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Abstract

In this paper we show that the Diophantine problem for quadratic
equations in Baumslag-Solitar groups BS(1,k) and in wreath products
AZ, where A is a finitely generated abelian group and Z is an infinite
cyclic group, is decidable. We show also that one can decide if there
are non-trivial solutions of systems of equations without coefficients in
these groups and give some sort of description of solutions. Previously we
stated that there is an algorithm that given a finite system of equations
with constants in such a group decides whether or not the system has a
solution in the group, this proof, unfortunately, has a gap.

1 Introduction

The problem of solving equations in various classes of groups and monoids has
been an active research field for many years now. The first general results
on equations in groups appeared in the 1960’s in the works of Lyndon [I1] and
Malcev [12]. In the 1970’s Makanin [I3} [14] proved the solvability of (systems of)
equations for free monoids and free groups. Makanin’s decidability results have
been extended to hyperbolic groups and right-angled Artin groups [3], and it was
shown that certain group operations (graph products [2], HNN-extensions and
amalgamated products over finite groups) preserve decidability [10]. Moreover, a
significant progress concerning the computational complexity and the structure
of solution sets have been obtained in recent years. On the negative side, by the
Ershov-Romanovskii-Noskov result the first-order theory of a finitely generated
solvable group is decidable if and only if the group is virtually abelian. The
corresponding problem has been posed in [9]. Ershov proved this statement [5]
in the nilpotent case, Romanovskii [I9] generalized it to the polycyclic case,
and finally, Noskov [15] established the most general statement for the case of a
finitely generated solvable group. Denote by £P; the problem of solvability of
one equation. Roman’kov showed that £P; is undecidable even for the subclass
of all split equations of the form w(zx1,...,x,) = g, where w(x1,...,x,) is a
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coeflicient-free word and g is an element of the underlying group G that is a free
nilpotent of class > 9 [I7] (this bound was later reduced to > 4 in [I8]) or G
is a free metabelian non-abelian group [18]. In [4] the authors proved that EP;
is decidable in the Heisenberg group that is free nilpotent of rank 2 and class
2. But the Diophantine problem (denoted by P in [4]) is undecidable in any
non-abelian free nilpotent group.

In this paper we show that the Diophantine problem for quadratic equations
in solvable Baumslag-Solitar groups BS(1, k) and in wreath products A Z,
where A is a finitely generated abelian group and Z is an infinite cyclic group,
is decidable, i.e. there is an algorithm that given a finite quadratic system of
equations with constants in such a group decides whether or not the system has
a solution in the group. We show also that one can decide if there are non-trivial
solutions of systems of equations without coefficients in these groups. In the
published version of this paper we stated that there is an algorithm that given
a finite system of equations with constants in such a group decides whether or
not the system has a solution in the group, this proof, unfortunately, has a gap.

The metabelian Baumslag-Solitar groups are defined by one-relator presen-
tations BS(1,k) = (a,b | b~'ab = a*), where k € N. If k = 1 then BS(1,1)
is free abelian of rank 2, so the Diophantine problem in this group is decidable
(it reduces to solving finite systems of linear equations over the ring of inte-
gers Z). Furthermore, the first-order theory of BS(1,1) is also decidable [21].
However, if k& > 2 then BS(1,k) is metabelain which is not virtually abelian,
so the first-order theory of BS(1,k) is undecidable by [I5]. As we mentioned
above, in free metabelian non-abelian groups equations are undecidable [18]. In
fact, in a finitely generated metabelian group G given by a finite presentation in
the variety My of metabelian groups, the Diophantine problem is undecidable
asymptotically almost surely if the deficiency of the presentation is at least 2

[6].

In general, if the quotient G /v3(G) of a finitely generated metabelian group
G by its third term of the lower central series is a non-virtually abelian nilpo-
tent group, then the decidability of the Diophantine problem in G would imply
decidability of the Diophantine problem for some finitely generated ring of al-
gebraic integers O associated with G/v3(G). The latter seems unlikely, since
there is a well-known conjecture in number theory (see, for example, [Tl [16])
that states that the Diophantine problem in rings of algebraic integers is unde-
cidable. The discussion above shows that finitely generated metabelian groups
G with virtually abelian quotients G/v3(G) present an especially interesting
case in the study of equations in metabelian groups. The groups BS(1, k) and
wreath products A Z, where A is a finitely generated abelian group and Z is
an infinite cyclic group, are the typical examples of such groups. This gives
also a new look at one-relator groups. The groups BS(1,k), k > 2, were un-
til recently the only known examples of one-relator groups with undecidable
first-order theory. Recently, we were able to show (still unpublished) that any
one-relator group containing non-abelian group BS(1, k) has undecidable first-
order theory. However, it is quite possible that equations in such groups are
still decidable.



2 Equations in BS(1,k)
Our first main result is

Theorem 1. Quadratic equations in BS(1,k) are decidable. There is also an
algorithm to decide if there is a non-trivial solution of a system of equations
without coefficients.

To prove the theorem we have to construct an algorithm that decides whether
the set of formulas of the form 3% AS_,t,(Z, a,b) = 1is decidable, where ¢;(Z, a, b)
is a group word in the alphabet &, a,b. Recall that the group BS(1,k) is iso-
morphic to the group Z[1/k] x Z, where Z[1/k] = ncl(a) and Z =2 (b), where

Z[1/k] = {zk™" 2 € Z,i € N}

and the action of (b) is given by b=!ub = u*. Thus, we can think of elements in
BS(1,k) as pairs (zk~%,7) where z,7,i € Z. The product is defined as

(21k ™) (22k ™ 1a) = (20k ™" 4 20k~ 02 F7) py 4 py).

The inverse of an element (zk~Y,7) is (—zk~ (=), —r)
The following lemma reduces systems of equations in BS(1, k) to systems of
equations in Z.

Lemma 1. Any finite system of equations in BS(1,k) is equivalent to a finite
system of equations of the form

Z 2k Y (Z +79 () - Z%kﬂ(f) =0 (1)
i J t
and

> Bjrj =8 (2)

where ,(T), 75 (F) = Zq g + ¢q and where oy, cq, 6,7, B35 € Z, and y;, 2, 74,
are variables.
The product z;k~Yi can be also considered as one variable in Z[1/k].

Proof. Note that

(21k™ Y0, r1) - (22k™ Y2 m2) - (20 k™Y 1) =
(z1k ™Y 4 2ok~ W2t o ket A ) )
The system of equations in the first and second component corresponds to

a system of equations of the form (Il) and (2]), respectively.
O

To solve a system of equations in BS(1,k), we begin by solving system
@). This system is just a linear system of equations AX = B with integer
coefficients, where X = (rq,...,7,)T and A is the matrix of the system. Using



integral elementary column operations on A and row operations on (A|B) we
can obtain an equivalent system AX = B such that A has a diagonal form.
This is Smith normal form. Column operations on A correspond to change
of variables. Row operations on (A|B) correspond to transformations of the
system of equations into an equivalent system. If the system AX = B does not
have a solution, then the corresponding system of equations in the group does
not have a solution. If the system AX = B is solvable, then we change variables
X to X. Some of the new variables X will have fixed integer values and some
will be arbitrary integers. Substitute those X’s into system (d). We only have
to check that there exist integer solutions Z = {z1,...,2,}, Y = {y1,...,yn}
and remaining X that we denote X = {r;, ...7: }.

We say that a system of equations S(X) = 0 with variables X is equivalent
to a disjunction of systems S1(X) = 0,...,5,(X) = 0 if every solution of
S(X) =1 is a solution of one of S;(X) =0,i = 1,...,m and every solution of
Si(X) = 0 is a solution of S(X) = 0. One can consider system (Il) as a linear
system with variables z;k ¥, and linear combinations of exponential functions
as coefficients (which contain variables X ). It can be transformed using row
operations to an equivalent disjunction of triangular like systems (with respect

to variables zsk™Ys, s = 1,...,q) of the following form:
2ok Ve ( Z(s k) = kv Z(s k() +Z%k”(” s=1,.
. ®)
Z a;k%1™ =0 (system of such equations). (4)

where 0, 03,7, aj € Z and 7y, 045, T, ¢ are linear combinations of elements in
X and constants. We will get a disjunction of systems because when multiplying
equations by some coefficient we have to consider separately the case when this
coefficient is zero.

Now we have to solve systems @) and ). We will first find all solutions
of system (). Semenov’s ideas in [20] (where he proved that the theory of
(Z,+, k") is decidable) can be used to prove the following lemma.

Lemma 2. Any system of equations over Z of the form

F(g) =Y k" +C =0, (5)
J
where B; € Z, k € N,k > 1, with variables § = (y1,...,Yn), s equivalent to a
disjunction of linear systems of equations over Z.

Proof. Let § = (y1,...,yn) and let A : {y1,...,yn} — {+,—} be a map that
assigns to each variable a positive or negative sign (the agreement will be that
zero has a positive sign). System (B) over Z is equivalent to a disjunction of 2™
systems each with an assignment A. Now we fix one of these systems and we
show how to describe all solutions.



We begin by rewriting each equation so that all variables are positive. We
may do this by substituting in each equation —y; for y; for each y; that has
a negative assignment. Then we multiply each equation by kYiTT¥%s  where
Yiy, - - -, Yi, are all the variables whose signs were changed. For instance, suppose
we have an equation kY' — kY2 + kY3 + ¢ = 0 with assignment y; < 0,y2 >
0,y3 > 0. Then we rewrite it as k=Y — kY2 + k¥ 4+ ¢ = 0 with assignment
y1 > 0,92 > 0,y3 > 0 and multiply the equation by k¥%'. We then obtain the
equation

1 — kyrtv2 o pvitus 4 ot — )

with assignment y; > 0,72 > 0,y3 > 0. We now obtain a system over N of the
form

> Bk i 4C =0

Next, we substitute all sums in exponents of k by new variables to obtain a
system of equations over N of the form

F'() =) Bik" +C =0 (6)
i
Claim: A finite system of equations in the form (@) is equivalent to a disjunction
of systems of linear equations of the form {§1 = g2+ c1,82 = ¥s+ca,. .., Js—1 =
gs + Cs}'

Proof. Denote the new variables as §' = (91, ...%m). We begin by showing that
for each 4, there is a A; € N such that system (@) does not have a solution if
g1>g3+Az for allj;éz

Fix i. We can rewrite each equation in the system in the form k@—l—zi vik®i =
Zj §;k% + C, where all v;,d; are positive integers, § = §; and &, 2; are all
variables in §' — g;. For each equation, let A > log,(3_,d; + C) if C > 0 and
A > log(3>2;0;) if C <0, and § > & + A and § > £; + A for all 4,j. Then
kY > kAk% > (220 + C)k% for all j. Thus, the right side of the equation will
always be smaller than the left side, and the equation has no solution. Thus,
we can take A; to be the smallest such A.

So we have shown that for all variables g;, if F’ (or a finite system of equa-
tions where each equation has form F’) has a solution then there is a j # ¢
such that g; < g; + A;. Now consider a finite graph G with n vertices la-
beled 91, ..., 3m and directed edges from g; to 9; whenever y; < g; + A;. Note
that each vertex must be the initial vertex of some edge and thus the graph
must contain a cycle in every connected component. Suppose there is a cycle
iy -+ Yis = Uiy 8 <m~+ 1. Then

Uiy < Gin + Diy < Gig +Diy A4, <00 <0, + D, o T A

=G +Ai_yy +-. A



Therefore for any 2 < j < s — 1, we have that

j—1 s—1
Uiy — ZAit < i; <Ui, + ZA“
=1 t=j

Therefore, the value of any ¢;; with 2 < j < s —1 is bounded by the value of
iy |

Fix a y;, and let A = SYTIA,, and A, = Z;Z;l A;,. Then we may
replace the equation F’(y) by a disjunction of equations G(y\#;,) where G is
the same as the formula F”, but g;, is replaced by 7;, — Aj, in one equation,
¥i;, —4Aj, + 1 in the next, and so on until y;; + Aj,.

Now we may eliminate variables from each equation in m variables induc-
tively, obtaining at each step a new disjunction consisting of a system of equa-
tions in less variables and a set of linear equations of the form ¢; = §; + ¢
which we use to eliminate one variable. At the last level of each branch of this
procedure, we will have one of three possible outcomes:

1. All exponential terms have canceled out and we have a false equation with
constant terms. In this case there is no solution to (@) or (&) in this branch.

2. There is an equation 0 = 0 (i.e. all terms cancel out after a substitution).

In this case all variables (after renumbering) ¢; 11, . . ., Jm that remained in
the previous step of the branch are taken as free variables, and we obtain
a general solution §1 = 92 + ¢1, 92 = Y3 + C2,..., Ui = Yit1 + ¢; to system

([6) along this branch.

3. There is one equation left of the form [skYs + C' = 0. In this case, this
equation has a unique solution ys = b or no solution.

In the second case, any solution in Z of the linear system ¢; = 92 + ¢1,92 =
U3+ca2, ..., Ui = Jir1+c; will be a solution to system (B]) since when we substitute
the variables into this equation, the same cancellations will occur and we will
remain with the equation 0 = 0. This proves the claim. |

System () can also be reduced to a disjunction of linear systems by substi-
tuting each g; back to the corresponding linear combination of y1, ..., y,. This
completes the proof of the lemma. O

System (@) is also equivalent to a disjunction of linear systems —we first
replace sums appearing in the exponent of £ by new variables and then apply
Lemma[2l We now solve this disjunction of linear systems —if it is solvable, the
general solution will correspond to the disjunction of systems of linear equations
on X. We fix one of these systems and substitute those r;’s that are fixed
numbers into system (B]) that has triangular form. Denote the new tuple of r;’s
by X.

Proof of Theorem 1.



We will first prove the second statement. Suppose a system of equations in
BS(1,k) does not have coefficients. Then systems () and ([B]) do not have the
last term.

The system has a non-trivial solution if and only if system (4) has a non-
trivial solution. We can describe all solutions of (4) because they come from
systems of linear equations. Then we substitute any solution of (4) in (3) and
find all solutions of (3) in Z(1/k) as a homogenous system of linear equations
over Z(1/k).

It cannot happen that (4) has only finitely many solutions and the number
of equations is more than the number of variables (so each z; = 0). Indeed then
there are no a’s in the solution and we have a homogeneous linear system in
abelian group that either has only zero solution or infinitely many.

Now we will show that there is an algorithm to decide if a quadratic equation
has a solution. Every quadratic equation is equivalent to an equation in the
standard form

I09_ [,y I} 27 ey = 1

4
or

09, [,y I} 27 ey = 1

K3

The commutator width of BS(1,n) is one. Indeed, since the relator has

b-exponent 0 and a-exponent 1 — k, any word on a, b tat represents an element

of the derived subgroup must have b-exponent 0 and a-exponent a multiple

of k — 1. Therefore, each element of the derived subgroup may be written as
bsa™k=1p=s which is equal to

bsamkbfsbsafmbfs _ bsflamblfsbsafmbfs _ bsflambafmbfs _ [b,aimbis].

The verbal width of the subgroup generated by the squares in BS(1,n) is
two. Hence an orientable equation of genus g > 1 has a solution if and only if
I ,¢; € BS(1,n)'. A non-orientable equation of genus g > 2 has a solution
if and only if IT? ,¢; belongs to this verbal subgroup. Therefore (except non-
orientable of genus 1) we only have to deal with equations of genus zero.

H’-’le-*lcizi =1.

K2 3

Lemma 3. The question about the existence of solutions to quadratic equation
of genus zero reduces to the question about existence of solutions to certain

system ([{]) or, equivalently, (@).

Proof. Consider
n -1 _
Iz, cx; =1

and let x; = (z;k7Y,7;) and & = (c;k~%,s;). Then

H?:l (Zikiyi, Ti)(Cikidi, Sl)(zlkiyl 5 7’1')71 = H?Zl(zikiyi, Ti)(Cikidi, Si)(—ZikiyiJrTi,

Zk =S (kM 4 kY (1 — k) zn:s
i=1 i=1

—r)



Therefore, >, ;.

There are two possible cases. In the first case s; = 0 for alli =1,...,n, then
the system is equivalent to a system .., ¢;k¥ = 0 for new integer variables
Uiyt =1,...,n. This is exactly system ().

In the second case, some s; is non-zero. Take s = ged(|si],...,|si]), then
(k* —1) = ged((k!*! =1),i =1,...,n) and the quadratic equation has a solution
if and only if the congruence

Z cik¥ = 0(mod(k* — 1))
i=1

has a solution in Z(1/k). Therefore we only have to consider g;’s such that
—s < y; < s. This finishes the proof in the second case. O

3 Restricted wreath products with Z

The restricted wreath product G Z is isomorphic to the semidirect product
BiczG X Z, where the action of Z on @,czG is by translation of indices, that is,

k-{gn}tnez = {gn+k }nez. The product of two elements ({gn }nez, k) ({hn}nez, )
is ({gn + hntk}nez, k +1). When G = Zs the group is called the lamplighter
group.

If A is finitely generated abelian, then A = Z™ © Z,,, ® ... ® Zy, as an
additive group. Denote by R the ring Z™ @& Zy, ® ... ® Zy, . In this case A1 Z
is isomorphic to the group of matrices of the form

t* P
v 7)
where P is a Laurent polynomial in R[t,t~']. Note that P = f(¢)t~* where
f(t) € R[t] and k € N.

We will first show that equations in A Z are decidable for A = Z,, and
A =7Z. We will denote Z, ! Z by L, and Z1Z by L.

Theorem 2. Quadratic equations in L,, are decidable. There is also an algo-
rithm to decide if an arbitrary coefficient free system has a non-trivial solution.

Proof. The product of n elements in L, is

tzl Pl tmn Pn B tm1+...+mn Q
0 1/)°7°\0 1) 0 1
where P; = f;(t)t~% and
Q = fn(t)t*yntm1+...+zn71 + fn71(t)t*yn—ltz1+...+zn72 4+ .+ fl(t)t7y1

In a system of equations in L, some of the x;, f;(¢) and y; may be constants
and some may be variables.



Thus, any system of equations in L, is equivalent to a system of equations
of the form:

F(Z, 6, t YA + .+ Ep(@, t, ) fr ()Y = P(z,t,t7Y)  (7)

and

where Fj(z,t,t71) = 3, a;t7(®) where a; = £1, and 0;(Z) is a linear combi-
nation of elements in x and a constant, and f;(¢) is a variable that runs over
Zy|t], yj is a variable that runs over N, P(z,t,¢7') is a polynomial in Z,[t,t™!]
with linear combinations of Z in the exponents of t and ¢;,C € Z.

We begin by solving the linear system () as in Section 2. If the system
does not have a solution, then system ([]) will not have a solution either. If the
system has a solution, then we substitute those values of x; into system ().
Some z; will be replaced by integers, others by linear combinations of elements
in & and constants.

Now we solve system (). This system can be put in Smith normal form by
regarding the terms f;(¢)t~% as variables, the terms F}(Z,t,¢t~1) as coefficients,
and P(Z,t,t!) as a constant coefficient.

Thus, the system is equivalent to a disjunction of systems of the form:

Fl(z, 6,7 ) f()tY = > FL(z,t, ) fi(t)t Y + Pz, t,t7")  (9)

i>q

D a7 ) =0 (10)

where a;, € Z,, and 0;(Z,d;) is a linear combination of elements in z with con-
stants.

To solve system (I0), we begin by grouping terms in each equation such that
the sum of the coefficients of each group is zero modulo n. If there is no way to
group each equation in the system in this way, then this system does not have a
solution. For, suppose there is a solution to system (I0]), then after substituting
the solution in each equation and simplifying, the coefficients of each ¢' should
be zero in each equation, thus the sum of the coefficients of ¢* before simplifying
must be zero modulo n.

There may be many ways to group the terms of each equation. We fix one
system after grouping and for each equation, we set the powers of ¢ in the terms
that were grouped together equal to each other, consequently obtaining a system
of linear equations.

For example in L5, the equation

fors=1,...,q, and

BedTmtee LR T2 4 1 =0
can be grouped as follows:

(3t37mtee 4o9pTs =) (417 4 1) =0
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We then obtain the linear system
3—x1+20 =23 — 2
—2 —|— xr1 = O

We now solve this system of linear equations. If there is no solution, system
@) has no solution in this branch. If there is a solution, then we substitute the
general solution back into (@I).

Proof of Theorem 2 Every non-abelian abelian-by-cyclic group A x4 Z
has commutator width 1. Indeed, the derived subgroup equals the image of
¢ — 1 € End(A) that consists of commutators. The action of ¢ on A/(¢ —1)A
is trivial, therefore (A x4 Z)" € (¢ — 1)A. Therefore, everything again reduces
to genus zero equations.

Consider

07, 76, =1
and let T; = (to fl(t)lt ! ) Then H;‘:@iéﬁ;l = (tZlol ’ T), where
n 1
P =3ty (1= 1) 4 it~ it
i=1

Therefore, Y 1", ;.

There are two possible cases. In the first case s; = 0 for alli = 1,...,n, then
the system is equivalent to a system » . ¢;t¥ = 0 for new integer variables
Uiyt =1,...,n. This is exactly system (I0I).

In the second case, some s; is non-zero. Take s = ged(|s1],...,|si]), then
(t5 — 1) = ged((t!*| —1),i = 1,...,n). For non-prime n, the ring Z,[t,t '] is
not a domain. But one can still use an analogue of the Euclidean algorithm
and induction on n, to show that t* — 1 can be represented as a linear combina-
tion of tI%il — 1,4 =1,...,n with coefficients in Z,[t,t+~']. Quadratic equation
I z;c;x; ! = 1 in this case has a solution if and only if the congruence

Z cit’ = 0(mod(t* — 1))
i=1

has a solution in Z[t,t!]. To check this congruence we only have to consider
y;’s such that —s < y; < s. This finishes the proof in the second case. O

The second statement of the theorem is proved similarly to the proof for
BS(1,k).

Theorem 3. Quadratic equations in L are decidable. There is also an algorithm
to decide if an arbitrary coefficient free system has a non-trivial solution.

A system of equations in L reduces to equations of the form (7)) and (&), but
the f;(t) are variables in Z[t] and P(z,t,¢t~!) is a polynomial with coefficients
in Z. To solve system (I0]) we group terms whose coefficients add up to 0. Then
we reduce this system to system (?7).

Theorem [3] implies the following corollary.
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Corollary 1. The Diophantine problem is decidable for coefficient free and for
quadratic equations in 2™ 7.

Proof. Equations in Z™{ Z have the same form as equations () and (§)) in the
proof of Theorem [3] with the exception that the terms f;(¢) are in the ring Z™[t].
Each equation of the form () is equivalent to n equations, each corresponding
to a component of Z™. Thus, any system of equations in Z™ ! Z is equivalent to
a system in ZQZ, so the decidability follows from the decidability of Z:Z. O

Combining Theorems 2] and [8] we obtain the second main result.

Theorem 4. The Diophantine problem is decidable for coefficient free and for
quadratic equations in Al Z, where A is a finitely generated abelian group.

Proof. Let A = Z™ ® Zp, © ... ® Zyp,. Equations in A Z have the same
form as equations () and () in the proof of Theorems [2 B with the exception
that the terms f;(¢t) are in the ring R[t] (recall that R is the same as A but
viewed as a ring). Each system of the form () is equivalent to several systems,
some of them over Z and some over Z,,, each corresponding to a component of
2™ DLy, ® ...D Ly, . Solving these systems simultaneously we will solve the
original system. O

We conclude with some open problems.

Problem 1. Is the Diophantine problem decidable in BS(1,k) and in wreath
products AU Z, where A is a finitely generated abelian group?

Problem 2. Is the existential theory of BS(1,k) and wreath products A Z,
where A is a finitely generated abelian group, decidable?

Problem 3. Describe finitely generated metabelian groups with decidable Dio-
phantine problem.
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