we define £, : V}, — Vj, by

(37) (ﬁhwh, ’Uh) = ah(wh, ’Uh) Vvh, wy, € Vh.
Trivially, (84)) can be rewritten as: Find wu;, € V}, such that

(Ehuh,vh) = (f, ’Uh) Yoy € Vi,
Similar to the argument for Ly p, we can extend the domain of £} to the broken
Sobolev space W,Ep), that is, (abusing the notation) we define £, : W,Ep) — (W,Ep ))*
by
(3.8) (Lpw,v) == ap(w,v) Yw € Wf(bp), v E W;(Lp/).

The main objective of this subsection is to establish a W,f P stability estimate
for the operator £, on the finite element space V},. From this result, the existence,
uniqueness and error estimate for ([B4]) will naturally follow. The stability proof
relies on several technical estimates which we derive below. Essentially, the un-
derlying strategy, known as a perturbation argument in the PDE literature, is to

treat the operator £, locally as a perturbation of a stable operator with constant
coeflicients. The following lemma quantifies this statement.

Lemma 3.1. For any § > 0, there exists Rs > 0 and hs > 0 such that for any
rg € Q with Ay = A(LL‘()),

(39 1(£n = Lonlg (5o, o S Slwllzo oy, oy 70 € W, V0 < s
Proof. Since A is continuous on §, it is uniformly continuous. Therefore, for every

0 > 0 there exists Rs > 0 such that if z,y € Q satisfy |z — y| < Ry, there holds
|A(x) — A(y)| < 6. Consequently for any zg €

(3.10) A — Aol (Br,) <9,
with Br, := Bp, (xo)

Set hs = min{ho, Z2} and consider h < hs, w € Wf(bp) and vy, € V3 (Bg,). Since
(Lo — Ln)w € WP it follows from E]), @26), 5), @I0), and @6) that
((Lon = Ln)w,vp)

- /BR5 ((Ag — A) : Dw)vpdz + /mBR& [(4o — A)Vw] vy ds

ec&f

<A = AollLe~(Bagy) <||Df2Lw||Lp(BR5)||UhHLP/(BR6)

1

(S I s insy) (Pl s, ) )

ec&f ec&f
SlA- AOHLOO(BR(;)||wHW}fvP(BR6)||Uh||Lp’ (Bry) S 5||w|‘wf‘P(BR5)||Uh||Lp’(BR5)'
The desired inequality now follows from the definition of [| - ||z Bry): O
Lemma 3.2. There exists Ry > 0 and hy > 0 such that for any xo €
G110  Nwnllw2r(p,, @o)) S 1nwnllLs (Ba, o))  Ywh € Va(Br, (20)), Yh < ha,
with Ry = 2R,.
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Proof. For §y > 0 to be determined below, let R; = %R(so as in Lemma Bl Let
hy = % and set B; = Bg, (). Then by Lemmas 27 and Bl with d = R; and
Ap = A(zo), we have for any wy, € V3 (By)

lwnllwzr s,y S 1Lonwnllry sy < 1(Lon = Lr)wnllzy sy + 1 £nwnllzy s,
S Sollwnlly2r (g, + 1£nwnllLs 5,)

= dollwnllyzr g,y + 1LnwnllLy (B.)-

For §y sufficiently small (depending only on A), we can kick back the first term on
the right-hand side. This completes the proof. |

Lemma 3.3. Let Ry and hy be as in Lemma B2l For any xo € Q, there holds
(3.12) ILhwliLr (Br, @) S IWllw2e (g @)y — W E WiP Vh < hy.

Proof. Set By = Bpg, (z0). By the definition of £, [2.8), 2I0) and (28], we have
for any vy, € Vi,(By)

(Lrw,v) = —/ (A : Diw)vy, dx + Z / ~ [AVuw] vy ds
Bq eefi enNBy

SR wle e lonll L 5,

L
7

1 , >
(3 RNVl )™ (3 el s

ec}l ect}

< (IDRwlry + (32 ATVl ) Yol o,y

ec&l

S HwHW}f’p(Bl)”vh”LP’(Bl)'

The desired inequality now follows from the definition of || - ||z (z,). O

Lemma 3.4. Let hy be as in Lemma B2l Then there holds for h < hy

(3.13) lwnllyzr ) S 1€nwnllLe) + wnllLe@)  Ywn € Vi
Proof. We divide the proof into two steps.

Step 1. For any xg € Q, let Ry and hy be as in Lemma[3.2] let Ry = 2Ry, R3 = 3Ry,
and set B; = Bg, (7o) for i = 0,1,2. Let n € C3() be a cut-off function satisfying

(3.14)
0§77§ 1, 77|B1 = 17 U}Q\Bz :07 ||77HW"“°°(Q) :O(d_m)v m:O;]-,Q'
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We first note that nwy, € W}(Lp)(Bg) and Ip(nwy) € Vi(Bs) for any wy, € Vj,.
Therefore, by Lemmas 24 (with d = R1) and [B2] we have

lwnllwze ) = Inwnllyze g,y < lnwn = In(wan)llw22 g,y + Ha(rwn) w2 g,

1

< R_%”whHWl’P(Bz) + ||Ih(77wh)||w,f’P(Bl)
1

< ﬁHwhHWl’P(Bz) + 1Ln(In(nwn))ll e ()
1

1
S R_%”wh”Wl’P(Bz) + 1Ln(nwn)ll L (8,)
+ 1 Ln(nwn — In(mwn)) |l e (5,)-
Applying Lemmas [3.3] and 2.4] we obtain
1
(3.15) lwnllyzrs,) < R—%Hwh\lvvlvv(BQ) + 1 Ln(nwn)l e (5,)
+ Hnwh - Ih(??ﬂfh)ngvv(B?)
1
S gollwnllwre s + L0 (mwn)l iy 5y)-
1

To derive an upper bound of the last term in [B.I5]), we write for v), € V3,(Bs),

(Ln(nwn),vn) = —/B A DE (qwp,)vy, do + Z / ~ [AV(nwn)]vn ds

ec&f NBs

= —/ (nA : Diwh + 2AVn - Vwy, + wpA : D%n)vh dz
Bs

+ Z /e [[Ath]] nup ds

665;{ NBs

= (Ehwh, Ih('m)h)) — / (2AVT] . th + whA : D;Ql’n)’l)h dx
B3

_ /BS(A : D3wy) (o, — In(noy)) da + Z /ent [AVw ]| (v, — In(nvr)) ds.

eefi
By Hélder’s inequality, Lemmas 2 TH22] 241 and (314 we obtain

(ﬁh(ﬁwh),vh) S ||£hwh||L§j(Bg)||Ih(77vh)\|Lp'(33) + R1_2||wh||W1m(Bg)||Uh||Lp’ (B3)

o lnllyz o) (700 = Tn0n) ot (12 + I 0 = T (00m)) | ot (32
1

S (Ilewunligeon + gllonlwioe, ) lonll s,

which implies that
1
ILn(mwn)ll e Byy S I1LnwnllLr By + R—%Hwh\lwwwg)-

Applying this upper bound to [BI3) yields

1
(3.16) lwnllyzr g,y S I1Lnwnller s + R_%”wh”Wl»P(Ba) Ywp € V.
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Step 2. We now use a covering argument to obtain the global estimate (B13]). To
this end, let {2;}Y.; C Qwith N = O(R; ") sufficiently large (but independent of h)

such that Q = Uj:1 Br, (). Setting S; = Bg, (v;) and S; = Bg,(v;) = Bag, (;),
we have by 3.10)

N

Z

1
P p P P
0l 2 gy < Z ol s, z(nchwhnm@) + R—%pnwhnwl,p(gj))
J= J=
N
Rz,,nwhnwlp o+ 2 NLwwnlly o

Jj=1

Since Vh(gj) C Vi, we have

N
(Lrhwn,vp)|?
jz:; ||Lhwh||i2(§])

sup AR hy TR
0#£vp €V (S ||UhHLp ;)

>

Jj=1
= i sup M :
j=1 1 0£vn eV (S;) ||vhHLp'(Q)
(‘Chwhavh) P
<N| sup S gl
0#v, €V, ||Uh||Lp’(Q) Rn LP(Q

Consequently, since R; is independent of h, we have

<

1
[wnlly2» ) — |LrwallLr @) + R—?Hwhﬂww(n) S 1Lrwnllze @) + lwhllwre@)-

1
Finally, an application of Lemma yields

1 1
leonllwz S Enwn g + Tonl sy lenlz g
Applying the Cauchy—Schwarz inequality to the last term completes the proof. [

Using arguments analogous to those in Lemma B.4] we also have the following
stability estimate for the formal adjoint operator. Due to its length and technical
nature, we give the proof in the appendix.

Lemma 3.5. There exists an hy > 0 such that

L
(3.17) lonllpr @) S sup {Enwnyn) ey

0Fwn €Vy ||wh||Wf‘p(Q)
provided h < h, := min{hy, ha} and k > 2.
Remark 3.2. Denote by L; the formal adjoint operator of £;,. Then inequality
BI1) is equivalent to the stability estimate

E*
3.18 Opll ooy S sup M Yo € V.
LY’ ()

0Awp €V, ”wh”W)fp(Q)
Thus, the adjoint operator £} is injective on V},. Since V}, is finite dimensional, £}
on V4 is an isomorphism. This implies that £, is also an isomorphism on V},; the
stability of the operator is addressed in the next theorem, the main result of this
section.
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Theorem 3.1. Suppose that h < min{hy, ha}, and k > 2. Then there holds the
following stability estimate:
(3.19) lwnllyw2r) S 1ChwnllLy @) Vwn € Vi
Consequently, there exists a unique solution to B4 satisfying
(3.20) lunllwzr ) S I fllLr )

Proof. For a given w;, € Vj, Lemma guarantees the existence of a unique
U, € Vy, satisfying

(321) (ﬁh’l)}“’(/Jh) = / wh\wh|p_2vh dxr Yo € Vj,.
Q
By BI7) we have
Lypon, ¥ w|wy [P~ 2oy, do _
Wil iy S sup Lrm¥) _ o Jo < Janll
ozvnevi lonllw2r @)y oronevi llnllyzr(g)

The last inequality is an easy consequence of Holder’s inequality, Lemma and
the Poincaré-Friedrichs inequality. Taking vy, = wy, in (B21]), we have

wnllf o0y = (Lawn, ¥n) < 1LawnllLe @) 1¥nll o 0y < I1£nwnllze @) llwnllfz )
and therefore
lwnllze@) S [1Lhwnllze (@)
Applying this estimate in (4] proves (B19).
Finally, to show existence and uniqueness of the finite element method (B4)

it suffices to show the estimate ([B20). This immediately follows from (BI9) and
Hoélder’s inequality:

(Lnup,vp)
lunllyzrqy S 1Lnunllre ) = sup  ——
WP () w(82) 0vn €V ||Uh||LP/(Q)
Jo, fondx
sup L < || fllLr () O

ozoneVi, [Vl Lo ()

Remark 3.3. The stability result given in Theorem [3.1] requires the mesh condition
h < min{hq, ha}, where the constants hi, ha depend on the modulus of continuity of
A. However, numerical experiments (cf. SectionH]) suggest that this mesh condition
as well as the polynomial condition k£ > 2 can be relaxed.

3.3. Convergence analysis. The stability estimate in Theorem [B.I] immediately
gives us the following error estimate in the Ws P semi-norm.

Theorem 3.2. Assume that the hypotheses of Theorem Bl are satisfied. Let u €
W2P(Q) and up, € Vi, denote the solution to (LI) and [@B.4), respectively. Then
there holds

(322 0 L 1 e
Consequently, if u € WP (Q), for some s > 2, there holds
o—
[[w — Uh”wjp(sz) Sh 2||UHWLP(Q)a

where £ = min{s, k + 1}.
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Proof. By Theorem [B.I] and the consistency of the method, we have Vv, € V},

(Ln(up — wp), vn)

lun — wally2r ) S 1€n(un —wn)llLr @) =  sup
e Al 0F£vn €Vy lvnll L (@)
B ap(up —wp,vp) an(u — wp, vp)
= sup ——————~= sup ——————2
0#vpEVy, ||”h||Lp’(Q) 0#vp EVy, HUhHLp’(Q)
ﬁh U — Wh ), Vp
sup (£l ) o) S v = wally2r(g)-
o£onev  |lonllr () "
Applying the triangle inequality yields ([B.22]). a

4. NUMERICAL EXPERIMENTS

In this section we present several numerical experiments to show the efficacy of
the finite element method, as well as to validate the convergence theory. In addition,
we perform numerical experiments where the coefficient matrix is not continuous
and/or degenerate. While these situations violate some of the assumptions given
in Section .1 the tests show that the finite element method is effective for these
cases as well.

Test 1: Holder continuous coefficients and smooth solution. In this test
we take Q = (—0.5,0.5)%, the coefficient matrix to be

Ao |x‘1/2_’_1 _‘x|1/2
T\ —z)V? 0 sl 41

and choose f such that u = sin(27z1 ) sin(7w22) exp(x; cos(xz2)) as the exact solution.

Test 1: H' Error Test 1: H? Error
T T T T 102 [ E—
100 .
0|
10-2 1 10
—a | .
10 10-2 1
1076
107
1078 1
10-10 | 1076
| | | | | | | |
272 2-4 2-6 2-8 272 2-4 2-6 2-8

FIGURE 2. The H' (left) and piecewise H? (right) errors for Test
Problem 1 with polynomial degree k = 1,2,3,4. The figures show
that the H' error converges with order O(h*), and the piecewise
H? error converges with order O(hF~1).

The resulting H' and piecewise H? errors for various values of polynomial de-
gree k and discretization parameter h are depicted in Figure Pl The figure clearly
indicates that the errors have the following behavior:

u—un| i) = OA*),  ||Dji(u = up)| L2y = O(R* ).
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The second estimate is in agreement with Theorem In addition, the numerical
experiments suggest that (i) the method converges with optimal order in the H'-
norm and (ii) the method is convergent in the piecewise linear case (k = 1).

Test 2: Uniformly continuous coefficients and W?? solution. For the second
set of numerical experiments, we take the domain to be the square Q = (0,1/2)2,

and take the coefficient matrix to be
5

4 | TTostD
1

+15 1

tog(af)
We choose the data such that the exact solution is given by u = |z|7/4. We note
that u € W™P(Q) for (7 — 4m)p > —8. In particular, u € W?P(Q) for p < 8 and
u € W3P(Q) for p < 8/5.

In order to apply Theorem [3.2]to this test problem, we recall that the kth degree
nodal interpolant of u with k& > 2 satisfies

1D} (u — Tnu) || L2 @) < Ch272/p||u\|w3,p(g)

for p < 2. Since u € W3P(Q) for p < 8/5, Theorem then predicts the conver-
gence rate

IDE(u —un)| 20y < C|Di(u — Inu)||p2(q) = O(h3/47°)

for any € > 0. Note that a slight modification of these arguments also shows that
\u - Ihu|H1(Q) = O(h7/475).

The errors of the finite element method for Test 2 using piecewise linear, qua-
dratic and cubic polynomials are depicted in Figure[Bl As predicted by the theory,
the H? error converges with order ~ (’)(h3/ 4) if the polynomial degree is greater
than or equal to two. Similar to the first test problem, the numerical experiments
also show that the H' error converges with optimal order, i.e., |u — un| 1) =
O(h7/476)'

Test 2: H' Error Test 2: H? Error
10-1 T T . T T T
E 9o o o o o o
r 10° F
102 E r
1073 ¢
1071
107° f
Fl—eo—k =
106 El-oFk=
Fl-o—k=3
107 B L L L T I I I
9-2 9—4 96 98 9-2 9—4 96 98

FIGURE 3. The H' (left) and piecewise H? (right) errors for Test
Problem 2 with polynomial degree k = 1,2,3. The figures show
that the H' error converges with order O(R™#:7/4=}) "where as
the piecewise H? error converges with order Q(h™in{k.7/4=e}=1)
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Test 3: Degenerate coefficients and W?2? solution. For the third set of test
problems, we take Q = (0,1)2,

2/3 1/3_1/3
A= E f/lg/ 1/3 _x1/2/§2/ )
9 \ =z 2, x5
and exact solution u = x?/ S :vg/ ®. We remark that the choice of the matrix and

solution is motivated by Aronson’s example for the infinity-Laplace equation. In
particular, the function u satisfies the quasi-linear PDE A u = 0, where Au :=
(D*uVu) - Vu = (D?%u) : (Vu(Vu)T). Noting that A = Vu(Vu)T, we see that
—~A:D*u=0=:f.

Unlike the first two test problems, the matrix is not uniformly elliptic, as
det(A(z)) = 0 for all € Q. Therefore, the theory given in the previous sec-
tions does not apply. We also note that the exact solution satisfies the regularity
u € W™P(Q) for (4 — 3m)p > —1, and therefore v € W2P(Q) N WhH>(Q) for
p < 3/2.

The resulting errors of the finite element method using piecewise linear and
quadratic polynomials are plotted in Figure @l While this problem is outside the
scope of the theory, the experiments show that the method converges, and the
following rates are observed:

lu = un r2) = O(RY?), | — up| i) = O(R/F).
Test 3: L? Error Test 3: H' Error
T T 1071 [ T T
10—3 g
1074 E
1075 |

FIGURE 4. The L? (left) and H' (right) errors for the degenerate
Test Problem 3 with polynomial degree £k = 1 and k£ = 2. The
figures show that the L? error converges with order ~ O(h*/3) and
the H' error converges with order =~ O(h%/9).

Test 4: Discontinuous coeflicients and smooth solution. In the final set of
test problems, we set the domain to be Q = (—1,1)?, the coefficient matrix as (cf.

Figure [6])

sin (7(20z1 22 + 1/2) 2122 2

ENER

- ( 9 sin (m(20z122 + 1/2)) |él|mz22>
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and choose the source function such that the exact solution is
_ sin(2w (2} + x2)) sin(5mas)
B 2 + 22 cos(2mx2)

The H' errors and piecewise H? errors are plotted in Figure [ for polynomial
degrees k = 1,2,3. Again, while the theory given in the previous section does not
include the case of discontinuous coefficients, the numerical experiments suggest
that the method is stable and convergence rates of order O(h*) and O(hF~1) are
observed in the H!'- and H?-norms, respectively.

Test 4: H' Error Test 4: H? Error

10% £

10t |

10°

FIGURE 5. The H! (left) and piecewise H? (right) errors for Test
Problem 4 with discontinuous coefficient matrix A. As h — 0%, the

H' error converges with order O(h*), and the H? error converges
with order O(h*~1).

Coefficient A12

12F7

-l2p, . . . i B
-1 0.5 0 0.5 1

FIGURE 6. The graph of the off-diagonal entries of the coefficient
matrix A in Test 4.
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APPENDIX A. SUPER APPROXIMATION RESULT

Here, we provide the proof of Lemma 24l As a first step, we use standard
interpolation estimates [4l[7] to obtain for 0 < m < k + 1,

(A'l) hmp”m)h - Ih(nvh)”gvm,p(:r) < hp(k+1)|77vh|€vk+1,p(T)-

Since [n|wi. ) S d=7 and |vn] grr+1 ¢y = 0, we find

(A2 v S Y[ poariDop ds
\O¢|+|ﬁ| k+1

1 » k h—ip
S ZO leh|wj’p(T) ZO dp(k+1-7) th”Lp (T)
j= i=

where an inverse estimate was applied to derive the last inequality. Combining
(A2) with (AJ) and using the hypothesis i < d then gives us

k pp(k+1-5)

m h?
R |lrpon — In(1on) [y, P(T) ~ Z Pk t1—) th”Lp(T) ~ogp ||Uh||Lp(T)
7=0

Therefore for m € {0,1} we have

WP |lnon = Tn(ron) [y me oy < Y W™ lnon = Tn(mon) [y )
TETh
TND#)

hP hP
S Y ol < llenlan,
TeTh
TND#D

Thus, (ZTI4)) is satisfied.
To obtain the second estimate (ZI5), we first use (Adl), (A2) as an inverse
estimate to get

(A.3)

k
B hp(k—=1)
||D2(77vh - Ih(n/vh))H:l[),p(T) 5 hp(k 1)|77’Uh‘€vk+1 P( ZO d (k+1—j) |vh|W.} P(T)
J

hk=i

k
1
p
S %H%HU(T) + Z W\Ivhllwl (T)

S dgp”UhH »(T) + = ||UhHW1,p(T) S dTp||Uh||€Vl’p(T)'

By similar arguments we find

_ _ 1
(A'4) h p||V(770h - Ih(n”h))”ip(T) /S P 1)‘77Uh|€vk+1,p(T) 5 dTp||Uh||€V1’P(T)'
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Therefore by Lemma 2.9 and (A3)-(A4), we obtain

lrron = I Cpon) 152 ) < D 1D (0on = In(1om))

h

TeTh
TND#(
+ Z hi_pH [V (v = In(nva))] Hip(emD)
ecEf
Y [HDQ(Wh = In(non) )1y + 0PIV (qon — Ih(nvh))Hip(T)}
TETh
TND#D
< 1 p < 1 p
~ Z %thuwl,p(ﬂ > dTp”UhHWLP(Dh)'
TETh
TND#D

Taking the pth root of this last expression yields the estimate (ZI5). The proof of
(218 uses the exact same arguments and is therefore omitted.
APPENDIX B. PROOF OF LEMMA

To prove Lemma we introduce the discrete W ~2P-type norm

(Tv vh)D
(B.) Irlhymopy = swp o RE
L ozoneVi(D) Ivnllwzr (D)
and the W~1P-norm (defined for LP functions)
T,V
(B.2) HT”W*LP(D) = sup & = sup (r,v)p dx.
0£veEW L' (D) ||UHW1,,,/(D) veW P!

1ol (1) =1

The desired estimate (BI7) is then equivalent to
(B.3) lonllLer @) S IChvnllyy 20 () VOB € Vi

where we recall that £} is the adjoint operator of £;. Due to its length, we break
up the proof of (B3] into three steps.

Step 1 (A local estimate). The first step in the derivation of (BIT) (equivalently,
(B:3)) is to prove a local version of this estimate, analogous to Lemma To
this end, for fixed z¢ € €, let o9, Rs,, R1 = %R(;O and B; := Bg,(z9) be as
in Lemmas BIH32, with §p > 0 to be determined. For a fixed vy, € Vj(By), let
© € W2P(Q) N Wy P (Q) satisfy Lo = vy |vn|P 2 in Q with

. 1
(B.4) lelw2r@) S Monl” " Hlze@) S lonllfer (5,

Multiplying the PDE by vy, integrating over 2, and using the consistency of £,
yields

1onllTr 5,y = 0l ) = (£, 00) = (Lo, vn).
Therefore, for any ¢, € V4, there holds
(B:5) llonll}r 5,y = (Lnpnsvn) + (Lnlp = on), vn)
= (Lhvn, on) + (Lon(e = n),vn) + ((Ln = Lon) (@ = @n)svn),
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where Lo j, is given by ([2.24) with Ag = A(z). Now take ), € V}, to be the elliptic
projection of ¢ with respect to Lo, i.e.,

(Lon(e—pn),wn) =0 Ywy € Vi,

Lemma [26] ensures that ¢, is well defined and satisfies the estimate

'—1
(B.6) llonllwzrq) S 1Lonenllzy@) = 1Lonelry ) S lellwzr@) S lonllr s,
Combining Lemma B], (B4)—(B.6) and (B)), we have

th”ip/(Bl) = (Lhvn,on) + ((Ln = Lon) (@ — @n), vn)
< HﬁithIW}L—z,pf(Q)IIsOhIIng(Q) +I(Lh = Lop)(e = Soh)”Lfl(Bl)”Uh”LP’(Bl)

/—1
< Lhonlly 2 g, 108150 5,y + d0lle = enllwze (s, lonll e 5)

p'—1 v
< NLhvnllyy 2 g lonll s ) + Sollonlly e -

Taking g sufficiently small and rearranging terms gives the local stability estimate
for finite element functions with compact support:

(B.7) lonll sy S 1€50nllyy 2 gy Vou € V(B).

Step 2 (A global Garding-type inequality). We now follow the proof of Lemma [B.4]
to derive a global Garding-type inequality for the adjoint problem. Let R; be given
in the first step of the proof, Ry = 2R, and R3 = 3R;. Let n € C3(Q) satisfy the
conditions in Lemma 34 (cf. (3.14)). By the triangle inequality and (B.7) we have
for any v, € V},

lonll Lo g,y = Imvnll e 5,y < llmvn = In(mon)ll e 5,y + Ha(mow)ll e (5,)
< s = TnCmen) gy + ARG 2
< s = TnCmn) o,y + A CnCmen) = om0 )
+ ||£h(77vh)||w};2,p’(31)-
Applying Lemmas B3] Lemma [24] (with d = R1) and an inverse estimate yields
(B.8) [onllLer (1) S Imon = In (o)l Lo o) + 1£5G10R) gy —20t
h *
< R_1HUh||LP'(B3) LR o)y 207 5,
1 *
S R—l\lvhllw—l,p/(33> + ||£h(77vh)||w’;2,p/(33)-
The goal now is to replace L} (nv,) appearing in the right-hand side of (B.8)) by

L3 vy, plus low order terms. To this end, we write for wy, € Vj,(Bs3) (cf. 224,

(B.9)
(L5, (non), wn) = an(wh,nun) = an(wan, v) + [an(wh, non) = an(wpn, vy)]
= an(In(wnn),vn) + an(wpn — In(wan), v) + [an(wh, non) — an(wpn, vy)]
=11 + 1>+ I3.
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To derive an upper bound of I, we use (B and properties of the interpolant and
cut-off function n:

(B.10)
Iy = (Lron, In(mwn)) < 1L30nllw-z2.0 (5 0 (mwn) [[w2e (55)
* 1 *
< ||£h”h||w—2m’(33)||77wh||W§vP(B3) S R_%”‘Chvh“W—QvP’(BQ)HwhHWf’P(Bg)'
Next, we apply Lemmas B.3] [2.4] and an inverse estimate to bound I5:

(B.11) Iy = (La(pwn = In(qwn)), va) S lnwn — In(mwa) ly2e gy lonll o s,)

h 1
< R_§,||wh||wjvp(33)HUhHLp’(BB) < R_;E”wh”Wf’P(Bg)”vhHW—lJ"(Bg)'

To estimate I3, we add and subtract ag(wp, nvp) —ag(wrn, vy) and expand terms
to obtain

(B.12)

I3 = ao(wn, nun) — ao(wpn, vy)

+ [ah(whmvh) — ap(wpn, vn) — (ao(wm??vh) - ao(whmvh))]

—/ (whAO D+ 24,V - th)vh dx
B3

—/ (’wh(A—Ao) : D2’I7+2(A—A0)V’I7~th>7)hd$ = K1+K2.
Bs
Applying Hoélder’s inequality and Lemmas [C.IHD. 1l yields

(B.13) Kl S HwhAQ : D277||W1‘p(33)”UhHW*er'(Bs) + 2‘ / (onn . th)vh dx
B3
1
S (gllenllwsocmy + g lonlhz o) on -1

< R_%”wh“Wf’p(Bg,)”vh”W*l,P’(Bg)'
Similarly, by Lemma [C] and (BI0), we obtain
(B.14) Ko < [|A— Aollzee sy (lwnll Lo sy ID*nll L= ()
+ vahnLT’(Bs)HVUHL“’(Q))th“LP'(BS)
< 0o (REIID*ll L= () + RalIValloe @) [wnll 2o ) lon | o 3,
S 50||wh||W§vP(B3) thHLP’(Bg)'

Combining (BI2)-(BI4) results in the following upper bound of I3:
1
(B.15) Iz 5 R_?”wh”W}f’P(Bs)||Uh||W—1vP’(Bg) +0ollwnllyzr g,y llvnllLr (5y)-
Applying the estimates to (BI0)—(BI1), (BIH) to (B9) results in

* 1 *
(L5, (non), wn) < w (H['hUhHW*ZP’(Bg) + ||Uh\|w71,p/(33)) lwnllyzr (s,

+ dollvnll Lo (B HwhHW}f’p(Bs)
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and therefore by (B,

(B.16)

* 1 *
a2 ) S oz (100 =2 (3 + [0nllw-s 54 ) + Gollenllz oy
v 1

Combining (B:I6) and (B.8) yields

1 *
ol S 7 (NEienlhg o sy + Nenllw-sr i) + Gollon L

Finally, we use the exact same covering argument in the proof of Lemma [3.4] to
obtain

||”h||LP’(Q) < ||52Uh||wg2,p’(ﬂ) + HUhHW*LP’(Q) + 5O||”h||Lp’(Q)~

Taking g sufficiently small and kicking back the last term then yields the Garding-
type estimate

(B.17) onlr ey S 1€50mllyy 20ty + Ionlhy 10 -

Step 3 (A duality argument). In the last step of the proof, we shall combine a
duality argument and (B:I7) to obtain the desired result (B3).
Define the set

X ={g e WyP(Q): llgllwrr) = 1}-

Since X is precompact in LP(Q), and due to the elliptic regularity estimate
lellwzr) S [1£oll e (), the set

W={peW?*nNWyPQ): Lo=g, g€ X}

is precompact in W2P(Q). Therefore by [23, Lemma 5], for every € > 0, there
exists a ha(e, W) > 0 such that for each ¢ € W and h < hy there exists ¢, € V},
satisfying

(B.18) o = enllwzrq) <e for k>2.

Note that (BI8) implies ||<ph||W}3,p(Q) < llellwer@) +e S 1.
For g € X we shall use ¢, € W to denote the solution to Ly, = g. We then
have by Lemma B3] for any v, € V}, and ¢, € V},

/ vpgdr = (Lrpg, vr) = (Lvn, ¢n) + (Lnleg — 1), vr)
Q
S ||£2Uh\|w’72,p'(9)H<Ph||w§=P(Q) + lleg — Sﬁ’h\|w,f4’(9)||Uh||Lp’(Q)~

Choosing ¢y, so that (BIS) is satisfied (with ¢ = ¢,) and using the definition of
the W1 -norm (B:2) results in

ol 6y 50l + ol -
Finally we apply this last estimate in (B:I7) to obtain
HUhHLP'(Q) < ||ﬁzvh||wg2,p’(ﬂ) +5||”h||Lr"(Q)~

Taking e sufficiently small and kicking back a term to the left-hand side yields
(B3). This completes the proof.
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APPENDIX C. A DISCRETE POINCARE ESTIMATE
Lemma C.1. There holds for any wy, € V3, (D) with diam(D) > h,
. 2
|lwn || wm.»py S diam(D) mehHWf’p(D) m=1,2.

Proof. Denote by V., C H*(Q) N H}(Q) the Argyris finite element space [4], and
let E}, : Vi, = V.1, be the enriching operator constructed in [5] by averaging. The
arguments in [5] and scaling show that, for wy, € V3, (D),

(1)
Epwy, € Hg(Dh), ||wh — Eh’whHWm,p(D) 5 hZ_TnHwhHW:'p(D) (m =0,1, 2),

where Dy, is given by ([2I2). Since Epw;, € HZ(Dy) and diam(D) > h, the usual
Poincaré inequality gives

HEhwh”W"L,p(Dh) < diam(Dh)2_mHEhwhsz,p(Dh) < diam(D)2_mHwhHW’?,p(D).
Therefore by adding and subtracting terms, we obtain for m =0, 1,

lwnllwm.e(py < [[Enwh|lwmrepy + llwn — Epws]lwms o)
< diam(D)* ™" |wn |y 2. py + B* " lwn 2 (p)

< diam (D)l )

where again, we have used the assumption h < diam(D). The proof is complete. [

APPENDIX D. A DISCRETE HOLDER INEQUALITY

Lemma D.1. For any smooth function n, and wy, € Vi (D), vy, € V},, there holds
(V- Vwp)op dz < [[nllwe.oyllwnllwze pyllonllw-1.0 ()
D h

Proof. Let Ej, : V;, — V. be the enriching operator in Lemma satisfying (C.1)).
Since Epwy, € H?(D) we have

[ (VB )yon do S 190 9 Bron)lwrs o om0

S Inllwz. (o) | Enwnllw20 (o) |onllw 1.0y
S nllwz.e oy llwnllwz oy llonllw 10 ()
Combining this estimate with the triangle inequality, (C), and an inverse estimate

gives

/ (Vn - Vwp)vp de = / (Vn - V(Epwp))vy de + / (Vn - V(wp, — Epwy,))vp, da
D D D

< lInllwz.e (o) (lwnllyz» py llvnllw 1.0 ()
+ llwn = Epwpllwieo)llonll Lo (py)

S ||n||WQv°°(D)HwhHWf*P(D)”vhHW—lvP'(D)' U
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