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Abstract

In this paper we study the convergence rate of a finite volume approximation of the compressible
Navier–Stokes–Fourier system. To this end we first show the local existence of a highly regular unique
strong solution and analyse its global extension in time as far as the density and temperature remain
bounded. We make a physically reasonable assumption that the numerical density and temperature
are uniformly bounded from above and below. The relative energy provides us an elegant way to
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1 Introduction

Numerical simulation of gas dynamics plays an important role in a wide range of modern industrial
and real life applications, such as vehicle engineering, engines design, aerospace or weather forecast. In
the past decades, lots of effort was put in the development of efficient (high order, high resolution and
parallel) and accurate (stable and convergent) numerical methods. Comparing to the great success in
the development of reliable numerical methods, the progress in their analysis is much slower.

In this paper, we study the convergence rate of a finite volume (FV) method proposed by Feireisl et
al. [6] for the compressible Navier–Stokes–Fourier system. Our main tool is the relative energy functional
originally proposed by Dafermos [2] in order to measure the distance of a weak and a classical solution.
The idea has been adapted to study the error between a numerical solution and a classical solution, see
Gallouët et al. [12] and Feireisl et al. [4]. These results are based on a discrete version of the relative
energy functional, where the target smooth solution is projected into the discrete space of numerical
solutions. Recently, Feireisl et al. [8] showed that using the continuous version of the relative energy
functional yields a better convergence rate compared to its discrete version. This new strategy directly
employs the consistency error of the numerical scheme and avoids lengthy calculations in the discrete
space. This approach has been already successfully applied for the error estimates of the compressible
Euler equations, see Feireisl et al. [7] for the barotropic case and see Lukáčová et al. [19] for the full
Euler system. In the present paper we use the continuous form of the relative energy and study the
convergence rate of a FV method for the Navier–Stokes–Fourier system. To this end, we need a new
refined version of the consistency errors as well as stability estimates. As far as we know, this is the first
result in the literature, where the error estimates of a fully discrete numerical scheme for the compressible
viscous heat-conducting fluids are derived. In this paper we concentrate on theoretical error analysis,
numerical simulations illustrating reliability of the studied FV method were shown in [18].

The Navier–Stokes–Fourier system describes the motion of compressible, viscous, and heat conducting
fluids

∂t̺+ divx(̺u) = 0, (1.1a)

∂t(̺u) + divx(̺u⊗ u) +∇xp = divxS, (1.1b)

∂t(̺e) + divx(̺eu)− divx(κ∇xϑ) = S : ∇xu− pdivxu (1.1c)

in the time–space cylinder (0, T ) × Ω, Ω ⊂ Rd, d = 2, 3. Here, ̺,u, ϑ, p, e are the fluid density, velocity,
absolute temperature, pressure and internal energy, respectively. Further, κ > 0 is a heat conductivity
constant and S is the viscous stress tensor

S = S(∇xu) = 2µD(u) + λdivxuI with D(u) =
∇xu+∇T

xu

2
,

where µ > 0 and λ ≥ 0 are constant viscosity coefficients. We consider the standard pressure law of a
perfect gas

p = (γ − 1)̺e, e = cvϑ,

where γ > 1 is the adiabatic coefficient and cv = 1
γ−1 is the specific heat per constant volume. For

simplicity, we consider periodic boundary conditions and identify the fluid domain with a flat torus, i.e.,

Ω = Td =
(
[0, 1][0,1]

)d
. To close the system we impose the initial conditions

(̺(0),u(0), ϑ(0)) = (̺0,u0, ϑ0) with ̺0 > 0 and ϑ0 > 0. (1.2)
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In view of the second law of thermodynamics, any solution to the system (1.1)–(1.2) satisfies the entropy
balance

̺(∂ts+ u · ∇xs)− divx

(
κ∇xϑ

ϑ

)
=

1

ϑ

(
S(∇xu) : ∇xu+ κ

|∇xϑ|
2

ϑ

)
≥ 0, (1.3)

where s is the physical entropy

s(̺, ϑ) = log

(
ϑcv

̺

)
for ̺ > 0, ϑ > 0.

The rest of the paper is structured as follows. In Section 2 we show the existence of a strong solution.
Next, we introduce a FV method in Section. 3. Then, we show the stability and consistency of the FV
approximation in Section 4. Finally, we present the convergence rate of the FV method in Section 5.

2 Strong solution

In this section, we focus on the existence results to the Navier–Stokes–Fourier system (1.1) in the class
of strong solutions. In particular, we emphasize that the classical solution inherits the W k,2-regularity
from the initial data for any k ≥ 4, as a consequence of the fact that (1.1) can be seen as a symmetric
hyperbolic-parabolic system, cf. Theorem A.1. Moreover, due to the blow-up criterion established by
Huang, Li [14] and by Feireisl, Wen, Zhu [11], the solution exists globally in time, as long as it is bounded.

Proposition 2.1. Let k ≥ 6 and let the initial data (1.2) be such that

̺0 > 0, (̺0,u0, ϑ0) ∈ W k,2(Td;R1+d+1).

Let (̺,u, ϑ) be a weak solution to problem (1.1), (1.2) such that

0 < ̺ ≤ ̺ ≤ ̺, 0 < ϑ ≤ ϑ ≤ ϑ a.e. in (0, T ) × T
d. (2.1)

Then (̺,u, ϑ) is a strong solution of (1.1), (1.2) in [0, T ]× Td satisfying

(̺,u, ϑ) ∈ C([0, T ];W k,2(Td;R1+d+1)).

Moreover, the following estimate

‖(̺,u, ϑ)‖C([0,T ];W k,2(Td)) + ‖(̺,u, ϑ)‖C1([0,T ]×Td)

+‖(∂t̺, ∂tu, ∂tϑ)‖C([0,T ]×Td) + ‖(∂2
t ̺, ∂

2
t u, ∂

2
t ϑ)‖C([0,T ]×Td) ≤ C‖(̺0,u0, ϑ0)‖W k,2

(2.2)

holds, where the positive constant C depends solely on T, ̺, ̺, ϑ, ϑ and ‖(̺0,u0, ϑ0)‖W k,2.

Proof. Applying the local-existence result developed in Theorem A.1, there exists T1, 0 < T1 ≤ T , such
that a unique strong solution (˜̺, ũ, ϑ̃) to problem (1.1), (1.2) exists on [0, T1] and

(˜̺, ũ, ϑ̃) ∈ C([0, T1];W
k,2(Td;R1+d+1)).
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Moreover, from the Sobolev embedding W k−4,2(Td) →֒ C(Td) whenever k ≥ 6, from (A.2) we can deduce
that there exists a positive constant C = C(T1) such that

‖(˜̺, ũ, ϑ̃)‖C([0,T1];W k,2(Td)) + ‖(˜̺, ũ, ϑ̃)‖C1([0,T1]×Td)

+‖(∂t ˜̺, ∂tũ, ∂tϑ̃)‖C([0,T1]×Td) + ‖(∂2
t ˜̺, ∂2

t ũ, ∂
2
t ϑ̃)‖C([0,T1]×Td) ≤ C‖(̺0,u0, ϑ0)‖W k,2 .

(2.3)

Now, from the weak-strong uniqueness principle proven in [9, Theorem 2.1], the weak solution (̺,u, ϑ)
must coincide with the strong solution (˜̺, ũ, ϑ̃) in [0, T1] × Td. According to the blow-up criterion
developed by Feireisl, Wen and Zhu [11, Theorem 1.4], if T1 < T were the maximal time of existence,
then

lim sup
t→T−

1

(‖̺(t)‖L∞ + ‖ϑ(t)‖L∞) = ∞, (2.4)

which would lead to a contradiction due to hypothesis (2.1). Consequently T1 = T which concludes the
proof.

Remark 2.2. We point out that the compatibility condition (1.10) required for the initial data in [11]
is not necessary in this context as we are not allowing the presence of vacuum zones.

Remark 2.3. Proposition 2.1 still holds if we replace the boundedness of temperature with the one of
velocity; specifically, instead of having ϑ ≤ ϑ in (2.1), we could require |u| ≤ u. Then, instead of (2.4),
we could use the Serrin-type blow-up criterion developed by Huang and Li [14, Theorem 1.2]: if T1 is the
maximal time of existence, then

lim sup
t→T−

1

(‖̺(t)‖L∞ + ‖u(t)‖L∞) = ∞.

3 The finite volume method

In this section we introduce the finite volume method originally proposed in [6].

3.1 Notations

Mesh. Let Th be a uniform structured mesh with the mesh size h formed by squares in 2D, and cubes
in 3D such that Td =

⋃
K∈Th

K.
We denote by E the set of all faces of Th, and by Ei the set of all faces that are orthogonal to the

ith basis vector ei of the canonical system. The set of all faces of an element K is denoted by E(K).
Moreover, we write σ = K|L if σ ∈ E is the common face of elements K and L. Further, we denote by
|K| and |σ| the Lebesgue measure of an element K ∈ Th and a face σ ∈ E , respectively. Moreover, xK
and xσ stand for the barycenter of K and σ, respectively.

In what follows we shall use an abbreviated notation for the integrals,

∫

Td

· dx :=
∑

K∈Th

∫

K
·dx and

∫

E
·dSx :=

∑

σ∈E

∫

σ
·dSx.
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Dual grid. For any σ = K|L ∈ Ei, we define a dual cell Dσ := Dσ,K ∪Dσ,L, where the polygon Dσ,K

(resp. Dσ,L) is a half of K (resp. L), i.e.,

Dσ,K = {x ∈ K | xi ∈ co{(xK)i, (xσ)i}} ,

co{A,B} ≡ [min{A,B},max{A,B}],

see Figure 1 for a two-dimensional example of dual cells. Further, we denote the ith dual grid Di as

Di =
⋃

σ∈Ei

Dσ.

K L•
xK

•
xL

•
xσ

σ
=

−−
→

K
|LDσK DσL

Figure 1: Dual cell Dσ = DσK ∪DσL for 2D structured mesh.

Function space. The symbol Qh stands for the set of piecewise constant functions on the grid Th.
Note that hereinafter vh ∈ Qh means that every component of a vector–valued function vh belongs to
the set Qh. We define the following projection operators

ΠQφ(x) =
∑

K∈Th

1K(x)

|K|

∫

K
φdx, Π

(i)
W φ(x) =

∑

σ∈Ei

1Dσ(x)

|σ|

∫

σ
φdSx,

where 1D(x) =

{
1 x ∈ D,

0 otherwise,
for D = K,Dσ being an element of Th or Di, respectively. Note that for

any φ ∈ W 1,∞(Td) ∥∥∥φ−Π
(i)
W φ
∥∥∥
L∞(Td)

≤ h ‖φ‖W 1,∞(Td) . (3.1)

The average and jump operators are denoted as

{{v}} (x) =
vin(x) + vout(x)

2
, JvK = vout(x)− vin(x),

where
vout(x) = lim

δ→0+
v(x+ δn), vin(x) = lim

δ→0+
v(x− δn),

whenever x ∈ σ ∈ E and n is the outer normal vector to σ.
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Discrete operators. The discrete gradient ∇h and divergence divh operators acting on the mesh Th
are defined as follows,

(∇hr)K =
|σ|

|K|

∑

σ∈E(K)

{{r}}n, (divhv)K =
|σ|

|K|

∑

σ∈E(K)

{{v}} · n,

∇hr(x) =
∑

K∈Th

(∇hr)K 1K(x), divhv(x) =
∑

K∈Th

(divhv)K 1K(x).

We point out that ∇h and divh are discrete variants of ∇x and divx on the cell K, respectively. Moreover,
we define

∇hv = (∇hv1, . . . ,∇hvd)
T , Dh(v) =

∇hv +∇T
hv

2
yielding divhv = tr(∇hv) = tr(Dh(v))

and the following difference operator for any rh ∈ Qh

∇Erh(x) =
∑

σ∈E

(∇Erh)σ 1Dσ(x), (∇Erh)σ =
JrhK
h

n.

∆hrh(x) =
∑

K∈Th

(∆hrh)K 1K(x), (∆hrh)K = (divh∇Erh)K =
|σ|

|K|

∑

σ∈E(K)

JrhK
h

.

(3.2)

It is crucial that the following duality relationships between discrete operators hold

∫

Td

rhdivhvh dx = −

∫

Td

∇hrh · vh dx, (3.3a)

∫

Td

∆hrh · fh dx = −

∫

Td

∇Erh · ∇Efh dx =

∫

Td

rh ·∆hfh dx, (3.3b)

∫

Td

rhdivxφ dx = −

∫

Td

∇Erh · ΠWφ dx for φ ∈ W 1,1(Td;Rd), (3.3c)

where vh, rh, fh ∈ Qh and ΠWφ = (Π
(1)
W φ1, . . . ,Π

(d)
W φd). We refer to [7, Lemma 5 & Lemma 7] for proofs.

Time discretization. Given a time step ∆t > 0 we divide the time interval [0, T ] into NT = T/∆t
uniform parts and denote tk = k∆t. Then vkh ≈ vh(t

k) is the approximation of a function vh at time tk,
k = 0, 1, . . . , NT . By vh ∈ L∆t(0, T ;Qh) we denote a piecewise constant in time function

vh(t, ·) = v0h for t < ∆t, vh(t, ·) = vkh for t ∈ [k∆t, (k + 1)∆t), k = 1, · · · , NT .

Further, we define the discrete time derivative by

Dtvh(t) =
vh(t)− v⊳h

∆t
with v⊳h = vh(t−∆t).
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3.2 Numerical scheme

We are now ready to propose a FV method for the compressible Navier–Stokes-Fourier system (1.1) in
a weak form, see also [6].

Definition 3.1 (FV method). Given the initial data (1.2) we set (̺0h,u
0
h, ϑ

0
h) = (ΠQ̺0,ΠQu0,ΠQϑ0).

We say that the triple (̺h,uh, ϑh) ∈ L∆t(0, T ;Qh × Qh × Qh) is a finite volume approximation of the
Navier–Stokes–Fourier system (1.1), (1.2), if the following system of algebraic equations holds

∫

Td

Dt̺hφh dx−

∫

E
F ε
h(̺h,uh) JφhK dSx = 0 for all φh ∈ Qh, (3.4a)

∫

Td

Dt(̺huh) · φh dx−

∫

E
F ε
h(̺huh,uh) · JφhK dSx +

∫

Td

(Sh − phI) : ∇hφh dx = 0 for all φh ∈ Qh,

(3.4b)

cv

∫

Td

Dt(̺hϑh)φh dx− cv

∫

E
F ε
h(̺hϑh,uh) JφhK dSx +

∫

E

κ

h
JϑhK JφhK dSx

=

∫

Td

(Sh − phI) : ∇huhφh dx, for all φh ∈ Qh, (3.4c)

where Sh = 2µDh(uh) + λdivhuhI, the discrete pressure ph is given by

ph(t) = ̺h(t)ϑh(t) for ϑh(t) > 0 and ph(t) = 0 for ϑh(t) ≤ 0,

and F ε
h , ε ∈ (−1, 1), is the so-called diffusive upwind flux

F ε
h(rh,uh) = Up[rh,uh]− hε JrhK , Up[rh,uh] = {{rh}} {{uh}} · n−

1

2
| {{uh}} · n| JrhK .

Remark 3.2. Note that the existence of a solution (̺h,uh, ϑh) to the nonlinear algebraic system (3.4)
can be done using the fixed point theorem [7, Theorem 15] in the same way as in [7, Lemma 11.3]. In
our recent paper [18] we have presented several numerical experiments obtained by the FV method (3.4)
that illustrate its reliability and robustness.

4 Stability and consistency of the FV method

In this section we discuss the stability and consistency of the FV method (3.4). To begin, we recall from
[6] the following structure-preserving properties of the method.

Lemma 4.1. Let (̺h,uh, ϑh) be a numerical solution of the FV method (3.4) with positive initial data
̺0h > 0 and ϑ0

h > 0. Then we have

• Positivity of the density.

̺h(t) > 0 for all t ∈ (0, T ).

• Positivity of the temperature.

ϑh(t) > 0 for all t ∈ (0, T ).
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• Mass conservation. ∫

Td

̺h(t) dx =

∫

Td

̺h(0) dx =

∫

Td

̺0 dx > 0.

• Energy balance.

Dt

∫

Td

(
1

2
̺h|uh|

2 + cv̺hϑh

)
dx+ hε

∫

E
{{̺h}} | JuhK |2 dSx

+
∆t

2

∫

Td

̺⊳h|Dtuh|
2 dx+

1

2

∫

E
̺uph | {{uh}} · n|| JuhK |2 dSx = 0. (4.1)

• Entropy balance.

∫

Td

Dt (̺hsh)φh dx−

∫

E
Up(̺hsh,uh) JφhK dSx +

∫

E

κ

h
JϑhK

s
φh

ϑh

{
dSx

−

∫

Td

Sh : ∇huh
φh

ϑh
dx = Ds(φh) +Rs(φh), (4.2)

where φh ∈ Qh, Ds(φh) = D1(φh) +D2(φh) +D3(φh) and

D1(φh) := ∆t

∫

Td

(
|Dt̺h|

2

2ξ̺,h
+

cv̺
⊳
h|Dtϑh|

2

2|ξϑ,h|2

)
φh dx,

D2(φh) :=
1

2

∫

E
φdown
h | {{uh}} · n| J(̺h, ph)K · ∇2

(̺,p)(−̺s)|v∗
1
· J(̺h, ph)K dSx,

D3(φh) := hε
∫

E
{{φh}} J(̺h, ph)K · ∇2

(̺,p)(−̺s)|v∗
2
· J(̺h, ph)K dSx,

Rs(φh) := hε
∫

E
JφhK ·

(
{{∇̺(−̺hsh)}} J̺hK + {{∇p(−̺hsh)}} JphK

)
dSx,

ξ̺,h ∈co{̺⊳h, ̺h}, ξϑ,h ∈ co{ϑ⊳
h, ϑh}, v∗

1,v
∗
2 ∈ co{(̺inh , p

in
h ), (̺

out
h , pouth )}.

(4.3)

Moreover, it holds that Ds(φh) ≥ 0 for φh ≥ 0.

Remark 4.2. We point out that the entropy Hessian matrix ∇2
(̺,p)(−̺s) is symmetric positive definite

for (̺, ϑ) ∈ (0,∞)2, i.e.

∇2
(̺,p)(−̺s) =

(
1+cv
̺ − cv

̺ϑ

− cv
̺ϑ

cv
̺ϑ2

)
> 0. (4.4)

Assuming that ̺h and ϑh are uniformly bounded from above and below by positive constants, see (4.5)
below, we obtain that the entropy Hessian matrix ∇2

(̺,p)(−̺s)(̺h, ϑh) is uniformly bounded from above
and below by some positive constants, see Appendix B for details.

With the boundedness of the entropy Hessian matrix ∇2
(̺,p)(−̺s)(̺h, ϑh), we obtain the following

uniform bounds from the entropy balance (4.2) with test function φh = 1.
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Corollary 4.3 (Uniform bounds). Let (̺h,uh, ϑh) be a numerical solution of the FV method (3.4) with
positive initial data ̺0h > 0 and ϑ0

h > 0. Under the assumption

0 < ϑ ≤ ϑh ≤ ϑ, 0 < ̺ ≤ ̺h ≤ ̺ uniformly for h → 0, (4.5)

there exist some constants s ≤ s, 0 < p ≤ p such that the entropy and pressure are bounded,

s ≤ sh ≤ s and p ≤ ph ≤ p uniformly for h → 0. (4.6)

Moreover, we have the following estimates

‖uh‖L∞(0,T ;L2(Td)) + ‖∇Eϑh‖L2((0,T )×Td) + ‖Sh‖L2((0,T )×Td)
<
∼ 1, (4.7a)

∫ τ

0

∫

E
(hε + | {{uh}} · n|)

(
J̺hK2 + JphK2 + | JuhK |2

)
dSx dt

<
∼ 1. (4.7b)

Remark 4.4. It is easy to verify that

hε+1 ‖∇Euh‖
2
L2L2 = hε

∫

E
| JuhK |2 dSx

<
∼ 1 (4.8)

and

∫ τ

0

∫

Td

∇huh : ∇T
huh dxdt = ‖divhuh‖

2
L2L2 ≥ 0, which further implies

‖∇huh‖L2L2 ≈ ‖Dh(uh)‖L2L2 ≈ ‖Sh‖L2L2
<
∼ 1. (4.9)

Note that the notation “a ≈ b” means a
<
∼ b and b

<
∼ a.

Now we are ready to analyse the consistency of the FV method (3.4).

Lemma 4.5 (Consistency formulation). Let (̺h,uh, ϑh) be a numerical solution obtained by the FV
scheme (3.4) with (∆t, h) ∈ (0, 1)2, −1 < ε < 1. Let the assumption (4.5) hold. Then,

[∫

Td

̺hφdx

]τ

t=0

=

∫ τ

0

∫

Td

(̺h∂tφ+ ̺huh · ∇xφ) dxdt+ e̺(φ,∆t, h, τ) (4.10a)

for any φ ∈ L∞(0, T ;W 2,∞(Td)), ∂tφ, ∂
2
t φ ∈ L∞((0, T ) × Td) ;

[∫

Td

̺huh · φ dx

]τ

t=0

=

∫ τ

0

∫

Td

(̺huh · ∂tφ+ ̺huh ⊗ uh : ∇xφ) dxdt

+

∫ τ

0

∫

Td

(phI− Sh) : ∇xφ dxdt+ em(φ,∆t, h, τ) (4.10b)

for any φ ∈ L∞(0, T ;W 2,∞(Td;Rd)), ∂tφ, ∂
2
t φ ∈ L∞((0, T ) × Td;Rd);

[∫

Td

̺hshφdx

]τ

t=0

≥

∫ τ

0

∫

Td

̺hsh(∂tφ+ uh · ∇xφ) dxdt+

∫ τ

0

∫

Td

Sh : ∇huh
φ

ϑh
dxdt

+

∫ τ

0

∫

Td

κφ

ϑout
h ϑh

|∇Eϑh|
2 dxdt−

∫ τ

0

∫

Td

κ

ϑh
∇Eϑh · ∇xφdxdt+ es(φ,∆t, h, τ)

(4.10c)
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for any φ ∈ L∞(0, T ;W 2,∞(Td)), ∂tφ, ∂
2
t φ ∈ L∞((0, T ) × Td), φ ≥ 0. Here

|e̺(φ,∆t, h, τ)| ≤ C̺

(
∆t+ h+ h1−ε + h1+ε

)
, (4.11a)

|em(φ,∆t, h, τ)| ≤ Cm

(
∆t+ h+ h(1−ε)/2 + h1+ε

)
, (4.11b)

|es(φ,∆t, h, τ)| ≤ Cs

(
∆t+ h+ h1−ε + h(1+ε)/2

)
(4.11c)

and the constants C̺, Cm, Cs are independent of the discretization parameters h, ∆t.

The proof of the above lemma has been done in [6] with more regular test functions but without a clear
order of the consistency error. Here we present an optimal consistency errors with minimum regularity
assumptions on the test functions. We note that in the next section the exact strong solution will be
used as a test function for the error estimates. For completeness we provide the details of the proof in
Appendix C.

5 Error estimates

In this section we show the main result, that is the error estimate of the FV approximation (3.4).
To begin, we recall the relative energy functional which measures the distance between the numerical
solution (̺h,uh, ϑh) and the strong solution (˜̺, ũ, ϑ̃)

RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
=

∫

Td

(
1

2
̺h|uh − ũ|2 + EH

(
(̺h, ϑh)|(˜̺, ϑ̃)

))
dx

with

EH

(
(̺, ϑ)|(˜̺, ϑ̃)

)
= H

ϑ̃
(̺, ϑ)−

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

(̺− ˜̺)−H
ϑ̃
(˜̺, ϑ̃) and H

ϑ̃
(̺, ϑ) = ̺(cvϑ− ϑ̃s(̺, ϑ)).

Then it is straightforward to check

∂H
ϑ̃
(̺, ϑ)

∂̺
= cvϑ− ϑ̃

(
s(̺, ϑ)− 1

)
, ˜̺

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

−H
ϑ̃
(˜̺, ϑ̃) = p̃,

∂y
∂H

ϑ̃
(˜̺, ϑ̃)
∂̺

+ s̃∂yϑ̃ =
1

˜̺∂y p̃, y = t, x,

(5.1)

where we have denoted p̃ = p(˜̺, ϑ̃), s̃ = s(˜̺, ϑ̃).
Remark 5.1. Let η = ̺s. Taking (̺, η) as independent variables, we reformulate EH

(
(̺, ϑ)|(˜̺, ϑ̃)

)
as

EH

(
(̺, ϑ)|(˜̺, ϑ̃)

)
= ̺e−

∂(̺e)

∂̺

∣∣∣
(˜̺,η̃)

(̺− ˜̺)− ∂(̺e)

∂η

∣∣∣
(˜̺,η̃)

(η − η̃)− ˜̺ẽ.

Due to the convexity of ̺e with respect to (̺, η), we know that EH

(
(̺, ϑ)|(˜̺, ϑ̃)

)
≥ 0. Moreover, it holds

under the assumption (4.5) that

RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
≈ ‖uh − ũ‖2L2(Td) + ‖ηh − η̃‖2L2(Td) + ‖̺h − ˜̺‖2L2(Td)

≈ ‖uh − ũ‖2L2(Td) +
∥∥∥ϑh − ϑ̃

∥∥∥
2

L2(Td)
+ ‖̺h − ˜̺‖2L2(Td) + ‖sh − s̃‖2L2(Td) .

(5.2)
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For more details, we refer to [19] and [10, Chapter 3.5].

Theorem 5.2 (Main result: Error estimates). Let γ > 1 and the initial data (̺0,u0, ϑ0) satisfy

̺0 > 0, (̺0,u0, ϑ0) ∈ W k,2(Td;R1+d+1), k ≥ 6.

Further, let (̺h,uh, ϑh) be a numerical solution obtained by the FV scheme (3.4) emanating from the
same initial data with (∆t, h) ∈ (0, 1)2 and −1 < ε < 1. In addition, let the numerical density ̺h and
temperature ϑh be uniformly bounded, i.e. there exist ϑ, ϑ, ̺, ̺ such that

0 < ϑ ≤ ϑh ≤ ϑ, 0 < ̺ ≤ ̺h ≤ ̺ uniformly for h → 0. (5.3)

Then there exists a positive number

c = c
(
T, ̺, ̺, ϑ, ϑ, ‖(̺0,u0, ϑ0)‖W k,2

)

such that

sup
0≤t≤τ

RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
+

∫ τ

0

∫

Td

κϑ̃

ϑhϑ
out
h

|∇Eϑh −∇xϑ̃|
2 dxdt

+

∫ τ

0

∫

Td

(
ϑ̃

ϑh

(
2µ

∣∣∣∣Dh(uh)−
ϑh

ϑ̃
D(ũ)

∣∣∣∣
2

+ λ

∣∣∣∣divhuh −
ϑh

ϑ̃
divxũ

∣∣∣∣
2
))

dx

≤ c(∆t+ hA) for all τ ∈ [0, T ],

(5.4)

where A = min{(1− ε)/2, (1 + ε)/2} and (˜̺, ũ, ϑ̃) is a strong solution satisfying (2.2). In particular, we
have

‖̺h − ˜̺‖L∞L2 + ‖uh − ũ‖L∞L2 +
∥∥∥ϑh − ϑ̃

∥∥∥
L∞L2

+ ‖∇huh −∇xũ‖L2L2 +
∥∥∥∇Eϑh −∇xϑ̃

∥∥∥
L2L2

≤ c(∆t1/2 + hA/2). (5.5)

Remark 5.3.

• Recalling Proposition 2.1, the choice of initial data with k ≥ 6 and the assumption (4.5) used in
Theorem 5.2 ensure the global existence of strong solution satisfying (2.2).

• By choosing ε = 0 we obtain A = 1/2, i.e. the optimal convergence rate in space.

Proof of Theorem 5.2. First, by choosing suitable test functions in the consistency formulation we get
∫ τ

0
(4.1) dt− (4.10c)|

φ=ϑ̃
+ (4.10a)|

φ= |ũ|2

2
−

∂H
ϑ̃
( ˜̺,ϑ̃)

∂̺

− (4.10b)|φ=ũ
+

∫ τ

0

∫

Td

∂tp̃ dxdt

and derive the relative energy inequality (see Appendix D for the detailed proof)

[
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)]τ
0
+

∫ τ

0

∫

Td

ϑ̃

ϑh

(
2µ

∣∣∣∣Dh(uh)−
ϑh

ϑ̃
D(ũ)

∣∣∣∣
2

+ λ

∣∣∣∣divhuh −
ϑh

ϑ̃
divxũ

∣∣∣∣
2
)

dxdt

+

∫ τ

0

∫

Td

κϑ̃

ϑhϑ
out
h

|∇Eϑh −∇xϑ̃|
2 dxdt ≤ RC +

5∑

i=1

Ri −RS −Rϑ,

(5.6)
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where

RC = e̺

(
1

2
|ũ|2 −

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

,∆t, h, τ

)
+ eu(ũ,∆t, h, τ) − es(ϑ̃,∆t, h, τ),

R1 = −

∫ τ

0

∫

Td

̺h(sh − s̃)(uh − ũ) · ∇xϑ̃ dxdt, R2 = −

∫ τ

0

∫

Td

̺h(uh − ũ)⊗ (uh − ũ) : ∇xũdx,

R3 =

∫ τ

0

∫

Td

̺h − ˜̺
˜̺ (ũ− uh) · divxS̃ dx, R4 =

∫ τ

0

∫

Td

(p̃− ph − ∂̺p̃(˜̺− ̺h)− ∂ϑp̃(ϑ̃− ϑh))divxũdxdt,

R5 = −

∫ τ

0

∫

Td

(
(̺h − ˜̺)(sh − s̃) + ˜̺

(
sh − s̃− ∂̺s̃(̺h − ˜̺)− ∂ϑs̃(ϑh − ϑ̃)

))
(∂tϑ̃+ ũ · ∇xϑ̃) dxdt,

RS =

∫ τ

0

∫

Td

(
uh · divxS̃+∇huh : S̃

)
dxdt,

Rϑ = κ

∫ τ

0

∫

Td

(
ϑ2
hϑ

out
h − ϑ̃3

ϑ̃2ϑhϑ
out
h

|∇xϑ̃|
2 + ϑhdivx

∇xϑ̃

ϑ̃
+

2ϑ̃ − ϑout
h

ϑhϑ
out
h

∇xϑ̃ · ∇Eϑh

)
dxdt.

Note that S̃ = S(∇xũ) and Sh = S(∇huh) = 2µDh(uh) + λdivhuhI.
Next, we analyse the right hand side of (5.6). Recalling the consistency error (4.11) and thanks to

the triangular inequality we estimate RC by

|RC | ≤

∣∣∣∣∣e̺

(
1

2
|ũ|2 −

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

,∆t, h, τ

)∣∣∣∣∣+ |eu(ũ,∆t, h, τ)| + |es(ϑ̃,∆t, h, τ)|

<
∼ ∆t+ h(1−ε)/2 + h(1+ε)/2 for any ε ∈ (−1, 1).

Using Young’s inequality, the uniform bounds (4.7) and the relation (5.2) we estimate the rest terms
∣∣∣∣∣

5∑

i=1

Ri

∣∣∣∣∣
<
∼ ‖uh − ũ‖2L2L2 + ‖sh − s̃‖2L2L2 + ‖̺h − ˜̺‖2L2L2 +

∥∥∥ϑh − ϑ̃
∥∥∥
2

L2L2

<
∼

∫ τ

0
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(t) dt.

(5.7)

Via Hölder’s inequality, Young’s inequality, the uniform bounds (4.7) and the relation (5.2), we can
control RS, Rϑ as follows (see Appendix E for details):

|RS|
<
∼ h ‖∇Euh‖L2L2 , |Rϑ|

<
∼ h+

∫ τ

0
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(t) dt+δ

∥∥∥∇Eϑh −∇xϑ̃
∥∥∥
2

L2L2
, (5.8)

where h ‖∇Euh‖L2L2
<
∼ h(1−ε)/2, cf. (4.8). Choosing a small δ ∈ (0, κϑ/ϑ

2
), we obtain the desired version

of the energy inequality

[
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)]τ
0
+

∫ τ

0

∫

Td

ϑ̃

ϑh

(
2µ

∣∣∣∣Dh(uh)−
ϑh

ϑ̃
D(ũ)

∣∣∣∣
2

+ λ

∣∣∣∣divhuh −
ϑh

ϑ̃
divxũ

∣∣∣∣
2
)

dxdt

+

∫ τ

0

∫

Td

κϑ̃

ϑhϑ
out
h

|∇Eϑh −∇xϑ̃|
2 dxdt

<
∼ ∆t+ h(1−ε)/2 + h(1+ε)/2 +

∫ τ

0
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(t) dt.
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Further, applying Gronwall’s lemma, together with the error estimate caused by regular initial data

RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(0)

<
∼

∫

Td

(
|u0

h − ũ(0)|2 + |ϑ0
h − ϑ̃(0)|2 + |̺0h − ˜̺(0)|2

)
dx

<
∼ h2

we obtain

RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(τ) +

∫ τ

0

∫

Td

(
ϑ̃

ϑh

(
2µ

∣∣∣∣Dh(uh)−
ϑh

ϑ̃
D(ũ)

∣∣∣∣
2

+ λ

∣∣∣∣divhuh −
ϑh

ϑ̃
divxũ

∣∣∣∣
2
))

dxdt

+

∫ τ

0

∫

Td

κϑ̃

ϑhϑ
out
h

|∇Eϑh −∇xϑ̃|
2 dxdt

<
∼ ∆t+ h(1−ε)/2 + h(1+ε)/2 (5.9)

for any ε ∈ (−1, 1), which proves (5.4). Finally, (5.5) is a consequence of the uniform bounds of density
and temperature, (5.4) and (5.2).

Remark 5.4. From the consistency proof and the error estimates proof above, we know that the error
of order h(1−ε)/2 in (5.9) is indeed h ‖∇Euh‖L2L2.

Inspired by [5], let us add some additional artificial viscosity in the momentum equation (3.4b), i.e.
∫

Td

Dt(̺huh) · φh dx−

∫

E
F ε
h(̺huh,uh) · JφhK dSx +

∫

Td

(Sh − pI) : ∇hφh dx

= −hα
∫

Td

∇Euh : ∇E(φh) dx, α > 0.

Then we obtain one more dissipation in the energy balance, i.e.

Dt

∫

Td

(
1

2
̺h|uh|

2 + cv̺hϑh

)
dx+ hε

∫

E
{{̺h}} | JuhK |2 dSx + hα

∫

Td

|∇Euh|
2 dx

+
∆t

2

∫

Td

̺⊳h|Dtuh|
2 dx+

1

2

∫

E
̺uph | {{uh}} · n|| JuhK |2 dSx = 0,

yielding a priori bound on the velocity gradient

‖∇Euh‖
2
L2L2

<
∼ h−α

and a new consistency error in momentum equality, i.e. |enew
m

|
<
∼ |em|+ hα.

Letting α < ε + 1 we obtain a better estimate of ‖∇Euh‖L2L2 than (4.8). Hence, we obtain a new
formula of A, i.e. A = min{1 − α/2, α, (1 + ε)/2}. This yields the optimal rate A = 2/3 by choosing
α = 2/3, ε = 1/3.
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A Local existence of strong solution

The goal of this section is to prove the existence of local-in-time highly-regular strong solutions for the
Navier–Stokes–Fourier system (1.1). We pursue the same ideas developed by Kawashima [16] and by
Breit, Feireisl, Hofmanová [1]: equations (1.1) can be seen as a symmetric hyperbolic-parabolic system
and therefore, all the necessary bounds can be deduced from the Moser-type calculus inequalities. We
can consider more general pressure p = p(̺, ϑ) and internal energy e = e(̺, ϑ) to be smooth functions of
̺ and ϑ satisfying

∂p(̺, ϑ)

∂̺
≥ p

̺
> 0,

∂e(̺, ϑ)

∂ϑ
≥ eϑ > 0. (A.1)

Note that condition (A.1) implies that the thermodynamic stability condition holds. In particular,

for the perfect gas we have ∂p(̺,ϑ)
∂̺ = ϑ ≥ ϑ > 0 and ∂e(̺,ϑ)

∂ϑ = cv = 1/(γ − 1) > 0. We can now state our
main result.

Theorem A.1. Let k ≥ 4 and let the initial data (1.2) be such that

̺0 > 0, (̺0,u0, ϑ0) ∈ W k,2(Td;R1+d+1).

Then there exists T ∗ > 0 and a unique strong solution (̺,u, ϑ) to problem (1.1), (1.2) such that

(̺,u, ϑ) ∈ C([0, T ∗];W k,2(Td;R1+d+1)).

Moreover, the following estimate

sup
t∈[0,T ∗]

(
‖(̺,u, ϑ)(t)‖W k,2 + ‖∂t̺(t)‖W k−1,2 + ‖(∂tu, ∂tϑ)(t)‖W k−2,2

)

+ sup
t∈[0,T ∗]

(
‖∂2

t ̺(t)‖W k−3,2 + ‖(∂2
t u, ∂

2
t ϑ)(t)‖W k−4,2

)
≤ C‖(̺0,u0, ϑ0)‖W k,2

(A.2)

holds, where the positive constant C depends solely on T ∗, inf ̺0, eϑ, and ‖(̺0,u0, ϑ0)‖W k,2.

Before proving Theorem A.1, we briefly recall some estimates which are a straightforward consequence
of the Moser-type calculus, see e.g. [16, Lemmas 2.3, 2.4 and 2.5].

Lemma A.2.

(i) Let k ≥ 2 and 0 ≤ m ≤ k. If u ∈ W k,2(Td) and v ∈ Wm,2(Td), then uv ∈ Wm,2(Td) and

‖uv‖Wm,2 ≤ c‖u‖W k,2‖v‖Wm,2 . (A.3)

(ii) Let k ≥ 1 and let F = F (u) be a C∞- function of u. If u ∈ (W k,2 ∩ L∞)(Td) then ∇xF (u) ∈
W k−1,2(Td) and

‖∇xF (u)‖W k−1,2 ≤ cM(1 + ‖u‖L∞)k−1‖∇xu‖W k−1,2 , (A.4)

with M =
∑k

|α|=1 supu |∂
α
uF (u)| (supu is taken over all u such that |u| ≤ ‖u‖L∞).
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(iii) Let k ≥ 4 and 1 ≤ m ≤ k. If u ∈ (W k,2 ∩ L∞)(Td) and v ∈ Wm−1,2(Td), then

[∂α
x , u]v := ∂α

x (uv)− u∂α
x v ∈ L2(Td), (A.5)

and
m∑

|α|=0

‖[∂α
x , u]v‖L2 ≤ c‖∇xu‖W k−1,2‖v‖Wm−1,2 . (A.6)

Proof of Theorem A.1. As shown by Kawashima and Shizuta [17, Section 4], the Navier–Stokes–Fourier
system (1.1) can be seen as a symmetric hyperbolic-parabolic system, i.e. as a coupled system of a
hyperbolic equation for ̺ and a symmetric strongly parabolic system for (u, ϑ). More precisely, system
(1.1) can be written as

∂t̺+ u · ∇x̺ = f1(̺,∇xu), (A.7)

̺∂tu−
[
µ∆xu+ (µ+ λ)divx∇

⊤
x u
]
= f2(̺,u, ϑ,∇x̺,∇xu,∇xϑ) (A.8)

̺∂ϑe ∂tϑ− κ∆xϑ = f3(̺,u, ϑ,∇xu,∇xϑ), (A.9)

with

f1(̺,∇xu) :=− ̺divxu,

f2(̺,u, ϑ,∇x̺,∇xu,∇xϑ) :=−
(
∂̺p∇x̺+ ∂ϑp∇xϑ+ ̺u · ∇xu

)
,

f3(̺,u, ϑ,∇xu,∇xϑ) :=
µ

2
|∇xu+∇⊤

x u|
2 + λ(divxu)

2 −
(
ϑ∂ϑp divxu+ ̺∂ϑe u · ∇xϑ

)
.

For any T > 0, we define the Banach space X(T ) := X̺(T )×Xu,ϑ(T ) with

X̺(T ) := C([0, T ];W k,2(Td)) ∩ C1([0, T ];W k−1,2(Td)),

Xu,ϑ(T ) := C([0, T ];W k,2(Td;Rd+1)) ∩ C1([0, T ];W k−2,2(Td;Rd+1))∩

L2(0, T ;W k+1,2(Td;Rd+1)) ∩W 1,2(0, T ;W k−1,2(Td;Rd+1)),

and the set

R(T,M,Mt) :=



(̺,u, ϑ) ∈ X(T )

∣∣∣
sup

t∈[0,T ]
‖(̺,u, ϑ)(t)‖W k,2 + ‖(u, ϑ)‖L2W k+1,2 ≤ M,

‖(∂t̺, ∂tu, ∂tϑ)(t)‖L2W k−1,2 ≤ Mt,



 .

Let us now consider the map

(̺,u, ϑ) 7→ G(̺,u, ϑ) = (˜̺, ũ, ϑ̃), (A.10)

where the trio (˜̺, ũ, ϑ̃) satisfies the linearized system associated to (A.7)–(A.9),

∂t ˜̺+ u · ∇x ˜̺= f1(̺,∇xu), (A.11)

̺∂tũ−
[
µ∆xũ+ (µ+ λ)divx∇

⊤
x ũ
]
= f2(̺,u, ϑ,∇x̺,∇xu,∇xϑ) (A.12)

̺∂ϑe ∂tϑ̃− κ∆xϑ̃ = f3(̺,u, ϑ,∇xu,∇xϑ). (A.13)
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Step 1. Our first goal is to determine T = T0,M,Mt > 0 in such a way that G : R(T0,M,Mt) →
R(T0,M,Mt) is well-defined. Let (̺,u, ϑ) ∈ R(T0,M,Mt) be fixed. We can deduce in particular that

(f1,f2, f3) ∈ L∞(0, T0;W
k−1,2(Td;R1+d+1)), f1 ∈ L2(0, T0;W

k,2(Td)), (A.14)

and that there exists a constant c1 = c1(M) > 0 such that

sup
t∈[0,T0]

‖(f1,f2, f3)(t)‖W k−1,2 ≤ c1M. (A.15)

The existence of a solution (˜̺, ũ, ϑ̃) ∈ X(T0) for any T0 > 0 of the linearized problem follows from
already existing results that can be found in literature, see e.g. Kato [15, Theorem I]. We point out that
the strict positivity of the initial density ̺0 is sufficient to guarantee that

̺ ≥ ̺ > 0.

In order to prove that (˜̺, ũ, ϑ̃) ∈ R(T0,M,Mt), we need to deduce some energy estimates. Applying ∂α
x

with |α| ≤ k to equations (A.11)–(A.13), we obtain

∂t∂
α
x ˜̺+ u · ∇x∂

α
x ˜̺= Fα

1 , (A.16)

̺ ∂t∂
α
x ũ−

[
µ∆x∂

α
x ũ+ (µ + λ)divx∇

⊤
x ∂

α
x ũ
]
= F α

2 , (A.17)

̺∂ϑe ∂t∂
α
x ϑ̃− κ∆x∂

α
x ϑ̃ = Fα

3 , (A.18)

with

Fα
1 := ∂α

x f1 −
[
∂α
x ,u

]
∇x ˜̺,

F α
2 := ̺ ∂α

x

(
f2

̺

)
+ ̺

([
∂α
x ,

µ

̺

]
∆xũ+

[
∂α
x ,

µ+ λ

̺

]
divx∇

⊤
x ũ

)
,

Fα
3 := ̺∂ϑe ∂α

x

(
f3

̺∂ϑe

)
+ ̺∂ϑe

[
∂α
x ,

κ

̺∂ϑe

]
∆xϑ̃;

the commutator [∂α
x , · ] · is defined as in (A.5). We now multiply equations (A.16), (A.17) and (A.18)

by ∂α
x ˜̺, ∂α

x ũ and ∂α
x ϑ̃, respectively, integrate over Td and sum over 0 ≤ |α| ≤ k; from hypothesis

(A.1), G̊arding’s inequality for strongly elliptic operators, Hölder and Young’s inequalities, the Sobolev
embedding W k−1,2(Td) →֒ L∞(Td), and from (A.3), (A.4), (A.6), (A.14), we find constants c2 > 0,
c3 = c3(̺, eϑ,M) > 0 and c4 = c4(̺, eϑ,M) > 0 such that

d

dt
‖˜̺‖W k,2 ≤ c2 (‖f1‖W k,2 +M‖˜̺‖W k,2) , (A.19)

d

dt
‖(ũ, ϑ̃)‖2W k,2 + c3‖(ũ, ϑ̃)‖

2
W k+1,2 ≤ c4

[
(1 + ‖(∂t̺, ∂tϑ)‖W k−1,2) ‖(ũ, ϑ̃)‖2W k,2 + ‖(f2, f3)‖

2
W k−1,2

]
.

(A.20)

Integrating (A.19), (A.20) over [0, τ ], from Hölder’s inequality and the Gronwall argument, there exist
c5 = c5(̺, eϑ) > 0 and c6 = c6(̺, eϑ,M) > 0 such that

‖(˜̺, ũ, ϑ̃)(τ)‖2W k,2 +

∫ τ

0
‖(ũ, ϑ̃)(t)‖2W k+1,2 dt

≤ c5e
c6
(
τ+τ

1
2 Mt

) [
‖(̺0,u0, ϑ0)‖

2
W k,2 + c6

∫ τ

0

(
τ‖f1(t)‖

2
W k,2 + ‖(f2, f3)(t)‖

2
W k−1,2

)
dt

]
.

(A.21)
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From (A.3), (A.4) and (A.15), we can finally conclude that there exist C1 = C1(̺, eϑ) > 1 and C2 =
C2(̺, eϑ,M) > 0 such that

‖(˜̺, ũ, ϑ̃)(τ)‖2W k,2 + ‖(ũ, ϑ̃)‖2L2W k+1,2 ≤ C2
1e

C2

(
τ+τ

1
2Mt

) [
‖(̺0,u0, ϑ0)‖

2
W k,2 + C2M

2(1 + τ)τ
]
.

Moreover, directly from equations (A.7)–(A.9), we deduce that there exists a constant C3 = C3(M) > 0
such that ∫ τ

0
‖(∂t ˜̺, ∂tũ, ∂tϑ̃)(t)‖2W k−1,2 dt ≤ C2

3M
2(1 + τ).

To get that (˜̺, ũ, ϑ̃) ∈ R(T0,M,Mt), it is now enough to choose M , Mt and T0 such that

M := 2C1‖(̺0,u0, ϑ0)‖W k,2 ,

Mt := 4C1C3‖(̺0,u0, ϑ0)‖W k,2 ,

e
C2

(
T0+T

1
2
0 Mt

)

≤ 2, C2M
2(1 + T0)T0 ≤ ‖(̺0,u0, ϑ0)‖

2
W k,2 , T0 ≤ 3.

Step 2. Let us now consider the approximation sequence {(̺n,un, ϑn)}n∈N such that

(̺0,u0, ϑ0) = (̺0,u0, ϑ0), (A.22)

(̺n,un, ϑn) = G(̺n−1,un−1, ϑn−1), n ≥ 1, (A.23)

and take the difference of two subsequent solutions:

∂t(̺
n+1 − ̺n) + un · ∇x(̺

n+1 − ̺n) = fn
1 ,

̺n∂t(u
n+1 − un)− µ∆x(u

n+1 − un)− (µ + λ)divx∇
⊤
x (u

n+1 − un) = fn
2 ,

̺n∂ϑe
n ∂t(ϑ

n+1 − ϑn)− κ∆x(ϑ
n+1 − ϑn) = fn

3 ,

where, from the fact that (̺n,un, ϑn) ∈ R(T0,M,Mt) for any n ∈ N, it is not difficult to show that there
exists a constant C = C(̺, eϑ, ‖(̺0,u0, ϑ0)‖W k,2) > 0 such that

‖fn
1 ‖W k−1,2 ≤ C

(
‖̺n − ̺n−1‖W k−1,2 + ‖(un − un−1, ϑn − ϑn−1)‖W k,2

)
,

‖(fn
2 , f

n
3 )‖W k−2,2 ≤ C‖(̺n − ̺n−1,un − un−1, ϑn − ϑn−1)‖W k−1,2 .

Therefore, the trio (̺n+1−̺n,un+1−un, ϑn+1−ϑn) satisfies the linearized equations (A.11)–(A.13) with
(f1,f2, f3) replaced by (fn

1 ,f
n
2 , f

n
3 ) and (̺n+1 − ̺n,un+1 − un, ϑn+1 − ϑn)(0) = 0; hence an analogous

of (A.21) holds with k replaced by k − 1:

sup
t∈[0,τ ]

‖(̺n+1 − ̺n,un+1 − un, ϑn+1 − ϑn)(t)‖2W k−1,2 +

∫ τ

0
‖(un+1 − un, ϑn+1 − ϑn)(t)‖W k,2 dt

≤ C4(1 + τ)τe
C4

(
τ+Mtτ

1
2

)[
sup

t∈[0,τ ]
‖(̺n − ̺n−1,un − un−1, ϑn − ϑn−1)(t)‖2W k−1,2

+

∫ τ

0
‖(un − un−1, ϑn − ϑn−1)(t)‖W k,2 dt

]
,
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where C4 = C4(̺, eϑ, ‖(̺0,u0, ϑ0)‖W k,2) > 0 is a constant independent of n. Taking 0 < T1 ≤ T0 such
that

C4T1(1 + T1)e
C4(T1+MtT

1
2
1 ) < 1,

we get that {(̺n,un, ϑn)}n∈N is a Cauchy sequence in C([0, T1];W
k−1,2(Td;R1+d+1)). Consequently,

there exists (̺,u, ϑ) such that

(̺n,un, ϑn) → (̺,u, ϑ) in C([0, T1];W
k−1,2(Td;R1+d+1)).

Furthermore, {(̺n,un, ϑn)}n∈N ⊂ R(T0,M,Mt) ⊂ R(T1,M,Mt) is uniformly bounded and therefore
there exists a subsequence, not relabeled, such that

(̺n,un, ϑn)
∗
⇀ (̺,u, ϑ) in L∞(0, T1;W

k,2(Td;R1+d+1)).

Moreover, we obtain that

(∂t̺, ∂tu, ∂tϑ) ∈ L∞(0, T1;W
k−1,2(Td)×W k−2,2(Td;Rd+1)).

Step 3. Finally, to show that (̺,u, ϑ) ∈ C([0, T1];W
k,2(Td;R1+d+1)), it is enough to consider a

family of mollifiers {φδ}δ>0 and define (̺δ,uδ, ϑδ) := (̺ ∗ φδ,u ∗ φδ, ϑ ∗ φδ). Clearly, (̺δ ,uδ, ϑδ) ∈
C0([0, T1];W

k−1,2(Td)) for any δ > 0. Applying φδ ∗ to system (A.11)–(A.13) and proceeding as in the
previous step, the differences (̺δ − ̺δ′ ,uδ −uδ′ , ϑδ − ϑδ′) satisfy the linearized equations (A.11)–(A.13)
with (f1,f2, f3) replaced by some (f δ

1 ,f
δ
2 , f

δ
3 ). Therefore, an analogous of (A.21) holds and it is easy to

check that {(̺δ ,uδ, ϑδ)}δ>0 is a Cauchy sequence in C([0, T1];W
k,2(Td;R1+d+1)). Consequently,

(∂t̺, ∂tu, ∂tϑ) ∈ C([0, T1];W
k−1,2(Td)×W k−2,2(Td;Rd+1)),

and, differentiating (A.7)–(A.9) in time, we can deduce that

(∂2
t ̺, ∂

2
t u, ∂

2
t ϑ) ∈ C([0, T1];W

k−3,2(Td)×W k−4,2(Td;Rd+1)).

To conclude the proof, it is sufficient to choose T ∗ := T1.

B Boundedness of the entropy Hessian matrix

In this section we derive the lower and upper bounds of the eigenvalues of the entropy Hessian matrix
∇2

(̺,p)(−̺s) with (̺, ϑ) ∈ (0,∞)2. Denote

f(λ) =
∣∣∣∇2

(̺,p)(−̺s)− λI
∣∣∣ = λ2 −

cv + (1 + cv)ϑ
2

̺ϑ2
λ+

cv
̺2ϑ2

and let λ1 ≤ λ2 be the roots of f(λ) = 0.
It is easy to check that

f(0) =
cv

̺2ϑ2
> 0

19



and

f

(
1

α̺

)
=

[1− α(1 + cv)]ϑ
2 + α(α − 1)cv

α2̺2ϑ2
, f

(
1

β̺ϑ2

)
=

[cvβ − (1 + cv)]βϑ
2 + (1− cvβ)

β2̺2ϑ4
.

Hence, we take α = 2 + cv, β = 2+cv
cv

and obtain

1− α(1 + cv) < 0, f

(
1

α̺

)
≥

(
1− (2 + cv)α+ α2

)
cv

α2̺2ϑ2
> 0 if ϑ2 ≤ cv,

cvβ − (1 + cv) > 0, f

(
1

β̺ϑ2

)
>

1 +
(
cvβ − (2 + cv)

)
cvβ

β2̺2ϑ4
> 0 if ϑ2 > cv.

Hence, it holds

0 < min

(
1

(2 + cv)̺
,

cv
(2 + cv)̺ϑ2

)
< λ1 <

cv + (1 + cv)ϑ
2

2̺ϑ2
< λ2 <

cv + (1 + cv)ϑ
2

̺ϑ2
.

C Consistency proof

In order to prove the consistency, we integrate (3.4a), (3.4b), and (4.2) from t = 0 to t = tn+1 and choose
φh = ΠQφ as the test function for any φ ∈ L2(0, T ;W 2,∞(Td)), ∂tφ, ∂

2
t φ ∈ L∞((0, T )×Td). We estimate

all resulting terms in six steps.

Step 1 – time derivative terms

Let rh stand for ̺h, ̺huh or ̺hsh. Recalling [8, (2.17)] and the estimates (4.5), (4.6), and (4.7a) we
know that ∣∣∣∣∣

[∫

Td

rhφdx

]τ

t=0

−

∫ tn+1

0

∫

Td

(Dtrh(t)ΠQφ(t) + rh(t)∂tφ(t)) dxdt

∣∣∣∣∣
<
∼ ∆t(

∥∥∂2
t φ
∥∥
L∞L∞ + ‖∂tφ‖L∞L∞) ‖rh‖L∞L1

<
∼ ∆t

for any τ ∈ [tn, tn+1).
In what follows we shall also need some standard interpolation inequalities used in the numerical

analysis of finite volume methods, see, e.g. [3, 12, 13]. For completeness, we list them below.
For φ ∈ W 2,∞(Td) we have the following estimates,

| JΠQφK | <
∼ h‖∇xφ‖L∞(Td;Rd), |ΠQφ− {{ΠQφ}} |

<
∼ h‖∇xφ‖L∞(Td;Rd) for σ ∈ E (C.1)

and for all 1 ≤ p ≤ ∞,

∥∥∇xφ−∇E

(
ΠQφ

)∥∥
Lp

<
∼ h‖∇2

xφ‖L∞(Td),
∥∥∇xφ−∇h

(
ΠQφ

)∥∥
Lp

<
∼ h‖∇2

xφ‖L∞(Td),

‖φ−ΠQφ‖Lp(Td)
<
∼ h‖∇xφ‖L∞(Td;Rd).

(C.2)

Moreover, the discrete version of product rule holds

JfhghK = JfhK {{gh}}+ {{fh}} JghK , fh, gh ∈ Qh. (C.3)
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Step 2 – convective terms

To deal with the convective terms, it is convenient to recall [6, Lemma 2.5],

∫ tn+1

0

∫

Td

rhuh · ∇xφdxdt−

∫ tn+1

0

∫

E
F ε
h [rh,uh] JΠQφK dSx dt =

4∑

j=1

Ej(rh)

with

E1(rh) =
1

2

∫ tn+1

0

∫

E
| {{uh}} · n| JrhK JΠQφK dSx dt,

E2(rh) =
1

4

∫ tn+1

0

∫

E
JuhK · n JrhK JΠQφK dSx dt,

E3(rh) =

∫ tn+1

0

∫

Td

rhuh ·
(
∇xφ−∇h

(
ΠQφ

))
dxdt,

E4(rh) = hε
∫ tn+1

0

∫

E
JrhK JΠQφK dSx dt = −h1+ε

∫ tn+1

0

∫

Td

rh∆hΠQφdxdt.

Error terms E1(rh)

Directly recalling the proof of [7, Theorem 11.2] we have

|E1(rh)| =

∣∣∣∣∣∣
h

d∑

j=1

∫ tn+1

0

∫

Td

rh ·
(
∆

(j)
h ΠQφΠQ| {{uj,h}} |+ (ΠQð

(j)
E ΠQφ)ð

(j)
T | {{uj,h}} |

)
dx

∣∣∣∣∣∣
<
∼ h ‖rh‖L2L2

(∥∥∇2
xφ
∥∥
L∞L∞ ‖uh‖L2L2 + ‖∇xφ‖L∞L∞ ‖∇huh‖L2L2

) <
∼ h

for rh = ̺h, ̺hui,h or ̺hsh, where ∆
(j)
h = ð

(j)
T ð

(j)
E and ð

(j)
E ,ð

(j)
T are the jth-component of ∇E and ∇h,

respectively.

Error terms E2(rh)

To deal with E2(rh) we first set rh = ̺h and obtain

|E2(̺h)|
<
∼ h ‖∇xφ‖L∞L∞

(∫ tn+1

0

∫

E
| JuhK |2 dSx dt

)1/2(∫ tn+1

0

∫

E
J̺hK2 dSx dt

)1/2
<
∼ h(3−ε)/2 ‖∇Euh‖L2L2

due to (C.1), (4.7b) and Hölder’s inequality.
Then, inserting rh = ̺hui,h into E2(rh) and taking into account (C.1), the assumption (4.5) and the
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estimate (4.7b) with (C.3) we get

|E2(̺hui,h)|
<
∼ h ‖∇xφ‖L∞L∞

∫ tn+1

0

∫

E

∣∣ JuhK · n
(
J̺hK {{ui,h}}+ {{̺h}} Jui,hK

)∣∣dSx dt

<
∼ h

∫ tn+1

0

∫

E
| J̺hK | | JuhK · n| | {{uh}} |dSx dt+ h

∫ tn+1

0

∫

E
{{̺h}} | JuhK |2 dSx dt

<
∼ h

(∫ tn+1

0

∫

E
| {{uh}} |

2 dSx dt

)1/2(∫ tn+1

0

∫

E
| JuhK |2 dSx dt

)1/2

+ h2 ‖∇Euh‖
2
L2L2

<
∼ h ‖∇Euh‖L2L2 + h2 ‖∇Euh‖

2
L2L2 .

From the Taylor expansion

| J̺hshK | = |∂̺(−̺s)(v∗) J̺hK + ∂p(−̺s)(v∗) JphK | <
∼ | J̺hK |+ | JphK |

with v∗ ∈ co{(̺inh , p
in
h ), (̺

out
h , pouth )}. As JphK has the same bound as J̺hK, see (4.7b), we know that

E2(̺hsh) has the same estimate as E2(̺h), meaning

|E2(̺hsh)|
<
∼ h(3−ε)/2 ‖∇Euh‖L2L2 .

Error terms E3(rh)

The estimates of the third error terms are straightforward due to (C.2), and the uniform bounds (4.5) –
(4.7a). Indeed,

|E3(̺h)|
<
∼ h

∥∥∇2
xφ
∥∥
L∞L∞

∫ tn+1

0

∫

Td

|̺huh|dxdt
<
∼ h ‖uh‖L∞L2

<
∼ h,

|E3(̺hui,h)|
<
∼ h

∥∥∇2
xφ
∥∥
L∞L∞

∫ tn+1

0

∫

Td

|̺hui,huh|dxdt
<
∼ h ‖uh‖

2
L∞L2

<
∼ h,

|E3(̺hsh)|
<
∼ h

∥∥∇2
xφ
∥∥
L∞L∞

∫ tn+1

0

∫

Td

|̺hshuh|dxdt
<
∼ h ‖uh‖L∞L2

<
∼ h.

Error terms E4(rh)

Finally, we treat the fourth error terms. For rh = ̺hsh the term is not present, i.e. E4(̺hsh) = 0. For
rh = ̺h, ̺hui,h we have

|E4(rh)|
<
∼ h1+ε

∥∥∇2
xφ
∥∥
L∞L∞ ‖rh‖L1L1

<
∼ h1+ε.

Similarly as in the first step, recalling (4.5) and (4.7a) we realize that

∣∣∣∣∣

∫ tn+1

τ

∫

Td

rhuh · ∇xφdxdt

∣∣∣∣∣
<
∼ ∆t‖∇xφ‖L∞L∞‖uh‖L∞L2‖rh‖L∞L2

<
∼ ∆t (C.4)

for rh ∈ {̺h, ̺hui,h, ̺hsh}. Collecting the above estimates of Ej(rh), j = 1, . . . , 4, and (C.4) we get
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∣∣∣∣∣

∫ τ

0

∫

Td

rhuh · ∇xφdxdt dt−

∫ tn+1

0

∫

E
F ε
h [rh,uh] JΠQφK dSx dt

∣∣∣∣∣
<
∼ ∆t+ h+ h1+ε + c(rh),

c(rh)
<
∼

{
h(3−ε)/2 ‖∇Euh‖L2L2

<
∼ h1−ε for rh = ̺h, ̺hsh,

h ‖∇Euh‖L2L2 + h2 ‖∇Euh‖
2
L2L2

<
∼ h(1−ε)/2 + h1−ε for rh = ̺hui,h.

(C.5)

Step 3 – viscosity terms in the momentum equation

The interpolation error estimate (C.2) and the a priori bound (4.7a) are enough to control the consistency
error of the viscosity terms in the momentum equation. Indeed, we have

∣∣∣∣∣

∫ τ

0

∫

Td

Sh : ∇xφ dxdt−

∫ tn+1

0

∫

Td

Sh : ∇h(ΠQφ) dxdt

∣∣∣∣∣

≤

∣∣∣∣∣

∫ tn+1

0

∫

Td

Sh :
(
∇xφ−∇h(ΠQφ)

)
dxdt

∣∣∣∣∣+
∣∣∣∣∣−
∫ tn+1

τ

∫

Td

Sh : ∇xφ dx

∣∣∣∣∣

. h ‖Sh‖L2L2

∥∥∇2
xφ
∥∥
L∞L∞ +

∣∣∣∣∣

∫ tn+1

τ

∫

Td

∇huh : ΠQS(∇xφ) dx

∣∣∣∣∣

. h+

∣∣∣∣∣

∫ tn+1

τ

∫

Td

uh · divhΠQS(∇xφ) dx

∣∣∣∣∣
<
∼ h+ (tn+1 − τ) ‖uh‖L∞L2 ‖φ‖L∞W 2,∞

<
∼ h+∆t

where we have used the fact that Sh is piecewise constant and the identity

Sh : ∇xφ = ∇huh : S(∇xφ) (C.6)

due to the symmetry of Sh and S(∇xφ).

Step 4 – pressure term in the momentum equation

The consistency error of the pressure term in the momentum equation is controlled, thanks to the
interpolation estimate (C.2) and the uniform bound on pressure (4.6), and the triangular inequality.

∣∣∣∣
∫ τ

0

∫

Td

phdivxφ dxdt−

∫ tn+1

0

∫

Td

phdivh(ΠQφ) dxdt

∣∣∣∣

≤

∣∣∣∣∣

∫ tn+1

0

∫

Td

ph
(
divxφ− divh(ΠQφ)

)
dx

∣∣∣∣∣+
∣∣∣∣∣

∫ tn+1

τ

∫

Td

phdivxφ dxdt

∣∣∣∣∣

≤ ‖ph‖L∞L1 h
∥∥∇2

xφ
∥∥
L∞L∞ + (tn+1 − τ) ‖ph‖L∞L1 ‖divxφ‖L∞L∞

<
∼ ∆t+ h.
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Step 5 – κ-term in the entropy inequality

Using the product rule (C.3), i.e.
r
ΠQφ
ϑh

z
= JΠQφK

{{
1
ϑh

}}
+{{ΠQφ}}

r
1
ϑh

z
= JΠQφK

{{
1
ϑh

}}
−{{ΠQφ}}

JϑhK
ϑout
h

ϑh
,

we can write the consistency error of the κ-term in the following way

−

∫ tn+1

0

∫

E

κ

h
JϑhK

s
ΠQφ

ϑh

{
dSx dt−

(∫ τ

0

∫

Td

κφ

ϑout
h ϑh

|∇Eϑh|
2 dxdt−

∫ τ

0

∫

Td

κ

ϑh
∇Eϑh · ∇xφdxdt

)

= κ

∫ tn+1

τ

∫

Td

{{ΠQφ}}

ϑhϑ
out
h

|∇Eϑh|
2 dxdt+ κ

∫ τ

0

∫

Td

{{ΠQφ}} − φ

ϑhϑ
out
h

|∇Eϑh|
2 dxdt dt

+

∫ τ

0

∫

Td

κ

ϑh
∇Eϑh · (∇xφ−∇EΠQφ) dxdt+ κ

∫ τ

0

∫

Td

(
1

ϑh
−

{{
1

ϑh

}})
∇Eϑh · ∇EΠQφdxdt

− κ

∫ tn+1

τ

∫

Td

{{
1

ϑh

}}
∇Eϑh · ∇EΠQφdxdt

=: κ

∫ tn+1

τ

∫

Td

{{ΠQφ}}

ϑhϑ
out
h

|∇Eϑh|
2 dxdt+

4∑

i=1

Ii.

Note that κ
∫ tn+1

τ

∫
Td

{{ΠQφ}}
ϑhϑ

out
h

|∇Eϑh|
2 dxdt ≥ 0 contributes to the “ ≥ ” sign of (4.10c). The Ii, i =

1, . . . , 4, terms contribute to the consistency error, and can be controlled by using Hölder’s inequality,
the uniform bounds (4.5) and (4.7), and the integration by part formula (3.3b), i.e.

|I1|
<
∼ h ‖φ‖L∞W 1,∞ ‖∇Eϑh‖L2L2

<
∼ h, |I2|

<
∼ h ‖φ‖L2W 2,∞ ‖∇Eϑh‖L2L2

<
∼ h,

|I3| =
hκ

2

∣∣∣∣
∫ τ

0

∫

Td

∇Eϑh

ϑout
h ϑh

∇Eϑh · ∇EΠQφdxdt

∣∣∣∣
<
∼ h ‖φ‖L∞W 1,∞ ‖∇Eϑh‖

2
L2L2

<
∼ h,

|I4|
<
∼

∣∣∣∣∣

∫ tn+1

τ

∫

Td

∇Eϑh · ∇EΠQφdxdt

∣∣∣∣∣ =
∣∣∣∣∣

∫ tn+1

τ

∫

Td

ϑh ·∆hΠQφdxdt

∣∣∣∣∣
<
∼ ∆t ‖φ‖L∞W 2,∞

<
∼ ∆t.

Step 6 – entropy production terms in the entropy inequality

Thanks to ϑh > 0 and φ ≥ 0 the entropy production terms are non-negative, i.e.
∫ tn+1

0

∫

Td

D1(ΠQφ) +D2(ΠQφ) +D3(ΠQφ) dxdt ≥ 0,

∫ tn+1

0

∫

Td

Sh : ∇huh
ΠQφ

ϑh
dxdt−

∫ τ

0

∫

Td

Sh : ∇huh
φ

ϑh
dxdt dt

=

∫ tn+1

τ

∫

Td

Sh : ∇huh
φ

ϑh
dxdt =

∫ tn+1

τ

∫

Td

(
2µ|Dh(uh)|

2 + λ|divhuh|
2
) φ

ϑh
dxdt ≥ 0,

which again contribute to the “ ≥ ” sign of (4.10c).
In addition, by (C.1), (4.7b) and Hölder’s inequality, we estimate the residual term in the entropy

balance (4.2)
∣∣∣∣∣

∫ tn+1

0

∫

Td

Rs(ΠQφ) dx

∣∣∣∣∣
<
∼ h1+ε ‖∇xφ‖L∞L∞

∫ τ

0

∫

E
(J̺hK + JphK) dSx dt

<
∼ h(ε+1)/2 + hε+1.
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Finally, collecting the estimates of the six steps above, we obtain the consistency formulation (4.10a),
(4.10b), and (4.10c) from (3.4a), (3.4b), and (4.2), respectively. This proves Lemma 4.5.

D Relative energy inequality

In this section we derive the relative energy inequality (5.6). More precisely, we want to prove

[
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)]τ
0
+

∫ τ

0

∫

Td

(
ϑ̃

ϑh

(
2µ

∣∣∣∣Dh(uh)−
ϑh

ϑ̃
D(ũ)

∣∣∣∣
2

+ λ

∣∣∣∣divhuh −
ϑh

ϑ̃
divxũ

∣∣∣∣
2
))

dx

+

∫ τ

0

∫

Td

κϑ̃

ϑhϑ
out
h

|∇Eϑh −∇xϑ̃|
2 dxdt ≤ RC +

5∑

i=1

Ri −RS −Rϑ, (D.1)

where

RC = e̺

(
1

2
|ũ|2 −

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

,∆t, h, τ

)
+ eu(ũ,∆t, h, τ) − es(ϑ̃,∆t, h, τ),

R1 = −

∫ τ

0

∫

Td

̺h(sh − s̃)(uh − ũ) · ∇xϑ̃ dxdt, R2 = −

∫ τ

0

∫

Td

̺h(uh − ũ)⊗ (uh − ũ) : ∇xũdx,

R3 =

∫ τ

0

∫

Td

̺h − ˜̺
˜̺ (ũ− uh) · divxS̃ dx, R4 =

∫ τ

0

∫

Td

(p̃− ph − ∂̺p̃(˜̺− ̺h)− ∂ϑp̃(ϑ̃− ϑh))divxũdxdt,

R5 = −

∫ τ

0

∫

Td

(
(̺h − ˜̺)(sh − s̃) + ˜̺

(
sh − s̃− ∂̺s̃(̺h − ˜̺)− ∂ϑs̃(ϑh − ϑ̃)

))
(∂tϑ̃+ ũ · ∇xϑ̃) dxdt,

RS =

∫ τ

0

∫

Td

(
uh · divxS̃+∇huh : S̃

)
dxdt,

Rϑ = κ

∫ τ

0

∫

Td

(
ϑ2
hϑ

out
h − ϑ̃3

ϑ̃2ϑhϑ
out
h

|∇xϑ̃|
2 + ϑhdivx

∇xϑ̃

ϑ̃
+

2ϑ̃ − ϑout
h

ϑhϑ
out
h

∇xϑ̃ · ∇Eϑh

)
dxdt.

(D.2)

Step 1. Our first goal is to obtain a relative energy inequality directly from the consistency formulation
(4.10) and the energy balance (4.1). We reformulate the relative energy as

RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
=

4∑

i=1

Ti, (D.3)

where

T1 =

∫

Td

(
1

2
̺h|uh|

2 +H
ϑ̃
(̺h,uh)

)
dx, T2 =

∫

Td

̺h

(
1

2
|ũ|2 −

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

)
dx,

T3 = −

∫

Td

̺huh · ũdx, T4 =

∫

Td

(
˜̺
∂H

ϑ̃
(˜̺, ϑ̃)
∂̺

−H
ϑ̃
(˜̺, ϑ̃)

)
dx =

∫

Td

p̃ dx.
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Hence, for the first term T1, by integrating (4.1) from t = 0 to t = τ and subtracting (4.10c) with φ = ϑ̃,
we obtain

[T1]
τ
t=0 ≤ −

∫ τ

0

∫

Td

κϑ̃

ϑout
h ϑh

|∇Eϑh|
2 dxdt−

∫ τ

0

∫

Td

Sh : ∇huh
ϑ̃

ϑh
dxdt

−

∫ τ

0

∫

Td

̺hsh(∂tϑ̃+ uh · ∇xϑ̃) dxdt+

∫ τ

0

∫

Td

κ

ϑh
∇Eϑh · ∇xϑ̃ dxdt− es

(
ϑ̃,∆t, h, τ

)
.

(D.4)

For the second term T2, by taking φ = 1
2 |ũ|

2 −
∂H

ϑ̃
(˜̺,ϑ̃)

∂̺ in (4.10a) we obtain

[T2]
τ
t=0 =

∫ τ

0

∫

Td

(̺h∂tũ · ũ+ ̺hũ⊗ uh : ∇xũ) dxdt+

∫ τ

0

∫

Td

̺hs̃(∂tϑ̃+ uh · ∇xϑ̃) dxdt

−

∫ τ

0

∫

Td

̺h
˜̺ (∂tp̃+ uh · ∇xp̃) dxdt+ e̺

(
1

2
|ũ|2 −

∂H
ϑ̃
(˜̺, ϑ̃)
∂̺

,∆t, h, τ

)
.

(D.5)

For the third term T3, by setting φ = ũ in (4.10b) we obtain

[T3]
τ
t=0 = −

∫ τ

0

∫

Td

(̺huh · ∂tũ+ ̺huh ⊗ uh : ∇xũ) dxdt

+

∫ τ

0

∫

Td

(Sh − phI) : ∇xũ dxdt− em (ũ,∆t, h, τ) . (D.6)

For the fourth the term T4 we simply write

[T4]
τ
t=0 =

∫ τ

0

∫

Td

∂tp̃ dxdt. (D.7)

Now, summing up (D.4)–(D.7) we obtain from
[
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)]τ
0
=
∑4

i=1[Ti]
τ
t=0 that

[
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)]τ
0
+ Ξl ≤ RC −

∫ τ

0

∫

Td

̺h(sh − s̃)(uh − ũ) · ∇xϑ̃ dxdt+ Ξr (D.8)

with

Ξl =

∫ τ

0

∫

Td

(
Sh : ∇huh

ϑ̃

ϑh
− Sh : ∇xũ

)
dxdt+

∫ τ

0

∫

Td

(
κϑ̃

ϑout
h ϑh

|∇Eϑh|
2 −

κ

ϑh
∇Eϑh · ∇xϑ̃

)
dxdt,

Ξr =

∫ τ

0

∫

Td

(̺h(ũ− uh) · ∂tũ+ ̺h(ũ− uh)⊗ uh : ∇xũ) dxdt+

∫ τ

0

∫

Td

̺h(s̃− sh)(∂tϑ̃+ ũ · ∇xϑ̃) dxdt

+

∫ τ

0

∫

Td

(∂tp̃− phdivxũ) dxdt dt−

∫ τ

0

∫

Td

̺h
˜̺ (∂tp̃+ uh · ∇xp̃) dx.

We point out that the derivative-terms of Ξr are the first order derivative-terms of the exact solution
(˜̺, ũ, ϑ̃) so that all of them could be bounded by some constants.
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Step 2. The second goal is to reformulate Ξr into the difference between (̺h,uh, ϑh) and (˜̺, ũ, ϑ̃) so
that it can be controlled by the relative energy with (5.2).

The key is to utilize that (˜̺, ũ, ϑ̃) is the strong solution satisfying

∂t ˜̺+ ũ · ∇x ˜̺= −˜̺divxũ, ˜̺(∂tũ+ ũ · ∇xũ) +∇xp̃ = divxS̃,

∂tϑ̃+ ũ · ∇xϑ̃+
ϑ̃

cv
divxũ =

1

cv ˜̺

(
S̃ : ∇xũ+

κ|∇xϑ̃|
2

ϑ̃
+ ϑdivx

(
κ∇xϑ̃

ϑ̃

))
.

Firstly, with
∫

Td

(̺h(ũ− uh) · ∂tũ+ ̺h(ũ− uh)⊗ uh : ∇xũ) dx

=

∫

Td

̺h(ũ− uh) · (∂tũ+ ũ · ∇xũ) dx−

∫

Td

̺h(uh − ũ)⊗ (uh − ũ) : ∇xũdx

=

∫

Td

̺h
˜̺ (ũ− uh) · (divxS(∇xũ)−∇xp̃) dx−

∫

Td

̺h(uh − ũ)⊗ (uh − ũ) : ∇xũdx

and
∫
Td (ũ · ∇xp̃+ p̃divxũ) dx = 0, we obtain

Ξr = −

∫ τ

0

∫

Td

̺h(uh − ũ)⊗ (uh − ũ) : ∇xũ dxdt+

∫ τ

0

∫

Td

̺h
˜̺ (ũ− uh) · divxS̃dxdt+

∫ τ

0

∫

Td

Ξr,1 dxdt,

Ξr,1 = ̺h(s̃− sh)(∂tϑ̃+ ũ · ∇xϑ̃) +
˜̺− ̺h
˜̺ (∂tp̃+ ũ · ∇xp̃) + (p̃− ph)divxũ.

Secondly, applying the product rule for p̃ and s̃ as functions of (˜̺, ϑ̃)

(∂tp̃+ ũ · ∇xp̃) = (∂t ˜̺+ ũ · ∇x ˜̺)∂̺p̃+ (∂tϑ̃+ ũ · ∇xϑ̃)∂ϑp̃ = −˜̺divxũ∂̺p̃+ ˜̺(∂tϑ̃+ ũ · ∇xϑ̃)

̺h(sh − s̃) = (̺h − ˜̺)(sh − s̃) + ˜̺(sh − s̃− ∂̺s̃(̺h − ˜̺)− ∂ϑs̃(ϑh − ϑ̃)) + ˜̺(∂̺s̃(̺h − ˜̺) + ∂ϑs̃(ϑh − ϑ̃))

we have

Ξr,1 =

(
p̃− ph − ∂̺p̃(˜̺− ̺h)

)
divxũ+

(
̺h(s̃− sh) + (˜̺− ̺h)

)
(∂tϑ̃+ ũ · ∇xϑ̃)

=

(
p̃− ph − ∂̺p̃(˜̺− ̺h)− ∂ϑp̃(ϑ̃ − ϑh)

)
divxũ

−

(
(̺h − ˜̺)(sh − s̃) + ˜̺(sh − s̃− ∂̺s̃(̺h − ˜̺)− ∂ϑs̃(ϑh − ϑ̃))

)
(∂tϑ̃+ ũ · ∇xϑ̃)

− (ϑh − ϑ̃)

(
˜̺∂ϑs̃(∂tϑ̃+ ũ · ∇xϑ̃) + ∂ϑp̃divxũ

)
.

With ∂ϑs̃ =
cv
ϑ̃
, ∂ϑp̃ = ˜̺, the last term above can be rewritten as

−(ϑh − ϑ̃)

(
˜̺∂ϑs̃(∂tϑ̃+ ũ · ∇xϑ̃) + ∂ϑp̃divxũ

)
= −

ϑh − ϑ̃

ϑ̃

(
S̃ : ∇xũ+

κ|∇xϑ̃|
2

ϑ̃
+ ϑ̃divx

(
κ∇xϑ̃

ϑ̃

))
.
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Thanks to
∫

Td

(
ũ · divxS̃+ S̃ : ∇xũ

)
dx = 0,

∫ τ

0

∫

Td

κ|∇xϑ̃|
2

ϑ̃
+ ϑ̃divx

(
κ∇xϑ̃

ϑ̃

)
dxdt = 0,

finally we reformulate Ξr as

Ξr = −

∫ τ

0

∫

Td

̺h(uh − ũ)⊗ (uh − ũ) : ∇xũdxdt+

∫ τ

0

∫

Td

̺h − ˜̺
˜̺ (ũ− uh) · divxS̃ dxdt

+

∫ τ

0

∫

Td

(
p̃− ph − ∂̺p̃(˜̺− ̺h)− ∂ϑp̃(ϑ̃ − ϑh)

)
divxũdxdt

−

∫ τ

0

∫

Td

(
(̺h − ˜̺)(sh − s̃) + ˜̺(sh − s̃− ∂̺s̃(̺h − ˜̺)− ∂ϑs̃(ϑh − ϑ̃))

)
(∂tϑ̃+ ũ · ∇xϑ̃) dxdt− Ξr,1

Ξr,1 =

∫ τ

0

∫

Td

(
ϑh

ϑ̃
S̃ : ∇xũ+ uh · divxS̃

)
dxdt+

∫ τ

0

∫

Td

ϑh

ϑ̃

(
κ|∇xϑ̃|

2

ϑ̃
+ ϑ̃divx

(
κ∇xϑ̃

ϑ̃

))
dxdt.

Step 3. Back to the relative energy inequality (D.8), the rest is to reformulate Ξl + Ξr,1. We split
Ξl + Ξr,1 into the velocity-gradient-terms and temperature-gradient-terms:

Ξl + Ξr,1 = TS + Tϑ,

TS =

∫ τ

0

∫

Td

(
Sh : ∇huh

ϑ̃

ϑh
− Sh : ∇xũ+

ϑh

ϑ̃
S̃ : ∇xũ+ uh · divxS̃

)
dxdt,

Tϑ =

∫ τ

0

∫

Td

κϑ̃

ϑout
h ϑh

|∇Eϑh|
2 −

κ

ϑh
∇Eϑh · ∇xϑ̃+

ϑh

ϑ̃

(
κ|∇xϑ̃|

2

ϑ̃
+ ϑ̃divx

(
κ∇xϑ̃

ϑ̃

))
dxdt.

Term TS: Denoting RS =
∫ τ
0

∫
Td

(
uh · divxS̃+ Sh : ∇xũ

)
dxdt, we have

TS =

∫ τ

0

∫

Td

(
ϑ̃

ϑh
Sh : ∇huh − 2Sh : ∇xũ+

ϑh

ϑ̃
S̃ : ∇xũ

)
dxdt+RS

=

∫ τ

0

∫

Td

ϑ̃

ϑh

(
2µ

∣∣∣∣Dh(uh)−
ϑh

ϑ̃
D(ũ)

∣∣∣∣
2

+ λ

∣∣∣∣divhuh −
ϑh

ϑ̃
divxũ

∣∣∣∣
2
)

dxdt+RS.

Term Tϑ: We straightforward reformulate Tϑ as

Rϑ = Tϑ −

∫ τ

0

∫

Td

κϑ̃

ϑhϑ
out
h

|∇Eϑh −∇xϑ̃|
2 dxdt.

Finally, collecting the above and going back to (D.8) we obtain the relative energy inequality (D.1).

E Estimates on RS and Rϑ

In this part we prove (5.8), namely the following estimate.

|RS|
<
∼ h ‖∇Euh‖L2L2 , |Rϑ|

<
∼ h +

∫ τ

0
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(t) dt + δ

∥∥∥∇Eϑh −∇xϑ̃
∥∥∥
2

L2L2
.
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Estimate of RS Noticing the fact that ∇huh is piecewise constant, we have

RS =

∫ τ

0

∫

Td

(
uh · divxS̃+∇huh : ΠQS̃

)
dxdt =

∫ τ

0

∫

Td

uh · (divxS̃− divhΠQS̃) dxdt

=

∫ τ

0

∑

K

uh|K ·
∑

σ∈E(K)

∫

σ

(
S̃−

{{
ΠQS̃

}})
· n dSx dt

= −

∫ τ

0

∫

E
JuhK ·

(
S̃−

{{
ΠQS̃

}})
· n dSx dt

<
∼ h ‖ũ‖L∞W 2,∞

∫ τ

0

∫

E
| JuhK |dSx dt

<
∼ h

(∫ τ

0

∫

E
| JuhK |2 dSx dt

)1/2(∫ τ

0

∫

E
1 dSx dt

)1/2

= h ‖∇Euh‖L2L2 .

Estimate of Rϑ We start with the reformulation Rϑ =
∑5

i=1Rϑ,i, where

Rϑ,1 =κ

∫ τ

0

∫

Td

(
ϑhdivx

(
∇xϑ̃

ϑ̃

)
+∇Eϑh ·

∇xϑ̃

ϑ̃

)
dxdt,

Rϑ,2 =κ

∫ τ

0

∫

Td

(
ϑh

ϑ̃
−

ϑ̃

ϑh

)(
1

ϑ̃
−

1

ϑout
h

)
|∇xϑ̃|

2 dxdt dt,

Rϑ,3 =κ

∫ τ

0

∫

Td

1

ϑout
h

(
ϑh

ϑ̃
−

ϑ̃

ϑh

)(
∇xϑ̃−∇Eϑh

)
· ∇xϑ̃ dxdt,

Rϑ,4 =κ

∫ τ

0

∫

Td

ϑ̃

ϑh

(
1

ϑ̃
−

1

ϑout
h

)
(∇xϑ̃−∇Eϑh) · ∇xϑ̃ dxdt,

Rϑ,5 =κ

∫ τ

0

∫

Td

1

ϑ̃

(
ϑh

ϑout
h

− 1

)
∇Eϑh · ∇xϑ̃ dxdt = −hκ

∫ τ

0

∫

Td

1

ϑ̃ϑout
h

|∇Eϑh|
2∇xϑ̃ dxdt.

Hence, with (3.3b), the assumption (4.5), the projection error (3.1) and the a priori bound on temperature
(4.7a) we have

|Rϑ,1| =κ

∣∣∣∣∣

∫ τ

0

∫

Td

∇Eϑh ·

(
∇xϑ̃

ϑ̃
−ΠW

(
∇xϑ̃

ϑ̃

))
dxdt

∣∣∣∣∣
<
∼ h ‖∇Eϑh‖L2L2

∥∥∥ϑ̃
∥∥∥
L2W 2,∞

,

|Rϑ,2|
<
∼
∥∥∥ϑh − ϑ̃

∥∥∥
2

L2L2
+
∥∥∥ϑout

h − ϑ̃
∥∥∥
2

L2L2
, |Rϑ,3|

<
∼

1

δ

∥∥∥ϑh − ϑ̃
∥∥∥
2

L2L2
+ δ

∥∥∥∇Eϑh −∇xϑ̃
∥∥∥
2

L2L2
,

|Rϑ,4|
<
∼
1

δ

∥∥∥ϑout
h − ϑ̃

∥∥∥
2

L2L2
+ δ

∥∥∥∇Eϑh −∇xϑ̃
∥∥∥
2

L2L2
, |Rϑ,5|

<
∼ h ‖∇Eϑh‖

2
L2L2

<
∼ h.

Moreover,
∥∥∥ϑout

h − ϑ̃
∥∥∥
L2L2

can be controlled as

∥∥∥ϑout
h − ϑ̃

∥∥∥
2

L2L2
≤
∥∥∥ϑh − ϑ̃

∥∥∥
2

L2L2
+
∥∥ϑout

h − ϑin
h

∥∥2
L2L2 =

∥∥∥ϑh − ϑ̃
∥∥∥
2

L2L2
+ h2 ‖∇Eϑh‖

2
L2L2

<
∼
∥∥∥ϑh − ϑ̃

∥∥∥
2

L2L2
+ h2.

Consequently, with (5.2) we have

|Rϑ|
<
∼ h+

∫ τ

0
RE

(
(̺h,uh, ϑh) | (˜̺, ũ, ϑ̃)

)
(t) dt+ δ

∥∥∥∇Eϑh −∇xϑ̃
∥∥∥
2

L2L2
.

Collecting the above estimates, we complete the proof.
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