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A CONTINUOUS/DISCONTINUOUS GALERKIN METHOD
AND A PRIORI ERROR ESTIMATES
FOR THE BIHARMONIC PROBLEM ON SURFACES

KARL LARSSON AND MATS G. LARSON

ABSTRACT. We present a continuous/discontinuous Galerkin method for ap-
proximating solutions to a fourth order elliptic PDE on a surface embedded in
R3. A priori error estimates, taking both the approximation of the surface and
the approximation of surface differential operators into account, are proven in
a discrete energy norm and in L2 norm. This can be seen as an extension of
the formalism and method originally used by Dziuk (1988) for approximating
solutions to the Laplace—Beltrami problem, and within this setting this is the
first analysis of a surface finite element method formulated using higher or-
der surface differential operators. Using a polygonal approximation I';, of an
implicitly defined surface I' we employ continuous piecewise quadratic finite el-
ements to approximate solutions to the biharmonic equation on I". Numerical
examples on the sphere and on the torus confirm the convergence rate implied
by our estimates.

1. INTRODUCTION

1.1. Model problem and earlier work. Numerical solutions to fourth order
PDE on surfaces have several applications, for example thin shells [8], the Cahn—
Hilliard equations [7], or lubrication modeling [25]. In this paper, for purposes of
method development and analysis, we consider the following fourth order model
problem. Let I be a smooth two-dimensional surface without boundary embedded
in R3. For f satisfying [ fds =0, find u satisfying [, uds = 0 such that

(1.1) Aiu=f onT

where A2u := Ap(Aru) and Ar is the Laplace-Beltrami operator. We call this
the biharmonic equation on the surface I'.

We follow the formalism first used in [I5] for solving the Laplace—Beltrami prob-
lem where I' is implicitly defined using an oriented distance function and the surface
differential operators are constructed using the tangential gradient Vr := PV, i.e.,
the projection of the Cartesian gradient onto the tangential plane. These initial
results have since been extended in various ways and for various problems formu-
lated using the second order Laplace—Beltrami operator, yielding weak formulations
with terms of the form [ Vpu - Vyvds (cf. [6,12-14,17,20,24]). By employing a
second order splitting method [I7] we also consider fourth order linear diffusion and
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the Cahn—Hilliard equation in the same framework yielding two coupled systems
of equations. In this paper however we develop a method and analysis based on
a more direct approach for the fourth order surface bi-Laplacian A%. We propose
and implement a continuous/discontinuous Galerkin (¢/dG) method [19], also com-
monly known as the C? interior penalty method [5], for the biharmonic equation
on a surface and extend the analysis in [I5] to cover this method. For the second
order Laplace-Beltrami problem discontinuous Galerkin methods were considered
in [TLI0].

The advantages of using implicitly defined surfaces rather than global or local
parameterizations are several. As can be seen in [I5] implementation and analysis
becomes fairly straightforward. The formalism is also suitable for problems where
parameterization is unavailable, as may be the case in problems on evolving surfaces
(cf. [16L24]). For a more thorough review of finite element methods for various
surface PDE we refer to [I8].

1.2. Main contributions. To our knowledge, this paper is the first paper present-
ing an analysis of a surface finite element method formulated using higher order
surface differential operators, i.e., operators other than Vr, in the framework intro-
duced in [I5]. The formalism and tools in the framework are extended and will be
valuable in future analysis of both conforming and non-conforming finite element
methods for higher order PDE on surfaces. In particular, higher order tangential
derivatives in the embedded setting are carefully defined such that they are inde-
pendent of artificial out-of-plane components in lower order derivatives. From this,
clearly formulated surface Sobolev spaces of arbitrary order follow. Further, the
proof of the L? estimate requires a more refined approach, compared to the case
of the Laplace—Beltrami operator, which utilizes the high regularities of the exact
solution and of the solution to the dual problem.

In the remainder of this section we summarize the main contributions of the
paper. For increased readability this summary is written in an informal fashion and
we leave technicalities such as formally defining operations on functions defined on
different domains for Section [Bl

Higher order differential operators on surfaces. As the first surface finite element
method in the framework of [I5] was formulated using higher order differential op-
erators, a number of definitions and technical results are needed for implementation
and analysis. In particular, we give the following contributions.

e Definitions of higher order surface differential operators (other than the
Laplace-Beltrami operator) and higher order surface Sobolev spaces in a
tangential calculus setting; see §3.41

e Lemma [3.3] for Sobolev norm comparison between the exact and approxi-
mate surface, is a substantial extension of results in [I5] Lemma 3.1] and
[12]. In particular, the addition of estimate ([3.34]) greatly augments the use
of this lemma when working with higher order Sobolev spaces.

A priori energy error estimate. Let up, be the finite element solution to the method:
Find up € Wy, such that ap(up,vy) = lp(vy) for all v, € Wy, where W), is the finite
element space based on continuous piecewise quadratic interpolation over I'y,. Here
ap(+,+) is the symmetric bilinear form of the continuous/discontinuous Galerkin
(¢/dG) method formulated using approximate surface differential operators based
on I'y. Also, both ap(+,-) and the linear functional I;(-) are integrated over T'j.
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Based on the exact geometry I' we have the corresponding bilinear form a(-,-) and
linear functional I(-) for which a(u,v) = I(v) for all v € H*(T') + W}, where u is the
exact solution to ([ILT)). The following error estimate (see Theorem [E.10]) holds:

(1.2) v —unllle < CR fllL2r)

where C' is a mesh independent constant and ||| - |||r is the energy norm. The proof
of this estimate follows from the first Strang lemma and we derive estimates for the
following three terms:

|a(mu, wp) — ap(Tu, w)]

(1.3) v —unlllr $ [llu— 7ulllr +  sup
wn €W, llwnllr
l —1
v sup [[(wp) = ln(wy)|
wn €W, llwnllr

where 7 : H4(T') + W), — W), is an interpolant. As this is a fourth order problem
the first term above, i.e., the interpolation error in energy norm, will be O(h) as
W}, is based on quadratic interpolation. While increasing the order of geometry
approximation from linear (facets) to piecewise quadratic would improve the esti-
mates for the last two terms in (3], i.e., the quadrature error, it would not affect
the interpolation term. Thus, only increasing the order of geometry interpolation
would not increase the order of convergence in this method.

Non-standard analysis for the L? estimate. As Galerkin orthogonality doesn’t hold
due to geometry approximation, i.e., for v € W}, we typically have a(u— up,v) # 0,
we will get a remainder term when using a duality argument (Aubin—Nitsche’s trick)
to derive an L? estimate (see Theorem [E.I1]). In particular, letting ¢ € H*(T') be
the solution to a dual problem, similarly to the Strang lemma we get the following
expression in the proof of Theorem [B.1Tt

(1.4)  lu—unlF2rym = alu — un, ¢ — 7¢) + a(u — up, 7¢)
(1.5) =a(u—up,d — 7d) +U(md) — lp(7wd) + ap(up, 7o) — alup, 7P)
O(h?) O(h?) 77

where the first term is O(h?) due to the error and interpolation estimates in the
energy norm, and the second term is also O(h?); see (£.57). However, for the third
term using the same estimates as in the energy norm estimate only gives O(h)
(see ([B.58)), which is not sharp enough. This estimate can be improved as follows.
By adding and subtracting terms, and using error and interpolation energy norm
estimates, the problem of estimating the third term is transformed into estimating

(16) ap (ua d)) - a’(ua d))

where it is important to note that u, ¢ € H*(I") by elliptic regularity. The regularity
of u and ¢ is then utilized in the following results:

e Lemma[3.2lis a non-standard geometry approximation result for Py - n, the
exact normal projected onto the approximate tangential plane, where we
instead of using max-norm estimates we prove an estimate for (P, - n) - x
integrated over I', where x is a sufficiently regular vector valued function.
The resulting estimate is of one order higher than the max-norm estimate
for Py, - n.
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e In estimate (B.59) in Lemma [5.7] we prove that the expression in (L)) is
O(h?). For all non-zero terms in (L.6) we employ Lemma [3.2] to obtain the
correct order.

An increase in geometry interpolation to continuous piecewise quadratics would not
improve the order of convergence for the L? estimate either as the first term in (5]
would still only be O(h?) by the error and interpolation estimates in energy norm.
However, in this case the estimate of the third term can be done using standard
techniques. We finally remark that in the case of the Laplace—Beltrami operator
the corresponding estimate of the third term is O(h?) and can be derived using
standard techniques.

1.3. Outline. The remainder of this paper is dispositioned as follows. In §2] we
introduce the geometric description of the surface I' and define tangential deriva-
tives of arbitrary order which we use to define the surface differential operators.
Using the tangential derivatives we define suitable Sobolev spaces of any order on
curved surfaces. In §3] we provide assumptions and geometry approximation re-
sults for a triangulation I'j, of the exact surface I'. By extending the domain of
functions defined on either I' and I'j, to a volumetric neighborhood to I' we also
provide comparisons of functions in surface Sobolev norms on I" and T'y,. In
we begin by introducing the biharmonic problem on surfaces and derive a broken
weak formulation of the problem with bilinear form a(-, -) and linear functional I(-).
A continuous/discontinuous Galerkin method is then formulated using surface dif-
ferential operators and integration based on the approximate surface I';, rendering
an approximate bilinear form ay,(+, ) and linear functional I, (). As approximation
space we choose the space of continuous piecewise quadratic functions over I'y,. We
derive a priori error estimates for this method in §5l both in a discrete energy norm
and in L? norms on I' and T'j,. Finally, to support our theoretical findings we give
numerical results for two model problems with known analytical solutions in 6

2. SURFACE GEOMETRY AND DIFFERENTIAL OPERATORS

Let T' be a smooth two-dimensional surface without boundary embedded in R3.
Assuming that T is represented by an oriented distance function d(z), giving posi-
tive values on the exterior of I', we have an outward pointing unit normal given by
n(z) = Vd(r) € R? and extended Weingarten map given by H(z) = V2d € R3*3.
The eigenvalues of H are {ki(x),k2(x),0} with corresponding orthogonal eigen-
vectors where the eigenvector corresponding to the zero eigenvalue is in the nor-
mal direction n(z). For x € I', {k;} are the principal curvatures of I' and thus
tr(H) = 2N, where N is the mean curvature.

We now turn to introducing the differential operators used to describe our equa-
tions on I' and we also introduce the appropriate Sobolev spaces.

2.1. Tangential differential calculus. As in [I5] we define the operators using
tangential differential calculus [I1], avoiding the need for local coordinates and
Christoffel symbols. The tangential projection along I' is given by P=1—-n®n
and we use this projection to define differential operators on the surface expressed
in the global Cartesian coordinate system.

In any of the literature cited in the introduction we have not found any explicit
definition, or reference to such, of surface differential operators DEw for k > 2 in an
embedded setting such that these only contain tangential derivatives of order k. For
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example, as noted in [I1], the Hessian Vr ® Vrw will be unsymmetric and contain
out-of-plane components. We therefore provide an effort in this paper to explicitly
define higher order surface differential operators and surface Sobolev spaces in an
embedded setting.

2.2. Surface Sobolev spaces. Let L?(T) be the usual L?-space on I' with norm

T2y == (JpT: Tcls)l/2 where T is a tensor (in the sense of a multi-linear
array) and : denotes contraction in every tensorial dimension. Further, let H™(T'),
m € N{', be Sobolev spaces on I' with norm and semi-norm

(2.1) 1wl ) =Y lwlipney  and Jwlgery = | Dfwl gy,
k=0

respectively, where D{Ew is the tensor of order k tangential derivatives defined by

. w for k=0,
2.2 D =
(2.2) rt L(Dllf_lw) ® %JP for k> 1.

Here the arrow over the gradient indicates that % operates to the left and |-]p
denotes the projection onto the tangent space in each tensorial dimension. To
express this projection more formally we use the n-mode product denoted x,, which
for a kth order tensor T' € R3**3 and a matrix A € R3*3 componentwise is defined
as

(23) (T Xn A)ilizv--ik = an"'in—lﬂnJrl'“ikA’inj for iy,--- i € {1, 273},

Jj=1

see e.g. [22] Sect. 2.5]. For example, for two matrices A, B € R3*3 AB =
Bx; A= Ax,BT. In this notation the projection of a kth order tensor 7T is written
|T|p =T x1PxyP---x) P and we remark that this expression is independent of
the order in which the n-mode products are evaluated. Note that the projection will
ensure that no out-of-plane components exist and in turn the inductive definition
([22) ensures that higher order derivatives are not affected by artificial out-of-plane
components (derivatives of out-of-plane components may of course be tangential).
We will also use the following notation for tangential derivatives of a tensor T":

(2.4) DiT = |T®V),

and we note that Dl’iw = DrDr---Drw.
———

k copies
In terms of the tangential gradient Vr := PV we may explicitly state the first
two tensors of tangential derivatives,

(2.5) Diw = Lw@ﬁjpz |Vw|p = (Vw)(_le:PVw:pr,
(2.6) Diw = |(Vrw) ® V]p = ((Vrw) ® V) x1 P x5 P

= (((pr) ® %)PT) x1 P = P((er) ® %F)»

and we note that the Laplace—Beltrami operator is Arw := Vr - Vrw = tr(DI%w).
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3. GEOMETRY APPROXIMATION

We define a volumetric neighborhood U to I' by U = {z € R? | dist(z,T) < §}
where § is small enough such that the closest point mapping p : U — I' defined by

(3.1) p(z) =z — d(z)n(p(z))
is unique and there exists a constant C' such that
(3.2) | D¥d||poory < C for 0 <l|a|<k+1

where « is a multi-index, {D%d} is the set of all Cartesian partial derivatives of
order |af and ||| o ¢y := SuPey || The minimum value of & in (B.2)) is determined
by the highest order of Sobolev norm approximation needed when using Lemma [3:3]
so for the purposes of the analysis in this paper we assume k = 3.

Throughout this paper we will use assumptions and approximation results from
[12,[13,[15] which we present in this section. While we try to provide complete
proofs for the approximation results we especially recommend reviewing [12] for
more general results.

3.1. Approximate surface I';, and partitioning of I". As an approximation to
I' we consider a discrete polygonal surface I', C U with triangular faces whose
vertices lie on I'. Further, let the triangle faces be shape regular and quasi-uniform
of diameter h (cf. [23]) and denote the set of triangle faces K = {K}. Let £ = {E}
be the set of edges in K. The face normal on each face K is denoted by nj, and
the conormal to K is denoted by ngx. Thus, the projection onto the tangent space
of the approximate surface is given by P, = I — nj ® np. Further, on the exact
surface I' we let K and &£ implicitly define a partitioning through the closest point
mapping (3.1]) such that the curved triangles are given by K* = {p(z) : # € K} and
the curved edges between the curved triangles are given by E* = {p(x) : € E}.
To denote the domain consisting of all triangle edges on I';,, respectively, on I" we
use the notations

(3.3) &v=JE and &:=[]E"
Ec€ Ec€

We denote the conormal to the curved triangle K* by nggxe. An illustration of a
curved triangle with its facet approximation and their respective conormals is given
in Figure [l

For each edge E € & between two neighboring triangles we name one triangle K|
and the other K_. On edges we denote the conormals to these triangles, i.e., the
outward pointing normals to 9K,_, by ngK and ng, ., respectively. Analogously,
on each curved edge E’ between curved triangles K é+/_ we denote the conormals

by ng/K_e. Note that ngK[ + g0 =0 as (Kﬁ U KZ_) C I', which is smooth.
3.2. Mapping between I" and I';,. To map functions between the approximate
and exact surfaces we extend functions to U such that they are constant in the
normal direction n. We denote extended functions by superscript . More formally,
for a function w defined on the exact surface I" we define the extension to U by

(3.4) w'(z) =wop forx € U.
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FIGURE 1. Illustration of facet triangle K, using dashed lines, and
lifted triangle K* C T, using solid lines, with their respective conor-
mals.

For a function w defined on the approximate surface I'j, we first define its lifting
onto I' by

(3.5) W(x) =woxp
where xp(z) is the unique solution to p(xp) = x for x5, € I'y, i.e., the solution to
(3.6) xp =z + d(xp)n(z) where xp, € T'), and x € T

Analogously to ([34), for a function w defined on I', we then define the extension
to U by

(3.7) w'(z) =wop forx e U.

Throughout the remainder of the paper for clarity of notation we let it be implied
that functions defined on I" and T'j, are extended to U by [B4) and (B0), respec-
tively, and only use the superscript ¢ notation when necessary or for emphasis.

3.3. Geometry approximation results. In the following lemma we collect a
number of approximation results for quantities defined by I" and I'j,. Note that even
though here we do not explicitly denote geometrical quantities on I' by superscript
¢ these are assumed to be extended to U by ([B). Further, in this lemma and
throughout the paper, for inequalities we will use the notation a < b by which we
mean that there exists a constant ¢ independent of the mesh size parameter h such
that a < cb.

Lemma 3.1 (Geometry approximation). Let {I'y} be a family of polygonal approz-
imations to T with T'y, € U and mesh size parameter 0 < h < hg. For sufficiently
small hg the following estimates hold:

(3-8) 1l o v,y S h2,
(3.9) In = nnllLeer,) < by
(3.10) [P nnllLer,) S h
(3.11) 1Pr -1l ooy S hs
(3.12) 11— npller,) S B2
(3.13) Inghe = Prgie ey S 17,

with constants depending on derivatives of d.

Proof. We prove this lemma in Appendix [Al O
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Let ds and dsy, be the surface measures of I" and 'y, respectively. For x € T'y,
we let pp, satisfy pp(x)dsp(z) = ds o p(z) and by results in [121[I3] we have

(3.14) pn(x) = (n-np)(1 = d(z)r1(2))(1 — d(z)k2(2))
where
(3.15) () = — (@)

1+ d(z)ki(p(z))
Using 314), (B]), and (BI2) yields the estimate
(3.16) 11 =l oo ey S 2.

Further, we will need the following non-standard geometry approximation result
for an integrated quantity. Note that the L!(T';,) and Wi (T';,) norms are defined by

B17) |- Mz = Z / |- ds, - lwieny =1 llzran) + 1 - ®V||L1 (Tn)
KeKk
where ||T|| := VT : T for a tensor T, i.e., || - || is the absolute value for a scalar, the

Euclidean norm for a vector and the Frobenius norm for a matrix.

Lemma 3.2 (P,n lemma). For x € [W}(I'y)]? it holds that

/ (Pp-m)-xds
IV

where {T'y} fulfills the requirements of Lemma [311

(3.18)

N hQHXHWf(Fh)

Proof. Using Green’s formula elementwise we obtain the identity

(3.19) /F (Pyn) - xds = /F (PyVd) - xds

(3.20) :—/ dV-(Phx)ds+/ dlnox] xdl =TI +1II
Fh gh,

where [nox] = nhy +nyy.

Term I: We have the estimates

(3.21) 1S Il (19 - mlle )
(3.22) S P2 Ixllwe )

where we used Holder’s inequality and the bound (B8] for d.

nh - Xller,) IV - X||L1(Fh))

Term II: For the second term we have

(3.23)  |II]:= / dnox] - x dl
En
(3.24) S el e e lnoxdile e Il ey .
(3.25) Slldllz= o [noxll= e, (R~ Mxllzren + Ix @ Vi, i)
(3.26) B (Ixlzr ) + Rl ® Vel ey)
(3.27) S P2 xllw

where we use Holder’s inequality, a trace inequality, the bound (B.8) for d and the
following estimate for the jump in the conormal:

Iroxlliz= e < g = noxellr=ien + Nk = nggellieey Sh- O
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Remark. The foundation of this proof is independent of the order of geometry

approximation. By using bounds on d for higher order geometry approximations
(see e.g. [12]) we yield an estimate on the form

/ (Pp-n)-xds
ry

where k is the polynomial order of the continuous piecewise polynomial geometry
approximation I‘Z.

(3.28) S thHX”Wll(F’;)

3.4. Sobolev norm approximation. As I'j is piecewise smooth on each triangle
face we define tensors of tangential derivatives analogously to ([2.2), i.e.,

) w for k =0,
(3.29) DFhw = { L(Dllg;lw) ® %J P, fOl“ k 2 17

and we denote the approximate surface differential operators by subscript I'y,, for
example Vr, and Ar, .

As a consequence of 'y, being only piecewise smooth the natural Sobolev spaces
on I'y, are broken, which we indicate on Sobolev spaces by subscript h, and we in-
troduce the following semi-norms for the broken Sobolev spaces on the approximate
and exact surfaces

1 1
2 2
(330)  [olgrr,) = (Z |’U|%{’C(K)> 0l gery o= (Z ”%k(xl)) :

KeKk KeK

To compare functions in these norms on the exact and approximate surfaces
we now present the following results from [121[15], which we extend with estimate

(334)) and prove in Appendix [Bl

Lemma 3.3 (Sobolev norm equivalence). Let v € {w’ : w € HF(I') N CO()} or
v e {w':w e HFT,) N COTy)} for an integer k > 1 and mesh size parameter
0 < h < hg. For sufficiently small hgy the following inequalities hold:

(3.31) lvllzecy S lvllzen) S lvllze ),
(3.32) gy S vl e,y S IvlEm,
k
(3.33) ol mr ) S Y [olap ),
m=1
k
(3.34) Wlasry S ol
m=1

with constants depending on derivatives of the distance function d.

Proof. We prove this lemma in Appendix [Bl O

Remark. A consequence of this lemma is that if v € H¥(I), then v*|r, € HF(T}),
and likewise if v, € HF(T'),), then vf|r € HF(T).
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4. THE CONTINUOUS/DISCONTINUOUS GALERKIN METHOD

In this section we present the biharmonic problem on a surface I' and derive
a weak formulation of the problem suitable for our purposes. To deal with the
H?(T) conformity requirement of the biharmonic problem we present a continu-
ous/discontinuous Galerkin (¢/dG) method [19]. The method is formulated on the
approximate surface I', with surface differential operators also based on I',.

4.1. Notation. For elements f,g in an inner product space with inner product
(-,-) we let (f,g)q denote integration over Q2 such that (f,g)a = [, (f,g) ds. On
an edge £ = 0K N OK_ we define the jump and average by

(4.1) [l := lim (g(x —cngp) = g(z = enyc))
(4.2) {g} = lim % (9@ = enjx) + 9(x — engy))

respectively, and on the exact surface we define the jump and average over E*
analogously using the conormals ngé(].

4.2. The biharmonic problem. We consider the following model problem: Given
f € L3(T") with (f,1)r = 0, find u such that

(4.3) Adu=f on T,
(4.4) (u,1)r =0

where AZ2u := Ar(Aru). As we consider surfaces I' without boundary, i.e., closed
manifolds, we include the criterion ([£4) to make the problem well posed. This is
more easily seen for ([A3) in weak form: Given f € L*(T'), find u € H?(T) such that

(4.5) (Aru, Arv)r = (f,v)r for all v € H?(T).

The nullspace of Ar on a closed manifold is the space of constant functions, and
then by (£4]) the only function in the nullspace is the zero function.

For smooth surfaces I without boundary we have the following elliptic regularity
estimate

(4.6) lullgary S N2y
under the restriction of [{4); see [3} Th. 27].

4.3. Green’s formula on curved surfaces. Consider a smooth surface ¥ with
piecewise smooth boundary 9% and surface normal n. For functions v : R? — R?
and w : R® = R the Green’s formula on ¥ reads (V-v,w)s = (nos - v, w)ys —
(v, Vw)y, where ngx is the outward pointing normal to 9X. Using the definition
of the tangential gradient we may instead write a Green’s formula with tangential
operators

(4.7 (Vs -v,w)5, = (nas - v,w) 55, — (v, Vsw)y, + (tr(H)n - v, w)y,

where we note that we get an additional term which includes the mean curvature of
the surface. In the next section we will however notice that for the weak formulation
of the biharmonic problem on a curved surface all curvature terms vanish as the
vector v will always be a tangent vector and thus n-v = 0.
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4.4. Broken weak formulation. The requirement on a conformal method based
on (AF) in practice means defining an approximation space which is C1(I'). Due
to the intricacies involved of defining such approximation spaces we instead aim
for a continuous/discontinuous Galerkin method where the approximation space is
rather in the broken space Hj(I') N C°(T"). Multiplying the biharmonic equation
on a curved surface (@3) by v € H}(I') N C°(T), integrating over I' and applying
Green’s formula two times gives

(48)  (fio)r = (Afu,v) . = — (VrArw, Veo)p = — Y (VrAru, Vrv) .
KeK

(4.9) = Z ((Apu, Arv) e — (Aru, ngge - VF’U)BK[)
KeK

where nge is the conormal to K¥, i.e., the outward pointing normal to dK*, and the
curvature terms in the Green’s formula (7)) vanish as n - Vr = 0. Introducing the
notation nge = [ngge]/2 = nng( and summing over K we get the weak formulation:
Find v € H*(T) satisfying (u,1)r = 0 such that

(4.10) (f,v)r = D (Arw, Arv)ge — > (Aru,npge - [Vrv]) g

KeKk Ee&

for all v € HYT') N C%T). For a function w € HE(T) N COT) the term Aru is
undefined on interior edges E* and we therefore extend (@I0) by defining

(4.11) Aru := {Aru} — Bh™ nge - [Vru] on E*

where ( is a positive parameter needed to achieve stability for the method; see
Lemma To make the bilinear form symmetric we also add the term

(4.12) =" (npe - [Vru], {Aro}) g -
Ecé&

Note that the above modifications do not affect the consistency of the method as
{Aru} = Aru and nge - [Vru] = 0 on E* for u € H*(T) due to the Sobolev
embedding H*(T') — C?(T'); see [2, Thm. 2.20]. To allow for a more abstract
presentation we let the bilinear form a(-,-) be given by

(4.13) a(u,v) = Y (Aru, Apv)ge
KeKk

=3 ((Aru} npe - [Vro])pe + (e [Vral, {Aro}) g )

Eec&
+ Z ﬁ (h_lnEe . [[VFU]]u nge - [[VF’U]])EZ

EcE
and linear functional [() be given by
(4.14) () = (f,0)r.
We now introduce the following function spaces extended to U using (34):
4.15) V={w': weH'T)} We={w": weH (I)NnC") }

where we note that V' C W, and that a(u,v) and I(v) clearly are defined for
u,v € W. The weak formulation of our continuous problem thus reads: Find u € V
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satisfying (u, 1)r = 0 such that
(4.16) a(u,v) =1(v) forall v e W.

Both a(+,-) and I(+) are formulated using the exact surface and the exact differen-
tial operators, i.e., using information that in practice may be unavailable. It would
thus be impractical to directly formulate our method based on (@I6]) and therefore

in the next section we formulate our method using approximations to a(-,-) and
I(-) based on T'y.

4.5. The continuous/discontinuous Galerkin method. On each facet edge E
we define an approximation to the element boundary normal nge by

+ _ —
(4.17) np = %—nmf
L=ngp - ngg
and note that this definition has the property
(4.18) ng - [Vr,w] =nhy - Vr,wt +nge - Vi, w™

which will simplify the analysis. In [I0] numerical experiments using variations for
the definition of ng in a dG method for the Laplace—Beltrami problem yield the
conclusion that (@) is preferred.

By simply replacing the various terms by its discrete analogs the resulting ap-
proximate bilinear form ay(+,-) on the discrete surface I'y, reads

(4.19) ap(up,v) = Z (Ar,un, Ar,v) Kk
Kek

-y (({Arhuh} g Ve, o) + (ng - [Veyunl, {Arhvw,;)

Eec&
+ Z [3 (hilnE . [[thuhH,nE . [[VF}LUH)E
Eec€&

and the approximate linear functional [, (-) is given by

(4.20) In(v) := (fn, )1,
where as in [15] we define
(421) fn=1f— |Fh|_1(f> 1)Fh,

and note that (fy,1)r, = 0. Clearly, both aj(u,v) and I, (v) are defined for func-
tions u,v € W.

We choose our finite element space W}, as the space of continuous, piecewise
quadratic polynomials on the approximate surface I'j,, which after extending to U
via [B7) we express as

(4.22) Wy, = { w' € COU) : we EP PaK) }

KeKk

and note that W), € W by Lemma B3] but W, ¢ V. We now formulate our
continuous/discontinuous Galerkin method: Find uy € W}, such that

(4.23) ap(up,v) = () for all v € Wy,
(4.24) (up, Dr, = 0.

In the next section we turn to the theoretical analysis of this method.
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5. A PRIORI ERROR ESTIMATES

We will now prove error estimates for our method in energy and L? norms using
assumptions and approximation properties presented and proved in 31 We begin
by defining the norms we will work with in the next section. Then we establish
a number of preliminary lemmas in §5.2] which we use in the proofs of our main
theorems in §5.3]

5.1. Energy norms and definitions. We equip W with the following discrete
energy norm:

(5.1)
llwll?,, = > l1Ar, wlfex) + hl {Ar, W} 2 o) + 17 g - [Ve,w]l 7z o)
KeK
Note that ||| - |||, is indeed a norm on W since if |||w]||r, = 0, then w must be the
solution to the problem
(5.2) —Ar,w=0 on K,
(5.3) ng - [Vr,w] =0 on &,.

Weakly formulating (5:2) and choosing w as a test function gives
(5.4) Z (—Ar,w,w) = Z (Vr,w, Vr,w)x — (nor - Vr,w,w)ax

KeKk Kek
(55) = Z (th’w, thw)K - Z(’IlE . [[Vphw]],w)E =0
Kek Ee&

where we use (£I8)) in the second equality. By (5.3]) we then have HVpth%Z(K) =0,
and thus w must be a constant function over I'j, and through the extension to U
must also be a constant in U. Due to the criteria (£4) and (£24]), w must then be
the zero function.

Further, we will also need the following energy norm corresponding to (5.1]) albeit
with exact differential operators and integration over the exact surface

(5.6)

llwllE == >~ I ArwliFa ey + AIH{AT W 2 orcey + B e - [VrwlllZaoxcey-
Kek

By arguments analogous to the above |||-|||r is also a norm on W. We will later prove
that these two norms are actually equivalent for functions in W}, (see Lemma [5.5)).
As a technical tool in the proof we will also use the following norm:

. H; (D) ‘= r HL(T) H2(T) H3(T)
(5.7) o]l = [[olllr + [olm @) + hlvlgz ey + B0l

Definition 5.1. Let 7w be the standard continuous piecewise quadratic Lagrange
interpolation operator on I',. The interpolation operator 7 : W — W), is given by

(5.8) 7w = (mw)?.

Remark. This interpolation can be viewed as defining the nodal values on I', by
fetching values on I' by the closest point mapping p(x).

Definition 5.2. For any domain ¥ let P : L*(3) — R be the projection onto the
space of constants such that PXw = S|~ (w, 1)y for w € L}().
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Remark. This projection gives the average over the domain and we note that it
may be used for defining the quotient space ||wl|z2(s)/r = ||w — PFwl|r2(x)-

In the next section we establish a number of lemmas needed for the proofs of the
main a priori error estimates in Section [5.3

5.2. Prerequisite lemmas.
Lemma 5.1 (Trace inequalities). For v € W the following trace inequalities hold:

(5.9) 012200y S B HI0l72 50y + RloIE ()
(5.10) 10172 oke) S B 0Nz (ko) + Ploli xey-

Proof. Inequality (59): This well-known trace inequality follows by affinely map-
ping K to a reference element K o, applying the trace inequality HU”%Q(aKref)

~

lollz (s 013 16y S 10131 s,y (sce ), and mapping back to K.

Inequality (5.10): Due to the extension in W, clearly [[v||p 20k S |lvllz2(0K)-
Applying the original trace inequality (0.9) and Lemma[B3.3] the trace inequality on
curved elements (.I0) immediately follows. O

Throughout the various parts of the analysis we will make frequent use of the
following lemma which gives control over discrete functions wy, in the H*(I') norm
using a duality argument.

Lemma 5.2. For all w, € W}, it holds that
(5.11) lwrllLzy/r + [wnl ey S [llwalllr-

Proof. We introduce the dual problem AZ¢ = v with (¢,1)r = 0, where ¢ € L*(T")
with (¢, 1)r = 0, and for which the stability estimate (6] holds, i.e.,

(5.12) 161l s (ry < [[Pllz2r)-

Integrating by parts twice and then applying the Cauchy—Schwarz inequality we
get,

(5.13) [0y = 191720y + Z Vel 3 ke
KeK
(5.14) = (¥, ARQ)r + Y (Vreh, Vigh) e
KeK
(5.15) = —(Vre), VeArg)r + Y (Vrt), Vi) e
KeK
(5.16) = (A, Ard) e = ([npe - Vo], Ard) e
KeK FEe&
= > (@, Ard)e — Y ([npe - Vol ) e
KeK EcE
2 1 2 1/2
(5.17) S (1Ar¥la) + A e - Vel Iagen) )

(lArd |l ey + ¢l )
(5.18) S Mellie (1Arl gy + 191 mr ()
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where we use the trace inequality (5.10) in (5.I7). By (5I12) we then have

(5.19) (1Aroll gy + 10l arwy) S (I8llasy + 190z @)

(5.20) S (Il ey + 10l @y) S 1l -
Clearly, for wy, € W), we have wy|r € H(I') N C%T) C L*(I') and thus we can
choose 9 = wy|pr — Pg wy, where wy, € W}, which concludes the proof. O

Lemma 5.3 (Interpolation estimates). Let u € V and w: W — W}, be constructed
as in Definition Bl The following interpolation estimates then hold:

(5.21) lu = mulle, S hllullms ),
(5.22) lluw = wullle < Allullms ),
(5.23) lu = mull oy S hllullzs ),

for h < hg, with hg sufficiently small.

Proof. Throughout this proof we will repeatedly use the following standard inter-
polation estimate

(5.24) lu — mu|gr k) S hB_k\u|H3(K) for k=1,2,3

with mesh independent constants; cf. [2I]. On curved elements we will also need
the corresponding interpolation estimate

k
(5.25) |u— 7T’U,|Hk(Ke) < Z h?’_m\u|H3(K) < h3_k|u|H3(K) for k=1,2,3,

m=1
which directly follows from Lemma B3] and (5.24).
Estimate (5.2I): Establishing estimates

(5.26) D IAr, (u = mu)|[Fagy S B Julfps,),
Kek
(5.27) > WAL, (u =7} [F20m) S PP ulipsr, ),
KeK
(5.28) Y b7 g - [Vr, (= m)lliZeor) S Plulfor, ),
Kek

and applying Lemma [3.3] will yield the desired interpolation estimate. First, esti-
mate (0.26)) directly follows from ([B.24)) as ||Ar, wl|z2(x) < |w|g2(k). Second, using
the triangle inequality on the average in (5:27)) and on the jump in (5.28) it suffices
to show the elementwise estimates

(5.29) BT, (1 = 70) 3 orey S B2 uls )

(5.30) h=Hng - Ve, (u = mu)ll320k) S B2 lults ),

to prove estimates (B.27) and (5.28). Using (B.9) we get

(5.31)  hllAr, (u—mu)|3k < 1A, (u = 7u)|l% + h?||Vr, Ar, (u = mu) %

(5.32) S lu— 77“@12(1() + h2|u|§13(1<) S h2|u|%13(1<)
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where we used (5.24)) and that Ar, (7u) is constant. To show (5.30) we again apply
the trace inequality (5.9) and interpolation estimate (B.24]) to get

(5.33) h=Hlng - Vi, (u = mu)l[Zaor) < h7HIVE, (u = w7205
(5.34) S 72 Ve, (u = mu)l|7a ) + Ve, (w = 7u) [Fr
(535) S h72|U — 77“@11(1{) + ‘u — 71"(1,‘?{2(}{) ,S hQ\uﬁp(K)

Estimates (5.20)-(528) are thereby established, which concludes the proof of esti-
mate (B2T]).

FEstimate ([522)): This estimate follows by calculations analogous to those in the
proof above for the interpolation estimate on a flat element ([.21), albeit using the
trace inequality (G.I0) and interpolation estimate (5.25]) for curved triangles.

Estimate (5:23): This estimate directly follows from (5.22]) and (G.25]). O
Lemma 5.4 (Inverse estimates). For v, € Wy, and k = 1,2,... the following
inverse estimates hold:
(5.36) W owl ey S Jonlan ),
(5.37) hY AL 06 S Y 1Am ol k),

Kek Kek

2

(5.38) h Z | {Arvn} ”%2(81(‘3) S Z <||AFUh||L2(Kf) + h|vh|§11(m)> )

KeK KeKk

with constants independent of the mesh size h and the parameter (.

Proof. Estimate (5.30): By Lemma 3.3 we have |vp|grr) S Z]:n:1 [vn| e () and
thus, as vy is continuous, the estimate follows from establishing the elementwise
estimate

(5.39) W onlax ey S lonla )

and again applying Lemma [33]l To show estimate (539) we first note that vy|x €
Py(K). Affinely mapping to a reference triangle Kot yields a mapped function
Up € Po(Kyef). On the reference triangle we now establish that the inequality
R | % (Ker) S O] E1 (o) holds. Tf the right-hand side is zero, then 5, must be a
constant function and in turn the left-hand side must also be zero. Due to the finite

dimensionality of Py (K, ef) the inequality on the reference domain follows. Affinely
mapping back to K yields (B39) and in turn estimate (B.36]).

Estimate (5.3T): Applying the triangle inequality to each average term and then
the trace inequality (59) this inverse estimate follows as vj, € P2(K).

FEstimate ([.38): We apply the triangle inequality on the average and note that
[Aron |l r2orcey S I(Arow)*|L2(ox). In Appendix [T (C3), we express Ar, vy, for
an extended function vy, in terms of the exact operators acting on vy, evaluated at
the exact surface. Reviewing how the terms in this expression scale with h, isolating
the appropriate term, squaring both sides and applying the elementary inequality
(a1 4+ +an)? <n(a}+-- +a2), the following pointwise estimates follow:

(5.40) (Arvn)))* < (Aryon)® + b (Drop)’)” + B* ((D2on)")”,

(5.41) (Ar,on)? < ((Arvn)))? + h2 ((Drow)))” + b4 ((D2uw))” .
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Integrating (5.40) over a curved element boundary 0K* and applying the trace
inequality (5I0) on non-Laplacian terms yield

(5.42) | Aronl|Z2 ok S 1AL oRllT2 0k + P11 DronllZzoxcey + hH I DRonll7z ooy
(5.43) S 1A, vl ar) + hlonli

+ h?’\vhﬁ{z(m) + hS\Uhﬁ{B(K/»’)
(5.44) S 1A vl ar) + Rlonli

where we use (.30]) in the last inequality. To deal with the first term we establish
the elementwise inequality

(5.45) AR, vRlZ205) S B HIAR, oAl T2 k)

by mapping to a reference triangle K,¢f, noting that the inequality on the reference
domain holds due to the finite dimensionality of P2(K), and mapping back to K.
From (&41]) we deduce

(5.46) h A, vl 72y S B HIATOR T2 ko) + [on Lo xe
+ 12 |on 32 (ieey + P onlFa ey
(5.47) S hTHAroR 172 ey + [on L5 ey
where we again use (.30]) in the last inequality. Combining the above results and
summing over all elements give estimate (5.38]). ]
Lemma 5.5. It holds that
(5.48) lonll a0y S lllvnllle for all vy, € W,
(5.49) lolle < lola @ S ol for alive V

where || - ||z ) and || - [[lr are defined in (B.1) and ([B.0), respectively.

Proof. By (&) we have [[v]| vy == [|[v[llr + [v] 1 ) + 2lv] g2 1) + B2 |v] g3y For
the first estimate we need to limit the last three terms by |||v|||r. This is established
by applying (B36) and Lemma

In the second estimate the first inequality follows trivially from the definition of
[v][z(r) and the second inequality from using the trace inequality (5.I0) on the

term h|| {Ar, v} ||2L2(8K) in (B6). O

In the following lemma we collect two basic results on continuity and coercivity
for the method.

Lemma 5.6 (Continuity and coercivity of the method). 1. There are constants
which are independent of h but in general depend on 3, such that

(5.50) a(v, w) < [[[o]le ffwllr,
(5.51) an(v,w) S llvllle, lwllr,
hold for all v,w € W.

2. For [ sufficiently large the coercivity estimates
(5.52) llonlllf < alon, vn),
(5.53) llonllf, < an(vn,va)

hold for all vy, € Wy, with positive constants independent of h and .
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Proof. Part 1: Using the Cauchy—Schwarz inequality on each term in a(v,w) and
apn(vp, wy), respectively, the inequalities readily follow.

Part 2: For estimate (553 we have

(5.54) an(vn,vn) = > [Ar,vnlfei) —2 Y ({Ar,vn}, [ns - Vi, val) g
Kek Ee€

+ Z B (h ' ng - Vr,onl, [ng - Vi, onl) 5 -
EcE
Using the Cauchy—Schwarz inequality followed by the standard inequality 2ab <
ea? + e 1b2, for any positive €, and finally the inverse inequality (5.37) we obtain
(5.55)

-2 ({Ar,on}, [ne - Vr,ol)e

Eec&

> 3 ~cCllar, i - < lIne - Vo, oo
Kek

Given ¢, with 0 < ¢ < 1, we choose eC' = (1 — ¢)/3 and take 8 > ¢+ ¢~ !. We then
obtain the coercivity estimate

(5.56) cllvalllz, < an(vn,vn) for all vy, € W,

Coercivity estimate (.52)) follows by analogous arguments and the inverse inequal-
ity (&38) in combination with Lemma O

Next we turn to estimating the difference between the exact and approximate
bilinear and linear forms for discrete functions and introduce the following lemma.

Lemma 5.7. The following estimates hold for the approximation errors of the
approximate linear functional l;,(-) and approzimate bilinear form ap(-,-):

(5.57) [W(wn) = I (wn)| < B2[Lfll 2y lllwllle for wy, € W,
(5.58) la(v, w) — an(u, w)| S Pllvlla; o lwlla; @y forv,w e W,
(5.59) la(w, ¢) — an(w, 9)| S W2 |wllasr)9llmsa) — forw,¢ €V,

for h < hg, with hg sufficiently small.

Remark. While the estimate for the consistency error in bilinear forms ([B.58) is
sufficient for proving the correct order of convergence in energy norm, it is insuffi-
cient for proving the correct convergence in the L? norm. For this reason we also
include estimate (559) for smooth functions, which we utilize in the proof of the
L? estimate as we therein consider approximations to functions in V. In the proof
of (559 it no longer suffices to only compare terms elementwise, but we also need
to consider complete integral expressions where we utilize the high regularity of
functions in V and Lemma

Proof.  Here we prove each estimate but give some of the details in Appendix

Estimate (5.517): As 0 = (1, f)r = (un, f9)r,, by the Cauchy-Schwarz inequality
we have

(5.60) (L s = (1= s vy < T2 11 = pnll e o) £ N 22y
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By definition f := f* —Pg"fe. Using (f, 1)r = (fn, 1)r,, = 0, estimate (3.16]), and
the Cauchy—Schwarz inequality we get

(5.61)  |l(wn) = tn(wa)| = [(f; wa)r = (fa, wn)r,|

(5.62) = |(fswn — Pywn)r — (fa, wn — Powa)r,|

(5.63) < |(Gon = 1)1 won = Pluwn)y, | + | (P, wn — Pl )

h

) JMHLQ(F;L) Wh _Pgwh||L2(Fh)
) S BN 2o llwn = PEwh |l 2y

5.66) S P21 fllce oy lwhll 2oy /e
)

< P21 fll 2y lwr e

S = pnllzeery)

where we use Lemma B3] in (566) and Lemma B2l in the last inequality.

Estimate (558)): All terms in a(v, w) — ap (v, w) can be paired and rewritten as
(5.68) (Av, Bw)g. — (Anv, Bpw)a,

where Qr, Qj, are either I', ', or &r, &, depending on the term, A, B are the differen-
tial operators in the term, and Ay, I3), are the corresponding approximate operators.
For the first term in (5.68]) we change the integration domain to the approximate
surface. Adding and subtracting terms then yields

(5.69) (Av, Bw)g = (uh(Av)z, (Bw)z)ﬂh
(5.70) = ((n = D(A)’, (Bw)), + ((Av), (Bw)),,

By further adding and subtracting terms, we can express (.65) as

(5.71)  (Av,Bw)g, — (A, Byw)a, = ((n — D)(Av), (Bw)),,

+ ((Av)* Ahv (Bw)),,,
+ ((A Bhw) Q,
— ((Av)* Ahv (Bw)* — Buw),,
(5.72) =T+ IT+IIT+1V.

Clearly, due to the bound (B.I8) on (1 — i) and that all terms with (Aw)* and
(Bw)* are included in |||w|||r, by the Cauchy—Schwarz inequality we have

(5.73) SIS R liellwlie < B2l @) lwlla; @
Kek

For the remaining three terms, II, III and IV, it suffices to prove that for
v € W we have

(5.74) 1(Av)* = Anvll L2, S Pllolla;: o
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for all operator and domain pairs { Ay, 2} present in ay (-, ). We collect and prove
this inequality for all operator and domain pairs in Lemma By the Cauchy—
Schwarz inequality it then follows that

(5.75) > I+ (11| < hlfv)l g oy 1wl gz ) for all v, w € W,
KeKk
(5.76) Z 1IV] < h2||vHH;(p)||w||H;(p) for all v, w € W.
KeKk

From (&73), (B75) and (76 we now conclude that estimate (558 holds.

Estimate (559): As our functions n,¢ € V. C W we use (5.73) and (G.76) from the
proof of the previous estimate in combination with Lemma to prove

(5.77) Do+ IVIS Bl asllgllasy — for all n,¢ € V.
KeKk

It remains to prove bounds of the same order for terms I1 and ITI. Due to the
Sobolev embedding H?(T') < C*(T) [2, Thm. 2.20] we have nge - [Vr¢])¢ = 0, and
the only remaining estimates are

(5.78) (Arn)’, (Ar) — A, o)y, < B2 nllasallél s,
(5.79)  (({Arn), (nge - [Veal)’ = ne - [V, 6T)5, < B2 Inllasllél s,

which are proven in Lemma This completes the proof. (]
A consequence of the above proof is that for functions in W}, the norm ||| - |||r,
using the exact differential operators (5.6), is equivalent to the norm ||| - |||r,, using

approximate operators (B.Il). We formulate this in the next lemma.

Lemma 5.8 (Equivalence of norms). For wy, € W}, the norms |||w||r and ||lwp]||r,
are equivalent, i.e.,

(5.80) lwnllle, < Mwalle < llwallr,
for h < hg, with hg sufficiently small.

Proof. The left inequality follows from coercivity (£53), Lemma 577 Lemma [5.5]
and continuity (G.50)

(581)  [lwall?,

(5.82) = an(wh, wn) — a(wp, wy) + alwn, wp) S blllws|[F + w7

< ap(wh, wp)

~

for h smaller than some hg. By coercivity (£52), Lemma (7 Lemma (5] and
continuity (51 we have

(5.83)  Ilwnllf < alwn,wn)

(5.84) = a(wn, wn) — an(wh, wn) + ap(wp, wp) S Bl|wa R + [llwallF, ,

and by a simple kick-back argument the right inequality follows for kA smaller than
some hg. O



SURFACE FEM FOR THE BIHARMONIC PROBLEM 2633

5.3. Main theorems. The foundation of the main proof is the first Strang lemma
as given in [9].

Lemma 5.9 (First Strang lemma). Consider a family of discrete problems for
which the associated approzimate bilinear forms are uniformly Wy -elliptic. Then
there exists a constant independent of the space Wy, such that

6555 M= wlle s ot (= onlle o+ sup 10 2ol )l
v EWR wp €W, |||wh|HF

l —1
+ sup l(w) — In(ws) '
wn €W [[lwn[Ir

We now turn to presenting our main a priori error estimate.

Theorem 5.10 (Error estimate in energy norm). Let u be the exact solution to
a(u,v) = l(v) and let up, be the finite element solution to the approximate problem
ap(up,vn) = lp(vy) where B in ap(-,-) is chosen sufficiently large for coercivity
to hold (see Lemma [B.6]). For h < hg, with hy small enough, the following error
estimate holds:

(5.86) llu —unllle S 2l fllz2ry-

Proof. By coercivity (552), continuity (B.50), weak formulation ([I6]), and method
formulation (23] the first Strang lemma above holds in our setting. Choosing
vp, = mu to handle the infimum yields an inequality with three independent terms

(5.87) llw — upllle < T+ 11+ 111

where we will show that there exists constants independent of the mesh size h such
that the following estimates hold:

(5.88) Ii={llu = 7mulle < hllufl s ),
(5.89) Il:= sup Ja(mu, wn) = an(mu, wn)| S hllull g3y,
wp €W lehmF
l(wp) — lp(w
(5.90) IIT := sup Mghﬂunwr),
wnew,  lllwnlllr

and recall that |lul|gsry < || fll2(r) by the stability estimate (Z.G]).

Term I: This estimate directly follows from Lemma [5.3 (interpolation).

Term II: By Lemma [57] and Lemma we have |a(mu,wp) — ap(mu, wp)| <
hlllwullle {lwn |l yielding
hlllmulllr [llwa e

(5.91) IT<
lwa llr

S Milrullle < A (llle = wuflfe + [lulllr) S Allef s

where we use the triangle inequality, interpolation (5:22)), and Lemma
Term III: This estimate directly follows from Lemma 5.7 O
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Next we prove an a priori estimate in L? norm using a duality argument (Aubin—
Nitsche’s trick). We assume that for all ¢ € W with (¢,1)r = 0 thereisa ¢ € V
with (¢, 1)r = 0 such that

(5.92) a(v,¢) = (v,¥)r for allv e W
for which the stability estimate (6] holds, i.e.,

(5.93) 9l zary S 112 (ry-

Theorem 5.11 (Error estimate in the L? norm). Given the assumptions of The-
orem 5100 and that the stability estimate ([93) holds, for h < hg, with hg small
enough, we have the following error estimate:

(5.94) = unll L2 rym S 2N FllL2 -
Proof. Let v =1 =u —up — P} (u — up). By (592) we then have
(5.95) [l — uh||2LQ(F)/R =a(u—up,®) = alu —up, ¢ — 7)) + alu — up, TP)

where the first term by continuity (E50), Theorem [B.I0, and interpolation (5.22)
is limited by

(5.96)  a(u—un,¢—79) < lu—unllrlle = 7olllc < A £ll2) ol -

For the second term in (5.95), by (£I6), (23], and adding and subtracting terms

we have

(5.97) a(u —up,7P) = U(rd) — alup, 7)

(5.98) = (l(7¢) — ln(7p)) + (an(un, T¢) — alun, 7))
where we note that

(5.99) W(m¢) — In(w¢) S B| £l 2oylllm i

(5.100) < P2 fllc2y (lolle + o — wllr)
(5.101) SR Fllezmy |l s

through Lemma 7] the triangle inequality and interpolation (5:22]). Directly ap-
plying (5.58) of Lemmal5. 7 also to the second term of (5.98) only yields O(h) which
is insufficient to prove this theorem. Instead we shall utilize that u, and w¢ are ap-
proximations to functions u and ¢, both encompassing high regularity. By adding
and subtracting terms we rewrite the second term of (5.98) as the sum of three
terms

(5.102) an(un, 7¢) — a(un, 7¢) = (an(un, 7¢ — ¢) — alun, 7¢ — ¢))
+ (an(un —u, ¢) — a(un — u, $))
+ (an(u, ¢) — a(u, ¢))

(5.103) =T+ I+ 111



SURFACE FEM FOR THE BIHARMONIC PROBLEM 2635
Term I: By Lemma [5.7] and the interpolation estimate (5.23]) we have

(5.104) an(un, 7¢ — @) — alun, 7¢ — &) S hllunll gz 0y |6 = 7l - )
(5.105) < P2l s oy 8l sy
where in the last inequality we use

(5.106) lunlle; oy < llullmg @) + llu = unllape) S llullae ),

which follows from Lemma and interpolation (B.23)).

Term II: By Lemma [5.7] we have

(5.107) an(un — ,6) = a(un — 1,6) S A llu = unllro oy 16512 o)
(5.108) < B2 |ull gra ey |l ey

where ||u — up| H () is limited using the triangle inequality, Lemma [B.5] interpo-
lation estimates, and Theorem [5.10] such that

(5.109) = unll gy < llw =7l gz 0y + 17w = wnll gy
(5.110) S hllull sy + [llrw — w0
(5.111) < hllull sy + [llu = mullle + [llu — unlllo < Allullgs ).

Term III: The estimate

(5.112) an(u, ¢) —a(u, @) S h? Hu||H4(1") ||¢||H4(1“)

follows directly from Lemmal[5.7 Collecting the above results and using the stability
estimate ([BL0), i.e., [|ullgary S || fllz2(r), yields the estimate

(5.113) = wnllF2rym S PPN Fllee @) 161 ga ey S P2 2@y 1] L2 oy

where we also use the stability estimate for the dual solution (5.93). Recalling that
Y = u — up, — P (u — uy) concludes the proof of the theorem. O

We now introduce the corresponding L? estimate on I';, which is more practical
as the exact surface may be unknown or not easily integrated.

Corollary 5.11.1. Given the assumptions of Theorem BI0 and that the stability
estimate ([B93) holds, for h < hg with ho small enough, we have the error estimate

(5.114) lu = unllz2,y e S RN F ez o)-

Proof. By the triangle inequality we have

(5.115) lu = unllz2(r, e < llu—un =Py (u—un)llz2r,)
+ (P = Po")(w —un) |l c2r)

where the first term after application of Lemmal[3.3]is limited through Theorem 5111
For any function w € W by the triangle inequality we have

(5.116) I(Py — 7)orh)wHL?(rh) = [|IT)" (w, 1)r = |Ts| ™" (w, D,
(5.117) < 0 = I D,

+ H‘Fh‘il((l — Bn)w, 1)Fh HLz(Fh)
(5.118) < PP lwl| g2y,

2y
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(a) Sphere (b) Torus

Fi1GURE 2. Illustration of model problem solutions.

where we use 1 — % = (1—pupn, Dr,, |Tn| < |T|, and the bound BI8) for 1 — py, in

the last inequality. Choosing w = u—wuy, gives by the triangle inequality, ’Pg hup =0,
and Lemma that

(5.119) lu = unlp2rny < llu—un = Py" (w = un)ll 2oy + 1Pg "l r2(ry)
(5.120) < llw = unll2(r,)/r + cllull 2y,

which after a simple kick-back argument and the stability estimate (€G] concludes
the proof. O

We now turn to our numerical experiments where we present convergence studies
in the L?(T;,) norm to confirm the estimate given by Corollary B.IT.11

6. NUMERICAL RESULTS

6.1. Model problems. For the numerical results we consider two problems with
the same geometries and solutions as the model problems considered in [24] for the
Laplace—Beltrami problem. The two geometries and solutions are illustrated in Fig-
ure 2l We analytically calculate the appropriate load functions for the biharmonic
problem by inserting the prescribed solutions into the equation.

In the first model problem we consider a sphere with radius » = 1. The spherical
coordinates {6, ¢} for the sphere surface are defined such that the corresponding
Cartesian coordinates are expressed as

(6.1) {z = rsin(0) cos(¢), y = rsin(f)sin(¢), z = rcos(h)}

with 0 <6 < 7 and 0 < ¢ < 27. Given f = —12r2sin(¢) sin(6)3(4 sin(¢)? — 3) we
then have the analytical solution u = r~3(3z%y —y3). In the second model problem
we consider a torus with R = 1, r = 0.6, with toroidal coordinates {6, ¢} for the
torus surface defined such that the corresponding Cartesian coordinates are given
by

(6.2) {z = (R4 rcos(0))cos(p), y = (R+rcos(f))sin(¢), z=rsin(h)}

with 0 < 0 < 27 and 0 < ¢ < 27. Using f defined through the MATLAB-code in
Appendix [D] we have the analytical solution u = sin(3¢) cos(36 + ¢).
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6.2. Convergence. For the convergence study on both model problems we used
structured meshes illustrated in Figure Bl and unstructured meshes illustrated in
Figure @ The unstructured meshes were created by random perturbation of the

vertices in the structured meshes.

Using a penalty parameter 8 = 10, a choice

which we motivate in the next section, in Figure Bl we present the results from our
convergence study in the L?(I',) norm for the two model problems on the structured

meshes and in Figure [6] the corresponing results on the unstructured meshes. The
number of degrees of freedom in this study range from 0.8k to 190k in the

sphere

norm which gives confirmation to the sharpness of the L?(T;,) estimate

The results in Figures [0 and [ indicate that the order of convergence is 2 in

the L2 (Fh)
lem which we assume are due to the more complex geometry to approximate and

model problem and from 1.6k to 340k in the torus model problem, and the number

of elements are approximately half of those numbers.
presented in Corollary B.IT.1l We note more fluctuations in the torus model prob-
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FIGURE 5. Convergence studies in the L?(T';,) norm for the two
model problems using 5 = 10. For comparison we include red

reference lines with slope 2.
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FicURE 6. Convergence studies on unstructured meshes in the
L?(T'y) norm for the two model problems using 3 = 10. For com-
parison we include red reference lines with slope 2.

also a more complicated load function and analytical solution as suggested by the
illustrations of the solutions in Figure

6.3. Choice of penalty parameter 3. In Figure [1] we study how the choice of
the penalty parameter [ affects the convergence in the two model problems on
unstructured meshes. The numerical study indicates that § = 10 is a good choice.
From the analysis we have that we must choose 3 large enough for the error estimate
to hold, and we also notice some instability for small 8 in the numerical study. On
the other hand, choosing g too large will delay the asymptotic regime which is also
seen in the numerical study.

By reviewing the analysis we also note that the proof of coercivity for the method
(Lemma [5:6) does not depend on the local curvature of the surface as it is based
on an inverse estimate (5.37) on the discrete surface I'y,, which is locally flat. Thus,
the choice of 8 does not directly depend on the local curvature of the problem.
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FIGURE 7. Numerical study on how the choice of 8 affects conver-
gence. Unstructured meshes are used and the error is measured in

L?(T'},) norm.

APPENDIX A. PROOF OoF LEMMA [B.1]

Proof. Estimate (B8] follows from the definition of d and a standard interpolation

estimate
(A1) 1d() | oo (x0) = ld(x) = md(@) || Loe () < 207 ||| Loo (1) S B

where 7 is the linear Lagrange interpolation operator on K; cf. [21].
To prove [B) we first note that for z € K we have p(x) —x = p(x) —mip(z). By
standard interpolation estimates, for any unit vector b in the facet tangent plane

we have

(A2) Ipo(@) = bll ez = (b~ V) (b = @)l o ac) = (b V) (= 1p) e a0y S
where pp, = (b- V)p and the constant in < depends on d and its derivatives. As
(A.3) po=(b-V)p = (V& p)Th=(P—dH)b

we note that |py| must be bounded from below and above independent of h and we
may prove estimate ([B.9) by letting a and b be orthogonal unit vectors in the facet
tangent plane such that n;, = a xb. Using the boundedness, the triangle inequality,

and (A.2) we then get

(Ad)  [In—nullrex) S llPa X Pb— a X b Lo (k)
(A.5) = |(pa — a) X (pp = b) + (pa — @) X b+a x (pp = b)|[Lo(x) S b

Now estimate ([B.I0) readily follows as [[n;, — (n - np)nllper,) < 2(|n —npll Lo,
and analogously so does estimate (BII]). Also, by noting that 1 —n - n, =
1(n—mnp) - (n—np) = 2ln — ny|?, estimate BI2) follows.

Similarly to the proof of (3.9]), we may prove (3I3]) by letting b be a unit tangent
vector to a facet edge E. By writing nget+/— and n;;/ ~ as the cross product of
orthogonal vectors, using the boundedness of |py| and the triangle inequality, we
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have

(A6) g — Py i) S low x n— P x m/ )|z ()

(A.7) = |(ps — Pb) x n+ Pbx 0 — P(bx 1,/ )|| 1= ()
(A.8) S (oo = Pbll i + 1P x 0 = P x i, pem ) -

Due to (A3) and B3) we have ||p, — Pb||p(p) < h*. Note that we may write
(A.9) P(b x nz/f) =Pbx (n® n)nz/f + (n®mn)b x PnZ/f
and thus we have

1P n = P(bx 7)<
(A.10) S (IP6 x (= (@ m)m ey + (0@ )b x Pry” || ) )
(A11) < (11 =m0 my/ Nz o) + oo = Bl () [Py ey ) S B2

where we use that n - p, = 0 in the second last inequality and estimates (B.12]),
(A2), and (BI0) in the last inequality. We have thus shown estimate (3I3) and
this concludes the proof. O

APPENDIX B. TANGENTIAL DERIVATIVES AND PROOF OF LEMMA [3.3]

Before turning to the actual proof of Lemma B3] we first give some preliminary
results which will also be used in the proof of Lemma 5.7

B.1. Tangential derivatives of extended functions in n-mode notation.
Using the n-mode product [22], Sect. 2.5] briefly presented for tensor-matrix multi-
plications in Section we may also express tensor-vector multiplications. Com-
ponentwise the n-mode multiplication between a kth order tensor T € R3**3 and
a vector a € R? is defined as

3
(B.1) (T;<na)7;l"'in—lin+1"'ik = ZTil"'in—ljin+l"'ika’j
j=1
for i1, yin—1,%nt1, ik € {1,2,3} which results in a (k — 1)th order tensor.

We use the special notation x,, for tensor-vector n-mode products as the order in
which tensor-vector products are evaluated matter,

(B.2)  TXpmaxpb= (TXpma)X,_1b= (TXub)Xma for a,b € R and m < n,
while tensor-matrix n-mode products x,, are independent of the order
(B.3)

TxmAxpyB = (T A) %y B = (Tx,B)x A for A, B € R**® and m # n.

Using this notation we are able to explicitly state the first three tensors of tangential
derivatives in U for extended functions, as presented below.
For an extended tensor T of order k, by the chain rule we have the identity

y, <—_ <—_ < . (—Z
B4) T'@V=Top)@V=(T®V)opxp1(Vep) =T®V)" X441 B

for z € U, where B := V ® p = P(x) — d(x)H(z). Note that B is tangential, i.e.,
B=PB=DBP=PBP.
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By this identity we have that, for € U, the first order tangential derivatives of
an extended function may be expressed as

(B.5) Drw’ = |w' @ V|, = (Drw)’ x, B = B %5 (Drw)".

Again applying (B4) gives

<— $— —
(B.6) Drw'®V = ((Drw)* ® V) x1 B+ (B® V) X2 (Drw)*
— —
(B.7) = (Drw® V)" x1 B x3 B+ (B® V) X3 (Drw)"
(B.8) = (D2w) %1 B x2 B+ (B® V) % (Drw)*

and thus we conclude that, for x € U, the tensor of second order tangential deriva-
tives of an extended function can be written as

(B.9) Diw':= |Druw'® %jP = (D3w)* x1 B x5 B+ Dr(B) x5 (Drw)*.
For completeness we also express the tensor of third order tangential derivatives:
(B.10) Diw® = (D3w)* x1 B x3 B x3 B

+ Dr(B) x1 (Dw)* x; B+ 2Dr(B) x2 (Diw)’ x2 B

+ DE(B) X2 (Drw)".

Repeating these calculations for the tangential derivatives on the discrete surface
of extended functions gives that the first order derivatives may be expressed as
¢ b oo ¢
(B.11) Dr,w" = |w* @ V| P, = | (Drw)*® x; B B,

(B.12) = (Drw)* x1 B x1 P, = B X (Drw)’ x; Py,

and the tensor of second order derivatives may be expressed as

(B.13) D}, w' = |Dr,u’ ® V),

(B.14) = | ((Drw) ®§) xlB+(B®§) Xa (Drw)*|
(B.15) — |[(Drw® V) %1 B x2 B + (B®%) %2 (Drw)'| .
(B.16) = | (D}w)" xlegB+(B®V) X2 (Drw)‘|

when x € U. As B = P — dH we may rewrite the last term as

(B.17) |(B® V) % (Drw)’|p,
= |-n® H(Drw)" — H(Drw) ®@n —d (H ® %) X2 (Drw)"] Ph

B.2. Proof of Lemma [3.3]

Proof. Let pp, be defined as in §3.31 By BI4) for = € T', we clearly have ¢ > 1
such that 0 < 1 < () < ¢ < 0o and due to how we define our extension to U
estimate (B31]) follows. Estimate ([3.32]) follows from (B33]) and [B.34]) and thus we
turn to proving these two estimates.
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Estimate [8.33): Consider a kth order tensor Tt tangential to I, i.e., Tt = |17 p.
For the extended tensor Tlé by the product rule it holds that

BI8) TLeV=|TipeV

B.19
B.20
B.21
B.22

(
<
( ) = |Tf ® V| p + Tf x [derivatives on projections]
—
( ) = |(Tr ® V)¢ Xpy1 B| p + Tf x [derivatives on projections]
—
( ) = |(Tr ® V)¢| p Xpp1 B + Tf x [derivatives on projections]
<
( ) = |Tr @ V|5 Xp11 B+ T x [derivatives on projections]
(B.23) = (DFTF)Z X 41 B + Tf x [derivatives on projections]

where in (B.20) we use (B.4) and in the last equality we use ([2.4). Note that
while we have not formally defined the tensor-tensor multiplication indicated by
x in the above expression, it is sufficient for our purposes to acknowledge that
this tensor-tensor multiplication is a linear operation such that the product rule of
differentiation holds. Now assume that

k
(B.24) Df, w' =" (Df'w)* x T,

m=1

where T, is a tensor of derivatives (of various orders) on projections and other
geometrical quantities (such as B), i.e., we assume D#hwé can be expressed as a
linear combination of (Dfw)?, with m = 1,...,k. Then by (3.29) we have

—
(B.25) Dittw’ .= | Df, w' @ V] p,

k
(B.26) - KZ(DM)@ X Tm> ©V

m=1

Py

k — ‘ —
(B.27) Z ((DFw)* @ V) X T + (DFw) x (T @ V)| .

—
Now from calculation (BI8)-(B.23) we can deduce that (D?w)’ ® V can be ex-
pressed as a linear combination of (D !w)? and (Dw)? and in turn by (B.25)-
(m we have that Dk+1w can be expressed as a linear combination of (Dfw)¥,

=1,...,k+1. By (m (B:12) the assumption (B.24)) holds for & = 1 and thus
by induction it will hold for any integer k£ > 1.

Estimate (3.33) is now established by taking the (broken) L?(T';) norm on
D{ih’wf, writing D{ihwe as a linear combination of (D}”w)é, where m = 1,...,k,
applying the triangle inequality and finally using (3.31).

Estimate (3.34): As established in the proof of estimate [B33), Df w’ may be
expressed as a linear combination of (D}"w)z, where m = 1,..., k. We decompose
D#hwé into two terms D{ihwé = I+ 11 where I contains the highest order derivative
(Dfw)* and IT contains all lower order derivatives. This proof will be based on

an induction argument and we make the assumption that estimate (3.34]) holds for
k—1, ie., that

k—1
(B28) ‘U‘H}Ij—l(l—‘) S Z |U|H;T(Fh)'
m=1
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k—1 k—1
Clearly, then for term 11 we have |[I1||p2r,) S > pey [VlErm @) S 22020 |”|H,T(Fh)'
By repeated derivation, as for example in (BI1)-(BI8), we readily see that the
term with highest order derivatives can be written as

(B29)  I=|(Dhw) i Bxo-xi B| = (Dfw) 51 By xi B

Py,

where B := P, (P —dH) = P —nj, ® (P - ny) — dP,H. Using this last expression
for B and expanding the product we may also decompose I into two terms

(B.30) I=1+1I,=(Dfw) + 1)

where we note that each term in Iy must contain P - np or d as a factor. Thus, by
Lemma [3.1] we can deduce that

(B.31) 1Z2llz2(r) S BIDFw0) | 2200y S Blwl gy

where we use estimate (3.31)) in the last inequality. By estimate (8.31]), the identity
(D{Ew)‘ = D{Ehwé — II — I, and the triangle inequality we then have

(B.32) lwlgrmry < [(DEw) || L2(rp)

(B.33) < DE, w2y + 1 |22y + a2l L2y
k-1

(B.34) S lwlgre, + Z lwlgg ) + hlwl e r)-
m=1

We can then, under the assumption of (B28]), establish the estimate using a kick-
back argument with the last term. To complete the inductive proof we must es-
tablish that the assumption (B28) holds for k¥ = 2, or equivalently that estimate
B34) holds for k = 1. In this special case we note that there will be no term IT
and thus the proof above is complete without using assumption (B28). Thus, by
induction, this completes the proof of estimate (3.34)). a

APPENDIX C. ESTIMATES NEEDED IN THE PROOF OF LEMMA [(.7]

Reviewing the expressions for the approximate tangential derivatives in Section
Bl i.e., (BI2)-(BID), we deduce that for z € T'j, we can more explicitly express
the first and second order approximate derivatives in terms of the exact operators
on I as

(C.1)
Dl"hwh = PhB(l‘)(Drwh)Z,
(C.2)
Dt, wy, = [(Dfwy)" — d (H(DRwy)" + (Dfwp) H) + d*H(Drwy) H| .

A —
—|n® H(Drwy)* + H(Drwy)' @n+d(H® V) Xz(Dth)ZJ Py
By the trace property tr ((a ® b)A) = tr (A(a ®b)) = a - ATb for vectors a,b and

matrix A we clearly have tr (P, B(n, ® np)) = 0 for any 3 x 3-matrix B. Using this
property and the above relations we may express the approximate Laplace—Beltrami
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operator Ap, wy, := tr (D, w}) as

(C.3)  Arywy = (Arwp)’ —np - (Dwy)’ -y,
—d (2 (H (DRwn)") = 200 - (H (DRwn)") - mn)
+d (v (H (Dwn) ) = - (H (Dwn) H) - )
+2(n - np)nn - H (Drawy)” — dtr (P, (H © V) o(Drwy)"))

where we note that all higher order terms except (prh)z scale with at least h?
while the two lower order terms, i.e., the last line above, scale as h and h?, respec-
tively.

Lemma C.1. For w € W the following inequalities hold:

4 ¢
(C.4) |@arw) —arat| | S hlwlge,
©5) g [Veul) —ns - [Orat]| S Al
(C.6) n2||({aru)’ - {Ap,w S Bllwllay oy

Proof. Estimate ([CAl): Reviewing (C.3) we see that the expression in estimate
(C4) scales with at least h for the first order terms and with at least h? for the
second order terms. From this and a change of integration domain the estimate
directly follows as

7 |j@r) - ar,

() S hlw|ary + B2 w2y < hllwl g )
h

where the last inequality is due to (5.7), the definition of [ - || (r)

FEstimate (C5): By adding and subtracting terms, by the triangle inequality we
have

H(nEz [Vrw]) = ng - [Vr,w

(C.8) <| nEe-uvrwm —w-ﬂvr gl

L2(&p)
+ ||nge - [Vrw'] —ng - [Vr,w ]]HLQ(&L)

where the first term concerns how the operator is affected by the change in integra-
tion domain, and the second term concerns the operator approximation. For the
first term, by (B.A) we readily have the estimate

(C9)  ||tnpe - [Vrwl)’ = npe - [Vrw

= | (@HI(Vrw) ]|

L2(Ey)
(C.10) < 02| [vrw) ]

L2(&p)



SURFACE FEM FOR THE BIHARMONIC PROBLEM 2645

where we used ([B.8)), the bound for d, in the inequality. For the second term in

(C8) we by (BF) and (CI) have

(C.11) [nge - [Vew'] = ng - [Ve, 0l 2,
(C.12) = ||nge - [B(Vrw)] = ng - [PaB(Vew) ]| 2 e,
(C.13) = ||(n} e — Pnig) - B(Vrwt)*
+ (e — Prgg) - B(VF“’_)ZHB(&J
< 2
(C.14) h H[[ (Vrw) ]]’ e

where we use (BI3) in the inequality. By a change of integration domain, using the
triangle inequality on the jump, and applying the trace inequality (B.10) we have

(C.15) H[[(erh)éﬂ‘ SV wnl gy + B2 wn ey S 02 wn s )

L2(En)

where the last inequality is due to (5.1, the definition of || - ||z ). Estimate (C.35)
now readily follows.

Estimate (C6): By the same arguments as in the proof of estimate (C4) in com-
bination with the trace inequality (5I0) we have

(C.16) H({pr})f —{Ar,w

e,y > Ml ey + R wl pr2 er
h

(C.17) Sh ( 2wl ey + B2 |w|H2(r>)

+ 12 (h_l/z\wh{z + B2 |w\H3(r)
(C.18) S h1/2||wHH;;(F)
where the last inequality is due to the definition of || - || (). This concludes the
proof. O

Lemma C.2. Forn,¢ €V the following integral estimates hold:

(C.19) ((AFW)Zv (Arg)” — AFhﬁbZ)ph < h2||77||H3(F)||¢||H3(F)
(€200 (HArn)’, (npe - [VroD) = np - [Vr, 1), S R0l llollas )

Proof. Note that the L'(T',) and Wi (T',) norms are defined in (B.17).
Estimate (CI19): Reviewing the expression for Ar, ¢* in (C.3)) we note that

(C.21)  ((Arm)', (Arg)" — Arp, ¢Z)Fh S Pl ey (19l @) + 1¢la2 )
+ ((Arn), (n-np)nn - H(Vr)')

where the remaining integral term by direct application of the bound (BI0) for P-ny
would only scale with h|n|g2ry|¢| g1 (), which is insufficient. Instead we make use
of the non-standard geometry approximation of Lemma which is applicable as
the integrand may be written as the product between P}, -n and a sufficiently regular
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function (Arn)*H(Vr¢)f, which is clear by the following calculation:

(Acn)’, (n - ma)ny - H(Vr6)' )y,

(0.22) = ((Afn)g’ (n - (n ’ nh)nh) ’ H(VF¢)Z)Fh
(C.23) =~ (Pu-n, (Arn) H(Vr o))y,
(C.24) < B2(Arn) H(Vre) lwir,)-

As noted in Section [BI]in (B:IR)-(B.23) the derivative of a lifted tangential tensor
Tf may be expressed in terms of the lifted tangential tensor T} and the lifted
tangential derivative (Dr(7t)*. By this property, the product rule, the boundedness
of H, and the Cauchy—Schwarz inequality we thus have

(C.25) I(Ar) H(Vre) lwi ) S Inllas @6l o).

which concludes the proof of the estimate.

Estimate (C20): First recall the Sobolev embedding H?(I') — L>°(T") [2, Thm.
2.20] which implies, as n,¢ € V, that both Arn and Vr¢ are continuous, i.e.,
{Arn} = Arn and [Vr¢] = 0. Thus we can rewrite the left-hand side of (C:20) as

({Arn}) g - [Vrol’ —ng - [V, ¢))e,

(C.26) = — ((Ar)',ne - [PuB(Vre)]),,
(C.27) = ((Arn)' ng - [PhdH(Vr9) ),
(C.28) — ((Arn)' ng - [Pu(Vro) ), =1 +11,

and we will now handle the resulting two terms separately.
Using (4.I8) we write term I as

(C.29) 1= ((Arn)’ np - [PadH(Vre) D),

(C.30) = ((Arn)", (035 +n5x) - AH(Vro) ),

(C.31) S (I1Pngye — nfeell=(en) + [Prog — npgelli=(en))
Al o ey IATNI L2 0y VT O L2 (1)

(C.32) S h2H77||H3(1“)||¢”H2(1")

where we use Pnj, +Pngy = (Pnj—nb )+ (Pnye—ng .. ) and the boundedness
of H in the first inequality. Noting that ||d|| (g, < |||z (r), using bounds (B.8))
and (B.13), and finally applying the trace inequality (5.10]) yields the last inequality.
For term IT we again use (£I8)) and then the divergence theorem to write

(C.33) II:=—((Arn)’,np - [[Ph(vF¢)éﬂ)gh = Z — ((Arn)*, nak - (Vro)") .«
Kek

(€31) == (Vr, xb 1) = — (i (xE @ V)P 1) -
Kek
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Before we turn to the estimation of this term we present the following calculation:

(C.35) @V = (e ® V) 1 P+ (PL@ V) Xo b
(C.36) = (Dr () %2 B+ (P V) %axh) x2 B
(C.37) = (Dr (xr))" + (P® V) Xaxt) x2 P

—d ((DF (xr)" xo H + (P %)Z X2 XT) X2 H)
(C.38) — (w ®Vr) —dz

-
where Z := ((Dr(xr))t x2 H+ ((P® V)" X2 x}) x2 H) and we note tha(t_Xlé ®
V is fangential in the second tensorial dimension, i.e., Xf@V = (xk@ V)P =
Xt ® Vr. Thus, the divergence on the approximate surface of x§ can be written as

(C.39) Vr, - xb = tr (X ® Vi) Py) = tr (xh © Vi) — tr (0¢h ® Ve )nn @ )
(C.40) = (Vr-xr) —dtr(Z2) —np - (xb @ V) - (P-nyp).

Returning to term II, by using the above identity we express this term as the
following three terms:

(C1) 11 = ((Vrxn) 1) = d(ir(Z), 1), = (- (@ 9) - (Pmi). 1)y,

(C42)  =II + I+ II;.
For term 113, by a change of integration and the bound (BI8]) for (1 — pp,) we have

(C.43) II := ((Vp-xp)e,l)lc} - ((vr-xp)h—uh)lc + (Ve xr, Dy,

h
(C.44) S = pnllzes @ lin

where the last term in (C.43) is zero which follows from the divergence theorem on
each curved triangle

(C45) (Vr-xr D, = > (nage - xrs Doggee = 3 (e - [Vra]Arn, 1) e =0
Kek FEecE

and [Vr¢] = 0. As term I], is multiplied by the distance function d we have the
following estimate:

(C46) I :=—d(tx(Z), 1)k, S Izl Zll @) S 2 0llas a6l 2

where we use the bound ([B.8)) for d and the Cauchy—Schwarz inequality. For term
II3 we now add and subtract terms to get an expression suitable for Lemma B3.2]
such that

(C47) == (n- (b ® V) - (P-m),1) .
(C.48) = (=) (V) Pomy), — (n- (xb® V), Pony),
(C.49) S lln =l P mnll e Ik © Ve
—(n- (xk © V). (L= ) (n+ )y,
+(n (d© V), Pyon),,
©50) <2 (Ixk @Vl +ln (V) i)
(C.51) < h2”"7HH4(1")H¢”H3(F)

lis @18l 2y S BP0l are ooy 190 mr2 )

h
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where we rewrite the last term in (C48]) using the identity

an

Pnp=(1-n-np)(n+np)—Pn-n
d the first inequality is due to bounds ([B9) and BI0). The second inequality

then follows from the bound BI6]) on 1 — pp, and Lemma applied to the last
term in (C.50). Finally, the last inequality follows by the same motivation as (C.25).
This concludes the proof of the estimate and the lemma. |

APPENDIX D. MATLAB CODE

Below we provide MATLAB code for the load density function in the model prob-

lem on the torus.

function f=loadfcn(r,phi,th)

f =(9*%r~4*sin(2*phi + th) + 491*r~4*sin(4*phi + th) + 324*R"4*sin(2*phi - 3*th) + ...
324*R"4*sin(4*phi + 3%th) + 179%r~4*sin(2*phi - th) + 313%r~4*sin(2*phi - 3%th) + ...
9*r~4*sin(4*phi - th) + 179*r"4*sin(2*phi - 5%th) + 1561*r~4xsin(4*phi + 3*th) + ...
36xr~4*sin(2%phi - 7#th) + 347+r"4*sin(4*phi + 5%th) + 36%r~4*sin(4*phi + 7*th) + ...

366*R"2*r"2xsin(2*phi - th) + 1386*%R"2*r~2+sin(2%phi - 3*th) + ...
696*R™2*r"2%sin(2*phi - 5*th) + 2250%R™2*r~2*sin(4*phi + 3%th) + ...
696+R™2*%r"2xsin(4*phi + 5*th) + 99*Rxr~3%sin(2%phi) + ...
821*R*r~3*sin(2*phi - 2%th) + 570*%R"3*r*sin(2%phi - 2xth) + ...

875%R*r"3%sin(2+phi - 4xth)
798*R"~3*r*sin(2*phi - 4*th)
261*R*r"3*sin(2+phi - 6*th)
798*R"~3*r*sin(4*phi + 4*th)

1781*R*r~3*sin(4*phi + 2xth) + ...
570%R"~3*r*sin(4*phi + 2xth) + ...
1547+R*r~3*sin(4*phi + 4*xth) + ...
261*R*r~3*sin(4*phi + 6*th) + ...

366*R"2*r"2xsin(4*phi + th) + ...

198*R*r~3*cos (2*phi)*sin(2*phi))/(8*R"4*r~4 + 32*#R"3*r"bxcos(th) + ...
48*R"~2*r~6*cos(th) "2 + 32*R*r"7*cos(th) "3 + 8*r~8*cos(th)"4);

end

1

2

3

[7
E

[9
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