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Abstract: We present and discuss an algorithm and its implementation that is capable of directly
determining Fourier expansions of any vector-valued modular form of weight at least 2 associated
with representations whose kernel is a congruence subgroup. It complements two available algo-
rithms that are limited to inductions of Dirichlet characters and to Weil representations, thus cover-
ing further applications like Moonshine or Jacobi forms for congruence subgroups. We examine the
calculation of invariants in specific representations via techniques from permutation groups, which
greatly aids runtime performance. We explain how a generalization of cusp expansions of classical
modular forms enters our implementation. After a heuristic consideration of time complexity, we
relate the formulation of our algorithm to the two available ones, to highlight the compromises be-
tween level of generality and performance that each them makes.
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HE vector-valued case appears late in the chronicles of computing modular forms. The main chal-

lenge for several decades was to elucidate the modularity conjecture and special values of L-func-
tions. While they persist, in the past two decades the demand for Fourier expansions of vector-valued
modular forms has spiked. Their computational theory, however, has only recently started to unfold.

Via an induction construction (see [48]), vector-valued modular forms capture cusp expansions of
scalar-valued ones, which lends them significance to classical questions. For instance, the compu-
tation of modular forms for congruence subgroups I'ys (V) of non-split Cartan type was until recently
centered around the cusp expansion of modular forms for I'; (N?) [2, 34]. Given the role of such groups
in Mazur’s Program [33], it was and is an important challenge to determine all cusp expansions of
such modular forms, or alternatively to determine the corresponding vector-valued modular forms.
Vector-valued modular forms that arise in this setting are associated with, for instance, the induction
of Dirichlet characters from T'o(IV) to SLy(Z).

Work of Borcherds on theta lifts [5] further accentuates the need for vector-valued modular forms. In
light of applications that rely on the concrete knowledge of Fourier expansions [17, 40], more efficient
or more general algorithms promise progress in domains like vertex operator algebras or algebraic
geometry. Vector-valued modular forms that arise in this setting are associated with Weil representa-
tions.
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There are presently two algorithms available to compute vector-valued modular forms, one that
covers inductions of Dirichlet characters and one that covers Weil representations. But some applica-
tions do not fall under the scope of either of them. These applications require vector-valued modular
forms associated with more general kinds of representations. Most prominently, Moonshine features
modular or Jacobi forms for signed permutation representations [12, 22]. Also cusp expansions of Ja-
cobi forms yield modular forms for representations that are more generic. We subsume them all under
the notion of twisted permutation representations in the sense of our Definition 3.4.

The need for a more general algorithm to determine vector-valued modular forms has become im-
minent. Our main theorem asserts the existence of an algorithm that solves this problem if the kernel
of the representation is a congruence subgroup. A more precise formulation is available in Theo-
rem2.2.

Theorem A. Fix an integral weight k = 2 and a finite-dimensional, complex representation p of a sub-
group T of SLy(Z) whose kernel is a congruence subgroup. Then Algorithm 1 on page 10 computes the
Fourier expansion of a basis of My (p) with algebraic coefficients up to any given precision.

The theoretical foundation of Algorithm 1 and Theorem A is a result on products of Eisenstein series
that span spaces of modular forms by Xia and one of the authors [39]. The pathway to Algorithm 1 is
prepared in Section 2 and in particular in Theorem 2.1.

In order to gauge the relevance of Theorem A, we briefly highlight some of the milestones in the
computation of vector-valued modular forms. Given the wide availability of Fourier expansions for
scalar-valued modular forms, numerical integration around cusps on the real line was a common
strategy for an extended period of time. It appears, for example, in an implementation of the O(log(p))-
algorithm to compute the p-th Fourier coefficient of the Ramanujan A-function [19]. Like all numeri-
cal techniques, it comes with its own challenges connected to the fluctuation of modular forms on low
enough horizontal lines. As for algebraic expressions, only cusp expansions of Eisenstein series were
generally available [16, 35]. Incidentally, Eisenstein series were also the first case for which an alge-
braic and vector-valued formulation was provided by Bruinier and Kuss [9] around 2001. The theory
of Jacobi forms and theta blocks [25] entered the picture around 2010, mostly in work by Poor, Yuen
et al. [24, 37], and gave access to vector-valued modular forms associated with some Weil represen-
tations. The use of products of vector-valued Eisenstein series to our knowledge was first suggested
in [48] in 2014, a variation of which was promptly adapted by Cohen [13] to an implementation of
classical modular forms [3]. In 2018 Williams provided, as part of his PhD thesis, the foundation to an
algorithm targeting Weil representations [50] and showcased several applications [49, 51]. For histori-
cal accuracy, we remark that these vector-valued approaches are predated by the study of products of
two scalar-valued Eisenstein series that goes back at least as far as to work of Rankin [38], and appears
in several subsequent articles [30, 31]. We also record that when relaxing the restriction to products
with at most two factors and focusing instead on Eisenstein series of small weight, early results are
contained in the work of Borisov—Gunells [6-8] and the strongest results known to the authors are due
to Khuri-Makdisi [29].

We have provided an implementation of Algorithm 1 in the programming language Julia based on
the computer algebra packages Nemo/Hecke [21]. We plan to make it also available via the Julia soft-
ware repository. In the process of creating this implementation, we needed to develop several math-
ematical tools specific to vector-valued modular forms, which we share in Sections 3 and 4. Our al-
gorithm requires the computation of homomorphisms between representations. In Section 4.1, we
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discuss how this computation can be facilitated by purely group theoretic calculations in the case of
twisted permutation representations. In the case of SL,(Z)-representations this reduces the heuristic
time complexity from O((N*dim(p))¥) to O(N3*¢dim(p)?), where x = 2.8, practically, is explained in
Section 4.4. Further, we employ a deflation-inflation principle that parallels the theory of cusp expan-
sions for classical modular forms, which we discuss in Section 4.2 based on Corollary 3.6. Its impact is
considerable, as it reduces heuristically the number of relevant Fourier expansions from from O(N 1+ey
to O(N®).

The main take away from our implementation of Algorithm 1 and our heuristic analysis of its time
complexity in Section 4.4 is that is the computation of homomorphisms dramatically dominates the
runtime. We therefore suggest to develop algorithms that skip this step altogether or at least simplify
it by introducing additional structure. In this light, it becomes particularly interesting to compare
with the two already existing algorithms by Cohen and Williams. In Section 5, we discuss their as-
sumptions on the representation that vector-valued modular forms are associated with and how they
leverage them to gain performance. We also include suggestions on how to relax their assumptions
while maintaining the performance advantage. In future work, we hope to come back to this topic.

1 Preliminaries

We refer to Miyake’s book [35] and to the book of Diamond-Shurman [16] for the basics of classical
modular forms. In this section, we revisit vector-valued modular forms and recast some facts about
classical ones in a representation theoretic light. We also include a summary of statements from rep-
resentation theory that we will use. A primer on representation theory of finite groups can be found in
Serre’s book on representations of finite groups [42], or alternatively Bump’s book on Lie groups [11].
We assume standard notation for modular groups, modular forms, and spaces of modular forms.

1.1 Representation theory In thispaper we work with finite dimensional, complexleft-representations.
Let G be a discrete group. We throughout identify complex representations of G with the correspond-
ing left-module for the group algebra C[G]. Given a representation p, we write V (p) for its representa-
tion space and p" for its dual. If p and o are representations of the same group G that is clear by the
context, we allow ourselves to suppress it from the Hom-space notation:

Hom(p,0) =Homg(p,0) < Hom(V (p), V(0)).

Given a finite dimensional representation p for a group G, its 0-th cohomology is the space of in-
variants. We have

H(p)={veV(p):Vge G.p(gv=ru} (1.1)

Given a finite index subgroup H < G and an H-representations p, the induction of p to G is defined
as

Indgp =CI[Gl ®c(H] p-

The restriction of a G-representation p to H will be denoted by Resy p = Resg p. As functors, induction
and restriction are adjoint via the Frobenius reciprocity (see p. 278 of [11]). More precisely, given
an H-representation p and a G-representation o, we have

Hom (Ind% p, o) = Hom (p, Res%, o). (1.2)
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Mackey’s Double Coset Theorem provides a decomposition of restriction-induction in terms of
smaller induced representations (see p. 280 of [11]). Given two subgroups H,K < G and an H-rep-
resentation p, it asserts the isomorphism

Resg Indgp = @ IndgﬁHg 08, (1.3)
geH\G/K

where H8 = g~! Hg is the conjugate of H and p¥ is the pullback of p along the associated conjugation
map from H® to H, whose action is given by p8(h) = p(ghg™!).

We will need several specific representations of SL,(Z) and its subgroups. For positive integers N,
we have the congruence subgroups

To(N) = {(¢5) €SL2(2) : ¢ =0 (mod N)},
I'(N) = {(%5)eSLy(2) : ¢=0 (mod N), a,d =1 (mod N)},
I'(N) = {(45)eSL2(Z) : b,c=0 (mod N), a,d =1 (mod N)},
and we have the parabolic subgroup
Too = {(§ 4) €SL2(@}.

The one-dimensional trivial representation of I' < SL(Z) will be written as 1, suppressing the de-
pendence on I" from our notation. A Dirichlet character y modulo N yields a one-dimensional repre-
sentation of T'g (V) via

(45)— x(d) € GL{ (C). (1.4)

We allow ourselves to equally denote this representation by y. Given a positive integer NV and a Dirich-
let character y modulo N, we define

SL2(2)
@)

SLy(2)

pn = Ind ro\) X-

1 and py = Ind (1.5)

The kernel of both px and py is the normal core I'(IV) of I'g(N) and I'; (V) in SL2(Z). We also record
that we have py, = pn and py = p7.
1.2 Vector-valued modular forms We write S = (9 ') and 7 = ({ }). We let T be a finite index sub-
group of SL»(Z). An arithmetic type p for I' is a finite-dimensional, complex representation of I'. We
say that p is a congruence type if its kernel is a congruence subgroup. We refer to the smallest possible
possible level of its kernel as the level of p. Note that congruence types factor through the quotient
group I'/T'(IV) and thus are effectively representations of finite groups. We write V(p) for the represen-
tation space of p.

We write H = {7 € C : Im(7) > 0} for the Poincaré upper half plane. Let k be an integer and p an
arithmetic type for I'. We say that a function f :H — V(p) has moderate growth if there exists an a € R
and anorm || - || on V(p) such that for all y € SL,(Z) we have uniformly in Re(7) that

[f&yD| <O(Im(®)?) asIm(r) — co.

We define a vector-valued slash action for functions f:H — V(p) by

ar+b
ct+d

), wherey=(? b) erl.

(Fle, V)@ = (ct+a)™* f( ¢ a
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Now a vector-valued modular form of weight k and type p is a holomorphic function f:H — V(p) of
moderate growth that satisfies

Vyel":f|k,py=f.

The vector-space of such forms of weight k and type p will be written as My (p). Note that for ev-
ery k € Z, there is some p such that My (p) # {0}, for instance one of the symmetric power representa-
tions sym/¥1*3 or sym/F1*4 of SL, (2).

The Fourier coefficients of a modular form f will be denoted by c(f; n) € V(p), n € Q. We record a
Sturm bound for vector-valued modular forms.

Proposition 1.1 (see [10, 46]). Let k and N be positive integers, and p a congruence type for SLy(Z).
Further, let f € M(p) be a modular form of weight k and type p. Then we have f =0 if

VneQ,0<sn<k/12:c(f;n) =0.

1.3 Eisenstein series In this section, we recall the definition of Eisenstein series for I'(IN) and show
how they are connected to the arithmetic type pn. We write E (') for the space of Eisenstein series for
a finite index subgroup I" < SL; (2).

Given integers k > 3, N = 1, and ¢, d we have a lattice Eisenstein series

Ginea(T) = Y (t+d) FeE V). (1.6)
(c',d"eZ?\{(0,0)}
(¢',d")=(c,d) (mod N)

Since (1.6) only depends on ¢ and d modulo N, we identify them with their congruence class. In
the cases of the weights 1 and 2, one obtains a similar Eisenstein series by analytic continuation (see
Chapter 7 of [35]). While the weight 1 Eisenstein series are holomorphic, the weight 2 Eisenstein in
general are almost holomorphic. We reserve the notation Gy y,,4 for the unique holomorphic linear
combination Ggl}\‘;lc 4tV NG2100, VN € C, where Gzhlglc d is the almost holomorphic Eisenstein series.

The Fourier expansion of (1.6) and its extension to weight 1 and 2 is known [16, 35].
An alternative definition of Eisenstein series uses an average over cosets. For k >2 and N = 1, we

define

Exn@= ), 1.7 (1.7)
Yeloo\ 1 (N)

Asinthe case of Gg y ¢ 4, one extends this via analytic continuation to weight 1 and 2. We again reserve
the notation E» y for the holomorphic linear combination Egl}\‘;l +vnEz1, Vv € C, where Egl}\?l is the
almost holomorphic Eisenstein series.

Given a positive integer k, we let &;(N) = Er(I'(IV)) be the space spanned by Ej ylry as y runs
through SL,(Z), and set (V) = C. Now if k > 0, then Gi n,,q and Ei yliy are nonzero scalar mul-

tiplies of one another if y = (‘Cl 2) € SLy(2Z). In particular, we have
&r(N) =spanC{Gy ¢, : 0<c,d < N,gcd(c,d,N) = 1}. (1.8)

Per its definition, &} (V) naturally carries the structure of an SL, (Z)-representation, on which y acts
from the left on f as flxy~'. The next proposition states the resulting connection between & (N)
and the arithmetic type px defined in (1.5). To state it explicitly, we fix the natural basis ¢y =y ®1,
Y € SLo(2)/T'1(N), of V(pn), where we allow ourselves to identify cosets with their representatives. It
gives rise to a dual basis e;,’ of V(py)).
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Proposition 1.2. Let k and N be positive integers. Then the following defines a surjective homomor-
phism of representations:

oY — Ek(N), ¢f — Grnea withy ' =(45). (1.9)

Proof. We first check that (1.9) is well-defined. The left column of a left-coset representative y €
SL,(Z)/T1(N) is unique modulo N. We conclude that the bottom row of y~! is unique modulo N,
and hence Gy, 4 in (1.9) only depends on the coset of y.

As alinear map the given homomorphism is surjective because of (1.8). It remains to verify that it is
a homomorphism of representations. We let y, 6 € SL,(Z). Note that we have by definition of the dual

N (6) e;,’ = e;,’ opn(@h) = e(}’},.
As for the Eisenstein series, we have (see p. 111 of [16])
Gk,N,c,d|k6_1 = Gk,N,c’,d’ with (?r’ Z/r) = (? Z) 5L
We combine these equalities to find that
pn©)ey =5 — G nerar = GiNed| 0 =6 Genear
where the right hand side features the action of  on the left-representation & (N), and
yl=(eh), epTt=yle =(4Y).

This confirms that the map (1.9) intertwines the action of 6 and thus finishes the proof. [

1.4 Products of Eisenstein series We will need the next statement of [39]. It features tensor products
of an arithmetic type p with spaces of Eisenstein series & (V). Recall from Section 1.3 that we view
them as representations for SL,(Z). Also recall from (1.1) that the 0-th cohomology describes invariant
vectors.

The next lemma allows us to view specific invariants as modular forms.

Lemma 1.3. Consider an arithmetic type p and a subspace W < My (I') for some weight k and finite
index subgroup I' < SLy(Z). We assume that W is stable under the action of SLy(Z) by the weight-k
slash action and view it as a left representation via (y, f) — fliy~'. Then we have the map

H'(Wep) — M(p), Y. fievi— (r1— Y. film)vi). (1.10)
i i

Proof. We let ¢ denote the map in (1.10). Consider an element }_; f; ® v;, f; € W, v; € V(p), of the
left hand side of (1.10) and its image f = }_; f;v; under . Then the weight-k and type-p slash action
of y € SLy(Z) on f yields

(ke V@ =Z (Al @ ol vi=Tw(filer @ oy o) @

i
=y(y ' L hev)@ =y(X fisv)@ = fo. g
i i
With Lemma 1.3 in mind, the next theorem, due to Xia and the second author [39], allows us to
identify the invariants on the right hand side of (1.11) with modular forms.

Theorem 1.4. Letk, | be integers withk =2 and 1 < | < k—1. Fix a congruence type p of level N. Then
there is a positive integer Ny with N| Ny such that under the map in Lemma 1.3 we have

My (p) = H’(81(N) @ p) + H*((E1(No) - Ex—1(No)) ® p). (111)
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2 Main algorithm

In this section we combine Theorem 1.4 with the surjections onto & (V) in (1.9), the Fourier expansion
of modular forms, and their Sturm bounds to outline our main algorithm.

The main point in employing (1.9) is to avoid the computation with functions in favor of symbolic
calculations. In particular, we can determine invariant spaces of products of Eisenstein series from
invariant spaces of tensor products of induced types. Theorem 1.4 then allows us to determine M (p)
from this. We make this connection and intermediate step clear in Theorem 2.1.

We represent modular forms and hence Eisenstein series in terms of their Fourier expansions. This
allows us to profit from available, highly optimized implementations of products of power series. It
does however require us to set a precision. We use the Sturm bounds for My (p) for this. The details
are described in Theorem 2.2 and Algorithm 1.

The statement of Theorem 2.1 requires some preparation. We have a linear map ®¢ that arises
from (1.9) by applying it componentwise. More precisely, it is defined by

D¢ : H(p) @ p) @ H (o), ® oy, ® p) — H'(E1(N) ® p) & H'(&;(No) ® E—1(No) ® p),

(2.1)
(87\,/1 ® U, e;fz ® 87\,/3 ® w) — (Gk,N,c1,d1 ® U, G Ny, co,ds ® Gl—1, Ny, c3,d5 © w),
where y; ! = (Z: Zi) forl<i<3.
Next, the product of modular forms yields a map
&1(No) ® Ex—1(No) — E1(No) - Ek—1(No) = Mi(I'(No)), 1 ® for— fi- fo. 2.2)

Since it is a homomorphism of SL,(Z)-representations, we obtain a corresponding linear map @«
defined by
@, : H(81(N) ® p) @ H*(£(Np) ® Ex—1(No) ® p) — H°(Ec(N) ® p) @ H((&1(No) - Ex—1(Np)) ® p),
(iev, hofseow)— (fiov, fo-frow)
(2.3)

Lemma 1.3 allows us to map both direct summands of the right hand side of (2.3) to My(p). In
particular, we obtain a map ®x by adding up their images.
@y : HY(61(N) ® p) @ H((61(No) - Ex—1(Np)) ® p) — My (p),
(fiev fo-frow)— fi-v+fofa-w.
Theorem 2.1. Let k, | be integers with k=2 and 1 < | < k-1, and fix a congruence type p of level N,

and a positive integer Ny. Then the linear maps (2.1), (2.3), and (2.4) are surjective. In particular, if Ny
is chosen as in Theorem 1.4, by composing additionally with (1.10), we have a surjective map

(2.4)

HO (o} @ p) @ HO (o, ® ¥, ® p) — HO(E(N) @ p) @ H(6,(No) ® -1 (No) @ p)
2o HO(8(N) ® p) ® HO((8)(No) - Ex—1(No)) @ p) (2.5)
22 HO(84(N) ® p) + HO((81(No) - B—1(ND)) @ p) — Mi(p).
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Proof. We argue one by one that each map in the composition is surjective. Recall that given a ho-
momorphism of finite dimensional and semi-simple representations p — o, the corresponding map
on invariants H°(p) — H(0) is surjective, if p — o is surjective. Since both py; and &x(M) for any
positive integer M are finite dimensional representations of SL,(Z) that factor through the finite quo-
tient group SL,(Z)/T' (M), they are semi-simple. We combine this with the homomorphism in (1.9) to
conclude that

H'(oy ® p) — H°(&c(N)®p) and H° (0%, ® PN, ® P) — H°(&1(No) ® &x—1(No) ® p)

are surjective, and therefore the map ®¢ in (2.1) is surjective.

The product map (2.2) is surjective by definition of its codomain. Since the codomain is contained
in the finite dimensional space My (I'(IVp)) and it factors as a representation through SLy(Z) /T (Np), it
is semi-simple. We conclude that the map @ in (2.3) is surjective. In particular, the map @5 in (2.4) is
surjective by the definition of its codomain. The final map in (2.5) arises from (1.10) in Lemma 1.3. It
is surjective by Theorem 1.4. [

2.1 Fourier expansions To derive Algorithm 1 from Theorem 2.1, we employ truncated Fourier ex-
pansions with coefficients in Q2°. Given any ring R and rational number B € Q, we write

FER) = |J R[q¥][g'] and FEz(R) = FE(R)/q® |J R[q7]
NeZ~g NeZsg

for the ring of Puiseux series with coefficients in R and its quotient by series of valuation at least B.
If p(T) is diagonalizable the Fourier expansion of modular forms yields a map

fe: My(p) — FE(©) & V(p), f—fe(f):=) c(f;mq". (2.6)
ne@Q

If p has level N, then exponents of g in the support of the image have denominator at most N. For
fixed k and p, the Sturm bound for vector-valued modular forms (see Proposition 1.1) yields some
explicit nonnegative P € Q such that the resulting “truncated” Fourier expansion map is injective:

fep: My(p) — FEp(©)® V(p), f—fep(f):= ) c(f; mq". 2.7)
neQ

n<pP

For given P € Q, we can apply fep to each space in the middle and right column of (2.5). Since Fourier
expansions are ring homomorphisms, that is, they are compatible with multiplication and addition,
the following diagram commutes, where the first bottom arrow is the multiplication of Puiseux series:

HO(&1(No) ® 8 1(No) ® p) ——> H°((E1(Np) - Ex—1(No)) ® p) ——— M (p)

lfep®fep®id lfep®id lfep

FEp(C) ® FEp(C) ® V(p) FEp(©) @ V(p) FE»(©) & V(p)

A similar diagram holds for the other terms that occur in (2.5).
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For simplicity and by slight abuse of notation, we write fep o ®¢ for the Fourier expansion map
(fep ® idp @ fep ® fep ® idy) o g. Further, we write @« and @y for the multiplication and addition
maps on spaces of Puiseux series that correspond to the maps in (2.5). Then we have the equality

fepo®Pyod, oDy = Dyrod, ofepodg. (2.8)

In other words, we can intertwine the Fourier expansion with the maps in Theorem 2.1.

2.2 Algebraic Fourier coefficients Assume that we have a @ab-structure V(p,@ab) c V(p), that is,
Vip)=VI(p, @ab) ®gab C and V(p,@ab) is stable under the action of p. Then we define

My (0, Q%) := {f eMi(p) : VneQ.c(f; m) € V(p,@®)} and &c(N,Q%P) = & (N) nMy(T(N),Q™),

where we suppress the dependence on V (p, Q?P) from our notation. If p is a congruence type, then by
for example Deligne-Rapoport [14] we have

Mi(p) = Mi(p, ™) @ga» C. 2.9)

The representations py; have Q2 -structures via their identification with permutation representations,
which are compatible with the map (1.9) to & (V) and the respective @ab-structures of their images.
We also have Q2°-structures of the domain of (2.5) in Theorem 2.1. In particular, we obtain

H'(px @ p) =H'(px ®p, Q™) ®ga € and H°(p}, @ py; @ p) =H(py; ® o, © p, @) @ C.
(2.10)

We use similar notation for the other spaces in (2.5). By definition, the @ab-structures of modular
forms are compatible with products and sums. In particular, the maps @« and @5 both descend to
maps of the Q2P-structures. Thus Theorem 2.1 yields a surjective map

Drod, 0dg: H(py @ p, Q%) & H' (o), @ pX, ®p, Q%) — My(p, Q™). 2.11)

2.3 Statement of the algorithm Combining Theorem 2.1 with the discussion in Sections 2.1 and 2.2,
we prove correctness of our main algorithm.

Theorem 2.2. Fix a weight k = 2 and a congruence type p. Assume that P € Q is at least the Sturm
bound for k and p. Then Algorithm 1 computes a basis for the image of My(p) — FEp(C) ® V(p) that is
contained in FEp(Q)ab) ® V(p, @ab).
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Algorithm 1: Computing a basis for M (p)
1 let N the level of p, Ny as in Theorem 1.4, and P — [PN]/N;
2 let v;, 1 < i < dim(p) be a basis of V(p,@ab);
3 let M be the matrix of size 0 x PN dim(p) over @ab;
4 let B =U!_| %, be a disjoint decomposition of a basis of
H(p} @ p, Q) e H (0}, @ o), ® p, Q°);
sforl<i<I:

6 for b e %;:
7 let f=%;fivi— Oxs D, fepDg(D);
8 append to M the row with entries r; , — c(f;; n/P),0<n < NP 1=<i=<dim(p);

9 replace M by its reduced row echelon form;
10 if rank M = dim My (p) :

11 for each row r of M, output the truncated Fourier expansion f with
coefficient c(f;; n) =1; ,;
12 return;

Remark 2.3. By keeping track of the formal linear combinations of elements b € 98 that equal the rows
of M in each stage of Algorithm 1, we can also compute an expression for each element of the basis
of My (p) in terms of products of Eisenstein series.

Proof of Theorem 2.2. To see that Algorithm 1 terminates, it suffices to note that 2 is finite. We have
to show that its output is correct.

We can and will assume that P € %Z. We let A be the linear map from FEp(Q)ab) ® V(p) to @abPN.
We impose an ordering by, ..., b;; on 98;. By inductionon 1< i <[ and 1< j < J;, one shows that after
line 7 of Algorithm 1 the row span of M equals the span of

ADs D, feP(I)g(Ql U---U%B; U{bl,...,bj}).

By the relation in (2.8), we can intertwine fep with @y ®, in the previous expression. Lemma 1.3
implies that @y @, ®g(b) lies in M (p) for every b € 2. The compatibility with Q2P-structures in (2.11)
implies that it even lies in Mk(p,@ab). Since p has level N, the Fourier coefficients of any element
of My (p) of index n € Q vanish if n ¢ %Z. They also vanish if n is negative. Therefore, Afep is an
isomorphism from My (p, Q%) onto its image. We conclude that after line 7 of Algorithm 1 the row
span of M is isomorphic to the span of

D5 Oy Dg(B1U---UB;i—1 Uib,...,bj}) € Mi(p).

From what we have shown, we have rank M < dim My (p) at every stage of Algorithm 1. By (2.10), the
basis 48 is a basis for the domain of (2.5). Now Theorem 1 implies that

My (p) = spanC{®s O Pg(b) : be B;,1<i<I}.

In particular, after processing all b € 2 in, we have rank M = dim My (p, @ab). If this equality holds in
line 10, then the row span of M equals Mg (p, @ab), and therefore its rows yield a basis as desired. ]
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3 Decompositions

Many of the implementation details for Algorithm 1 depend on suitable decompositions of various
arithmetic types and representations that appear. In this section, we discuss the isotypic decomposi-
tions that are relevant to the left hand side of (2.5) in Section 3.1 and a decomposition into induced
representations that holds for specific arithmetic types in Section 3.2. In Section 3.3, we use the results
from the latter one to analyze the support of the Fourier expansion of vector-valued modular forms.

The results obtained in this section are essential ingredients for our implementation of Algorithm 1,
which we discuss in Section 4.

3.1 Isotypic decomposition In this section, we describe how to decompose the invariant spaces
HO(pX, ® p) and Ho(pl\(,0 ® pX,O ® p) by using standard tools from representation theory. Specifically, we
employ Frobenius reciprocity, Mackey’s double coset decomposition, and the isotypic decomposition
of intermediate arithmetic types for I'; (V) and I'¢(N). This allows us to characterize Ho(pl‘(, ® p) as
the 1-isotypic component of Resr, ) (p), and Ho(pl‘(,0 ® pX,O ® p) as a direct sum of tensor products,
indexed by double cosets in I'1 (Np)\SL, (Z) /T'1 (Np), which we detail in (3.4).

Recall first that every semi-simple representation can be decomposed into a direct sum of its so-
called isotypic components. In particular, for a congruence type p oflevel N for I'1 (IV), we obtain the
following decomposition:

p= @ ple(z)] (3.1

since T'; (N)/T(N) = T?T'(N) (see for example p. 13 of [16] or p. 8 of [44]). Here, the isotypic compo-
nent p[e(n/N)] € p equals the direct sum of all irreducible subrepresentations of p isomorphic to the
one-dimensional representation y — e(nb/N) € GL; (C), y = (‘Cl 2). In other words, we have

n

V(ple()]) =Hom((45)— (7). p)© € V(p).

We refer to the decomposition (3.1) as the I'y (V) -isotypic decomposition of p.
The decomposition of the invariant spaces H’(p}; ® p) and Ho(pl‘(]0 ® py, ®p) is given in the next
proposition. In its statement we use the abbreviation

_ T'1(No)
ﬂg = Indrl(No)ﬁg_1F1(No)g ]1, g€ rl(N())\SLg(Z)/rl(No). (3.2)

Note that this is a permutation representation, that is, we can and will identify its image with a sub-
group of permutations of I'y (V) / (I'1 (Vo) N g‘ll"l (No)g).

Proposition 3.1. Let p be a congruence type of level N, and Ny a positive integer as in Theorem 1.4.
Then we have

H(px ®p) = (Resr, v p) (1], (3:3)

and

_ m m
H(p, ® oy, ®p) = ©® mge(52)] ® Resr, v (Resr, i p) [e(5)]). (3.4)
g€T'1 (Np)\SL(2)/T'1 (Np) 0
mg (mod Np), m (mod N)
mo=—mNy/N (mod Ny)

—-11-
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Proof. We begin by showing (3.3). Note first that HO(pX, ® p) = Hom(py, p). By Frobenius reciprocity
in (1.2), we obtain Hom(ppy, p) = HO(Resr1 ) (p)). From the definition of the 1-isotypic component,
we see that

H (Resr, v) p) = (Resr, ) o) [1].

This establishes (3.3).
As for H (oY, ® pY, ®p) in (3.4), we first employ (1.2) to obtain

H(px, ® Py, ® p) = H" (Resr, ovy) Py, ® Resr, vy p)- (3.5)
In addition, Mackey’s double coset decomposition in (1.3) implies that

~ T'1(No)
Resr, (ng) PNy = &b Ind! o g I (3.6)

8€l'1 (No)\SL2(2)/T'1 (No)
In the argument on the right hand side, we recognize the permutation representation 7 defined
in (3.2). The self-duality pX,O = pn, allows us to insert (3.6) into (3.5). We obtain

H (Resr, () P, ® Resr;ng) 0) = &) H (¢ ® Resr, (ny) p)- 3.7)
g€l (No)\SL2(2)/T1 (No)
In order to apply the isotypic decomposition for I'; (N)-representations, we rewrite the restriction
to I'1 (IVp) on the right hand side of (3.7) as a restriction in steps to I'; (V) and then I'; (V). The I'; (Np)-
isotypic decomposition of g and the I'; (N)-isotypic decomposition of p as in (3.1) yield

0
H (ng ® Resr, (ny) (Resr, (V) P))
g€l (Np)\SL2(2)/T1 (No)

} T (N )\@(Z)/r (N)Ho(ﬂg[e(x_g)] ® Resr, (NO)((Resrl(N’ p)[e(%)])) (3:8)
€
gno (lmo(ziNo)?m (m(l)dl\(l))

The tensor product in the argument on the right hand side of (3.8) is isomorphic to

(a b) . e( (mg+ mNy/N)b

ab ) € GLIO).

In particular, to isolate the isotrivial component in (3.8), it suffices to impose the congruence condi-
tion my = —mNy/ N (mod Np) in the direct sum. In conclusion, we obtain
0(,V \ ~ mg m

H(px, @ o, ®0) = S% mgle(,)] ®Resr1(No>((ReSr1(N) P)[e(ﬁ)])- .

g€l (No)\SL2(2)/T'1 (No)

mg (mod Np), m (mod N)

mo=—mNy/N (mod Ny)
To estimate the runtime of Algorithm 1 in Section 4.4, we need to bound the dimension of the in-
variant spaces Ho(pl\(, ® p) and Ho(pl\(,0 ® pX,O ® p). To this end, we need to know the structure of the

permutation 7g¢(7) defined in (3.2). The following lemma provides this structure.
Lemma 3.2. Given a positive integer N, we have that

[1(N) /(T (N)ng 'T1(\N)g) = (T1(N/T(N))/ (T1(N)ng™ ' T1 (N @)/T(N)),

(3.9
[1(N)/T(N) = T*T(N),  (T1(N)ng 'T1(N)g)/T(N) = T"*T(N),

—12 -



On the Computation of General Vector-valued Modular Forms T. Magnusson, M. Raum

with
N N )
gcd(N,ac)’ ged(N, c2)”’ g

ng =lem( =(45) eSLy(2).

Proof. The isomorphism is a direct application of Noether’s third isomorphism theorem (see for ex-
ample [18]). The equality I'y (NV)/T'(N) = TZT(N) was already explained. Hence, we only need prove
the last equality.

To this end, let 6 € I'1 (V) N g‘ll“l(N)g. Since 6 € I'1 (N), we have that § = T"§’ for some integer n
and some &’ € T'(IV). We also have that gég_l = gT”é"g_l € I'1 (V). Since I'(N) € T'1 (N) is normal, this
is equivalent to gT"g~! € ' (N). Inserting the entries of g, we discover that this is further equivalent
to the congruences acn =0 (mod N) and ¢?n =0 (mod N). This can be rephrased as

N N
| n.

ged(N, ac)’ ged(N, 02))

lem(
In other words, we find that § € T4 (N). We find that T"¢ZT'(N) < ([; (N) N g‘ll"l (N)g)/T'(N), when
reverting the previous calculation, and thus finish the proof. [

Lemma 3.2 directly implies that 7¢(T) corresponds to a transitive, that is, cyclic, permutation of
order ng. Hence m¢(T) has distinct eigenvalues e(m/ng) for m (mod ng). The corresponding isotypic
components gle(m/ng)] < p are therefore at most one-dimensional. Given v € V(mg), we can project
to them, and obtain

ve(i)]= X el mg(D ve Vimgle()]). (3.10
h (mod ng)

We finish this section with a bound on the dimension of Ho(pl‘(,0 ® pl\(,o ® p) that will important in
Section 4.4.

Proposition 3.3. We have
dim H (o), ® p);, ® p) < #(T'1(Np)\SL2(2) /T1(Np)) dim(p) < Ny*¢ dim(p),
where the implied contant is independent of Ny and p.

Proof. Since the isotypic components of 7z have dimension at most one, the decomposition (3.4)
implies that

dim HO(pro ®pro ®P) s Z dim Resrl(No)((ReSH(N) P) [e(%)])
g€Tl'1 (Np)\SL2(2)/T'1 (No)
m (mod N)

= #(F1 (N()) \SLZ (Z) /F1 (N())) dim RESF1 (Np) RESr1 (N) P
=#(I'1(No)\SL2(2) /T'1 (No)) dim(p).

To obtain the asymptotic upper bound, we may assume that Ny > 4. Using the Euler ¢-function, we
find that

#T1(N)\SLo (@) /Too) = 5 Y. (D) p(No/ d).
d| Ny

Since I'1 (IVp) is generated by T and I'(/Vp), we conclude that

#(T'1(No)\SL2(2) /T1(No)) < #(T1(No)\SL2(2) /Too) < No Y. 1< Ny*e. "
d| Ny
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3.2 Twisted permutation types In this section, we introduce the notion of twisted permutation rep-
resentations, which generalize the notion of permutation representations. Their purpose in our work
is twofold. On one hand, they allow for a more efficient calculation of the invariants in the domain
of (2.5). On the other hand, we apply this concept to the restriction of arithmetic types to the group
generated by T € SL,(Z). This allows for a dramatic reduction in size of the matrix in Algorithm 1. The
flexibility that we need, requires us to state the next definition for discrete groups as opposed to the
special case of SLy(Z).

We will need the wreath product with the symmetric group S, on n letters, which for a group H and
a positive integer n we define as as follows

H1S,:={(m,y) :m€Sy, y: {1,....n} — H}, @', Yo, y):=('n, (Y om)-y) = (a'n, i —y ()Y @)).

Elements of the form (id, y) form a subgroup of H:S, that yields the quotient S,,.
Given a complex representation o of H, the wreath product gives rise to a representation oS,
on C" x V(o) that we define as

01S,: H1S;, — GL(C" x V(0)), (m,7) — ((e; ® w) — ez ® o (y (D)) w). (3.11)

Definition 3.4. Let G be a discrete group, n a positive integer, and o a complex representation of some
group H. We call a complex representation p of G a twisted permutation representation of order n with
twist representation o if p factors through 6¢S,,. In other words, we have a group homomorphism p' :
G — GL(W)S;, and an isomorphism ¢, between V(p) and V(01S,) = C" ® V(o) such that

= (p; o (std(W)1S,) o p'.

We call dim(V (o)) in Definition 3.4 the twist dimension of p. If both p and ¢ in Definition 3.4 are
arithmetic types, we call p a twisted permutation type.

Note that neither p’ nor ¢, in Definition 3.4 are unique in general. Throughout this work, we identify
twisted permutation representations p with a triple (p, p', ¢,). That is, we make an implicit choice of p*
and ¢,.

In the next proposition, we describe twisted permutation representation in terms of induced repre-
sentations. It can be viewed as a representation theoretic formulation of the orbit-stabilizer theorem
from group theory. We need some notation to state Proposition 3.5. Given a twisted permutation
representation p of order n with twist representation o, we define for I = {1, ..., n}:

V(p)r =spani{Ce; ® V(o) : i € I} < V(p). (3.12)

If I = {i}, we write V(p); for (3.12). Note that V(p); = V(o).
Composition of p! with the projection H1S, — S, yields a map p}, : G — S,,. Inspecting the defini-
tion of 01S,, in (3.11) and using that G is a group, we see that

Stab(V(0)1) ={g€ G : p(@V(p)1 S V(p)1} ={g€ G : p(@V(p)1 = V(p)1} = (o) (Stabs, (D) € G.
(3.13)

Restricting p to this stabilizer yields a representation p;y on V(p);:
pr1: Stab(V(p) ;) — GL(V(p)1). (3.14)

If I = {i} we write p; for it.
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Proposition 3.5. Let p be a twisted permutation representation of a discrete group G of order n. Further,
letR<{1,...,n} bea set of representatives for the action ofpzn (G) €Sy, Then with p; asin (3.14), we have
an isomorphism

~ G
p= G%IndStab(V(P)i)pi : (3.15)
1€

Proof. We can and will replace G by its image under p'(G). This allows us to assume that G < H1S,,
and p is the restriction of 61S, to G. We also identify V(p) with C" ® V(o) via the isomorphism ¢,
in Definition 3.4. We write G, < S,, for the image of G under the quotient map from H:S, to S,,. We
write Gi for the orbit of 1 < i < n under G;.

With R as in the statement of the proposition, we have the direct sum decomposition

V(p)=span{Ce; : 1< j<n}® V(o) = @span{ej :jeGiI® V(o) = @V(p)ci.
i€eR i€eR

It yields the isomorphism

p=Drai-

ieR

We can and will replace G and p by Stab(V (p)¢;) and pg; for any fixed i € R to assume that G, acts
transitively on {1,..., n} in the remainder of the proof. To further ease notation, we assume that R = {1}
and set G; = Stab(V(p)1). We then have to show that

p= Indg1 P1.-

Since G, acts transitively on {1,...,n}, we can fix elements (7;,y;) € Gwith 7;(1) =ifor2<i<n,
and let (1,y1) € G be the trivial element. We define a linear map by

@:C"eV(0) — ClGleg Vo, ei®w— (m;,y)e(e1@a(y;() Hw).

It is an isomorphism of vector spaces, since the (7;,Y;) are coset representatives for the quotient of G
by G;. We have to show that ¢ intertwines p and the induction of p;.

To this end, we fix 1 < i < n and (7,y) € G, and set j = n(i). Note that the inverse of (},y;)
equals (7>%,y71o 7'[]_.1), where the inverse of y; is taken pointwise. For simplicity, we write the action
of G via the induced representation of p; as multiplication. Then we have to check that

@(p(m,p)(ei @ w)) = (1,7) ¢(e; ® w).

We insert the action of p(r,y) using j = (i) on the left hand side and then the definition of ¢ on
both sides. This leads us to prove that

i ype(erea(y; ) yM))w) =Y,y e (e @y (D Hw). (3.16)

We now simplify the right hand side. Observe that 7 (7;(1)) = j, and thus (ﬂj,yj)_l (7m,7) (m;,7i) € Gy.
We therefore have

@Y mnyde(ereoly; (D Hw)=mpypee(m,y) ™ Ly ,y)) (e @oy; (D Hw).  3.17)
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We calculate the product in G; that appears in the second tensor factor on the right hand side:

-1
J

@y )" ) Gy = (g, v o am -y omi i)

We insert this into the right hand side of (3.17) and use the definition of p;, which is a restriction
of p=01S,, from (3.11) to obtain
@iy epi(Gry,y) " tny) riy)) (e @olyi() Hw)

=(mj,yj)® (e1 ®U((7/]_~1 on]_.lmr,- “yom; -Yi)(l))a(yi(l)‘l)w)

=@ ype(er@a(y; Wy@y: Wy )™ w).
We recognize this as the left hand side of (3.17), and thus conclude the proof. ]
3.3 Translation orbits and Fourier expansions We next specialize Proposition 3.5 to the case of
twisted permutation types p for I'; (N) restricted to TZ < T'1(N). The action of p(T) yields valuable
information on the support of the Fourier expansions of modular forms of type p.

Assuming that p(T) is diagonalizable, then we have fe(p(T) f) = p(T)fe(f). Thatis, p(T) intertwines
with the Fourier expansion map fe in (2.6). We equip FE(C) with the T-action

T Y cmq”=) encnq”. (3.18)
neQ ne@

This action intertwines with the scalar-valued slash action of T on modular forms. The isotypic de-
composition of FE(C), using notation adopted from (3.1), is

FE(©)= @ FE©)le(n)], FEQle(m]=q"Clq]lq"]. (3.19)
neQ/z

Combining this, we find that for f € My(p), we have
fe(f) =fe(f|, T) = Tfe(f), (3.20)

where T acts on the first tensor component of FE(C) ® V(p) as in (3.18) and on the second one by p(T).
In other words, the Fourier expansion of modular forms is T-invariant. This justifies the next corollary
to Proposition 3.5.

Corollary 3.6. Fix a twisted permutation type p forI' € SLp(Z) with T € T'. Let n be the twist order of p
and o : H — GL(V (0)) its twist representation. Further, let R be a set of representatives for the action
of T onf{l,...,n} via its image in H!S,,. Given 1 < i < n, write n; = #T% i for the orbit length of i. Define
the representation a; of T"* on V(o) by

e;®0;(T")w=p(T")(e; ® w).
Then given a decomposition

oi= P oile)], oile](T")=els),

seQ/n;Z
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into isotypic representations, in which only finitely many direct summands are nontrivial, we have the
following decomposition of the restriction of p to T into isotypic representations:

—h(m+s)
p= D (¢ ¥ e(—=2)p(1")(eivoils)).
ieR h (mod n;) ¢
m (mod n;)
seQ/n;Z

The action of T on the summand of index (i, m, s) is by e((m+ s)/n;).

Proof. Proposition 3.5 reduces the proof to a computation of an isotypic decompositions of an in-
duced representation. A calculation shows that the sums in the given decomposition of p are well-
defined. Also the action of T follows from a direct calculation. [

4 Implementation

In this section, we briefly highlight two of the key ingredients of our implementation of Algorithm 1
and heuristically argue about its runtime. This section contains neither formal statements nor proofs,
and thus takes the role of a commentary.

The discussion of the first two aspects of our implementation builds up on the results in Section 3.
The first one concerns the computation of invariants, which we will see in Section 4.4 is the slowest
part of Algorithm 1. The second one concerns the computation of the Fourier expansions, that we
require in line 7 of Algorithm 1. The major part of this section is dedicated to a heuristic analysis
of our implementation’s runtime performance. This is presented in Section 4.4. In this section, we
assume that fundamental arithmetic operations cost O(1), which is correct for some base fields, but
not for Q2°. In Section 4.3, we thus complement Section 4.4 with a discussion of the current state of
base field arithmetic in our implementation.

In this section, we also discuss a variant of Algorithm 1 based on the decompositions

on= @ py and &= P &),

x (mod N) x (mod N)
where y runs through Dirichlet characters modulo N, py — pn is asin (1.5), and & (y) € & (N) is the
corresponding subspace with p;c’ — &k (y) asin Proposition 1.2. It yields the direct sum decomposition

H(oV ® ab€B H0Y ®0Y ® ab 4.1
7((19021\0 (p)( pe ) Xl,XZ(emaOdNo) (pXI P22 ¢ ) -y
that replaces the space of invariants in Algorithm 1. The advantage of this decomposition lies in re-
ducing the size of each representation for which we have to compute invariants on the left hand side
of (2.1) at the expense of introducing further roots of unity in the Fourier expansion on its right hand
side. When working numerically or modulo a suitable prime p, the latter is hardly relevant for perfor-
mance. A more detailed discussion of this issue can be found in Section 4.3.

4.1 Computation of invariants The calculation of the invariants
H (% @ p, @) @ H (o}, ® i, © p, Q)

in line 3 of Algorithm 1 was left opaque. This kind of computation can be performed via GAP [23], and
very efficiently so in general. We have found, however, that a custom made implementation that lever-
ages specific features of the relevant arithmetic types achieves better performance. We would like to
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point out that, nevertheless, all calculations with permutation groups in our current implementation
are invariably performed via GAP.

The motivation and starting point for our specialized implementation is the observation that py
and py, defined in (1.5), are naturally twisted permutation types in the sense of Definition 3.4. What
is more, many of the arithmetic types p for which ones usually computes modular forms are twisted
permutation types, too. Besides the cases p = py and p = p,, this includes inductions of Weil repre-
sentations that correspond to Jacobi forms for subgroups of SL, (Z) by work of Skoruppa [43], or signed
permutation representations that appear in generalized Moonshine [12, 22].

Duals and tensor products of twisted permutation types are twisted permutation types, and twist
orders are multiplicative under tensor products. In particular, if p is a twisted permutation type of
twist order n and twist dimension d, then

PR, ®PN, ®P and p ®py ®p

are twisted permutation types of twist dimension d and twist order O(an)”e) and O(nNé”). We can
profit in the calculation of its invariants from the improved time complexity of the orbit-stabilizer
algorithm as opposed to row echelon reduction. With x = 2 is the time complexity exponent of ma-
trix multiplication explained in Section 4.4, row echelon reduction would yield runtime O((an)”e)")
and O((nN§+€)K). By Section 4.1 of [26], in our setting the orbit-stabilizer algorithm has runtime
O(n? Ng“) and O(n2N3+€), but by using stabilizer chains arising from the tensor product structure one
can reduce this further to O(n? Ny*¢) and O(n*N3*¢). Specifically, the runtime of the orbit-stabilizer
algorithm receives a quadratic contribution from the size of the set acted on. In first case this set is
the Cartesian product I'/T"y (INg) x I'/T'1 (INg) or I'/T'o(Np) x I'/T9(Np), and when using stabilizer chains
itis I'/T'1 (INg) or I'/T'g(Np). One combines this with usual linear algebra on the remaining d dimen-
sions, which contributes O(N;*d? + d*) to the runtime in the first case and O(nNZ*€d? + d*) in the
second case. Observe that the terms Ng” and nNé” are connected to the number of generators of
stabilizers resulting from the permutation group computation. This is not the number of generators
guaranteed by the orbit-stabilizer algorithm, but results from an application of Farey fractions [32, 36]
to the geometry of modular groups.

Our reformulation in terms of tensor products of twisted permutation types enables another major

optimization. Stabilizer chains, which we mentioned before in passing, can be utilized in a similar
way to the Schreier-Sim algorithm in Section 4.4.2 of [26]. In practice, the required number of genera-
tors for the intermediate stabilizers that arise can be reduces drastically by the use of Farey fractions.
Interestingly, Farey fractions also allow us to benefit from some of the advantages of the orbit-Schreier-
vector algorithm in Section 4.4.1 of [26]. In total, this seems to improves the runtime contribution of
the permutation group computation to O(n + N&”).
4.2 Inflation and deflation via translation orbits In this section, we show how the decomposition in
Section 3.3 can be used to a priori bound the dimension of the space of Fourier expansions fe p (M (p)).
This generalizes the concept of cusp expansions: When computing Fourier expansions of f|;y for a
modular form f € My(I'9(IN), x) and arbitrary y € SL(Z), then it suffices to consider representatives y
of I'o(N)\SL,(Z)/T'; (N), since the action of T € SL,(Z) can be calculated on Fourier series.

We recall from Lemma 1.3 the inclusion

HO(81(N) ® p) + H((81(No) - 81— 1(No)) ® p) < M (). 4.2)
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Fourier expansions that we handle are thus of the same level as p, which impacts our implementation
of Algorithm 1. We call the resulting procedures deflation and inflation, adjusting language from the
AbstractAlgebra package [21] for power, Laurent, and Puiseux series.

Suppose that p has level N and Q®-structure as in Section 2.2. Then naively, we have

fe(My(p)) CIgN1 @ V(p).

Using merely this inclusion, the number of columns of the matrix M in Algorithm 1 is O(NP dim(p)).
Since we apply row echelon reduction to M, the total contribution to the runtime is O((NP dim(p))*),
where « is the time complexity exponent explained in Section 4.4.

In Section 3.3, however, we saw that the image of M (p) under fep is T-invariant. We we will use that,
since p is a congruence type, the transformation p(7) is diagonalizable and of finite order. Writing pr
for the restriction of p to the subgroup TZ cSL,(2), the isotypic decomposition of FE(C) given in (3.19)
ensures that

fe(Mr(p)) = @ g°Clgle V(prle(-s)).
setz
0<s<1
In those cases in which this extends to Fourier expansions in FE(@ab) o V(p, @ab), it allows us to reduce
the size of M in Algorithm 1 to O(P dim(p)), thus removing the factor N.

The purpose of Corollary 3.6 is to make this reduction computationally efficient. We assume that p
is a twisted permutation type, and for simplicity assume further that p = 0:S,. We adopt notation
from Corollary 3.6. In particular, we let R < {1,..., 1} be a set of representatives for the action arising
from p(TZ). Then we have a deflation and inflation maps

n
FE(C)®C"® V(o) —FEQ)oCfeoV(), Y fi— ) fi fi €FE(C)®Ce; ® V(0)
i=1 ieR
FE©)®C*e V(o) —FEQ)&C"®V(0), Y fi— Y. Tfi, fi€eFE(C)®Ce;®V(0),
e h (m(l)fii TZ i)

where #T%i is the length of the orbit of i under TZ. In general, deflation is left inverse to inflation.
On the subspace of T-invariant Fourier expansions, that is, for Fourier expansions of modular forms,
deflation is injective, and inflation is an inverse to it.

4.3 Arithmetic operations in the base fields In Section 4.4 we make the assumption that each fun-
damental arithmetic operation contributes O(1) to the runtime of our algorithm. This is justified for
calculations over finite fields and for numerical calculations of bounded precision at a limited number
of infinite places. However, for exact arithmetic over Q?P and cyclotomic fields of arbitrary degree this
is false, which on its own is a reason why the current implementation of our algorithm falls behind
alternative ones. This issue gains further importance in situations where intermediate fields of higher
degree appear in the calculation, as is the case in the variant of Algorithm 1 discussed in the beginning
of Section 4.

The type systems provided by Julia and Nemo/Hecke allowed us to provide an implementation that
is polymorphic in the type of the base ring elements. In addition to the standard requirements for
fields in Nemo/Hecke, our implementation makes use of a cyclotomic tower over the base field that
we provide for cyclotomic fields, for finite fields, and for C modeled by ball arithmetic (which is an
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approximate field and thus requires some extra steps to accommodate). Our implementation thus
is sufficiently flexible to accommodate advanced methods like multi-modular calculations. From a
practical perspective, consider the performance of matrix operations on, say,

Mat,, (P F4) and Maty,,(2) e P Fy
qe2 qe2
for a finite set £ of powers of mutually distinct primes. The former fits into the polymorphic imple-
mentation, but suffers from degraded cache locality. In future work when we apply our implementa-
tion, we plan to implement the latter variant.

An implementation over @ e [, does not suffice for a complete multi-modular implementation,
which requires height bounds. For clarity and comparison observe that Cohen’s implementation of
scalar-valued modular forms, which we discuss in Section 5.1, does employ multi-modular arithmetic
to calculate cusp expansions. He is able to derive height bounds from work of Katz [28] and Deligne-
Rapoport [14], since he first determines Fourier expansions at co via a trace formula. In our algorithm
we do not have access to a priori Fourier expansions of any component of our arithmetic type p,
and the work of Deligne-Rapoport would not apply directly, either. On the other hand, when naively
deriving a height bound from the products of Eisenstein series, we obtain a prohibitively large bound.

We are thus naturally led to an approach that incorporates multi-modular calculations with cal-
culations at the infinite places. We have not made any attempt to implement our algorithm using
machine-size floating point arithmetic, but rely on ball arithmetic provided by Arb [27] to track round-
ing errors. At the time of writing, a multi-modular variant of our implementation is not yet functional,
but we intend to further evaluate it as it seems one of the more promising ways to perform Fourier
expansions over large cyclotomic fields that appear when determining cusp expansions of modular
forms of large level.

4.4 Heuristic discussion of time complexity We next discuss the time complexity of computing a
basis of My(p) via Algorithm 1 and its modification arising from (4.1). Throughout the section, we
assume that p is a congruence type of level N for I' < SL,(Z) with I'1 (V) € T" and that p(7) is diag-
onalizable. Note that any arithmetic type can be considered as a twisted permutation type of twist
order one. We therefore can and will view p as a twisted permutation type of twist order n and twist
dimension d.

We assume also that fundamental arithmetic operations cost O(1), which covers numerical calcula-
tions and calculations modulo primes p in a fixed range, but is incorrect for computations in number
fields. The time complexity of Algorithm 1 depends on the time complexity of various matrix opera-
tions. Given nx n matrices A and B, we assume that the time complexity of computing the product AB,
the inverse A1, and of diagonalizing A is O(n**¢), where here and in the remainder of this section x
denotes the exponent in the time complexity of matrix multiplication [15]. We have x < 2.373 in the-
ory [1], but in practice implementations rely on results of Strassen [45], whose algorithm established
that x < 2.807.

Translation orbits We estimate the time complexity of computing orbits under T that appear in
Corollary 3.6 and Section 4.2. Let n be the twist order of p and o its twist representation of dimen-
sion d for an auxiliary group H.

Per Definition 3.4, we have an associated group homomorphism p! from T to H1S,. It yields an
action of T € T" on {1,..., n} via the projection to S,. Applying the orbit algorithm in this setting has
time complexity O(n). The stabilizer of any 1 < i < n is generated by T", where n; := #T7 1 is the orbit
length of i.
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In typical situations, the action of p(T") on the i-th component V(p); of C" ® V(o) (cf. (3.12)) is
in diagonal form already. This includes the cases of arithmetic types associated with Dirichlet char-
acters and of Weil representations. In general, diagonalizing it contributes O(#Rd") to the total time
complexity, where R is a set of orbit representatives for 77 acting on {1,..., n}.

Given orbits for T4 on {1,...,n} and an isotypic decomposition of p(T"iZ) acting on V(p);, Corol-
lary 3.6 provides an isotypic decomposition of p(T). The time complexity contributed by this step
equals ¥ O(n2d) < O(n?d).

In summary, we obtain an isotypic decomposition of p(T) including a convenient basis in

0(n) + O(#Rd") + O(n*d) = O(dim(p)(d " + n)).

Invariants We discuss the contribution of (3.4) to the time complexity, and neglect the one of (3.3),
which is dominated by the former.

We recall from Proposition 3.3 that the space of invariants on the right hand side of (3.4) is bounded
by & (N(}” dim(p)). The estimate in Proposition 3.3 arises from a bound on I'1 (INp)-invariant vectors.
We apply Frobenius reciprocity as in (1.2) to reconstruct invariants for I'. This results in a basis of
invariants in (3.4), each of whose elements is a sum over less than [I' : T'; (/Np)] vectors of dimen-
sion dim(p). The time complexity thus depends on the index of I'; (IVp) in I'. We obtain a total contri-
bution of

O(N, ™ dim(p) [T : T'1 (Np)] dim(p)) = O(Ny ™ [T : T'1 (Np)] dim(p)?).

For later purposes, we also record that for each of these invariant basis elements each component
of p on average can be expressed by the following number of terms:

O([T : 1 (Ng)] dim(p)/ dim(p)) = O([I": T'1 (Np)1).

Remark 4.1. If Ny > k, which is usually the case, the estimate N&” dim(p) is larger than the dimen-
sion of My (p), which is of order O(kdim(p)). Therefore we expect significant redundancy among the
modular forms associated to the invariants in (3.4). This is the ultimate reason for the preemptive
comparison of dimensions in line 10 of Algorithm 1. In practice, the required number of invariants for
small and fixed k, appears be of order O(N¢ dim(p)). Assuming this, we can replace the total contribu-
tion of the calculation of invariants by

O(N§ [T'1 (Np) : T1dim(p)?).

Fourier expansions Given a basis of invariants as in line 3 of Algorithm 1, the next step is to compute
Fourier expansions. Naively, for each basis element this involves the computation of dim(p) sums of
products of Eisenstein series each with PN coefficients, where P is the truncation bound in Theo-
rem 2.2 and Algorithm 1. Each sum involves O([I": T'; (Np)]) products on average. A typical choice of P
is the Sturm bound, which is of size O(k[SL2(Z) : I'l). Products of power series of length PN can be
determined in time complexity O(P Nlog(BN)). The naive contribution to time complexity of Fourier
expansions of an invariant is hence

O(dim(p) [T : T'; (Np)] (k[SL2(Z) : TIN)'*¢) < O((kNZ N)'*¢ dim(p)).

Now we note that we can employ the T-invariance of Fourier expansion of modular forms in (3.20).
This means that we can reduce ourselves to the computation with power series of length P, removing
the contribution of N to the time complexity. This yields time complexity

O((kNH'*€dim(p)).
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Reduced row echelon forms The truncated and deflated vector-valued Fourier series expansions are
gathered in a matrix in line 7 of Algorithm 1. We provide a pessimistic bound for the time complexity
of the row echelon reduction in line 8 by ignoring the extra termination condition on line 10.

With the discussion in Section 4.2 in mind, we can estimate the size of the matrix M in Algorithm 1
by

O(N, **dim(p)) - O(k[SL2(2) : T1dim(p)).

The number of rows arises from the dimension of invariants, and the number columns from the
Fourier expansion. This matrix is reduced to row echelon form. The time complexity contributed
by this step is

O(max{N,; ™ dim(p), k[SL2(2) : T1dim(p)}").

By Remark 4.1, for small and fixed k we expect that preemptive termination in line 10 of Algorithm 1
yields the significantly better estimate

O(max{N§ dim(p), [SL2(2) : T dim(p)}").

Fourier expansions of arbitrary precision Given a basis of modular forms computed along the lines
of Algorithm 1, we also obtain expressions for their components in terms of products of Eisenstein
series as mentioned in 2.3. The length of each these expressions, in the shape we implemented it, is
tightly connected to the explicit Frobenius reciprocity in (1.2), which yields the length estimate O([T":
I'1 (No)]). As before, products of Eisenstein series to precision P can be computed in time complex-
ity O(Plog P). In total, computing a single component has time complexity

O(IT": Ty (Np)] Plog P).

Modular forms forT'o(IN) We conclude with the special case of modular forms for I'g (V) and a Dirich-
let character y. If we determine merely the cusp expansion at co for small and fixed k, then p = y is
one-dimensional. We assume that Ny = N, which is experimentally true for small k. Then the heuristic
time complexity estimates for the computation of T-invariants, of invariants, the Fourier expansion of
all invariants, and the reduced row echelon normal form are O(1), O(N3*€), O(N3*€), and O(N{1+Ox),
The computation of invariants and their Fourier expansions is dominant. It yields the total time com-

plexity
0 (N3+€) .

Under the experimental assumption from Remark 4.1, the computation of invariants becomes fast
and the row echelon form is dominant. It yields a total time complexity

O(NK+€).

We conclude with a remark on the observed performance. Also in case of classical modular forms
for I'g(IV) our implementation is surprisingly slow. Profiling reveals that it is dominated by the calcu-
lation of invariants which happens in GAP and via an implementation of Farey fractions that improves
upon the one provided in Sage [47].
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4.5 Examples To illustrate the use of the implementation provided by the authors, we consider two
cases that we mentioned in the introduction: Modular forms for congruence subgroups of non-split
Cartan type and modular forms for “Moonshine-like” arithmetic types.

Congruence subgroups of non-split Cartan type We recall from the introduction that modular forms
for the congruence subgroups I'ns(IN) of non-split Cartan type are usually computed via cusp expan-
sions of modular forms for T';(N?) [2, 34]. In our framework, we can treat them on equal footing
with modular forms for any other congrunce subgroup when taking the induction of the trivial type
of I'ns(NN) to SLp(Z). The computation of a 20-dimensional such space is illustrated in Listing 1.

Listing 1: Julia code to compute modular forms for I'ns(7) of weight 6
using ModularForms
rho = induction(SL2Z, TrivialArithmeticType (GammaNS (7)))
mfs = ModularFormsSpace (6, rho, QQab)
[fourier_expansion (f,2) for f in basis(mfs)]

The resulting Fourier expansions are too long to reproduce in print. As an example we provide the
Fourier expansion of the first component of the first basis element, which is associated with a modular
form for 'y (7).

4
1+ (=500 =00, =208, + 08, + 505, + 2042 +2)q7

5

+ (984 + 73 + 74 + 98, =94 + 53, = 7042 = 5)q "
+ (=198 +169, +19¢8, - 2375, + 1904, + 1603, - 19042)
+(39¢]3 +10¢8, — 108, —39¢3, — 3903, — 10042 — 74) q
+(- 60(42 +17¢8, —17¢8, + 1703, — 17045 + 60) 7
+ (3201 — 159¢9, — 253¢8, — 324, — 25303, + 253043 + 32) q7
+(49¢; 49(22 +206(5, — 49, +249¢3, +206) g7
+(— 4650 + 11779, — 24008, — 1175, + 46502, +2400 45 +240)q 7
+ (34601 + 70479, + 7048, + 34605, — 34602, +582¢3, — 70474, —582) ¢'7
+(— 87505 + 5943, + 8755, — 73105, + 87503, + 59403, —875(42)q 7 +0(q)

To illustrate the performance of our implementation, we consider the induction of the trivial type
from T'ns(3), T'ns(5), and T'ps(7) to SLo(Z). These representations have dimensions 6, 20, and 42. The
calculation of the associated weight-6 modular forms takes 0.08, 0.48, and 5.28 seconds, respectively,
on a single hardware thread of a home computer with AMD Ryzen 9 3900XT. Profiling the calcula-
tion reveals that the vast majority of runtime is spend on determining invariants on the left hand side
of (2.5). This is despite the fact that linear algebra is performed over the cyclotomic field of order 42.
In more detail, most time is spent in orbit calculations using the highly optimized GAP implementa-
tion [23], and in our implementation of Farey symbols to determine generators of stabilizer subgroups.
The latter is a variant of the implementation in Sage [47] going back to the work of Kurth-Long [32].
Our implementation employs more suitable data structures and thus achieves a 10-fold speedup in a
benchmark with I'(64), that now requires 37 seconds to complete.
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Moonshine-like arithmetic types To illustrate the use of our implementation in the context of Moon-
shine, we intended to examine generalized Mathieu Moonshine [22]. However, we were unable to
verify that twists computed using the code accompanying the paper by Gaberdiel-Persson-Ronellen-
fitsch—Volpato yield representations of SL,(Z). Instead, we have implemented the following construc-
tion that mimics the setup in any kind of generalized Moonshine: Given a finite abelian group G, we
have a permutation action of SL,(Z) from the right on G x G. We determine all twisted permutation
types that extend this permutation action, pick a random one, and compute a corresponding space of
modular forms. This is illustrated in Listing 2. We execute these calculations over a number field and
also determine the corresponding space of modular forms over F7.

Listing 2: Julia code to compute modular forms for a Moonshine-like type of weight 4

using ModularForms

using ModularForms .MoonshineLikeType

rho = rand_moonshine_like_type([2,2], 4)

mfsQQab = ModularFormsSpace (4, rho, QQab)

mfsFF = ModularFormsSpace (4, rho, FiniteField (17)[1])

The runtime of calculations with Moonshine-like types varies vastly with the twist. f G=Z/2x Z/2,
which is a group that appears in Mathieu Moonshine, there are 2*! different twists of the permutation
action on G x G. Table 1 provides the permutation and the twists for a typical example. We label
the basis elements by integers between 1 and 16 and give their images including the associated twists
under two generators of SL (Z). The calculation of weight-4 modular forms for this type over a number
field takes 1.15 seconds and 1.14 seconds over F;7. The marginal difference between these runtimes
illustrates the large proportion that it takes to calculate the left hand side of (2.5).

Table 1: An example of a Moonshine-like twisted permutation action

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

(0 _1) 1 5 9 13 2 6 10 14 3 7 11 15 4 8 12 16
POl gy G 8 8 1 U G G 1 O U 8l U G

1) 1 2 3 4 6 5 8 7 11 12 9 10 16 15 14 13
! R BN ORGSR CRRN CNN 6 SN ORS¢ S B O ORI R ¢

5 Comparisons with alternative algorithms

There are two established algorithms to compute classical modular forms, which were surveyed in [4]:
Modular symbols and the Eichler-Selberg trace formula. Both are a priori limited to the computation
of scalar-valued modular forms for congruences subgroups I' via their Hecke eigenvalues, that is, their
cusp expansions at co. If the level of I' is square-free the associated vector-valued modular forms of
type Indr 1 for SL,(Z) can be recovered from the action of Atkin-Lehner involutions. For general I’
this is not possible. Fixing the weight, as we did in Section 4.4, computing the Fourier expansions up
to precision P > N of a basis of My (I'g(V), x) using modular symbols or the trace formula has time
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complexity
O(N'*¢P?) and O(NZ*¢p3).

While both algorithms compute less than what Algorithm 1 does, they do so significantly faster.

There are two further algorithms in the literature that target vector-valued modular forms and share
some features with the our Algorithm 1. The first one by Cohen [13] is based on products of scalar-
valued Eisenstein series for I'g (V) with character. The second one by Williams [50] is based on prod-
ucts of Eisenstein series for the Weil representation with theta series of weight %, which are residues
of Eisenstein series. Both are restricted to specific kinds of vector-valued modular forms, but when
applicable perform significantly better than our implementation of Algorithm 1. We will discuss the
reason why and potential remedies to their limitations.

5.1 Products of scalar-valued Eisenstein series Cohen [13] implemented an algorithm in Pari/GP
to calculate Petersson scalar products of modular forms in My (I'g(IN), ), the space of modular forms
of weight k with flry = x(d) f fory = (‘Cl Z) € I’y (V) for a Dirichlet character y. As one of the steps in his
algorithm he requires the cusp expansions of modular forms. He determines these cusp expansions
after having calculated modular forms via Eichler-Selberg trace formula [3], but we remark that his
approach can be adjusted to calculate a basis for My (I'g(IV), x). General cusp expansions enable the
computation of a basis of My(0y), where p, is as in (1.5). In other words, one can recover from Cohen’s
work the special case p = p, of Algorithm 1.

Remark 5.1. Any irreducible congruence type with nontrivial T'-fixed vectors embeds into a suitable p .
To make general congruence types accessible to Cohen’s approach, one can use the vector-valued
Hecke operators Ty of [48] and the inclusion p — Ty Ty p. If N is suitably chosen, then there is a
subrepresentation of p’ — Ty p generated by its T-fixed vectors such that p — Ty p'.

The theoretical foundation of Cohen’s algorithm was given by Borisov—Gunells in their work on toric
modular forms [6-8]. As a corollary to their results one finds that if k > 2, then

k-1
M (To(N), 1) € Ex(To(N), ) + D~ Ei(T1(N)) - By (T1(V)),
I=1

where Ex (I'g(IV), ) stands for the spaces of weight- k Eisenstein series for I'g(V) and y. In other words,
we have

k-1
M (To(N), p) = Ex(To(N), 1)+ Y HO((B; (T} (V) - Ex— (T1 (D)) ® ¢), 5.1)
=1

where we allows ourselves to identify the invariants on the right hand side with the corresponding
modular forms. If k = 2, there is no direct analogue of (5.1), but Cohen works around this by a variant
of it.

The equality in (5.1) parallels the isomorphism in (1.11), but the underlying representation theory
is much simpler, since the former features E;(I'; (IV)) as opposed to &;(IN) = E;(I'(IN)) from Section 1.3.
Recall from Proposition 1.2 that &;(IN) as a representation of SL,(Z) is a quotient of the induced rep-
resentation py from (1.5). By Mackey’s Double Coset Theorem, its restriction to I'¢(N) in general
contains multidimensional, irreducible representations. Not so E;(I'; (IV)), which can be decomposed
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into characters. More precisely, since E;(I'1(N)) consists of T-invariant functions, it descends to a
representation of the abelian quotient I'g(/N) /Ty (V). In classical terms, we have

ECi(N)= @ EiTod),y),
x (mod N)

which parallels the representation theoretic decomposition

where the direct sum in both equations runs over Dirichlet characters y and in the second one we
view y as a representations as in (1.4).
When formulating Cohen’s algorithm in the language of Theorem 2.1, we have to compute

@ B exyex)
Xyox5 (mod N)

Each of these spaces is nonzero if and only if y = x} x5. The most time-consuming part of Algorithm 1,
the computation of invariants, is hence reduce to a factorization in a finite, commutative group. This
explains the superior performance of Cohen’s implementation.

5.2 Products of Weil-type Eisenstein and theta series Based on his thesis [50], Williams provided an
algorithm to calculate a basis of M (p) where p is a Weil representation. Recall from, for instance [41],
that the Weil representation is associated with a finite quadratic module (F, ). If the signature of (F, )
is even, the associated Weil representation is a representation of SL,(Z), and in general of the meta-
plectic group, which we do not introduce here. One can circumvent the limitation to Weil represen-
tation by the fact that every congruence type is a subrepresentation of a suitable Weil representation.
The dimension of this enveloping Weil representation, however, might be very large.

As opposed to the work of Borisov—-Gunnells, the work by Williams a priori rather features Jacobi
forms [20] and not products of Eisenstein series. To make the analogy to Algorithm 1 clear, we need
some preparation. We write p,, for the Weil representation associated with the finite quadratic mod-
ule (Z/2mZ,x — x%/4m). Recall that classical Jacobi forms are functions in two variables 7 and z
on H x C. We will need the connection between Jacobi forms of index m and type p, and vector-valued
modular forms of type p ® py, via the theta decomposition. It features the Jacobi theta series 0,
for [ (mod2m). A Jacobi form of index m can be written as

dT,2)= Y, [i0)0m1(T,2), (f)imodzm) € M;_1(p®py)- (5.2)

1
[ (mod2m) 2

We write E]k’m(p) for the space of Jacobi Eisenstein series of weight k, index m, and type p. For our
purpose, it is important to record that the theta decomposition maps it to usual Eisenstein series.

Williams’s algorithm is founded on the combination of two facts: First, the specialization of Jacobi
Eisenstein series to z = 0 yields “Poincaré square-series”. Second, specific Dirichlet convolutions of
Poincaré square-series yield usual Poincaré series. Since Poincaré series span spaces of modular
forms, one obtains

Mi(p)= Y B} (0] = (5.3)
m=1
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An upper bound on which Eisenstein series are required on the right hand side can be deduced from
a Sturm bound for My (p) and the connection to Poincaré series. The resulting algorithm is very effi-
cient provided that the Fourier expansion of Jacobi Eisenstein series can be computed at the required
level of generality. Besides the relation between Poincaré square-series and Poincaré series, the need
for these Fourier expansions is the source of the restriction of Williams’s algorithm to Weil representa-
tions p.

The theta decomposition allows us to recognize the specialization of Jacobi Eisenstein series in (5.2)
as a sum of products of Eisenstein series of weight k — % and theta series of weight % Since these
theta series appear as residues of Eisenstein series, we allows ourselves to write & 1 (pm) for the space
of modular forms (of half-integral weight) spanned by the 0,,;, I (mod2m), and E 1 (om) for the cor-
responding space of vector-valued modular forms. A weaker form of Williams’s results in the spirit of
Theorem 2.1 is

Mi(p) = 3 H((E_1(p®py)-E1(pm) ®p).
m=1

When evaluating this isomorphism, the invariants that occur are
H(0V ® (0 ®p},) ® pm)- (5.4)

But Williams successfully avoids the calculation of invariants altogether. He thus skips the most
time consuming part of Algorithm 1. Specifically, his results employ canonical elements id,; in (5.4).
We view them as homomorphisms from modular forms of arithmetic type p ® p}, ® p, to modular
forms of type p. Then Williams’s result can be rephrased as:

Mk(p)=Zidm(Ek_%(p®p;/n)®E%(pm)). (5.5)
m

This explains the superior performance of Williams’s implementation.

[1] J. Alman and V. Vassilevska Williams. A refined laser method and faster matrix multiplication. Proceedings of the 2021
ACM-SIAM Symposium on Discrete Algorithms. SIAM, Philadelphia, 2021.

[2] E.Assaf. Computing Classical Modular Forms for Arbitrary Congruence Subgroups. arXiv:2002.07212. 2020.
[3] K. Belabas and H. Cohen. Modular forms in Pari/GP. Res. Math. Sci. 5.3 (2018).

[4] A.J. Best, J. Bober, A. R. Booker, E. Costa, J. Cremona, M. Derickx, D. Lowry-Duda, M. Lee, D. Roe, A. V. Sutherland, and
J. Voight. Computing classical modular forms. arXiv:2002.04717. 2020.

[5] R.E.Borcherds. Automorphic forms with singularities on Grassmannians. Invent. Math. 132.3 (1998).

[6] L.A.Borisovand P. E. Gunnells. Toric modular forms and nonvanishing of L-functions. J. Reine Angew. Math. 539 (2001).
[7] L.A.Borisovand P. E. Gunnells. Toric modular forms of higher weight. J. Reine Angew. Math. 560 (2003).

[8] L.A.Borisovand P. E. Gunnells. Toric varieties and modular forms. Invent. Math. 144.2 (2001).

[9] J. Bruinier and M. Kuss. Eisenstein series attached to lattices and modular forms on orthogonal groups. Manuscripta
Math. 106.4 (2001).

[10]  J. H. Bruinier and M. Westerholt-Raum. Kudla’s modularity conjecture and formal Fourier-Jacobi series. Forum Math. Pi
3 (2015).

[11]  D.Bump. Lie groups. Vol. 225. Grad. Texts Math. Springer, New York, 2013.
[12] M. C.N. Cheng,J. E R. Duncan, and J. A. Harvey. Umbral moonshine and the Niemeier lattices. Res. Math. Sci. 1 (2014).

[13] H. Cohen. Expansions at cusps and Petersson products in Pari/GP. Elliptic integrals, elliptic functions and modular forms
in quantum field theory. Texts Monogr. Symbol. Comput. Springer, Cham, 2019.

[14] P Deligne and M. Rapoport. Les schémas de modules de courbes elliptiques. Vol. 349. Lecture Notes in Math. Proc.
Internat. Summer School, Univ. Antwerp, Antwerp, (1971). Springer, Berlin, 1973.

[15]  J. Demmel, I. Dumitriu, and O. Holtz. Fast linear algebra is stable. Numer. Math. 108.1 (2007).

—27 —



On the Computation of General Vector-valued Modular Forms T. Magnusson, M. Raum

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]
[24]
[25]
[26]

[27]

[28]
[29]
[30]

[31]
[32]
[33]
[34]
[35]

[36]
[37]

[38]
[39]

[40]

[41]
[42]

[43]

[44]

[45]
[46]

[47]
(48]
[49]

[50]
[51]

E Diamond and J. Shurman. A first course in modular forms. Vol. 228. Graduate Texts in Mathematics. Springer, New York,
2005.

M. Dittmann, R. Salvati Manni, and N. R. Scheithauer. Harmonic theta series and the Kodaira dimension of <. Algebra
Number Theory 15.1 (2021).

D. S. Dummit and R. M. Foote. Abstract algebra. Wiley, Chichester, 2004.

B. Edixhoven and J.-M. Couveignes, eds. Computational aspects of modular forms and Galois representations. Vol. 176.
Annals of Mathematics Studies. How one can compute in polynomial time the value of Ramanujan’s tau at a prime.
Princeton University Press, Princeton, 2011.

M. Eichler and D. B. Zagier. The theory of Jacobi forms. Vol. 55. Progress in Mathematics. Birkhduser, Bosten, Mas-
sachusetts, 1985.

C. Fieker, W. Hart, T. Hofmann, and E Johansson. Nemo/Hecke: Computer Algebra and Number Theory Packages for the
Julia Programming Language. ACM, New York, USA, 2017.

M. R. Gaberdiel, D. Persson, H. Ronellenfitsch, and R. Volpato. Generalized Mathieu Moonshine. Commun. Number
Theory Phys. 7.1 (2013).

GAP - Groups, Algorithms, and Programming. Version 4.11.1. The GAP Group. 2021.
V. Gritsenko, C. Poor, and D. S. Yuen. Borcherds products everywhere. J. Number Theory 148 (2015).
V. Gritsenko, N.-P. Skoruppa, and D. Zagier. Theta Blocks. arXiv:1907.00188. 2019.

D. E Holt, B. Eick, and E. A. O’Brien. Handbook of computational group theory. Discrete Math. Appl. Chapman & Hall/CRC
Press, Boca Raton, FL, 2005.

E Johansson. Arb: efficient arbitrary-precision midpoint-radius interval arithmetic. IEEE Transactions on Computers 66
(8 2017).

N. M. Katz. p-adic properties of modular schemes and modular forms.
K. Khuri-Makdisi. Moduli interpretation of Eisenstein series. Int. J. Number Theory 8.3 (2012).

W. Kohnen and Y. Martin. Products of two Eisenstein series and spaces of cusp forms of prime level. J. Ramanujan Math.
Soc. 23.4 (2008).

W. Kohnen and D. B. Zagier. Modular forms with rational periods. Modular forms (Durham, 1983). Ellis Horwood Ser.
Math. Appl.: Statist. Oper. Res. Horwood, Chichester, 1984.

C.A.Kurth and L. Long. Computations with finite index subgroups of PSLy (Z) using Farey symbols. Proceedings of the 2nd
international congress in algebra and combinatorics, Guangzhou, China, Beijing, China, and Xian, China, 2007. World
Scientific, Hackensack, NJ, 2008.

B. C. Mazur. Rational points on modular curves. Proc. Int. Conf., Bonn, (1976). 1977.

P. Mercuri and R. Schoof. Modular forms invariant under non-split Cartan subgroups. Math. Comput. 89.324 (2020).
T. Miyake. Modular forms. Translated from the Japanese by Yoshitaka Maeda. Springer, Berlin, 1989.

H. Monien. The sporadic group J2, Hauptmodul and Belyi map. arXiv:1703.05200. 2017.

C. Poor, J. Shurman, and D. S. Yuen. Theta block Fourier expansions, Borcherds products and a sequence of Newman
and Shanks. Bull. Aust. Math. Soc. 98.1 (2018).

R. A. Rankin. The scalar product of modular forms. Proc. London Math. Soc. (3) 2 (1952).

M. Raum and J. Xia. All modular forms of weight 2 can be expressed by Eisenstein series. Res. Number Theory 6.3 (2020).
1d/No 32.

N. R. Scheithauer. On the classification of automorphic products and generalized Kac-Moody algebras. Invent. Math.
164.3 (2006).

N. R. Scheithauer. The Weil representation of SL»(Z) and some applications. Int. Math. Res. Not. 8 (2009).

J.-P. Serre. Linear representations of finite groups. Translated from the second French edition by Leonard L. Scott, Gradu-
ate Texts in Mathematics, Vol. 42. Springer, New York-Heidelberg, 1977.

N.-P. Skoruppa. Jacobi forms of critical weight and Weil representations. Modular forms on Schiermonnikoog. Cambridge
Univ. Press, Cambridge, 2008.

W. Stein. Modular forms, a computational approach. With an appendix by Paul E. Gunnells. Vol. 79. AMS, Providence, RI,
2007.

V. Strassen. Gaussian elimination is not optimal. Numer. Math. 13 (1969).

J. Sturm. On the congruence of modular forms. Number theory (New York, 198 3-1985). Vol. 1240. Lecture Notes in Math.
Springer, Berlin, 1987.

The Sage Developers. SageMath, the Sage Mathematics Software System (Version 9.2). 2020.
M. Westerholt-Raum. Products of vector valued Eisenstein series. Forum Math. 29.1 (2017).

B. Williams. Overpartition M2-rank differences, class number relations, and vector-valued mock Eisenstein series. Acta
Arith. 189.4 (2019).

B. Williams. Poincaré square series for the Weil representation. Ramanujan J. 47.3 (2018).
B. Williams. Vector-valued Hirzebruch-Zagier series and class number sums. Res. Math. Sci. 5.2 (2018). Id/No 25.

—-28—



On the Computation of General Vector-valued Modular Forms T. Magnusson, M. Raum

Chalmers tekniska hogskola och Goteborgs Universitet, Institutionen for Matematiska vetenskaper, SE-412 96
Goteborg, Sweden
E-mail: tobmag@chalmers.se

Chalmers tekniska hogskola och Goteborgs Universitet, Institutionen for Matematiska vetenskaper, SE-412 96
Goteborg, Sweden
E-mail: martin@raum-brothers.eu

Homepage: http://martin.raum-brothers.eu

—-29—


tobmag@chalmers.se
martin@raum-brothers.eu
http://martin.raum-brothers.eu

	Introduction
	1 Preliminaries
	1.1 Representation theory
	1.2 Vector-valued modular forms
	1.3 Eisenstein series
	1.4 Products of Eisenstein series

	2 Main algorithm
	2.1 Fourier expansions
	2.2 Algebraic Fourier coefficients
	2.3 Statement of the algorithm

	3 Decompositions
	3.1 Isotypic decomposition
	3.2 Twisted permutation types
	3.3 Translation orbits and Fourier expansions

	4 Implementation
	4.1 Computation of invariants
	4.2 Inflation and deflation via translation orbits
	4.3 Arithmetic operations in the base fields
	4.4 Heuristic discussion of time complexity
	4.5 Examples

	5 Comparisons with alternative algorithms
	5.1 Products of scalar-valued Eisenstein series
	5.2 Products of Weil-type Eisenstein and theta series


