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ANALYSIS OF A HYBRIDIZABLE DISCONTINUOUS
GALERKIN METHOD FOR THE STEADY-STATE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

AYCIL CESMELIOGLU, BERNARDO COCKBURN, AND WEIFENG QIU

ABSTRACT. We present the first a priori error analysis of the hybridizable
discontinuous Galerkin method for the approximation of the Navier-Stokes
equations proposed in J. Comput. Phys. vol. 230 (2011), pp. 1147-1170. The
method is defined on conforming meshes made of simplexes and provides piece-
wise polynomial approximations of fixed degree k to each of the components
of the velocity gradient, velocity and pressure. For the stationary case, and
under the usual smallness condition for the source term, we prove that the
method is well defined and that the global L2-norm of the error in each of the
above-mentioned variables converges with the optimal order of k41 for & > 0.
We also prove a superconvergence property of the velocity which allows us to
obtain an elementwise postprocessed approximate velocity, H (div)-conforming
and divergence-free, which converges with order k£ + 2 for £ > 1. In addition,
we show that these results only depend on the inverse of the stabilization pa-
rameter of the jump of the normal component of the velocity. Thus, if we
superpenalize those jumps, these converegence results do hold by assuming
that the pressure lies in H'(Q) only. Moreover, by letting such stabilization
parameters go to infinity, we obtain new H(div)-conforming methods with the
above-mentioned convergence properties.

1. INTRODUCTION

In this paper, we provide the first a priori error analysis of the hybridizable
discontinuous Galerkin (HDG) method proposed in [28] for the stationary incom-
pressible Navier-Stokes equations, namely,

(1.1a) L=Vu in Q,
1.1b) —vV-L+V. - (u@u)+Vp=Ff in Q,
1.1c) V-u=0 in Q,
1.1d) u=0 on 02,

1.1e) /pz 0,
Q
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where u is the velocity, p is the pressure, v is the kinematic viscosity and f € LQ(Q)
is the external body force. The domain 2 C R? is polygonal (d = 2) or polyhedral
(d =3).

To discuss our results, let us introduce the HDG method under consideration
[28]. We consider conforming meshes 7, of 2 made of shape-regular simplexes K.
We denote the set of faces F' of the element K by F(K), by &, the set of all faces F'
of all elements K € T;, and set 0Ty, := {0K : K € Ty, }. For scalar-valued functions
¢ and v, we write

(¢,¢)Th = Z (¢7¢)K7 <¢’ ¢>6Th = Z <¢7¢>6K

KeTy, KeTy

Here (-,-)p denotes the integral over the domain D C R?, and (-,-)p denotes the
integral over D C R%~!. For vector-valued and matrix-valued functions, a similar
notation is taken. For example, we write (¢, %), == Y. (¢, )7, for vector-
valued functions and (¢,9)7, ==, <ij gn(¢ijv i;)7,, for matrix-valued functions.
The HDG method provides an approximation (Ly, up, pp, tr) € G X Vi X Qp X
M, to the exact solution (L|7,, u|7,, |7, ule, ) in the finite dimensional space

Gp:={Gel?Q): Glg € Pr(K), VK € Tp},
Vii={ve L*(Q): v|lx € Py(K), VK € T, },
Qn={peLi(): plx € P(K), VK € Ty},
My, = {p € L*(&,) : plp € Pu(F), VF € &},
MY :={peM,: plog=0}

Here Pi(D) denotes the set of polynomials of total degree at most k > 0 defined
on D, Py(D) denotes the set of vector-valued functions whose d components lie in
Pr(D), Pr(K) denotes the set of square matrix-valued functions whose d x d entries
also lie in Py(D), and L§(Q2) = {p € L*(Q) : [, p =0}.

The method determines the approximate solution by requiring that it solves the
following weak formulation:

(1.2a) (Lp, Q)7 + (up, V- G)7, — (up,Gn)sr, =0,
(1.2b) (vLp, Vo)1, — (u, @ B, V)75, — (pn, V - )75,
~(wLpn—pan— (U, ® B)n, v)or, = (f, V)7,
(1.2¢) —(un, Va)7, + (un - m, q)o7, =0,
(1.2d) (vLpn—pun— (W, @ B)n, w)oT, =0,

for all (G7 ’UaQ7IJ’) € Gh X Vi x Qh X MF(L) Herea

(1.2¢) (vLp — pn)n:=vLyn—ppn— S(w, — @) on 975,
(1.2f) S:=Sg + Sa,

(1.2g) Sp := max(8-n,0)Id,

(1.2h) Sni=Cuhi'n@n on 0Ty,

where the stabilization parameter ¢, in (L2L) is chosen to be a positive, and

(121) ,BzP(uh,ﬁh).
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The operator P from H*(T;) x L*(&,) into
{ve H(div; Q) : v|x € RT}(K) := Pi(K) + x P,(K)}
is defined on the element K by the following equations:
(1.3a) (P(up, up) — up,v)gk =0 Vve Py_1(K),
(1.3b) ((P(up, up) —ap) - n,ANgx =0 VA € Py(F), for each face F of K.

This operator is similar to that proposed back in 2003 by Bastian and Riviere [4]
in the framework of Darcy flow. Here we use the Raviart-Thomas spaces instead
of the Brezzi-Douglas-Marini spaces used in [4]. Also, here the definition of the
numerical trace Uy is not the same.

Note that the stabilization tensor S used in [28, (34)] was defined in a slightly
different manner, namely,

(1.4) S:=|B|1d + 7 Id.

For this choice, the stabilization associated to the convective part is stronger. On
the other hand, since 7 was taken to be an order one quantity, the stabilization on
the normal part of the velocity jumps is not that strong, but that of the tangential
components is. Note that for the HDG method for the Stokes equations, [9], it was
shown that the diffusive part of the above stabilization tensor can be of the form

mwnen+n(Id—nen),

and that the convergence properties of the HDG method remain unchanged when
the stabilization of the tangential component 7; is of order one, or even equal to
zero, and the inverse of the stabilization of the normal component 7, is bounded.
Here we take 7, := 0 and 7, := (,, h}l.

The numerical experiments carried out in [28] suggest that the L2-norm of the
error in the velocity, the pressure and even in the velocity gradient converge with the
optimal order k + 1 for any k > 0, and that an elementwise postprocessed H (div)-
conforming and divergence-free approximate velocity can be obtained which, for & >
1, converges with order k + 2. Let us note that the above-mentioned postprocessed
velocity is similar to that proposed by Bastian and Riviere in 2003 [4] in that it
uses the same Brezzi-Douglas-Marini spaces of index k + 1. However, its definition
differs considerably from that of Bastian and Riviere as it uses the approximate
gradient of the velocity; see [28] and the references therein.

In this paper, we put in firm mathematical grounds of the above-mentioned
experimental results. We also show that, just as for the HDG method for the
Stokes problem [9], the bounds of the errors depend affinely on 1/¢,. In particular,
if we superpenalize the normal components of the jumps in the velocity by taking
(n to be huge, the accuracy of the numerical approximation to the velocity and
its gradient not only remain unchanged but only require the pressure to lie in
H1(). This also means that H(div)-conforming HDG methods can immediately
be obtained, as was shown in [I4] for the Stokes equations.

To the knowledge of the authors, no other known finite element method for
the Stokes or the Navier-Stokes equations has these properties. See the classic
mixed methods [6L[I7,18], the stabilized methods proposed in [20,21,23] and the
DG methods [BL[7LI3L2529.31]. Perhaps the only method with similar convergence
properties is the one proposed for the Stokes equations in [30] by using the RT and
BDM elements developed for diffusion problems. For the Navier-Stokes equations,
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the pioneering interior penalty (IP)-like methods proposed by [22] used piecewise-
solenoidal approximate velocities but were not locally conservative. So did the
method developed in [19]. Locally conservative LDG methods for the Navier-Stokes
were introduced and analyzed in [I0HIZ]. More recently, an IP-like method and a
compact discontinuous Galerkin (CDG) method were introduced in [26]. These
methods use the approximation space for the velocity field as a direct sum of a
solenoidal space and an irrotational space, in such a way that their weak forms can
be split into two uncoupled problems: one associated with velocities and hybrid
pressures, and the other one only concerned with computation of pressure in the
interior of the elements. Numerical experiments indicating the optimal convergence
order of velocity and the pressure in L?-norm were reported. Finally, we refer the
reader to [24] for an HDG discretization for the time-dependent incompressible
Navier-Stokes equations.

Let us briefly comment on the main novelty of our error analysis. Note that
in [8] for the Oseen problem and [9,[I5] for the Stokes equations, a simple energy
argument gives the inequality

T2 (=) |3k < (F un)7s,s

v|Lnll7;, + ke

where the stabilization tensor S is defined as (IL4). The above inequality cannot
lead to the much needed estimate

2 -1 ~ 2 2

v(IVunl, + Serhi lun — wll3x) < C A5

unless we take 7|9k to be of order uh;(l. However, in this case, it is impossi-
ble to achieve superconvergent approximations; see the numerical experiments for
HDG methods for the Stokes equations in [9L27]. In our case, with our choice of
stabilization tensor, the energy argument gives

vILull7, + Sxer Co by I (un = n) - nll3 < (F un)7,

and it would seem that we would be in an even worse predicament. However, we
can prove that

_ ~ 1/2
IVunll7, + (Sxer. g lun — Unl3x)

< C(ILal; + Sxer b (wn — ) - mll3) ",
In other words, we prove that the tangential jumps of the velocity are actually
controlled by the normal jumps and the approximate velocity gradient. This novel
contribution is what makes the analysis work.

The organization of the paper is as follows. In Section 2l we present our main
results. The rest of the paper is devoted to proving them. In Section 3, we establish
the main properties of the forms defining the HDG methods. In Section 4, we prove
the new stability estimate; other, more standard, estimates are gathered in the Ap-
pendix. In Section 5, we prove the existence and uniqueness of the approximation.
In Section 6, we provide a detailed proof of the error estimates. We end in Section
7, with a brief comment on an H(div)-conforming version of the HDG methods we
have considered here.
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2. MAIN RESULTS

In this section, we present and briefly discuss our main results, namely, the
existence and uniqueness of the HDG approximation, Theorem [2.3] and the corre-
sponding error estimates, Theorem [2.4]

2.1. Notation. We begin by introducing some notation. We use the standard
definitions [I] for the Sobolev spaces WP (D) for a given domain D with norm

ISllep0 = (D D%

jal<e

1/p.

|g,p,D)

d
¢p,D = Zi:l ||¢i||é,p,D>

le,p,0. Moreover, when p = 2 and ¢ < oo, we denote

For vector- and matrix-valued functions ¢ and ®, we use ||@|
d
and [[®|¢p,p = Ei,j:l [®i;
W42(D) by HY(D) and | - |l¢.2.0, by || - lle.p; when £ = 0 and p = 2, we denote
WY%2(D) by L?(D) and the norm by || - ||p-
We also introduce the following mesh-dependent norms and seminorms:

1

o m)llon = (013, + D7 huc (laallse + o= wli3e))
K€7-h
2 -1 s \/2 1 2
ol = (V0 + 3 hitlo—nlie) ¥ (wp)e H (T) < L(E),
KeTy,
(v, p)lloo, == [Vl Lo () + 2]l Loe e V (v, p) € L™ () x L™ (En),
and set
[vllon == [[vll2),  lvllin = lI(v, fo})ll1,n,

where the average of v, {v}, is defined as follows: On an interior face F' = 9K~ N
OK™, we have {v} := (v" + v™), where v* denote the trace of v from the
interior of K* and n¥ is the outward unit normal to K*. On a boundary face
F C 0K~ N o9, we take {v} = 0. Note that ||v||1, is nothing but the standard
discrete H!-norm of v; see, for example, [5].

Finally, we denote the L?-orthogonal projections onto G, Qp, and M}, by I, g
and IIs, respectively.

2.2. The convective velocity P(uy, up). Next, we must ensure that the convec-
tive velocity P(uy, up,) given by (I3)) is actually well defined. In the following result,
we gather this and other of its main properties.

Proposition 2.1. For any (up,up) € Vi X My, we have that P(uy, up,) is well
defined and that
(i) P(Uh, ﬂh) S I"I(div7 Q)
(ii) V- P(up, up) = 0 in Q if (up, up) satisfies the third equation defining the
HDG methods, (L2d).
(111) ]P’(uh,'?th) eEVy.
(iv) IP(un, un)lin < Csean,illl (wn, Ua)|lin, i=0,1.
(v) P(u,ulg, ) = PR u, 1 u) = TR w.

Here, IIRT is the Raviart-Thomas (RT) projection from C°(Q) into
{ve H(div,Q) : v|x € RT(K)}
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defined on each element K by
(2.1a) (MM y — u, v)g =0 Vo € Py_1(K),
(2.1b) (M*% —w) -, A\)p =0 VA € P(F), for each face F of K.

Note that the equations (L3)) defining the projection PP operator are almost identical
to those defining the RT projection IIRT. In fact, property (v) of Proposition 2]
easily follows by simply comparing these equations.

2.3. A new stability estimate. As announced in the Introduction, the main
novelty of our error analysis is the use of a stability estimate which we present next.
It states, roughly speaking, that the weighted jumps of the tangential component
of the velocity can be controlled by the gradient L and the normal jumps.

Proposition 2.2. If (L, v, u) € G, x Vi, x M, satisfies the first and third equations
defining the HDG method, (L2a) and ([[2d), respectively, then

B 1/2
v, 1)l < Crma (LI, + D2 ARt (0= p) - mllde)
KeT,

We strongly use this estimate to obtain our main results on the HDG method
under consideration, namely, Thereom 2.3 on the existence, uniqueness and bound-
edness of the approximation and Theorem 2.4l on a priori error estimates.

2.4. Existence and uniqueness. Here we establish that the HDG methods un-
der consideration define a unique approximate solution under a classic smallness
condition on f, as we see in the following result.

Theorem 2.3 (Existence, uniqueness and boundedness). If the quantity v—2|f||q
is small enough, the HDG method ([L2) has a unique solution (Lp, up,pp, Up) €
Gp x Vi x Qp % M,?. Furthermore,

Il Cuns @)l < Crtiflles
for some constant C independent of v, the discretization parameters and the exact
solution.
2.5. A priori error estimates. Finally, we give an estimate of the size of the
projection of the approximation errors,
e’ :=HeL—Lp, e*:=1"Tu—u,, e*:= My (ulg,)—wn, and P :=Ilgp—pp.
We provide two estimates for the error in the velocity, e*. The first is an optimal-

ity result and the second a superconvergence result. The latter strongly uses the
solution (¢, ) of the dual problem

(2.2a) ®-Veop=0 in Q,
(2.2b) —vV - & -V - (p@u)—Vi— (Vo) u=20 in Q,
(2.2¢) V-p=0 in §,
(2.2d) ¢»=0 on 012,
for which we assume that we have the following regularity estimate:

(2.3) [@l.6 + [ ¢lloc + [¥lla < Crll0]o:

This dual problem was used back in 1998 in the pioneering work on DG methods for
the incompressible Navier-Stokes equations presented in [22]; the only difference is
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that the pressures differ by the quantity %(ﬁu. Therein, the above elliptic regularity
estimate was obtained for a domain Q with a C?(2) boundary by assuming that
||| g1 (02 is small enough compared with the viscosity coefficient v. Under a similar
condition, for  a convex polyhedron, and assuming that u € L (), we can obtain
the regularity inequality by using a standard regularity estimate for the Stokes
equations; see [18]. We can now state our main result.

Theorem 2.4 (Error estimates). Assume that uw € C°(Q). Then, if v 2||flq is
small enough, we have that, for any polynomial degree k > 0,

(2.4a) V2N o+ e lnn) + (Sxer Cahig e — e¥l|3x
_ 1/2
< (CL "+ C (Sker ¢ thIgp — pll3k) / )
_ _ 1/2
(2.4b) le“lo < v Y2 (Cu k™™ + C (Sxer G x| Top — pll3k) / )
(2.4c) |eP |l < Cp P

)1/2

Here, the constants Cp,Cy depend on ||ul|L=(q), ||[¢|lkr2.0, and k, while the con-
stant Cy, depends on ||u| (), |ullk+2.0, |Pllks1,0.v and k.

Furthermore, if and v="||Vul|q is small enough, w € W™ (Q) and the regularity
estimate ([23)) holds, then

_ _ 1/2
(25) lle"llo < v Y2 h(Cp I + (Sker G i Tgp - pll3) /), V> 1.

n

Let u;, € H(div, ) be the postprocessed approzimate velocity introduced in [9, (2.9)],
then we have V - u;, =0 in Q, and

(26)  [lw;, —ulle <C ([e"lla +hlle") + Ch*?|uliiz0, Yk > 1.
Here, the constant Cp depends on ||u|w1.« ) and ||ullri2.0-

When we take ¢, > 1, by the approximation properties of Ilg, the error esti-
mate (2.4D)) gives optimal convergence of the global L2-norm of the error in velocity,
and the estimate (2.6) gives superconvergence of the postprocessed numerical ap-
proximation to velocity. However, in order to achieve the high order accuracy of
numerical approximation to the velocity mentioned above, the pressure is required
to have H**1-regularity if we choose ¢, to be of order one. If we superpenalize and

take (,, := v~ h 2% in (L2h)), the error estimates (2.4al), ([2.4h) are

(2.7a) 2 (el + e €Dl a) + (Srer, G lle — e¥ll3x)
< (Cy, b +C’u1/2hk+1|p|H1(Q)),

@70)  fe¥la < vV (Cubt 4 v R ),

and the estimate (20 is

(2.8) le“lo < v Y2 h(Cp KEFY + v 2RE  pl ), VR > L

These estimates show that the numerical approximation to the velocity w has high
order accuracy even if the pressure p has H!'-regularity only.

To end, let us briefly mention that we are not using an extension of the auxiliary
projection used in [8, (2.7)] to analyze the HDG method applied to an Oseen prob-
lem. The reason is that, according to [8] Theorem 2.3], the approximation property
of this auxiliary projection depends on the W -norm of the approximate velocity
3, which is not necessarily bounded in our setting. Instead, we use the standard
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RT projection for the velocity on each element and L2-orthogonal projections for
all other unknowns.

3. THE FORMS DEFINING THE METHOD AND THEIR MAIN PROPERTIES

In order to simplify our analysis, and make it as close as possible to that proposed
in [I0], we rewrite the equations defining the HDG method under consideration
in terms of several forms for which we then prove the continuity and coercivity
properties we are going to use in the analysis.

3.1. Rewriting the HDG method in compact form. If we set
Ah((vv IJ’)v G) ::(Uv V- G)Th - <I“L7 Gn>8771’

Bu((v, 1), q) === (v, Va)7, + (¢, 0 - Mo,
Jn((v1, py), (02, 10)) == Z Cnhl_{1<('”1 — K1), (V2 — Ho) - Mok,
KeTh

Oh(ﬁ; (’1)1, ul)a (an /1'2)) = (’1)1 ® B, va)Th
+ {(py @ B)n+ Sp(v1 — py), v2 — pa)or,,

where Sg := max(3 - n,0)Id, where the arguments of the above forms are such
that all the integrals make sense, the equations defining the HDG method under
consideration, (I.Z), can be rewritten in compact form as follows:

(3.1) (L, G)7, + An((un, Up), G) — An((v, p), vLn)
- Bh((”v N)uph) +Bh((uh7ah)7Q)
+ Jn((uhva'h)v (’U, H)) + Oh(ﬁa (uha a’h); ('U, IJ)) = (f) ’U)Tha

where 3 = P(uy, W), for all (G, v,q,p) € G, x Vi, x Qp, x My.
Next, we obtain the main properties of these forms.

3.2. Properties of the bilinear forms associated to the Stokes operator.

3.2.1. Continuity properties of Aj, and Bj,. We begin with a result similar to Propo-
sition 4.1 in [10].

Proposition 3.1 (Continuity of Aj, and By,). There are positive constants Ca and
Cp, independent of the mesh-size h, such that

[An((0, 1), G) < Call(o, )1l Glle ¥ (v, ) € V(R) X My, VG € Gy,
[Bu((v, 1), 9)| < Cgll (v, Wl nllalle Y (v, p) € V(R) X My, Vg € Q.

Proof. By using integration by parts, the Cauchy-Schwarz and inverse inequalities,
we get

Ap((v,1),G) = Y (= (Vo,G)k + (v— p, Gn)ok)
KeTy

<C > (IVollx + b2 v = pllox) Gl k.
KeTy,

and the first inequality follows. The second inequality is proven in a similar manner.
This completes the proof. (Il
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3.2.2. Coercivity of Ap. The next result is similar to the first result of Proposition
4.3 in [10].

Proposition 3.2. Assume that (L, ., v, ) satisfies the first equation defining the
HDG method, (L2a). Then

An((v, #)7Lv,u) = ||Lv,u|
Proof. By the definition of Ay,
Ap((v, ), Lop) = (0, V- Ly p) 75, = (1, Lo uymor, = (Lo, Lop) 75,5

by the first equation defining the HDG method, (I2a]). This completes the proof.
O

2
Th*

3.2.3. An inf-sup condition. Next, we have a result similar to Proposition 4.4 in
[10].

Proposition 3.3. For any q € L3(f2), we have that

Cv.m By((v,n),q
lalla < sup Billvw.g)
K (o,u)eV iy xM2\{(0,0)} Il (o, )1,
where Pl
Come sp  PwIwll

weHL(Q)\{0} [wll1,0

and the operator P is defined in Appendiz [B.5
Proof. To prove the inequality, we use a standard inf-sup condition (see [I8§]),
namely, that for any ¢ € Q), C L3(Q2), we have that

1 , V-w

o<t sup @V O

K we HL(2)\{0} wllie
Since V(K) x Q(K) x M(0K) := Py(K) x Pr(K) x Il pe (i) Pr(F), we have that
VQ(K) C V(K) and nQ(K)|sx C M(OK), and so
Then, we get
Bh((Pw7 HM'LU), Q)

1,0

1
lalle < = sup
K weH(Q)\{0} [|w

)

and the result follows. This completes the proof. |

3.3. Properties of the trilinear form associated to the convection, Oj.
We begin by gathering several continuity properties of the form Op; their detailed
proofs are given in the Appendix. The first one is similar to Proposition 4.2 in [I0].
We use the following notation:

V(h) == HY(S) + Vi
Proposition 3.4. There is a positive constant Co such that
O (B; (w, ), (v, 1)) = On(7; (w, w), (v, )| < CollB = Il (w, W) [l1all (v, 1)l
for all B,~ € V(h), all (u,w) € H (T;,) x L*(&,), and all (v, pu) € Vi, x My.

|1,

We are going to use the following continuity results which take advantage of the
extra regularity of some of the arguments.
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Proposition 3.5. There are positive constants CZ and CZy such that
On(B; (u, w), (v, 1)) < C51[IBll L= @[ (2w, @) lo,n I (v, 12)[1.1
for all B € C°(Q) and for all (u,w) € H'(T;,) x L*(&,) and all (v, p) € Vi, x My,
and
|Oh(:61 (u7 a)a (’U, IJ’)) - Oh(7a (’u’a a)a ('U, IJ))|
< 5218 =, 0)lo,nll (e, @ llow I (0, 42) 1,1
for all B,y € V(h), all (u,w) € L>(Q) x L>(E), and all (v, ) € Vi, x M.

0,h

Finally, we present a simple coercivity estimate similar to the one in Proposition
4.3 in [I0].

Proposition 3.6. Let 3 € {ve H(div;Q): V-v=0, v|x € H'(K), VK € T, }.
Then

1
Oh(ﬁa (’U, N)a (’U, IJ’)) = <(Sﬁ_ Eﬁnld) (’U_N)a ’U_I‘L>6Th > 0 V(’U, l'l’) € Vh X Mh'

Proof. Since (V- (v® B),v)7, = 2{((v® B)n, v)or, for any divergence-free function
3, we have

On(B; (v, 1), (v, 1)) = —(v®@ B, V)7, + (L@ B)n+ Sg(v—p),v— por,

= %((U@? B)n, v)o7, —(v®@ B)n, w)o7, —(((v— p) @ B)n— Sp(v—p),v— w)or,-

Because p is single-valued and 8 € H(div; Q), 3((n® B8)n, p)or, = 0. Adding this
term, we get, after a few rearrangements, that

On(B; (v, 1), (v, n)) = —%<((v— K) @ B)n, v — por, + Sp(v—p),v— 1o,

and the result follows. This completes the proof. O

4. PROOF OF THE STABILITY ESTIMATE OF PROPOSITION

In this section, we prove the new stability estimate of Proposition More
standard estimates are gathered and proved in the Appendix. We proceed in several
steps.

Step 1: A representation of the matrix Vwv. Let us recall the following result
on the representation of square matrices [0, Lemma 4.8].

Lemma 4.1. The set
Br :={Id} U{t®@np: F is a face of K, t € Bp},

where 1d is the n X n identity matriz, is a basis of the space of n x n matrices where
Br is an orthogonal basis of the vectors orthogonal to np (tangent vectors) for each
face F of K. Furthermore, the dual basis of Bi is of the form

B = {éId} U {WF,t : F is a face of K, t € BF}

where Wg, is uniformly bounded with respect to F' and t and the bound depends
only on the shape regularity parameter of the mesh.
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Since Vv is a square matrix, we can write
1
Vo= p (V-v)Id+ Z Z ap(t® ngp),
FEdK teBr
where ap s = Vv: Wg,.

Step 2: Estimate of V - v. Next, we estimate the L?(2)-norm of the divergence
of v.

Lemma 4.2. Let (v, ) € V), x My, satisfy the third equation defining the HDG
methods, (L2d). Then, there is a constant C > 0 such that

IV-olfF, <C Y hlll(o—p) - a3k
KeTh
Proof. If we integrate by parts in the equation ([L2d), we get
(V-v,q9)x =((v—p) - m,q)ox
< [l(v—p) - nlloxllgllox
< Chi (v = ) - nlloxcllal i

by a simple inverse inequality; the constant C' depends on the shape regularity
constant of the mesh and the dimension of the space. Now, taking g := V - v, we
get |V -vl|g < C’hf}l/2||('v — ) - nllax, and the result follows. This concludes the
proof. O

Step 3: Estimate of Vv. Now, we estimate the L?(Q)-norm of the gradient of v.

Lemma 4.3. Let (L,v, ) € G, X Vi, x My, satisfy the first and third equations
defining the HDG method, (I2al) and ([L2d), respectively. Then, there is a constant
C > 0 such that

Vol

7 < C(LF + D bl —p) - nl3g).

KeTy

Proof. Applying the triangle and the Cauchy-Schwarz inequalities to the last equal-
ity of Step 1, we get

1 1
[Vl e < EHV ||k + C(EreorSienellartk)?,

where C depends on the shape regularity constant of the mesh and the dimension
of the space. The first term on the right-hand side can be bounded as wanted by
using Lemma

It remains to bound the second term on the right-hand side. Define

G* = Z Z /\FaF,tWRt
FeOK teBr

where \p stands for the barycentric coordinates associated with the face F' so that
Ar = 0 on F. Observe that, since apy = Vv : Wgpy € Py,_1(K) for any face F of
K, we have that G* € P (K). Because we assumed that (L, v, ) satisfies the first
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equation defining the HDG method, (L.2a)), we can take G := G* therein to get
(L, G*)K + (v — W, G*‘TL)@K = (Vv, G*)K

= (é(v-v)ld—l- Z Z ap(t® nr), Z Z )\F’QF’,t’WF’,t'>K

FeOK teBg F'cOK VEBp/

Z Z (art, APt K,

FeOK teBp

since, by construction, Id : Wg v = 0 and (¢ ® np) : Wrp = 0 except when
F =F and t =t case in which (t® ng) : Wps 1 = 1. Therefore, since 0 < Ap on
K, there exists C' > 0 such that

CN Slerdk < Y. Y (arnArardx = (L,G)k + (v— p, G n)ox

FEOK teBp FEOK teBp
<Lk l|G* ]Ik + (v — w1, G"n)ox

Now we bound (v — u, G*n)si. By the definition of G*, we get

(v—p,G*n)ox = Z Z Z v— 1) Q@ np, Apap Wr )

F'cOK FEOK teBr

= Z Z Z (v=p) - np)np @ np, Apap W)

F'€dK FEOK teBr

since on F’, Ap = 0 whenever F' = F’ and tp» ® np : Wp = 0 whenever F # F.
Since A\p <1 on K and Wg, is uniformly bounded, we obtain

(0= .G o < Chi (0= p) - mllorc (Y
FedK teBr

Also, we have that

IG* Ik <C > Y llardx <

FEOK teBr FedK teBr

1
22
K

since, again, Ap < 1 on K and Wpg; is uniformly bounded. The constant C
depends on the shape-regularity constant of the mesh and the dimension of the
space. Combining the above results, we get

/
S Y landle < (U + Chitlio— i) (XY lardk)

FeoK teBp FeoK teBrp
This completes the proof of Lemma [£.3] a

N|=

Step 4: Estimate of the tangential trace. To conclude the proof of the stability
estimate in Proposition 2.2 we bound the tangential component of the jump as
indicated in the following result.

Lemma 4.4. If (L,v, ) € Gp X Vi, X My, satisfies the first and third equations
defining the HDG method, that is, (L2a) and ([[2d), respectively. Then, there is a
constant C' > 0 such that

> htli(v—p)

KeTs, KeTy,

w (o= p) - nl3g).
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Proof. The proof follows similar arguments as in the proof of Lemma 43l Define

G* = Z Z NE W F ¢

FedK teBr

where np ¢ is any extension of (v—p)-¢ from F to K such that np|r = (v—p)-tand

such that |ng ||k is equivalent to h}</2||('v—p,) -t||p. Since (L, v, ) € Gp x Vi x My,
satisfies the first equation defining the HDG method, (L2a), we set G := G* €
P (K) therein to get

(L,G")k + (v—p,G"'n)ox = (Vv,G")k,
or, equivalently,
(nx (v—p) xn,G nyox = (Vo,G")g — (L,G")x — (((v—p) - n) n, G' ).
Since we defined the coefficient 1z ; in such a way that
I(v = ) x nlfFx = (nx (v—p) x n,G*n)ox,
we immediately get that, by Lemma [.3]
(v — ) x nffx < CULIE + Y bl — k) - nl3) 216G Ik,
KeTh

which implies the result by the definition of G*. (]

Step 5: Conclusion. Proposition now follows from Lemmas 3] and 41

5. PROOF OF THE EXISTENCE, UNIQUENESS AND BOUNDEDNESS
OF THE APPROXIMATE SOLUTION

In this section, we prove Theorem 2.3 on the existence, uniqueness and bounded-
ness of the approximate solution of the HDG method. The idea is to define mapping
F on

(5.1) Zy={(v,n) € Vi, x My : Bi,((v,11),q) =0, Vg€ Qn},

such that any of its fixed points satisfies the equations defining the HDG method,
and prove that, on a certain ball contained in Z}, it is a contraction.

Step 1: Definition of the operator F. We start by defining F. For (w, w) € Zy,
we take F(w, w) to be the component (u, w) of the solution (L, u, p, w) € Gp, x Vj, x
Qn x M) of

(5.2) (L, G)7, + An((w, ), G) — An((v, p), vL) — Br((v, ), p) + Bu((u, w), q)
+ Jn((w,w), (v, 1)) + On(P(w, w); (v, u), (v, p)) = (f,v)7,

for all (G, v, q, p) € Gy x Vi, x Qp, x M. We clearly see that any of its fixed points
satisfy the equations defining the HDG approximate solution; see (3.
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Step 2: Proof of the upper bound of the approximate solution. Next, we
establish the boundedness result of Theorem assuming that the solution exists.
We have, by Proposition 221 that

vl (un @) I35 < Cope v (ILaly + D2 Al = ) - ml3 )
KeTh

To estimate the right-hand side, we use an energy argument. Thus, we take G :=
vLp, (v, i) := (up, Up) and ¢ := py, in the compact formulation of the HDG method,
(). By the identity of Proposition and by the definition of the stabilization
tensor Sg, we obtain

1 ~ ~ _ ~
vI[Lull7, + (518 - nl(un = ), wn = Tn)or, +v D i l(un =) -l
K€7-h
= (f, un) ;.-
As a consequence, we get that
viCun, @)l 5 < Coing v Iflle lunll7 < C2Clin 1Al (un, )]

by the second (discrete Poincaré) inequality of Proposition with ¢ = 2. This
proves the stability result of Theorem [2.3]
It also shows that F maps K, into K}, where

Kp = {(v.p) € Zn : (v, p)ll1.n < CoClipar ™" Iflla}-

Step 3: The operator F is a contraction on Kj. To prove this, let (wy, w;),
(wo,wo) € Kp, and set (uy,u;) := F(wy, wy) and (ug,Us) := F(wsq, we). By
definition, there exists Ly, Lo € Gy, p1,p2 € Qp such that both (L, u1,p1, 1) and
(L2>p2> u2>a’2) Sa’tiSfy (m)

If we now set dy, := Ly — Lo, 0y 1= w1 — ug, §p := p1 — p2 and 0 := Uy — Ug, we
get that

(0L, G) 75, + An((0us 0a), G) — An((v, ), vor) — Br((v, ), 0p) + Br((du, 03),q)

+ Jn(((sua 67(1)) ('U— IJ)) + Oh(P(wlv @1)7 (u17a1)7 ('U, ”))

— Op(P(wg, ws); (ug, U2), (v, p)) =0
for all (G, w,q, p) € Gj, x Vi, x Qp, x M. Taking (G, v, q, p) := (VL,, Ou, Op, 05), We
obtain

v|6Ll1F, + Jn((6us 03), (Ou, 62)) + Op(P(wy, W1 ); (wr, U1 ), (Ou, 62))
— Op(P(wy, wy); (ug, U2), (6u, 03)) = 0.

|1,

As a consequence, by Proposition [2.2]

V|(0u, 82)lI7 5 < vI0LIT, + Ju((Sus 63), (du, 63))
= Ciipg (On(P(wz, Ws); (u2, Up), (du, 05
= Caing (On(P(ws, Wy); (w1, Us ), (8u, 63)) — On (P(wy, W1); (ua, U ), (Su, 53)))

— Clipc On(P(w2, Ws); (64, 03). (9u, 03))

<Cfine (On(P(wy, Ws); (w1, W), (8u, 03)) — On(P(wy, @1); (ur, ), (6u, 62)))
< Cina (CollP(ws, @2) — P(wy, @1) |10l (ur, @) |14l (8, 63) 1,1

| (Ous 0)[l1.1)

|
S
>
=
g
=
)
y
=
=
)
=
>
g
&
=

< Cfing (CoCstan,1 1wz — wy, Wy — 1) |1l (w1, )15
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where the last three inequalities follow by Proposition B.6] Proposition 3.4] and
Proposition 2] respectively. Since (u1, ;) € K}, we obtain

V]| (6 8) lln < CoCiing CoCstab,1v ™ I fllall(we — wi, Wy — 1)1 n-
Therefore, F is a contraction if

1
C12 CéDGCO Cstab,l ’

v flle <

that is, if v72||fllq is small enough.

Step 4: Conclusion. Since F is a contraction on K}, it has a unique fixed point
(uy, up) € Kj which gives the solution (Ly, up, pr, up) to the problem BII) satis-
fying the bound of Theorem [Z3] This concludes the proof of Theorem 231

6. PROOF OF THE ERROR ESTIMATES

In this section, we prove the error estimates of Theorem 241 To do that, we
proceed in several steps.

Step 1: The error equations. We start our error analysis by obtaining the
equations satisfied by the projections of the errors.

L

Lemma 6.1 (Error equations). The projection of the error (e™, e, eP, ea) satisfies

(€, G)7, + An((e*,e"),G) — An((v, ), ve™) = Bu((v, ), €”) + Br((e* e"),q)
+ Jn((€" ™), (v, 1)) = O (P(un, Tn); (wn, Un), (v, 1)) — Op(u; (u, ule, ), (v, )
+ (v(L —IlgL)n — (p — llgp)n, v — w)oT;

for all (G,v,q, ) € G X Vi, X Qp, x My,

Proof. Note that for any (G, v,q,u) € G, X Vi, X Qp x M, the solution of the
equations () defining the HDG method satisfies
(L7 G)Th + Ah((u7 u|‘€h)7 G) - Ah((vu H)v VL) - Bh((”7 ,u),p) + Bh((uv ,u’|‘€h)7 Q)
+ Jn((u7 u‘:‘:h)a ('U, l'l’)) + Oh(“? (ua u|€h)a ('U, IJ)) = (f’ v)Th
By the definition of II®T, ([2I)), and the fact that Ilg and Iy are simple L2-
projections, we have that for any (G, v,q,u) € Gy X Vi X Qp X My,
(gL, G)7;, + A (¥, ar (ulg,, ), G) = An((v, ), vTIGL)
— (v(L —HgL)n,v— pw)or, — Br((v, n), gp) + ((p — Lgp)n, v — n)or,
+ Br (I, T (ulgy, ), 6) + Jn (T 0, T (ulg, ), (v, 1))
+ On(u; (u, ulg,), (v, 1)) = (f,0)7;,-

Subtracting () from this equation gives the result. O
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Step 2: Estimate of the error in the velocity gradient. In this step, we prove
the estimate of the error in the velocity gradient (24al). The estimate (2.4D) is an
immediate consequence of (2:4al) due to the second discrete Poincaré inequality of
Proposition [A2]

First of all, note that by the definition of TI’®" in (Z1]), (HgL, T w, My (ulg, ))

satisfies (CZa)), (L2d). So, (v, e*, e*) also satisfies (L2a), (L2d). Second, since u

is divergence free, V - (II"T %) = 0 and this implies that 1% u, e* € V},. Thus we
take G := vel, v:=e", ¢ := eP and p := e* in the error equations given in Lemma
[61] to obtain
(6.1)
vllet|[7, + Jn((e® =€), (e — %)) = On(P(un, Un); (un, un), (e*,e"))
— On(w; (u, g, ), (€%, €")) + (V(L = TlgL)n — (p — lgp)n, e* — €% o7,
=T +T2+ T3+ Ty +Ts,

where
Ty =0 (P(up, U ); (wn, Un), (€% %)) — Op(P(un, Up); (T¥ w, Ty (w
Ty := O (P(up, up); (I w, s (ule,), (€, ™))

— On(B(u, g, ); (1w, s (g, ), (¢*, %)),
T3 =0 (P(u, ule, ); (M u, s (ule,)), (", )) On (1™ u; (u, ule, ), (e*,€"),
Ty :=0n (1" (w, g, ), (", ")) — On(u; (u, e, ), (¢*,€"),
T :=(v(L-IlgL)n— (p — llgp)n,e* —e o -

Let us bound the terms T3, i = 1,...,5. We start with 77. By the definition of
the projection of the errors and Proposition B.6] we have that

5h))’ (eu’ ea))v

Ty = — On(P(up, Up); (", €), (e*, ™)) < 0.

Let us bound T5. Applying Proposition 34, Proposition 21l and linearity of the
projection P, respectively, we obtain

Ty < Co |[P(un, Un) — P(u, ule, ) |1l (T 0w, as (ule,))ll1n i (e*, €)1,
= Co |[P(wn, Up) — P 0, g (ule, )| a | (017w, Ty (u]e, )

= Co |[P(e*, ™)l all (1% w, Tar (ule, ) ll1n (€™, €®)l1,n

(€l

Then

T < Co Coab,t 11w, Iy (ule, )1, (e, €®)IF s by Proposition 1]

< CoCstab,1 Cuna||Vul 2yl (e, e™)[|3 by Lemma [A3]

1 - —~
< 5vCrpall(e® I 1.

if the smallness condition

1
2 CO Cstab,l C%DG ’

vVl 2 o) <

is satisfied.
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Next we bound the term T3. Since, by Proposition ZIv), P(u, ulg, ) = I,

we have

Ty = (’)h(HRTu; (HRTu —u, Iy (ule,) — ulg, ), (€% ea))

< OF1 M | o (o) | (¥ 1 — a, g (e, ) — le,)
HRT

(e",e")
< &1 Csian vl o (@l (T 2w — u, Ty (ule,, ) — ulsh)lllo nll(e®, el n;

where to obtain the last two inequalities we applied Proposition 3.5 and Lemma[A3]
respectively.
Now, let us bound T;. We have, by Proposition [3.5]

T1 < CF llull o= o I (AT w — u, 0) flo,ull (", €)1 1.1

Finally, let us bound 75. We have

1 <( Y halvt—nelin3e) (3 htler— )

KeT, KeTh
1/2 . 1/2
+ (X Gl —Tigplore) (32 Gl e =€) - i)
KeTh KeTh
) 1/2 _
<( X2 hxl(L = TeLyml3s ) e Pl
KeTy,

(2 cthlp ~ Toplie) (Fulte = e e — ) .

KeTn

We are now ready to conclude. Indeed, since, by Proposition 2.2]

vOipall(e®, el n < vlieh 7, + Jn((e" = €¥), (e* — &%),
the inequality (6.I)) implies that
_ o a 1/2
(Wl 117, + Tn((e“—e™), (e* =€) + vCiall (e eI 1)
< C[Co 1 Coan 1l Lo (o I (AT — 2w, s (ulg,, ) — e, )

+ 08 lull Lo o I (1T u — w, 0) o1

B 1/2
+ (3 hxclv(L = TaL)ml + G hucllp — Taplle ) ],
KeTh

and the result now follows by the approximation properties of the Raviart-Thomas
projection and those of the L?-projections Il and Ilg.

Step 3: Estimate of the error in the pressure. In this step, we prove the
estimate (Z4d) of the error in pressure.
Since e? € Qj, C LE(9), we can apply Proposition B3] to get that

C B P
Pl < S¥M sup Bi((v,p), ")

K (o,m)eV, x M2\{(0,0)} Il (o, )1,
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Using the error equation of Lemma [6.1] with G := 0, ¢ := 0, v:= Pw, p := Iy w,
we obtain
B ((PwIlyw),eP) = —Ap((Pw, Iy w), ve™) + J,((e% %), (Pw, I ;w))
— On(P(up, up); (up, up), (Pw, prw)) + Op(u; (u, ulg, ), (Pw, [Hw))
—(v(L—-TIIgL)n — (p — gp)n, Pw — Iy w7,
= T+ T+ T3+ Ty +T5,
where
Ty == — Ap((Pw, Iy w), veb),
Ty :=Jn((e% €%), (Pw, I w)),
T5 := — Op(P(up, up,); (up, uy), (Pw, I w))
+ O (P(up, Up); (TR, ), (Pw, T w)),
Ty := — On(P(wp, wn); ([T w, Ty w), (Pw, My w))
+ O, (w; TR, T ), (Pw, T w)),
Ts := — Op(w; (T w, Iy w), (Pw, My w)) + O (u; (u, ule, ), (Pw, I jw)),
Ts .= — (v(L—-IgL)n— (p — Hgp)n, Pw — Iy w)7, .

Let us estimate the terms T;, ¢ = 1,...,6. In what follows, we set (v, ) :=
(Pw, Iy w). We start by bounding T;. By Proposition Bl we have that

Ty < Cavlle®a (v, w)ll1,n-

We claim thatATg = 0. To see this, we only need to show that the expression
To(K) = ((e*—e¥) - n, (Pw—II)w) - nm)gk is zero for any element K € Tp,. Indeed,
note that, by [14, Lemma 4.1], for each element K € Tj,, there exists ¢ € Px(K)~*
such that glox = (Pw — IIj;w) - n. Then, by Lemma 6.1 with G := 0, v:= 0, and
p =0, we have that

TQ(K) = <(eu - eﬁ) ", q>(9K = (v ! euv Q)K =0,
since Ve® € Py_1(K) and q € Py(K)*. Hence, Ty = 0, as claimed.
Next, we bound T3. We have, by Proposition B3.4]
Ts = On(P(up, @,); (", ), (v, )
< CollP(un, un)lhnll(€, )l pll (v, )ll1,n
< Co([[P(un, un) — ullin + [Vl L2l (e, €)ll1nll (v, ) ll1,n-
To bound T}, we first use Proposition and then Lemma to get

[1n [1,n

Ty < CZl(®(un, ) — u, 0)llou | (AT w, as w) oo ull (0, ) 1.1
< CEall(P(un, un) — u, 0)|lo,nllull Lo @) I (v, ) |1,
Let us now bound T5. We have, by Proposition
T5 < OF [luf oo (I u — w, s u — w)loull (0, ) 1,0
Finally, we bound Tg as follows:
1/2
Ty < O (Y hllv(L—TaL)n— (o~ Top)nll ) (v, 1)l

KeTy,
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We are now ready to conclude. Indeed, gathering the above estimates, we get that

CC 1/2
== (Cavlletla + (Y (L~ TeL)n — (p — Hop)nll3y )
KeTn
+ Co(|[P(un, un) — ullrn + IVl 2@) (e, €)1
+ Coall(P(un, up) — u, 0)lo,nl|wf Lo (0)

+ CF 1 1wl oo (o | (T w — w, g — w)ffo,n)-

eflla <

Since, by property (v) of Proposition 211 P(IT®T = [IRT

for « = 0,1, that

u, [ u) u, we can write,

I (un, n) = w, 0l < IN(P(up, wn) — PAT™ w, Ly u), 0)
I — w, 0l
= [P, e®), 0l + (T 2w — 1w, 0) 3,1

< Citava (€, €l + (T u — u, 0)]

ih

li,h-

Thus we get that

C Cupc 1/2
lello <==22S (vlle¥la + (D hxllv(L— eL)n— (p— op)nil3 )
KeTh
+ ColCatavt (e, ™l + T w = w1 + [Vl ()" ™)l
+ OF(Cararo €™ o + I 2w — il ) 2] . e

+ O 1wl oo (@ (T w — w, T ppw — w)lo,n),
and the result follows by the approximation properties of Ilg, g, II5; and TR,
Step 4: A duality argument. To estimate the L2-error in the velocity, we use

a duality argument in which we are going to use the solution of the problem (22)).
We have the following result.

Lemma 6.2. Assume that the regularity estimate [23) holds so that ¢ lies in
H?(Q) whenever 8 € L*(Q). Then, we have that

(e, 0)r, =Ty + -+ Ts,
where
Ty == — {e" — et véom + dym)oT,
Ty :=(v(L — lIgL)n, 1" ¢ — [y )7,
Ty i= = (€% V- (6 & w)p; + Op(w; (¢, ¢"), (1", Ty $)))
Ty := — Op(u; (64, 63), 117 ¢, s )
T =(On(w; (un, ), (8, 6a)) — On(P(up, ); (wh, n), (55, 53)))
To :=(On(P(un, un); (un, ), (&, dle, ) — On(w; (un, Ur), (b, Ple, )
— (e (Vo) uw)T,),
and 8¢ := ® —g®,0p = ¢ — M, 6y 1= ¢ — Loy, and 63 := ¢ — .
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Proof. By the first three equations defining the dual problem, ([2.2al), (2.2b) and
[22d), we have

e vV -Mg®) 7, — (vek, Tg®) 7, — (e* vV - dg)T,
— (% VIIgy)7, — (%, Viy)7, +1,
where [ := (I/(ZL,VQ[))Th - (eu’v ! (¢ ® u))Th - (ep>v : d))Th - (eu7 (Vd))Tu)Th

If we now set (G,v,q,p) equal to (vIIg®,0,—-IIg,0) in the error equation of
Lemma [6.I] we see that we now have

(e, 0)7, = — (" VIIg®n)or, — (", vV - do) 7, — (", oum)or, — (e*, Véy)7, + 1
= — (" VIIa®n)or, — (e vian)or, — (€% Toun)aT, — (€% dpn)oT, + I
= — (e" — % vdgn+ dyn)or, + 1.
Let us now work on the term I. By the definition of the projection IIRT, we have
I =(ve", VII*' @) 7, — (e, V - I ¢) 7,
— (" V- (9@ u)7, — (e (Vo) "u)7, + (ve, Vig)T,

Now, since V - ¢ = 0, we have that V - I[I"T¢ = 0 and so [I"T¢ € V,. This
means that we can take (G, v,q, p) := (0,11 ¢,0,113,¢) in the error equation of
Lemma [6.1] to get

I =(vetn, T ¢ — ) o7, — (€7, (T P — T pred) - m)oT;,
— Srenh (e = e®) - n, (T¥p — Ty @) - ok
+ On(P(up, Up); (wn, ), (T b, Tas ) — On(u; (w, ule,,), (T ¢, Tar )
+ (v(L - OgL)yn— (p — Hgp)n, T¥ ¢ — o),
— (e V- (9@ u)7, — (e, (Vo) u)7, + (ve*, Vig)T,
=((L - gL)n, 1T ¢ — Ty )o,
+ On(P(un, Up); (wn, ), (T b, Tas ) — On(u; (w, ule,,), (T ¢, Tar )
— (V- (¢ @), — (", (V) u)7,.
So we have
(e, 0)7, =— (e* —e® vign+ Sy, + (V(L — HeL)n, T ¢ — M) o7,
+ On(P(un, Un); (un, ), (T @, Iy )
— On(w; (u, ulg,), (T ¢, Trr )
— (e V- (9@ )7, — (" (Vo) u)7;,
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and the identity follows after simple algebraic manipulations. This completes the
proof. O

Step 5: Superconvergence of the velocity. Now, we are ready to prove the
superconvergence estimate (ZH)). We need to bound each term T;,4 = 1,...,6 in
Lemma[6.2] It is easy to see that

Ty < Chll(e™, €M)l (12 o) + ¥l o)

< Chl|(e* e")|l1.116]le by the regularity inequality (23]),
Ty < Ch*P2||ul| s (o | Bl a2 () by property (iii) of Lemma [A.3]
< ChF 42|l e (o 0]l 2 by the regularity inequality (2.3)),

Ts = _((euv V(¢ ®u))7, + On(u; (e, ea)v (Mg, HM¢)))
= (" @ u, VII*¢ - ¢))7, — (" @ wn, 11" ¢ — Tnd)or,
— (max(u-n,0)(e* — %), % ¢ — My d)or,
< Chl|ul| oo (ol (e, €®)
< Chllul| g ol (e, €¥)

Q) by property (iii) of Lemma [A3]

by the regularity inequality (23]).
In order to bound T}, we define

(62) 'l_lfh|K = (u 1)K VK € ,Th

\Kl
Then, we have
Ty = —On(; (64, 05), (T @, HM¢))
= (0u® u, VI @)1 — (63 © w)n, 1T ¢ — Irr ) o7,
&), T ¢ — Ty @)ar,
=(0u® (u—ﬁh),VHRTdb)Th —{(6a @ wn, 11" ¢ — ),
— (max(u- n,0)(8, — 63), 1% ¢ — 1)o7,
since II*T ¢ € V), because V - ¢ = 0. So, we get
Ty < Ch* 2 |ullwr (o) l|@ll 2 () by Lemma A3,
< ChF 2|l w010,

— (max(u - n,0)(0,

by the regularity inequality (23]).
Let us now bound T5. We begin by rewriting this term as T5 = T51 + T2 + 153,
where

Ts1 := (On(w; (€%, €"), (6, 0a)) — On(P(un, n); (e*, €%, (39, 03))),
Tso = — (On(w; (Ous 03), (0, 03)) — On(P(un, Up); (6u, 63), (60, 63))),
Tss := (On(w; (u, ulg, ), (3, 0a)) — On(P(un, W); (u, ule, ), (3p,0a)))-
According to Proposition B4l we have
Ts1 < Cllu—P(un, w1 nll(e* € lnll(0g,0a) lln < ChPF26]l0,
Ts2 < Cllu—P(up, Up)|l1,0]1(u, 02) 14l 66, 0a) [ln < CR**+1|6]]0,
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and

Tsz = = (u® (u—Plun, Un)), Vig)7, + (u® (u—Plup, up)))n, 6u — da)or,
< C W2 oo () |10l
So, we have

T < C(P** 1+ W2 ul| e ()18l < CRMF2(1+ [|ul| o) [0]l0, k> 1.

Finally, let us estimate Tg. Since (e%, (Vo) u)7, = (u®e¥, V)7, , we can write
that Tg = Tg1 + T2 + T3, where
To1 - =(u® (up, — Pup, un), Vo) 7,
Ts2 =(u® (u—1I""u), Vo),
To3 :=((u— up) @ (P(up, up) — w), Vo) 7,,.
Simple algebraic manipulations give us that
To1 = (u® (up, — P(up, un), Vo) 7,
= ((u—,) ® (un — P(up, un)), VP) 7, + (Un @ (un — Plup, un)), V)T,
= ((u—a)® (up — Plup, W), V)7, +(w, © (un — Plun, ), V(¢ — I ¢)) 7,
+ (@ @ (wp, — P(un, ), VII @) 7,
= ((u—an) @ (un — Plup, W), V) 75, + (U © (wy, — Pun, ), V(¢ — I ¢)) 7.

Indeed, since V - u = 0, then VII®Tu € P;_(7},) and, according to the definition
of P(up, ) in ([L3J), we have that (u, ® (up, — P(up, up), VIR w)7, = 0. By
the definition of %, in (6.2)), approximation property of II®T, Proposition 211 and
Theorem Z4] we get

Ts1 < Ch*2)|0)lo  Vk > 1.
The following estimate follows easily:
Teo < Ch*12)6]lq Yk > 1.

The estimate of the term Tgs3 is more delicate. Indeed, by Proposition [A.2, Propo-
sition 2.J] and Theorem 2.4 we get

Tes = (" @ (P(un, Up) — u), V)7, + ((u— 1" u) @ (P(un, W) — u), V)7,
7.) Vel
VollT,

< C(lle"| pa oy lIP(un, ) — | za )+ w—TT" )| oo (o) [|P(wn, Up) — ul Th
< C(lle*ll1nllP(un, @n) — w1, + [Jw— T )| oo ) 1P (n, n) — ul|7;,)|

<O+ 15 2)|pll0 < CR*F2||6]lo VR > 1.

This implies that
Ts < ChF*2)10) .

With all the above estimates, and after taking @ = e*, we can conclude that the
superconvergence estimate (28] of Theorem 24 does hold. To complete the proof
of Theorem [24] it remains to prove the estimate for the post processed velocity.
For a proof using the post processing operator defined in [9, (2.9)] to obtain the
superconvergence result, see [0, Theorem 2.5].
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7. EXTENSION TO H(DIV)-CONFORMING HDG METHODS

We have seen that all our error estimates provide the same orders of convergence
as the stabilization parameter of the jumps of the normal component of the velocity
goes to infinity. This means that we can work with H(div)-conforming spaces for
the velocity exactly as it was done for the HDG methods for the Stokes equations
n [14].

APPENDIX A. STABILITY ESTIMATES

A.1. An estimate of the trace of the nonlinear term.

Lemma A.1. For any v, € L*(0T;) and B € L*(0Ty,), there exists a constant
C > 0 such that

((v@ B)n, o,

<o X nE 1) (X hlBlbon) (3 hatlulte)

KeTh KeTh KeTh
Proof. By the generalized Holder’s inequality,

((v@ﬁ)n, “>0Th = Z <(’U®,@)n, IJ’>8K

KeTy
< Z lvllox I8 L ox) |12l L2 (a5
KeTh
< 3 i olloxhi I8l aomyhid slzaor)
KeTh
1 i . i
< (30 md o) (30 rrclBlbacom) (D0 Bkl o))
KeTh KeTn KeTh
2 4 1/4 —1 2 %
<o 32 e ol3e) " (X hclBlibaory) (S0 )
KeTy KeTy, KeTy,

1-d
Note that in the last inequality, we used ||| psor) S hy' [[mllox for all K € Ty,
and that > a? < (3" a;)%. This completes the proof. O

A.2. A bound for the the discrete L%-norm.

Proposition A.2. Fork>0and1 <qg<oo ford=2,1<q<6 ford=3, there
exist positive constants C and Cy such that

V]l 2s(e) < Clloll1n, Vo e V(h),

10l Loy < Coll(v, )llin, V(v p) € V(R) x My,
where C, is independent of the mesh-size. Here V(h) := H(Q) + V.

Note that for ¢ = 2, the first inequality is a discrete version of the Poincaré
inequality; see [2L[5].
Proof. The first inequality has been obtained in [22] Proposition 4.5]; see also
[16, Theorem 5.3]. The second inequality follows from the first and from
vl < Cll(o, wllin (v, 1) € V(R) x M.

This completes the proof. (Il
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A.3. Proof of the stability properties of the convective form.

A.3.1. Proof of Proposition B4l Since B € V(h), after integrating by parts, we get
Oh(ﬁ1 (’U,, 71\1’)5 (’U, /1’)) :(v’uﬂ v® /8)7—}L - <((’U,— /’I)’) Y ﬁ)nv ’v>87—h
+ (Sp(u—uw),v—por,,
and so, we can write
On(B; (u, 1), (v, ) — On(v; (w, @), (v, p)) = O1 + Oz + O3,
where
0, := (V'U,, v (/8 - 7))7715
02 :=—(((u—u) @ (B—7))n,v)or,,
O3 = ((Sp — Sy)(u— @), v — o

Let us estimate the first term O;. Applying the Cauchy-Schwarz inequality, we
get

O1 < 1B = vllaamllullnllvllac,),
< OB = yllzaemyllwllanllvl1,n, by the first inequality of Proposition [A:2]
< OB = llv.nllCw, Wl nll (o, )l

by the second inequality of Proposition Next, let us estimate Oy. We have

02 <C (Y hillB— i) (X m -3 (3 haclolbeqon)

KeTy, KeTh KeTn
<CIIB = llv.nll(w Wl wll (v, )15,

by [22} (7.7)] and the second inequality of Proposition It remains to bound
Os. Since, by definition, Sg = max(8 - n,0) and the function ¢ — max(a,0) is
Lipschitz, we obtain by Lemma [A1] that

O3 < (D hllB=iagory) ( D bt lu=all3x)* (D hilv— nll3x)*®

KeTy, KeTy KeTy,
<C (Y hxlB=Tam) I(w @l (v, @)lln
K€7-h

< CNB =l ll(w, wlapll (o, ) ll1.n

by [22] (7.7)] and the second inequality of Proposition again. This completes
the proof of Proposition 3.4

A.3.2. Proof of the stability properties of Proposition B3l Let us prove the first
estimate. We have

0= Oh(ﬁ1 (ua 71\11), (’U, /1’))
=—(u®B,Vu)7, + (u® B+ Sg(u—1u),v— posT,

1/2 ~ ~ —1/2
<1Blle= (Y Nl IVolx + bl ([llox + lu—wlox) b ?llv — wllox).
KeT,

and the result follows.
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Let us now prove the second estimate. We have

O := Oh(ﬂ; (u, a)? (v, :u)) - Oh(’Y; (u, a)? (v, H))
=—(u®(B—=7),Vv)7, + (@@ (B—7)+ (S8 — Sy)(u—u),v— por,

—~ 1/2 —1/2
<l @loon (- 18 =i IVollx + b2 18 = vlox b v — pllox),
K€7-h

and the result follows. This completes the proof of Proposition

A.4. Properties of the convective velocity. Here, we prove Proposition 211
The fact that P(wup, uy) is well defined is a direct consequence of the fact that the
Raviart-Thomas projection is well defined; see [6]. Also since uy, is single-valued
along the interelement boundaries, the second equation defining P(wy, Uy ), (L30),
immediately implies property (i). Property (iii) follows directly form property (ii).
Let us prove property (ii). If (wup, up,) satisfies (I2d), then, for all ¢ € Py(K),

0= —(un, V@) i + (U - n, @)ox = —(P(un, un), Va) k + (P(un, up) - n, q)ox
= (V : P(’u’h7a’h)7Q)K

by the equations defining the convective velocity (L3]). This readily implies property
(ii).

To prove property (iv), we observe that the equations defining the convective
velocity, ([3]), imply that for any K € Ty, we have

(P(un, un) — up, v)k =0 Vv € Py_1(K),
((P(up, up) — up) - m A p = —{((up, — Up) - n, A\)p VAEP(F) for all faces F of K.

Since (P(up, up) — up)|x € RT(K), we have
IP(un, @) — unllxc < Chil*|lwn — tnllox,

and property (iv) immediately follows by using standard inverse inequalities.

Finally, property (v) immediately follows by comparing the equations defining
the operator P, (I3]), with those defining the Raviart-Thomas projection, (2.II).
This concludes the proof of Proposition 211

A.5. Properties of the auxiliary projection P. Let us recall the projection
P : HY(T;) — Vi, [I4 Section 6.1]. On each element K, Pw is defined as the
solution of
(Pw—w,v)g = 0 Yve Pp_1(K),
(Pw—w) -mv-nsx =0 Yve P (K)*.
Here Pi(K)* = {p € Pu(K) : (p,q)x = 0, VYq € P,_1(K)}. As shown in

[I4, Section 6.1], this is a well-defined projection which coincides with the Raviart-
Thomas projection ITRT, (1)), whenever w is divergence free. Moreover,

(A1) ||Pw— w|x + h}f |Pw — My w|or < CRHEFwlpi1 x Yw e HHK).
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A.6. Stability estimates of the Raviart-Thomas projection. In the following
result we gather some simple properties of the Raviart-Thomas projection.
Lemma A.3. We have

(i) |, Iy w)||1,n < Cupcl|Vull L2 for any uE H'(Q).

(ii) T )| oo () < Csopllull Lo () for any u € c'(Q).

3/2 . 2 >
() 10T Ty lorc < § O |91 9 S I and k=1
Ch"ll@lhr  if o€ H(K).

Proof. Let us prove property (i). It is easy to see that (Ilg(Vu), 18w, 1T, u)
satisfies the first and third equations defining the HDG methods, namely, ([2a))
and ([.2d), respectively. Then, by Proposition 2.2] we have

Lh < Cupe (e (Vw) |7, + Z hi 1w — Ty w) - 0|3 k)
KeTh

= Cupc|le(Vu)|l7, < Cupcl|Vul 7,
due to the fact that (II"wu — ITj;u) - njs7;, = 0 and to the fact that Ig is the
L?(2)-projection into Gy,. This proves property (i).

Property (ii) follows by a straightforward scaling argument. It remains to prove
property (iii). We have
T ¢ —Tlar¢llox < [T d — @llox + ¢ — Mardllox

< Chi IV ) — Pl + Chil”| V(T ¢ — P&)| 1 + [Tard — doxc

< ChYL? | Bl

1/2
[l (T e, T ) |

by the approximation properties of the Raviart-Thomas projection [6]. The other
inequality can be shown similarly. This completes the proof. (I

ACKNOWLEDGEMENTS

The authors thank Weiwei Sun, from the Department of Mathematics of City
University of Hong Kong, for valuable discussions on the dual problem.

REFERENCES

[1] R. A. Adams, Sobolev Spaces, Academic Press [A subsidiary of Harcourt Brace Jovanovich,
Publishers], New York-London, 1975. Pure and Applied Mathematics, Vol. 65. MR0450957

[2] D. N. Arnold, An interior penalty finite element method with discontinuous elements, SIAM
J. Numer. Anal. 19 (1982), no. 4, 742-760, DOI 10.1137/0719052. MR664882

[3] G. A. Baker, W. N. Jureidini, and O. A. Karakashian, Piecewise solenoidal vector fields and
the Stokes problem, STAM J. Numer. Anal. 27 (1990), no. 6, 1466-1485, DOI 10.1137/0727085.
MR1080332

[4] P. Bastian and B. Riviere, Superconvergence and H(div) projection for discontinuous
Galerkin methods, Internat. J. Numer. Methods Fluids 42 (2003), no. 10, 1043-1057, DOI
10.1002/f1d.562. MR1991232

[5] S. C. Brenner, Poincaré-Friedrichs inequalities for piecewise H' functions, SIAM J. Numer.
Anal. 41 (2003), no. 1, 306-324, DOI 10.1137/S0036142902401311. MR1974504

[6] F. Brezzi and M. Fortin, Mized and Hybrid Finite Element Methods, Springer Series in
Computational Mathematics, vol. 15, Springer-Verlag, New York, 1991. MR1115205

[7] J. Carrero, B. Cockburn, and D. Schétzau, Hybridized globally divergence-free LDG methods.
I. The Stokes problem, Math. Comp. 75 (2006), no. 254, 533-563, DOI 10.1090/S0025-5718-
05-01804-1. MR2196980


http://www.ams.org/mathscinet-getitem?mr=0450957
http://www.ams.org/mathscinet-getitem?mr=664882
http://www.ams.org/mathscinet-getitem?mr=1080332
http://www.ams.org/mathscinet-getitem?mr=1991232
http://www.ams.org/mathscinet-getitem?mr=1974504
http://www.ams.org/mathscinet-getitem?mr=1115205
http://www.ams.org/mathscinet-getitem?mr=2196980

(8]

(9]

(10]

11]

(12]

(13]

[14]

(15]

[16]

(17)
(18]

[19]

[20]

21]

22]

23]

24]

[25]

[26]

ANALYSIS OF AN HDG METHOD 1669

A. Cesmelioglu, B. Cockburn, N. C. Nguyen, and J. Peraire, Analysis of HDG methods for
Oseen equations, J. Sci. Comput. 55 (2013), no. 2, 392431, DOI 10.1007/s10915-012-9639-y.
MR3044180

B. Cockburn, J. Gopalakrishnan, N. C. Nguyen, J. Peraire, and F.-J. Sayas, Analysis of HDG
methods for Stokes flow, Math. Comp. 80 (2011), no. 274, 723-760, DOI 10.1090/S0025-5718-
2010-02410-X. MR2772094

B. Cockburn, G. Kanschat, and D. Schotzau, A locally conservative LDG method for the
incompressible Navier-Stokes equations, Math. Comp. 74 (2005), no. 251, 1067-1095, DOI
10.1090/S0025-5718-04-01718-1. MR2136994

B. Cockburn, G. Kanschat, and D. Schotzau, A note on discontinuous Galerkin divergence-
free solutions of the Navier-Stokes equations, J. Sci. Comput. 31 (2007), no. 1-2, 61-73, DOI
10.1007/s10915-006-9107-7. MR2304270

B. Cockburn, G. Kanschat, and D. Schétzau, An equal-order DG method for the in-
compressible Navier-Stokes equations, J. Sci. Comput. 40 (2009), no. 1-3, 188-210, DOI
10.1007/s10915-008-9261-1. MR2511732

B. Cockburn, G. Kanschat, D. Schétzau, and C. Schwab, Local discontinuous Galerkin meth-
ods for the Stokes system, SIAM J. Numer. Anal. 40 (2002), no. 1, 319-343 (electronic), DOI
10.1137/S0036142900380121. MR1921922

B. Cockburn and F.-J. Sayas, Divergence-conforming HDG methods for Stokes flows, Math.
Comp. 83 (2014), no. 288, 1571-1598, DOI 10.1090/S0025-5718-2014-02802-0. MR3194122

B. Cockburn and K. Shi, Conditions for superconvergence of HDG methods for Stokes
flow, Math. Comp. 82 (2013), no. 282, 651-671, DOI 10.1090/S0025-5718-2012-02644-5.
MR3008833

D. A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin Methods,
Mathématiques & Applications (Berlin) [Mathematics & Applications|, vol. 69, Springer,
Heidelberg, 2012. MR2882148

M. Fortin, Finite element solution of the Navier-Stokes equations, Acta Numer., Cambridge
Univ. Press, Cambridge, 1993, pp. 239-284, DOI 10.1017/S0962492900002373. MR 1224684

V. Girault and P.-A. Raviart, Finite element approzimation of the Navier-Stokes equations,
Lecture Notes in Mathematics, vol. 749, Springer-Verlag, Berlin-New York, 1979. MR548867
V. Girault, B. Riviére, and M. F. Wheeler, A discontinuous Galerkin method with nonover-
lapping domain decomposition for the Stokes and Navier-Stokes problems, Math. Comp. 74
(2005), no. 249, 53-84, DOI 10.1090/S0025-5718-04-01652-7. MR2085402

T. J. R. Hughes and L. P. Franca, A new finite element formulation for computational fluid
dynamics. VII. The Stokes problem with various well-posed boundary conditions: symmetric
formulations that converge for all velocity/pressure spaces, Comput. Methods Appl. Mech.
Engrg. 65 (1987), no. 1, 85-96, DOI 10.1016/0045-7825(87)90184-8. MR914609

T. J. R. Hughes, L. P. Franca, and M. Balestra, A new finite element formulation for com-
putational fluid dynamics. V. Circumventing the Babuska-Brezzi condition: a stable Petrov-
Galerkin formulation of the Stokes problem accommodating equal-order interpolations, Com-
put. Methods Appl. Mech. Engrg. 59 (1986), no. 1, 85-99, DOI 10.1016,/0045-7825(86)90025-
3. MR868143

O. A. Karakashian and W. N. Jureidini, A nonconforming finite element method for the
stationary Navier-Stokes equations, SIAM J. Numer. Anal. 35 (1998), no. 1, 93-120, DOI
10.1137/S0036142996297199. MR 1618436

N. Kechkar and D. Silvester, Analysis of locally stabilized mized finite element methods for the
Stokes problem, Math. Comp. 58 (1992), no. 197, 1-10, DOI 10.2307/2153016. MR 1106973

C. Lehrenfeld and J. Schoberl, High order exactly divergence-free hybrid discontinuous
Galerkin methods for unsteady incompressible flows, Comput. Methods Appl. Mech. Engrg.
307 (2016), 339-361, DOI 10.1016/j.cma.2016.04.025. MR3511719

A. Montlaur, S. Fernandez-Mendez, and A. Huerta, Discontinuous Galerkin methods for the
Stokes equations using divergence-free approzimations, Internat. J. Numer. Methods Fluids
57 (2008), no. 9, 1071-1092, DOI 10.1002/fld.1716. MR2435083

A. Montlaur, S. Fernandez-Mendez, J. Peraire, and A. Huerta, Discontinuous Galerkin meth-
ods for the Navier-Stokes equations using solenoidal approximations, Internat. J. Numer.
Methods Fluids 64 (2010), no. 5, 549-564, DOI 10.1002/f1d.2161. MR2683650


http://www.ams.org/mathscinet-getitem?mr=3044180
http://www.ams.org/mathscinet-getitem?mr=2772094
http://www.ams.org/mathscinet-getitem?mr=2136994
http://www.ams.org/mathscinet-getitem?mr=2304270
http://www.ams.org/mathscinet-getitem?mr=2511732
http://www.ams.org/mathscinet-getitem?mr=1921922
http://www.ams.org/mathscinet-getitem?mr=3194122
http://www.ams.org/mathscinet-getitem?mr=3008833
http://www.ams.org/mathscinet-getitem?mr=2882148
http://www.ams.org/mathscinet-getitem?mr=1224684
http://www.ams.org/mathscinet-getitem?mr=548867
http://www.ams.org/mathscinet-getitem?mr=2085402
http://www.ams.org/mathscinet-getitem?mr=914609
http://www.ams.org/mathscinet-getitem?mr=868143
http://www.ams.org/mathscinet-getitem?mr=1618436
http://www.ams.org/mathscinet-getitem?mr=1106973
http://www.ams.org/mathscinet-getitem?mr=3511719
http://www.ams.org/mathscinet-getitem?mr=2435083
http://www.ams.org/mathscinet-getitem?mr=2683650

1670 AYCIL CESMELIOGLU, BERNARDO COCKBURN, AND WEIFENG QIU

27]

(28]

29]

(30]

(31]

N. C. Nguyen, J. Peraire, and B. Cockburn, A hybridizable discontinuous Galerkin method
for Stokes flow, Comput. Methods Appl. Mech. Engrg. 199 (2010), no. 9-12, 582-597, DOI
10.1016/j.cma.2009.10.007. MR2796169

N. C. Nguyen, J. Peraire, and B. Cockburn, An implicit high-order hybridizable discontinu-
ous Galerkin method for the incompressible Navier-Stokes equations, J. Comput. Phys. 230
(2011), no. 4, 1147-1170, DOI 10.1016/j.jcp.2010.10.032. MR2753354

D. Schétzau, C. Schwab, and A. Toselli, Stabilized hp-DGFEM for incompressible flow, Math.
Models Methods Appl. Sci. 13 (2003), no. 10, 1413-1436, DOI 10.1142/S0218202503002970.
MR2013492

R. Stenberg, Some new families of finite elements for the Stokes equations, Numer. Math.
56 (1990), no. 8, 827-838, DOI 10.1007/BF01405291. MR1035181

A. Toselli, hp discontinuous Galerkin approzimations for the Stokes problem, Math. Mod-
els Methods Appl. Sci. 12 (2002), no. 11, 1565-1597, DOI 10.1142/S0218202502002240.
MR1938957

DEPARTMENT OF MATHEMATICS AND STATISTICS, OAKLAND UNIVERSITY, ROCHESTER, MICHI-

GAN 48309

E-mail address: cesmelio@oakland.edu

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455
E-mail address: cockburn@math.umn.edu

DEPARTMENT OF MATHEMATICS, CITY UNIVERSITY OF HONG KONG, 83 TAT CHEE AVENUE,

KowLooN, HoNG KONG, PEOPLE’S REPUBLIC OF CHINA

E-mail address: weifeqiu@cityu.edu.hk


http://www.ams.org/mathscinet-getitem?mr=2796169
http://www.ams.org/mathscinet-getitem?mr=2753354
http://www.ams.org/mathscinet-getitem?mr=2013492
http://www.ams.org/mathscinet-getitem?mr=1035181
http://www.ams.org/mathscinet-getitem?mr=1938957

	1. Introduction
	2. Main results
	2.1. Notation
	2.2. The convective velocity \Pbb(\bfu_{ℎ},\uhat_{ℎ})
	2.3. A new stability estimate
	2.4. Existence and uniqueness
	2.5. A priori error estimates

	3. The forms defining the method and their main properties
	3.1. Rewriting the HDG method in compact form
	3.2. Properties of the bilinear forms associated to the Stokes operator
	3.3. Properties of the trilinear form associated to the convection, \calO_{ℎ}

	4. Proof of the stability estimate of Proposition 2.2
	Step 1: A representation of the matrix ∇\bfv
	Step 2: Estimate of ∇⋅\bfv
	Step 3: Estimate of ∇\bfv
	Step 4: Estimate of the tangential trace
	Step 5: Conclusion

	5. Proof of the existence, uniqueness and boundedness  of the approximate solution
	Step 1: Definition of the operator \calF
	Step 2: Proof of the upper bound of the approximate solution
	Step 3: The operator \calF is a contraction on 𝐾_{ℎ}
	Step 4: Conclusion

	6. Proof of the error estimates
	Step 1: The error equations
	Step 2: Estimate of the error in the velocity gradient
	Step 3: Estimate of the error in the pressure
	Step 4: A duality argument
	Step 5: Superconvergence of the velocity

	7. Extension to 𝐻(\dive)-conforming HDG methods
	Appendix A. Stability estimates
	A.1. An estimate of the trace of the nonlinear term
	A.2. A bound for the the discrete 𝐿^{𝑞}-norm
	A.3. Proof of the stability properties of the convective form
	A.4. Properties of the convective velocity
	A.5. Properties of the auxiliary projection 𝑃
	A.6. Stability estimates of the Raviart-Thomas projection

	Acknowledgements
	References

