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Abstract

Despite decades of practice, finite-size errors in many widely used electronic structure the-
ories for periodic systems remain poorly understood. For periodic systems using a general
Monkhorst-Pack grid, there has been no comprehensive and rigorous analysis of the finite-size
error in the Hartree-Fock theory (HF) and the second order Mgller-Plesset perturbation theory
(MP2), which are the simplest wavefunction based method, and the simplest post-Hartree-Fock
method, respectively. Such calculations can be viewed as a multi-dimensional integral dis-
cretized with certain trapezoidal rules. Due to the Coulomb singularity, the integrand has many
points of discontinuity in general, and standard error analysis based on the Euler-Maclaurin
formula gives overly pessimistic results. The lack of analytic understanding of finite-size er-
rors also impedes the development of effective finite-size correction schemes. We propose a
unified analysis to obtain sharp convergence rates of finite-size errors for the periodic HF and
MP2 theories. Our main technical advancement is a generalization of the result of [Lyness,
1976] for obtaining sharp convergence rates of the trapezoidal rule for a class of non-smooth
integrands. Our result is applicable to three-dimensional bulk systems as well as low dimen-
sional systems (such as nanowires and 2D materials). Our unified analysis also allows us to
prove the effectiveness of the Madelung-constant correction to the Fock exchange energy, and
the effectiveness of a recently proposed staggered mesh method for periodic MP2 calculations
[Xing, Li, Lin, J. Chem. Theory Comput. 2021]. Our analysis connects the effectiveness of
the staggered mesh method with integrands with removable singularities, and suggests a new
staggered mesh method for reducing finite-size errors of periodic HF calculations.
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FINITE-SIZE ERROR FOR PERIODIC HF AND MP2

1 Introduction

Accurate estimate of ground state energies of periodic systems (e.g., crystals, nanotubes, nanowires,
2D materials, and surfaces) is of immense importance in quantum physics, chemistry, and materi-
als science. The simplest wavefunction based electronic structure theory is the Hartree-Fock (HF)
theory, and the simplest post-HF wavefunction based method is the second order Mgller-Plesset
perturbation theories (MP2) (see e.g., [44, 41]). The HF and MP2 theories are also ingredients
in other electronic structure theories, such as in constructing accurate exchange-correlation energy
functionals in Kohn-Sham density functional theory (DFT) [24, 32]. HF calculations for periodic
systems have been routinely performed for decades. Despite the relatively large computational
cost, post-HF methods such as MP2 and coupled cluster (CC) theories have also been increasingly
routinely performed for periodic systems [31,, 20, 38, 140, 133, [19], thanks to the improvement of
numerical algorithms and the increase of computational power.

For periodic systems, a fundamental physical quantity is the energy per unit cell in the ther-
modynamic limit (TDL). The error between the energy computed from a finite-sized system and
the exact value is called the finite-size error. Due to the steep increase of the computational cost
with respect to the system size (in particular for post-HF methods), reaching convergence in a brute
force fashion is often beyond reach, and corrections to finite-size errors must be applied. In order
to develop finite-size correction schemes, accurate understanding of the scaling of the finite-size
error is needed.

To the best of our knowledge, the finite-size errors of the Fock exchange energy and the MP2
correlation energy have not been rigorously analyzed. (The correlation energy is defined to be the
difference between the ground state energy of the post-HF theory and the HF ground state energy.
Throughout the paper, the exchange energy and the MP2 energy stand for the Fock exchange energy
and the MP2 correlation energy, respectively.) In a nutshell, let € be the unit cell of a periodic
system, and €2* be the first Brillouin zone (BZ). The exchange and the MP2 energies in the TDL
can both be compactly written as the following integrals over {2*:

E§DL=/ dk,-/ dk; Fx (k;, k), (1.1)
Eyps = / dk; / dk; / dk, Fupa (ki kj, Kq), (1.2)
* * Q*

where, following the convention in quantum chemistry, k;, k; (k,, k) are crystal momentum vec-
tors associated with the occupied (virtual) bands, respectively. Here Q* C R? with d = 3 for 3D
periodic systems, and d = 1, 2 for quasi-1D and quasi-2D systems.

In numerical calculations, the Brillouin zone Q2* is first discretized by a uniform mesh K (called
the Monkhorst-Pack mesh [37]) with Ny points in total. The exchange and the MP2 energies in
Eq. and Eq. are then approximated by trapezoidal rules (see Section 2.1 for the precise



FINITE-SIZE ERROR FOR PERIODIC HF AND MP2

definition of trapezoidal rules in the current context) that sample k;, k;, and k,, on K as

0|2
BEx(Ny) = ‘Nz’ Z Fx (ki k;), (1.3)
k ki,kjEK
Q*|?
Envpa(Nk) = ‘Ng’, Z Fupa (ki kj, k). (1.4)
k Kk k;keek

Hence the general form of the energy in the TDL and the numerical scheme can be written as

EEDL:/( ).F*(xl,--- ,Xg)dxq - - - dxg, (1.5)

E*(Nk):<|Q*|>s > B(x,ee %), (1.6)

X1, %5 €(K)*

where the subscript * can be “X” or “MP2” and each x; € R?. We have s = 2 for the exchange
energy, and s = 3 for the MP2 energy, respectively. Eq. (L3) can be a high dimensional integral.
For instance, MP2 calculations for 3D periodic systems require the evaluation of a 9-dimensional
integral.

The finite-size error, i.€., EI DL _ p, (Ny), thus can be interpreted as the error of the numerical
quadrature. At first glance, it may seem that due to periodicity of the integrand F}, the quadra-
ture error should readily follow from standard numerical analysis of trapezoidal rules for periodic
functions (e.g., [23, 45]). However, due to the subtle nature of the Coulomb singularity, the in-
tegrand is generally discontinuous at certain points. As a result, standard error analysis based on
the Euler-Maclaurin formula gives overly pessimistic results: not only the convergence rate is not
sharp, direct application of the Euler-Maclaurin formula fails to demonstrate the convergence of
the exchange and MP2 energy calculations towards the thermodynamic limit (see Section 2.3)).

Besides the energy, many physical observables can be similarly represented as integrals over the
first Brillouin zone. While the Monkhorst-Pack mesh is perhaps the most widely used method for
discretizing the Brillouin zone, other choices are also available such as the tetrahedron method [4].
We refer readers to [7] for a more detailed discussion. Following a similar approach as developed
in this paper, the finite-size errors in these more general settings may be analyzed as well.

Contributions:

In this paper, we establish the first comprehensive and rigorous analysis of the quadrature errors
in exchange and MP2 energy calculations for insulating systems with a direct gap and without
topological obstructions [€, 36]. Our convergence rates are sharp for general systems and match
numerical observations. The key component of our analysis is a new Euler-Maclaurin type of
formula in Theorem [A.3] which generalizes the classical result by Lyness [28], and can predict
the sharp convergence rate of the trapezoidal quadrature error for a class of non-smooth functions
(including the integrand F} as special cases). Using this formula, we can rigorously analyze the
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finite-size errors of the standard as well as a number of improved methods for exchange and MP2
energy calculations. The main results are summarized in Table for 3D systems and Table
for low-dimensional (quasi-1D and quasi-2D) systems.

The staggered mesh method for exchange energy calculations (corresponding to the intersection
of “Staggered mesh method” and ‘“Madelung-Exchange” in Table and Table [.2) is a new
scheme. It is worth noting that the staggered mesh method only requires the computation of orbitals
and orbital energies on an additional Monkhorst-Pack grid. In electronic structure calculations, this
only requires a set of non-self-consistent calculations, and the additional cost can be negligible.

Due to the appearance of a logarithmic dependence in Theorem [A.3] the asymptotic scaling of
the finite-size error § £ with respect to IV} always involves a multiplicative In /Ny term. For brevity
of notation, throughout the paper we slightly abuse the big-O notation when expressing the finite-
size error of energies, i.e., 0E = O(N,_ %) means that [§E| < CN,_“In Ny for some constant C
when Ny is sufficiently large.

Table 1.1: Theoretical estimate of the quadrature errors in the calculations of the exchange energy,
the Madelung-corrected exchange energy, and the MP2 energy for 3D periodic systems. When
combined with the staggered mesh method, the Madelung constant correction requires minor mod-
ifications as detailed in Section The integrand F), of special systems has removable disconti-
nuities, as detailed in Section [6l

Exchange Madelung-Exchange MP2

Standard method  O(N,_?) O(Nh) o(Nh
Staggered mesh method -1 _1 _1
for general systems O ?) O OM)
1 _5 _5
Staggered mesh method O(N, ) OV, F) O(N )

for special systems

Main idea:

As the first step of our unified approach for finite-size error analysis, we reformulate the ex-
change and MP2 energy calculations into the quadrature forms in Eq. and Eq. and
obtain the explicit representations of Fx and Fjp,. The finite-size error analysis then becomes the
classical numerical analysis problem of estimating the quadrature error of a trapezoidal rule for
certain special integrands.

First we show that both Fx(k;, k;) and Fup(k;, kj, k,) are periodic with respect to each
variable over {1*, but are discontinuous at points where k; — k; = 0 for Fx and k, — k; = 0
or k, — k; = 0 for Fyp; if restricting k;, k;, k, to 2*. We identify that the finite-size error is
dominated by the quadrature error for a class of non-smooth functions. Specifically, the quadrature
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Table 1.2: Theoretical estimate of the quadrature errors in the calculations of the Madelung-
corrected exchange energy and the MP2 energy for quasi-1D and quasi-2D systems. We con-
sider a specific model for low-dimensional systems where the Madelung constant correction is
added to the exchange energy calculation by default. Notation ‘SA’ means that the error decays
super-algebraically, i.e., faster than IN_* with any s > 0. Modifications of the Madelung constant
correction is needed for the staggered mesh method as detailed in Appendix [Cl The integrand F
of special systems has removable discontinuities, as detailed in Section [6]

Quasi-2D Quasi-1D
Madelung-Exchange MP2 Madelung-Exchange MP2
Standard method O(NY O(NY O(N Y O(NY
Staggered mesh method o Nk_l) o Nk_l ) SA SA
for general systems
Staggered rne'sh method o Nk_z) o Nk_z) SA SA
for special systems

error of Fx is dominated by that of a non-smooth component of the form

19 it f(a) = O(1al).

1
where f(q) is a generic smooth function compactly supported in ¥, with @ = 0 in the standard
exchange energy calculation and @ = 2 in the Madelung-corrected case. Here q denotes the
minimum image of k; — k; in 2* and the trapezoidal rule for this component is over q € * with
an Ny-sized MP mesh Kq induced by the definition of q with k;, k; € K. Similarly, the quadrature
error of Fypy is dominated by that of the non-smooth components of the forms

fla1) fla1)

1|2 with f(aq1) = O(’qﬂ2)7 g [* with f(q1) = O(’qﬂ4)7
Pl o) PRL) it i) = OJar ). falan ) = O(JaeP)

where q; and g are the minimum images of k; —k, and k; —k, in 2*, respectively, and share the
same MP mesh Kq in the corresponding trapezoidal rules. Here, f, f1, fo denote generic smooth
functions compactly supported in 2* or Q* x Q*.

The remaining problem is to analyze the quadrature errors for the non-smooth functions above.
For a general function g(x) compactly supported in a hypercube V C R, the quadrature error of
Jir 9(x) dx can be analyzed using the standard Euler-Maclaurin formula: if g(x) has continuous
derivatives up to order s, the quadrature error with a uniform mesh of size m? scales as O(m ™).
However, the non-smooth terms we identified above may be discontinuous and have unbounded
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first-order derivatives. Thus, direct application of the standard Euler-Maclaurin formula predicts
that the quadrature errors in both the exchange and MP2 energy calculations do not decay at all
with respect to Ny !

This overly pessimistic estimate above can however be significantly improved. The key techni-
cal step of our analysis is to generalize a classical result by Lyness [28] on the quadrature error for
homogeneous functions, and obtain a special Euler-Maclaurin type of formula in Theorem that
works for non-smooth functions in the general form (which we refer to as the “fractional form™)

f1(x1,X2,...,Xy) fo(x1,X2,...,X% fa(X1,X2,...,X

g(X17X27"'7Xn): ( T ”) ( T n) n( T n)7 (17)
(x7 Mxq)Pt (x5 Mxq)P2 (x} Mx,,)Pn

where M is a symmetric positive definite matrix. For each i = 1,...,n, let f; be smooth and

scale as O(|x;|%) near x; = 0 so that f;/(x] Mx;)P¢ = O(|x;[") with v; = a; — 2p;. Based on
this special formula and further assuming g to be compactly supported in V™ with a hypercube
V', we prove in Corollary [A.4] that the quadrature error for fvxn gdx; ... dx, using an m"™¢-sized
uniform mesh scales as O(m_(derini ) In m). Applying this result to our concerned non-smooth

terms above, we obtain the O(N,_ %) and O(N,_!) quadrature error estimates in the exchange and
Madelung-corrected exchange energies, and O(N, 1) quadrature error estimate in MP2 energy.

For low-dimensional systems and special systems with removable discontinuities in Fx and
Fupz, similar application of the special Euler-Maclaurin formula can be used to obtain the corre-
sponding quadrature error estimates.

The Madelung constant correction is commonly used in practice to reduce the O(Nk_ %) finite-
size error in the exchange energy calculation for 3D periodic systems, and is also used directly in
the model Hamiltonian with a shifted Ewald kernel for periodic systems [[16]. This correction is
originally introduced to remove the artificial interactions between particles and its periodic images
in the supercell model (this model is equivalent to a special choice of the MP mesh K). Numerical
observations as well as heuristic arguments suggest that the finite-size error of the corrected scheme
scales as O(INV_ 1). By analyzing the quadrature error, we rigorously prove this error scaling and
justify the effectiveness of the correction (see Table[I.I]and Table[I.2]). The key, also an interesting
finding, is the close connection between the Madelung constant correction and a quadrature tech-

1
nique called the singularity subtraction method. Specifically, the dominant O(N,_ *) error turns out
to come from the leading non-smooth term of Fx(k;, k;) in the form & with a constant C' and

q = k; — k;. We show that the correction is equivalent to first subtracting (%2 from Fx(k;, k;),
applying the trapezoidal rule over the remainder, and then adding back the contribution of the
subtracted term. As a result, the leading non-smooth term of F¥ is integrated exactly while the
remainder, with improved smoothness condition, can be shown to have O (NN, 1) quadrature error.

As shown by our analysis, the discontinuity of Fx(k;,k;) and Fypz(k;, kj,k,) is the main
cause that leads to O(N, 1) quadrature error in the Madelung-corrected exchange energy, as well
as MP2 energy calculations. The two functions are discontinuous atk; —k; = 0,and k, —k; = 0
or k, — k; = 0, respectively. However, in many special systems, the points of discontinuity in Fx
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and Fypp may become removable, i.e., by properly defining their function values at discontinuous
points, Fx and Fypy can become continuous. Unfortunately, the standard methods for calculating
the exchange and MP2 energies (Eq. and Eq. use the same mesh K for k;, k;, and
k.. Therefore certain quadrature nodes are always placed at the points of discontinuity, and the
resulting quadrature error remains O(N, 1). Inspired by this observation, we previously proposed
the staggered mesh method for computing the MP2 energy [47], which uses one mesh for occu-
pied orbitals k;, k; and another staggered mesh for unoccupied orbitals k, to avoid sampling these
discontinuous points (i.e., k, — k; = 0 or k, — k; = 0). In this paper, we generalize the stag-
gered mesh method for the exchange energy calculation. As listed in Table and Table we
demonstrate that the quadrature error of the staggered mesh method can be o(N, 1) for both the
Madelung-corrected exchange and MP2 energy calculations, when the integrand discontinuities are
removable. Especially for quasi-1D systems, the integrand Fx and Fjpy can always be improved
to become smooth functions, and the quadrature error decays super-algebraically.

Related works:

There have been many works on the heuristic understanding of finite-size errors in electronic
structure calculations (e.g., [30] for analyzing the finite-size error of the electrostatic interaction in
periodic, aperiodic and charged systems), as well as numerical schemes to correct finite-size errors
in various contexts. It is worth noting that many finite-size correction schemes originate from the
context of quantum Monte Carlo (QMC) calculations (e.g., [16, 19, [15, 13, 22]). Some correction
methods rely on truncating the Coulomb operator in the real space (e.g., [42,43]). However, these
methods are designed for Fock exchange energy calculations, and rely on decay properties of the
single-particle density matrix in the real space (for gapped systems). In particular, such truncated
Coulomb operator should not be used in MP2 calculations. In this paper, we focus on periodic HF
and MP2 calculations in the reciprocal space using the standard Coulomb operator, as well as an
arbitrary Monkhorst-Pack grid. To our knowledge, there is no rigorous analysis of the finite-size
error in this context.

A generic way to correct the finite-size errors is to perform a power-law extrapolation [31], 13,
33,135]. It fits the energies from several calculations with different values of Ny using a power
function of Ny to estimate F1P". This approach is simple and often effective, but does not provide
understanding of the finite-size errors from first principles. Furthermore, the precise form of the
power-law extrapolation is often debatable at least in the pre-asymptotic regime (see e.g., [17]).
For QMC, MP2, and coupled cluster (CC) calculations, another common tool is to analyze the
structure factor, and the corresponding correction scheme is called structure factor interpolation
method [9, 26,19]. By analyzing the structure factor in MP2/CC calculations, it has been proposed
that the finite-size error should scale as O(N, 1), and is due to the omission of terms related to
the singularity of the Coulomb kernel [26,19]. The corresponding correction scheme interpolates
the structure factor, and then approximates the missing term via extrapolation. According to our
analysis, this missing term contributes to a portion of the quadrature error related to volume ele-
ments containing the Coulomb singularity, which is O (N, 1). Our analysis also indicates that the
remaining volume elements not containing the Coulomb singularity also have significant contribu-
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tion to the quadrature error, which is also O(IV 1). (See Remark [A-3] and Theorem for more
detailed explanations.) Hence the structure factor interpolation scheme cannot generally improve
the asymptotic scaling of the finite-size error. Another finite-size correction scheme is the twist av-
eraging method, which has been used for QMC calculations [27,[15], and also recently in MP2/CC
calculations [[19, [34]. The twist averaging method calculates the average of the energies using a
set of shifted k-point meshes of the same size, which can reduce the fluctuation as well as the
magnitude of the finite-size error as Ny — oo. In particular, after twist averaging, the finite-size
error can decay more smoothly with respect to Ny, which improves the effectiveness of power-law
extrapolation [27, 34].

The slow convergence of the exchange energy that scales as O(N, 1) for 3D periodic systems
is due to the integrable singularity of the integrand Fx in the Brlllouln zone. The correction using
the Madelung constant [16, [13,33] removes the leading contribution, and the finite-size error is
observed to become O(NN, 1). However, there has not been rigorous proof of this statement. The
Madelung constant only depends on the geometry of the unit cell {2 and hence can be efficiently
pre-computed [16, 110, 30]. An alternative strategy is to choose a suitable auxiliary function to
remove the leading singular term [21, |§]. We prove that the finite-size error of both correction
techniques is O(NV, 1), and hence they are equivalent up to the leading order of the error.

Paper Organization:

Section [2] introduces the background information of the problem and notations used in the
paper. Section [3 and Section ! provide the finite-size error analysis for the Fock exchange and
the MP2 energy calculations, respectively. These three sections contain the main message of this
paper for readers with a broad background. Section [3] and Section [6] then extend the finite-size
error analysis for two correction schemes: the Madelung constant correction and the staggered
mesh method. The main numerical analysis result that estimates the quadrature error of trapezoidal
rules for a general class of non-smooth integrands in the fractional form Eq. is described in
Appendix [Al These sections may be skipped on a first reading.

2 Background

Unless otherwise stated, throughout the paper, the system is assumed to extend along all three
dimensions. Let €2 be the unit cell, || be its volume, and 2* be the associated BZ. Denote the
Bravais lattice and its associated reciprocal lattice by IL and IL*, respectively. We use a uniform
mesh C for k-point sampling in Q* (which may or may not include the I" point, i.e., the point of
origin in Q*; see Fig. 3.1l for an illustration), also referred to as an Monkhorst-Pack (MP) mesh,
and denote Ny as the number of k points in the mesh. For a mean-field calculation with C, each
molecular orbital (also called band orbital), characterized by the k-point and the band index n, is

written as
ik-r 1(k+G)-r

1
Yk (r) = Vi Unk(T) |Q|\/— > (G ;

Gell*
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and is associated with an orbital energy €,x. The pair product is defined as

Qn’k’,nk(r) = ﬂn’k’( )unk |Q| Z On'k! nk 1G-r’
Gel*

and a two-electron repulsion integral (ERI) is then computed as

1 1 A . k3.k
(n1ki, noka|nsks, nyky) = 1 Vi Z a+ G|2 Qn1k17n3k3(G)Qn2k2,"4k4 (Gk?k: - G),
Gel~*

where q = ks — ki, Gi:ll:;‘ =k + ko — ks — ky, and Z,GGL* excludes the possible term with

q + G = 0. Such an ERI can be non-zero only when Glﬁfﬁ‘; € L*, corresponding to crystal

momentum conservation.

Below, band indices 4, j (a,b) always refer to the occupied (virtual) bands, respectively. All
analysis is performed in the spin-restricted setting, and can be straightforwardly generalized when
the spin degree of freedom is taken into account explicitly. As detailed in Appendix [Bl the finite-
size error in the kinetic energy, the Hartree energy, and the energy due to external potentials all
decay super-algebraically if assuming all orbitals can be evaluated exactly at any k. In the following
discussion, we will not consider the finite-size errors of these three types of energies. The exchange
energy and the MP2 energy per unit cell are computed respectively as

Ex( Z > (iki, jk;lik;, ik;) | (2.1)

ij kk;e
2 (ik;, 7k |aky, bky) — (ik;, jk;|bky, ak, o
Empa (Nk) = Z > 24 d aia,béb | ) (akq, bkeiki, jk;) ,
zyabk ikjkqa €KX ik;,jk;

(2.2)

with eflt“;ﬁjb = €ik; + €jk; — €ak, — Ebk,- For each set of (k;, kj, k,) in Eppa(Nk), kp is the

unique point in K satisfying Glli‘_‘ ’kk;’ € L*. When Ny goes to infinity and IC converges to 0¥, these
two energies converge to their exact values in the TDL, denoted by E;T(DL and EE,B%. In this paper,
we adopt a uniform approach from numerical quadrature perspective to describe the asymptotic

scaling of the finite-size errors in the two energy calculations, i.e., EI DL _ E.(Nx) v.s. Ng, where
the subscript * can be “X” or “MP2”.

2.1 Integral form of the energy in TDL

For each ERI in the energy calculations above, three momentum vectors are sampled over /C (thus
over )* in the TDL) while the remaining one is determined by crystal momentum conservation.
Note that such an ERI, say (n1ky, noka|nsks, nsky), is invariant if we shift any k to k + G with
any G € L*. For each set of (ky, ko, k3) with q = k3 — k;, we could shift k4 by some G vector
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so that GE‘I’E;‘ = 0 or equivalently k; = ko — q. Then, a properly scaled ERI below can be treated
as a function of k1, ks, and q as

Ny (niky, noko|ngks, ngky) = Z ————5 0n1k1,n3(k1+q) (G) Onoks na (ko —q) (—G)
| & la+ G|
= Rn1n2n3n4(k17 ko, Q)a (2.3)

with band indices n1, no, n3, and ny4 as parameters. We also define the orbital energy fraction term
in MP2 energy calculation as a function of ki, ko and q as

1 1
naksnaks n3(ki1+q),na(ke—q) - En1n2n3n4 (kl’ ke, q). 4
ni1ki,naoko niky,naka

Using these two basic notations, the energy calculations in Eq. and Eq. could be refor-
mulated as

* Exchange energy

1
Bx(N) =—77 >, [ DA kiky) |, 2.5)

k kiijIC i
FY (ki k) = Rijji(ki kj, kj — ki).

* MP2 energy

1 ijab ijab
Empa(Ng) = N3 Z ZFﬁpz,d(kukjaka) + Fyfpox (ki kj, Ka) |5 (2.6)
K kikjko€K \ijab
ﬁﬁfd(k ki kq) = 2Rijap(ki, kj, ko — k) Rapij (Ka, ki, ki — ko) Eijap (ki kj, ka — k),

ﬁgfx(k ki ko) = —Rijpa(ki, kj, ky — ki) Rapij (Ka, ki, ki — ko) Eijap (ki kj, ke — k),

with k, = k; + k; — k, from (ik;, jk;|ak,, bk;). The summations over F P2 4 and Flf,fgzb .
are referred to as the direct and exchange terms of the MP2 energy, respectively.

In the TDL, C converges to 2* and the summation Nik > _kex converges to the integral |Q—1*‘ fQ* dk.
The two energies then converge to a double and a triple integrals over £2*, respectively, as

1 ..
ExPh = - IRE // die;di; | Y FY (ki k) | 2.7)
ij

ijab ijab
Enps = |Q*|3///* - dkidkjdka | Y Fypya(ki Ky ka) + Fygpy (ki Kj ka)
X *xQ ijab

(2.8)

10
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By this formulation, due to the periodicity of the integrands with respect to each k variable, numer-
ical calculations of the exchange and the MP2 energies in Eq. and Eq. can be interpreted
as applying a trapezoidal quadrature rule to approximate the corresponding integrals Eq. and
Eq. using a uniform mesh /C in 2*. The finite-size errors can thus be decomposed into the
error of the numerical quadrature and the error of the integrand evaluation.

In this paper, we focus on systems with a direct gap, i.e., €k, + Ejk; — Eak, — Ebk, < —264 <0
for all 7,7, a,b,k;, k;, ks, k,. We assume that the mean-field orbital energies {e,x} and orbitals
{unx} are exact for any n and k € Q*, and that a finite number of virtual bands are used for the
energy calculations in both the finite and the TDL cases. In addition, we assume that the €y, ¥k,
and u,x are smooth with respect to k for any fixed band n and thus 9,k nk(G) is also smooth
with respect to k, k’ for fixed any n,n’, and G. For systems free of topological obstructions [6,
36], these conditions can be replaced by weaker conditions using techniques based on Green’s
functions. We find that such a treatment introduces a considerable overhead to the presentation.
Moreover, this issue is orthogonal to the study of the quadrature error below. Therefore we adopt
the assumptions stated above, and postpone a complete treatment of the problem without assuming
the smoothness of €, 1,k to a future work. With these assumptions, the numerical evaluation of
all the integrands in (2.3) and (2.6)) is exact so that we could focus on the quadrature error only.

We use the term “trapezoidal rule” to refer to a general class of quadrature rules over a hyper-
cube that has equal quadrature weights and has quadrature nodes on a uniform mesh. Specifically,
for a general function g over a hypercube V/, a trapezoidal rule with a uniform mesh X is denoted

as |V|
Q g, X Xz
= 7] 2 I

xX;€EX

and its quadrature error is denoted as

(0. 0) = Tulo) - Qv(a.0) = [ axgl) — g1 X gt

x;EX

where Z is the integral operator.
With a finite MP mesh /C, the finite-size error problem now reduces to describing the asymptotic
scalings of the quadrature errors below with respect to Vi,

ETPY — Ex (M) = PSQ*XQ > R (ki k), K x K|,

]

e

ijab ijab
Eyps — Ewip2(Ni) = ’Q*lsg(ﬂ ZFN{PZd (kis kj, ko) + FN{Plx(k kj, Ka), S
ijab

11
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2.2 Basic properties of the integrands

The convergence rate of a trapezoidal rule generally depends on the smoothness of the integrand
and its behavior at the boundary. All integrands in the energy calculations Eq. and Eq.
are built upon basic functions Ry, nynan, (K1, ke,dq) and Ep nongn, (i, ke, q) in Eq. and
Eq.

We first note that Ey, | ,,,n4n, (K1, k2, q) is periodic with respect to k;, ko and q over 2* due to
the fact that orbital energy ¢, with a fixed band n is periodic with k. The MP2 energy calculation
only involves this function with n;, ng being occupied orbitals and n3, n4 being virtual orbitals. In
this case, Ep,nyngn, (K1, k2, q) is negative and smooth with respect to k;, ko, and q based on our
assumption that €, is smooth with respect to k, and the system has a positive gap.

Since Yk (r) = Ypata(r) with any G’ € IL*, we have u, ) (r) = e Gy, 1 (r). Then
the multiplication of the two pair products in Eq. of Ry nonsna (K1, k2, q) can be written as a
function of k1,ko,q + G as

4t . 4 .
@Qrﬂkl,ng(kﬁ-q)(G)Qngkg,n4(k2—q)(_G) = @Qn1k1,n3(k1+q+G) (O)Qn2k27n4(k2—q—G)(0)

= Tningnsng (kla k27 q+ G)7

where, by its definition, 7y, n,nsn, (K1, k2, q) is smooth with respect to ki, ko, q and periodic with
respect to ki, ko over *. Using this new notation, Ry, nynsn, (K1, k2, q) can be written in a more
concise form as

7qn1ngn3n4(k17 k27 q + G)

Rpynongna (K1, ko, q) = Z 5 2.9)
In this continuous formulation, Z/G is replaced by regular summation ) . When q = —G, the

summation term associated with q 4+ G is indeterminate and is set to 0 in the numerical evaluation
of the function.

By the orthonormality of the orbitals, i.e., 0,k n/k(0) = dy,/, We can expand 7, nynyn, DEAT
q=0as

47
Tninansng (k17 k27 q) = @5n1n35n2n4 + (5111113 + 5n2n4)VTq + O(|Q|2) (210)

Therefore Ry, nonsn, 1S periodic with respect to ki, ks, and q over 2* and is smooth everywhere
except at q € IL*. This non-smoothness comes from the summation term with q + G = 0, i.e., the
singularity of the Coulomb kernel in the reciprocal space.

Combining the above discussions over R, nonsn, and Fy pnonan, With the definitions of inte-
grands in Eq. and Eq. we obtain some basic properties of the three integrands as

. F;(j (ks, k;) is periodic with respect to k;, k; in 2* and smooth everywhere except at k; —
k; € L*.

12
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. Fﬁ,{gg 1(ki, k;j, k) is periodic with respect to k;, k;, k, in 2* and smooth everywhere except
atk, — k; e L*.

. Fﬁgf (ki, k;, k) is periodic with respect to k;, k;, k, in 2* and smooth everywhere except
atk; —k, € L* ork; — k, € L*.

2.3 Standard Euler-Maclaurin formula

Consider a hypercube V' C R? of edge length L and an m?-sized uniform mesh X in V. Here,
m denotes the number of subintervals along each dimension in &X’. For a generic function g that
has continuous derivatives up to [-th order, its quadrature error can be explicitly described by the
standard Euler-Maclaurin formula (see Theorem [A Il for the full description) as

-1
L? _
E(0.0) = Y20 3 cp [ 4 dx+ O(m ™), @1
s=1 " |B|=s

where (3 is a d-dimensional multi-index with |3| = 3, f;, g'®)(x) is the derivative of g of order
B, and cg is some constant. When g(x) and its derivatives up to (I — 2)th order satisfy the periodic
boundary condition on &V, all the integrals of ¢(®) (x) above vanish and the quadrature error scales
as O(m™"). Further, if g(x) is also smooth (i.e., [ = co) and all its derivatives satisfy the periodic
boundary condition, the quadrature error decays super-algebraically, i.e., faster than m " with any
[ > 0. These statements are summarized in Corollary Note that smooth functions that are
periodic with V' or compactly supported in V' (i.e., the function support is a subset of V' and
separated from OV') satisfy the latter condition and have super-algebraically decaying quadrature
erTor.

As shown earlier, all integrands in the exchange and MP2 energy calculations are periodic but
discontinuous at certain points. The standard Euler-Maclaurin formula Eq. cannot be di-
rectly applied, but is still a major tool used to analyze the quadrature errors of these non-smooth
integrands in this paper. First, it turns out that these integrands can all be properly split into some
smooth and non-smooth terms, where the smooth terms have super-algebraically decaying quadra-
ture error by Corollary and the non-smooth terms all belong to a special class of functions
in fractional form Eq. The problem is thus simplified to analyzing the dominant quadrature
error caused by such non-smooth fractional-form terms. This idea of non-smoothness extraction
is detailed in Section[3.2] Second, a trapezoidal rule with m¢-sized uniform mesh is equivalent to
uniformly partitioning the integration domain into m¢? subdomains and then applying a single-point
quadrature rule to each subdomain. The standard Euler-Maclaurin formula can only be applied sep-
arately to the quadrature in each subdomain where the integrand is smooth. Non-smooth terms with
discontinuous points in certain subdomains need to be treated separately, and this gives a partial
Euler-Maclaurin formula. This is the key idea for analyzing the quadrature error of these special
fractional-form terms above and is detailed in Appendix

13
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3 Quadrature error of Fock exchange energy

Analyzing the quadrature error

Ea o ZF (ki, k), K x K ZSQ*XQ* ! (ki kj), K€ x K)

in the exchange energy calculation is a classical numerical analysis problem. In the following
analysis, we use the notation “f < ¢” between two Ny-dependent quantities f and g to mean that
there exists a constant C' independent of Ny such that f < Cyg for sufficiently large Ni. For each
pair of band indices i, j, the quadrature error of Fy/ (k;, k;) can be estimated by the following three
steps.

3.1 Change of variables
Note that Fg(ki, ki) = Rijji(ki,kj, k; — k;) is periodic over * and is discontinuous at k; —

k; € IL*. To isolate the discontinuity to one variable for later analysis, we define q = k; — k;,
corresponding to the change of variable k; — k; + q, and define
FY (ki q) = FY (ki,k; + q) = Ryjji(ki ki + q,q).

which is periodic with respect to q over 2* as well. Based on the periodicity of F;(j (ki, kj), we
have

/ dk; / dk; FY (ks k;) = / dk; / dk; FY (ks k;) = / dk; / dqFy (ki, ki+q),
* * * *J’_kL * *

where the second equality applies k; — k; + q. The same change of variable converts the trape-
zoidal rule for Fy (k;, k;) to

2L S Hko =2 S S Rk -

2
k Kk ek Ni k€K qeK—k; k;€K q€Kq

W (ki, ki+q),

where the second equality changes q to its minimum image in £2* by periodicity of the integrand,
and Kq is an MP mesh that contains all the minimum images of k; — k; in * with k;, k; € K.
The new mesh Kq is of the same size as K and contains the I point, i.e., q = 0. As illustrated in
Fig. we note that /C could be an arbitrary MP mesh in {2* in practical calculations while the
induced Kq from the above change of variable is always I'-centered.

From these two equations above, f)? (ki, q) satisfies

Earxa- (FY (ki k), K x K) = Egrxa- (FY (ki q), K x Kq). (3.1)

It is thus equlvalent to study the quadrature error for Fy FJ with uniform mesh K x Kqin 2F x Q.
As can be noted, F o (ki, q) is periodic with respect to k;, q over Q* and is smooth everywhere
except atq € L*.

14
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. ..... . ....... P ® » ] N -
K TR

Figure 3.1: 2D illustration of MP mesh K and Kq. The MP mesh Kq induced by any X always
contains q = 0.

3.2 Extraction of non-smoothness

In the integration domain 2* x Q*, FV)Z(J (ki, q) is only non-smooth at g = 0, due to the second term
in the following splitting,

> rijjiki ki + 4.9+ G) | | rigjitki ki +a.9)

FY (ki q) =
x (ki) lq+ G2 g2

0£GEL*

To extract this non-smooth term, consider a localizer H(q) that is smooth, radial, and compactly
supported in * (more precisely, the support of H(q) is in Q* and separated from 9Q2*) and equals

identity in an open domain containing q = 0. A simple example for H(q) with Q* = [—%, %]3 is
1 lql < 0.1
e i s
H(q) = - — 0.1<]|q <04 , (3.2)
e »—01 J ¢ 0d—z
0 lq| > 04
where 0.1 and 0.4 are arbitrarily chosen, and H(q) against |q] is plotted in Fig.[3.2]
Then define ok
G ki, q) = rijji(ki ki + 4, q)H(q), (3.3)

Cli
which is compactly supported with respect to q in ¥, periodic with respect to k;, and smooth
everywhere except at q = 0. When restricting q to Q*, G%(k;,q) equals to the non-smooth
part of FV)Z(J (k;, q) in the neighborhood of g = 0, and thus ﬁ;g — GY is smooth with respect to
q € Q*. Meanwhile, due to the compactness of GY, 15)? — G and all of its derivatives also satisfy
the periodic boundary condition with respect to g on 9€2* (for brevity, we also call it a periodic

15
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|al

Figure 3.2: A radial function example of localizer H(q) v.s. |q|.

function over Q0*). Since ﬁ;{ — G is smooth and periodic with respect to both k;, q in Q*, the
quadrature error for Fy/ can be split and estimated as

Epenerr (ﬁ;’g’,ic x /cq> — Eonar (ﬁ;’g’ — G K x ICq) +Eqxar (G K xKq)  (34)
S gQ*XQ* (GZJ7IC X Kq) )

where the second estimate uses the fact that the quadrature error for ﬁ;{ — G decays super-
algebraically according to the standard Euler-Maclaurin formula (see Corollary [A.2). The overall
error is thus dominated by the quadrature error for the extracted non-smooth term G (k;, q).

3.3 Quadrature error for GV

The trapezoidal quadrature rule and its error for G (k;, q) over the two variables k;,q € 2* can
be further split into two parts as,

- OF*
gQ* x Q* (GZ]7IC X ICq) = IQ* Q* Glj | | Z / quZ'] kz, q) +
k; ek

IQ*I

L5 daetitea - 1Y 6v0aa)

k; e k qelq

:5Q*< dqG" (-, q), )
Q*

GU 3 )7IC )
kEIC

Since 7;j;i(ki, ki + q,q) in GY(k;,q) in Eq. is smooth and periodic with respect to k;,
it can be proved that the partial integral fQ dqG¥ (k;,q) is a smooth, periodic function of k;
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using the dominated convergence theorem. The first part of the quadrature error thus also decays
super-algebraically, and we have

Eqr (GJ K x IC |Q Z Eop G” i), K ) <1£nea5¥‘5m (GJ( .)ch)_ (3.5)
kelC

We firsts check the quadrature error Eq« (Gij (ki, ), ICq) with any given k;. Fixing k; and
restricting q in Q*, GY (k;, q) is compactly supported in 2* and in the fractional form Eq.
Due to the denominator |q|?, G (k;,q) has an isolated point of discontinuity at q = 0, and
the standard Euler-Maclaurin formula cannot be applied. Instead, Theorem [A.3| provides a special
Euler-Maclaurin formula for functions in such a fractional form. Corollary[A.4]further describes the
quadrature error when the integrand and its derivatives also satisfy the periodic boundary condition.

For brevity, we always assume §2* = [—%, %]3 in the following discussion. This assumption
can be lifted in the general case by mapping 2* and all related variables to [— %, %]3 using an affine
transformation, changing the denominator |q|? in 1?’ i and G to qT M q with a symmetric positive
definite matrix M. Note that the cubic symmetry of [ 55 2] plays an additional role in removable
discontinuity of Fx in Section [l but is not exploited in the following general error analysis of the
exchange and MP2 energy calculations.

By the expansion of r;;;i(k;, k; +q,q) = |—£‘ k;,j (ki+q) (0)0j(ki+q),ik; (0) in Eq.[2.10)} we
have

H(q)rijji(ki ki + @,q) = 65 + 6ivi,a+ O(|laf).
The integrand G (k;, q) thus fits Theorem [A3] with n = 1 and s = —2 when i = j and with

n = 1 and yymin = 0 when ¢ # j, and is also compactly supported in 2*. Thus, Corollary
shows that the quadrature error of G% (k;, q) over q € Q* for any fixed k; scales as

o (G (ki ), Kq) z{ gg%k_f)) Z;; , (3.6)
k

where Ny, = m3 for 3D periodic systems. According to Theorem [A3] the prefactor of O(Nk_ %)
above can be controlled by the upper bounds of | H (q)ri;;i(ki, ki+q, q)| and | 5= old = H(q)rij5i(ki, ki+

q)| with || = 1 for g € Q*, and similarly for the prefactor of O(N,_1). Slnce the numerator
H(q)ri;ji(ki, ki +q,q) is smooth with k; and q, its function values and derivatives with respect to
q have a uniform O(1) upperbound that is independent of k;. Thus, the prefactors of the asymptotic
scalings in Eq. [(3.6)| for any fixed k; can be independent of k;, and we obtain

Ll

O (s _ ] O(N?) i=]
&aégﬂ (GY(ks,-),Kq) { ONSY) i 2] . (3.7

Combining all the analysis above, Theorem [3.1] concludes that the quadrature error in the ex-
1 1

change energy calculation scales as O(N, ?). This O(N,_?) finite-size error is well known in
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quantum chemistry but is mostly explained by physical intuitions. To our best knowledge, Theo-
rem 3.1] gives the first rigorous proof of this error scaling.

Theorem 3.1 (Fock exchange energy for 3D periodic systems). The finite-size error in the ex-
change energy calculation satisfies

1

E™L _ B (Ny) = |Q*|2 Zgg*m* Fi(k;, k), K x K) = O(N, ?).

Proof. According to the change of variable in Eq. (3.1), the extraction of non-smoothness in
Eq. [(3.4) and the quadrature error estimate for the extracted non-smooth term in Eq. [(3.5)] and
Eq.|(3.7)} we can estimate the overall quadrature error in the exchange energy calculation as

Zemm< (s, k;) ICxlC) ngm<~i kl,q)lequ)

<ZSQ*><Q* GY (ki q), K x Kq)

4 Quadrature error of MP2 energy

The quadrature error in MP2 energy calculation is split into the direct and the exchange terms,
associated with integrands Flf,f}fz 1(ki, kj,k,) and Fﬁ}fzb (ki kj, ko), a

EIRS — Bupa (Vi) = o | SR (ki ki ka) + Fyper (i, kg k), ()%

ijab

\Q*F”

Using the same methods for exchange energy calculation above, we analyze the quadrature errors
of the two integrands, separately, for each set of band indices i, j, a, b. Recall that we assume using
a fixed number of virtual orbitals for MP2 energy calculations in both the finite and the TDL cases.

4.1 Quadrature error of the MP2 direct term
Consider the change of variable k, — k; + q and define

z jab z jab
przd(kukya q) = Nszd(kukgak +4q)
= 2Ryjap(ki, Kj, @) Rapij (ki + o, kj — q, —q) Ejjas (ki) kj, ).
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This function is periodic with respect to k;, k;, q and is smooth everywhere except at q € L*.
Then similar to Eq. [(3.5)] it can shown that

Eeyxs <Fg§£d(ki7kj7ka),lC><3> = E(qryxs <ﬁg§£d(ki,kj,q),lc x K x ICq)

<
< max o (Riledg.a).Kq). @D

where the first equality uses the periodicity of Fﬁ,{szb &> Kq is an MP mesh containing all the min-

iLnum images of k, — k; in Q* with k;,k, € K, and the second estimate uses the fact that
Flf,flle” 1(ki, k;,q) is smooth and periodic with respect to k;, k;.

We first check the quadrature error Eq+ (Fﬁgf akikj, ), ICq> with any fixed k;, k;. To sim-
plify the notation, in this subsection, we omit the dependence on k;, k;, 4, j, a, b, and rename the

. ijab
three components in Fyjp, 4 as

2E2jab(k27 kj7 q) = E(q)7

ri(q+ Q)
Rijab(kiakjvq) = Rl(q): E 2
da- 14t Gl
ro(q + G)
Rapij (ki + a,kj —q,—q) =: Ro(q) = Y ————=,
by( J ) 2( ) & q—l—G|2

where F(q) is smooth and periodic, and 71(q) = 74;a5(ki, kj, q) and ra(q) = repi;(ki + q, k; —
q, —q) are both smooth. Since i # a and j # b, both r1(q) and 72(q) scale as O(|q|?) near q = 0
according to Eq. -

To extract the non-smooth part of fﬁ,{gg 4» we split the two ERIs above with q restricted in {2*
as

Ru(q) = (Rl(q) - ﬁg)mq)) n Tég) H(q) = R™"(q) + B (q),

Ralq) = <R2(Q) - Tf(i,‘;)mq)) n ?ci“;‘) H(q) = Ry™"(q) + R (q),

where RS (q) is periodic (i.e., RSM*°"(q) and its derivatives satisfy the periodic boundary

condition on §€2*) and also smooth in 2%, and R{""™ (q) is in fractional form Eq. Function

Fﬁ,fgzb 4 can then be decomposed as

ijab  _ psmooth psmooth singular 5smooth smooth psingular singular p,singular
Fypog = BV RY™TE + RS Ry E + R Ry ST E+ RS R, T E.

The first term above is periodic and smooth with respect to q and thus has super-algebraically
decaying quadrature error. The second term is in the fractional form as

r1(q)H (q) RS™™ (q) E(q)
ql?

Y
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where the numerator is smooth, compactly supported in * (due to the localizer H(q)), and scales
as O(|q|?) near g = 0 (due to 71(q)). This term fits Corollary with Ymin = 0, and thus
its quadrature error scales as O(IN_ 1). The third term is similar to the second one and also has
O(N, ") quadrature error.
The last term has the form
ri(@)ra(a) E(q) H(q)”
|af*

where the numerator is smooth, compactly supported with respect to ¢ in Q* (due to H(q)), and
scales as O(|q|*) near q = 0 (due to 71(q) and 72(q)). Note that the exponent of the denominator
is 4, and this term also fits Corollary [A.4] with i, = 0 and has O (N, ) quadrature error.

Due to the smoothness and periodicity of 71(q),72(q), F(q) w1th respect to k;, k; € QF, the
overall asymptotic error scaling O(V, 1) above has its prefactor bounded by an O(1) constant that
is independent of k;, k; by a similar dlscussmn as for Eq.[(3.7)] Thus, we have

)

zgab _ -1
e o ( Fyipa(kis ki a), K ) =O0(Ny ).

Combining this estimation with Eq.[(4.1)l we have

Earxarxar | Y Fimra(ki kj, @), K x K x Kq | = O(N).
ijab
4.2 Quadrature error of the exchange term

Recall that Flf,fgzb (ki kj, K, ) is defined as

{Zﬁé’x(k kj, k) = —Rijpa(ki, kj, ky — ki) Rapij (Ka, Ko, ki — ko) Eijap (ki kj, ka — ki),

with k;, = k;+k;—k,. Toisolate the integrand singularities to single variables, define q; = k;—k;
and q2 = k; — k, which lead to the change of variables k, — k; — q2 and k; — k; + q1 —
Define

K/fgsz(kum, qQ2) = K}Sfx(kz, ki +q1 —q2, ki — q2)

= —Rijpa(ki ki + a1 — q2,q1) Rapij (ki — 92, ki + q1,92) Eijap (ki ki + q1 — g2, —q2),

which is periodic with respect to k;, qi, q2 and smooth everywhere except at q; € L* or qo € L*.
Similar to Eq.|(4.1), we can show that

iy (Faton (ki K ko), K%)= Eqeys (Fam (ki a1, 2), K x Kg % Kq)

S max Earxa- (P (kiyar, a2), Kq x Kq),  (42)
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where g is an MP mesh containing the minimum images of k; — k; with k;, k; € K. Note that
Kq is closed under inversion, i.e., —q € Kq if q € Kq, and therefore also contains the minimum
images of k; — k, with k;, k, € K.
We next check the quadrature error g x o (ﬁﬁgf (ki q1,q2), Kq x Kq) with any fixed k;.
To simplify the notation, in this subsection, we omit the dependence on k;, 4, j, a, b, and rename
the three components in ﬁ’ﬁgf L as
—Eijap(kis ki + a1 — q2, —q2) =: E(q1,92),

r + G,
Rijpa(ki ki + a1 — a2, q1) =t Ra(aqu, q2) = » ri(a + G, q2)

2 Y
& la+Gi
r2(q1,92 + G
Rapij(ki — az, ki +qi1,q2) = Ra(qi,q2) = Z W
Ger ¥

Here E(q1,q2) is smooth and periodic, and

* ri(d1,92) = 7ijea(ki, ki + q1 — g2, q1) is smooth with respect to qi, g2, periodic with
respect to g, and scales as O(|qy|?) near q; = 0.

* r2(q1,92) = Tabij(ki — 92,k; + qi,q2) is smooth with respect to qi, q2, periodic with
respect to q, and scales as O(|qz|?) near q = 0.

Further split the two ERIs above with q1, q» restricted in 2* as

r 9y r Y SMOO! singular
Ri(qi,q2) = <R1(CI17CI2) — MH((M)) + MH(QO = Rymooth | Rynenhr

CHE a1 |2
72(d1, 92 ro(q1, g2 .
Ry(qr,q2) = <R2(q17q2) — #H(qﬂ) + #H((ﬁ) _ R;mooth + R;mgular7

where RS™°°™ is periodic and smooth with respect to q1, q2, and Rimgum(ql, q2) is in the fractional
form with respect to q; or q2. Function F}7 2 can then be decomposed into four terms,
p MP2,x p

= singul singul singul singul
F = Rimooth R;mooth E+ R;mgu ar R;mooth E+ Rimooth R;ngu ar E+ R;ngu ar R;mgu ar E.

The first term is periodic and smooth with respect to qi, q2 and has super-algebraically decaying
quadrature error. The second term is of the fractional form

ri(ar, a2)H(qp) (RME) (q1, q2)
|ql|2

where the numerator is periodic and smooth with respect to qo, smooth and compactly supported
with respect to q; in 2%, and scales as O(|q;|?) near q; = 0. By the same analysis for exchange
energy, the quadrature error for this term is dominated by the quadrature over q; with any fixed qo
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and overall scales as O (N, 1). The third term is similar to the second term and also has O(Ny, H
quadrature error.

The last term is still in the fractional form but now is a product of two fractions with two
different denominators, i.€.,

ri(ai,92)H (a1) r2(q1, a2) H(q2) E(q1,92)
la1|? lq2/?

This term fits Corollary [A.4 with n = 2 and ’ymm = 0 and thus has O (N, ) quadrature error.

The overall asymptotic error scaling O(N_ ) obtained above has 1ts prefactor bounded by an
O(1) constant that is independent of k; due to the smoothness of all the components 7y, ry, E/ with
respect to k;. Thus, we have

II%{&XEQ*XQ* (ﬁ’ﬁggx(khQLQZ)aKq X Kq) = O(Nk_l)'

7

Combining this estimation with Eq.[(4.2)l we have

Earwarxar | D P (ki 1, @2), K x Kq x Kq | = O(NY).

ijab

Combining the two separate analysis for the direct and the exchange terms of the MP2 energy,
Theorem [4.1] concludes that the quadrature error in MP2 energy calculation scales as O (N, 1).

Theorem 4.1 (MP2 correlation energy for 3D periodic systems). The finite-size error in the MP2
energy calculation satisfies

EglgzL - mpZ(Nk)

b b 3 -1
|Q*|3 ZFan]paZd Z]paZx’]C>< :O(Nk )
ijab

S Madelung-constant correction, shifted Ewald kernel, and low di-
mensional systems

5.1 Madelung-constant correction for 3D periodic systems

1
From the analysis in Theorem[3.1} the O(XV,_ *) quadrature error in the exchange energy calculation

is due to the non-smooth terms W with ¢ = j, which are all of form ‘q—g asymptotically

near g = 0. To reduce this error, it is a common practice to add a Madelung-constant shift [16, 9,
13] to the Ewald kernel in ERI computation as

. Am_ G+£0
fain (@) :{ B Gio ’ e-b
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with

_ e 3 Z’ dme—clatGl / dq47re_€|q‘2 N Z/ erfe (e71/2[R|/2)
@M & &z Tar 6P @ e TP NS & TR
(5.2)
The constant € > 0 can be arbitrary, Kq is an Ny-sized I'-centered MP mesh in Q*, and Ly, is
the real-space lattice associated with the reciprocal-space lattice q + G with q € Kq,G € L*.
Specifically, when L = {c1a; + cpas + c3a3 : ¢1, ¢, ¢c3 € Z} and K is of size m x m X m, this
real-space lattice is defined as

Lic, = {c1may + camag + camag : ¢, ¢z, ¢3 € Z}.

_1
Note that ¢ is independent of parameter ¢ and scales as O(NN,_*) [16]. With this shifted Ewald
kernel, a correction is added to ERIs as

(n1ky, noka|ngks, naks) — (n1ki, noka|nsks, naka) — dnyngOnyng Ok ks Okoks € (5.3)
The Madelung-corrected exchange energy can then be written as
B (Nie) = Bx (Nie) + Noce, (5.4)

where N, denotes the number of occupied bands.

Theorem [5.1] rigorously proves that the Madelung constant correction reduces the quadrature
error in the exchange energy calculation to O(N,_ 1). Furthermore, this correction is closely con-
nected to a singularity subtraction method, which is a classical numerical quadrature technique
for singular integrals. The basic idea of this technique is to construct an auxiliary function A that
has the same singularity as any concerned integrand g, subtract h from g, and then compute the
numerical quadrature of g as

Qv (g — b, X) + Iy (h) =5 Ty (),
where Zy (h) may be computed either analytically, or precomputed numerically with high preci-
sion, and the quadrature error becomes &y (g — h, X). Since g — h has improved smoothness
properties compared to g, the error &y (g — h, X') could be asymptotically smaller than &y (g, X).
Note that
QV(Q —h, X) +IV(h) = QV(Q? X) + 5\/(}1, X)

The method is thus also equivalent to adding a correction &y (h, X') to the original quadrature
QV (g ’ X )

The singularity subtraction method has also been used directly in the exchange energy calcu-
lation in the literature, referred to as the auxiliary function methods [21, 46, (8, 14]. A discussion
similar to Theorem [5.1l can also be used to analyze the remaining quadrature error in existing aux-
iliary function methods.
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Theorem 5.1 (Madelung corrected Fock exchange energy for 3D periodic systems). The Madelung
constant correction Eq. reduces the finite-size error to O(N, ') as

1

E;{DL_ E;orrected ( Nk) — _ W

Earxar | D FF(ki,q), K x Kq | + Noee| 2% | = O (V).
tj

Proof. The summation of all the non-smooth terms in ) _, j FV)? (k;, q) with q restricted to 2* can

be expanded near q = O as

Z rijji(kiaki +q, q) . 4T Noee 1 O(|q|2)

_ L : (5.5)
q/? Q| |q|? lq/?

]

1
where the first term turns out to be the only source that leads to the dominant O(N, *) quadra-
ture error in the exchange energy calculation (which can be proved using the localizer H(q) and
Corollary [A.4). In this expansion, it is important that /Cq is closed under inversion, i.e., —q € Kq

if q € Kq. This allows us to remove possible first order contribution “’;F—|§1. (More specifically, we

can implicitly replace ﬁ;{ (ki,q) by %(ﬁ;{ (ki,q)+ Fv;g (k;, —q)) in the following quadrature error
analysis, see a detailed, similar discussion in Remark [6.2)).
In the corrected exchange energy calculation, the correction No..|Q2*|2€ is exactly connected to

a singularity subtraction method that removes the leading non-smooth term 4“@“’“ @ in Eq.

Specifically, define a periodic function h.(k;, q) as

he(ki,q) = |Q| =y C

Gel*

e—clat+G[?

) 5.6
TqrGP (5.6)

where € > 0 is an arbitrary constant (i.e., independent of Ny). Note that h.(k;, q) does no vary
with respect to k;, and we introduce this dependence in the definition to facilitate later discussions
when evaluating the numerical quadrature of h. on K x Kq4. The difference Z Fy F (ki,q) —
Nocche (ki, q) is still periodic and smooth with respect to kl, q except at q € IL* and its non-
smooth part with q € 2* can be extracted as

22] TZJ]Z(kH kl + q, q) - MT]V‘OCCe_E‘qF
lal?

This numerator is smooth and periodic with respect to k;, and smooth and compactly supported
with respect to q € Q*. More importantly, the numerator now scales as O(|q|?) near q = 0.
Thus, gpplying Corollary [A.4 with yin = 0 to G(k;, q) and using the same analysis approach for
>_;; G in Theorem 3.1l we have

G(k;,q) = H(q).

Eqxxn* ZFV)? - Nocchsalc X ICq 5 Eqrxq* (G(kuq)JC X ICQ) = O(Nk_l)
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Next, we rewrite the quadrature error for ) _; j 1?’)? as

gQ*XQ* (Z” F;i(j’ K x ICq) = gQ*XQ* (Nocchsa K x ICq) + gQ*XQ* (Z” FV)Z(J - NOCCh€7 K x ICq)

(5.7)
The singularity subtraction method defines —Eq+x o+ (Nocche, K X Kq) as the finite-size correction,
and the remaining quadrature error, i.e., the last term above, scales as O(1V, 1) as explained above.
This correction can be further computed as

47 N, ‘Q ‘ €|Q+G|2 —€|q+(?r|2
_EQ*XQ*(NOCChé‘a]C x K ) = ’Q* Z Z Ta - 12 _/ q Z Tq L 12
it K gekq GeLr la+Gi SR G|
|Q | ! dre—clatGP 1 Areelal®
= Noee|Q*? - dgq————
c 2o dn Jarer O e T
which only has O(N,_ ') difference from the Madelung constant correction NOCC|Q*| €. Thus, the
Madelung constant correctlon Noce|Q2*|2€ also reduces the quadrature error for Z Fy FiJ to O(Ny, -
and is connected to the above singular subtraction method using — Nocche (ki, Q). |

Remark 5.2 (A new correction based on singularity subtraction). The proof above actually pro-
poses a slightly different ﬁnite-size correction as

E)c(orrected,Z(Nk) — Ex(Nk) |2EQ*><Q* (NocchaJC x K )

|2

yQ y 1 4re~clatGl? 1 / Aeclal®

= Ex(Nk) + Noce — dqi
3Nk qgl; G%,* \q + GP (27‘1’)3 R3 \qP

(5.8)

Unlike the Madelung constant correction Eq. this correction depends on parameter € and
also works for non-I'-centered MP meshes K that is closed under inversion (recall that Eq.
requires the inverse symmetry of Kq to remove the first-order term). For a I'-centered mesh Kg, this
correction converges to the Madelung correction %{ when € — 0 by the facts that £ in Eq.
is independent of € and its last two terms decay to zero when ¢ — 0. Fixing ¢, both corrections
reduce the quadrature error to O(Ny_ ).

Remark 5.3 (Madelung corrected orbital energy). In the above finite-size error analysis of the
exchange and MP?2 energies, the orbital energies at any k point are assumed to be exact. However,
there is also finite-size error in the orbital energy calculation even if assuming the orbital functions
to be exact. Specifically, in the Hartree-Fock calculation with a finite MP mesh K, the computation
of an orbital energy €\ contains a summation term

o1
30N (kg nkfnk, jk;) 2T [k > Rjnn(ky, ko k — k).
ek 5 1] Jq- -
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Similar to the exchange energy, it could be shown that the quadrature error of this term scales
1

as O(NY) if n is a virtual band, and O(N,_?) if n is an occupied band. Following a similar

discussion in Theorem it can be further proved that a Madelung constant correction, i.e.,
Egﬁirected =" + 57

can reduce the quadrature error in each occupied orbital energy to O(N, 1). No correction is

needed for the virtual orbitals. As a result, to achieve O(N,_ 1) finite-size error in practical MP2

energy or higher-order perturbation energy calculations, it is necessary to apply this Madelung
constant correction to all occupied orbital energies.

5.2 Low-dimensional periodic systems

The above error analysis for the exchange and MP2 energies is also applicable to quasi-1D and
quasi-2D periodic systems, for which we consider a common model that uses the shifted Ewald
kernel Eq. and samples k points, i.e., /C, on the corresponding 1D axis and 2D plane in Q*,
respectively. Such an axis/plane in Q*, denoted as 2 =~ and illustrated in Fig.[5.1] always contains
the I" point. When using a I'-centered MP mesh K in € for k points, this model is equivalent
to a supercell model where the supercell is extended in one or two periodic directions only, and
the molecular orbitals in the numerical calculation satisfy the periodic boundary condition over the

supercell.

*
Qlow,2D

*
low

Figure 5.1: Ilustration of {2} _ for quasi-1D and quasi-2D systems.
The energies of this low-dimensional model in the TDL can still be represented in integral
forms similar to Eq.|(2.7)|and Eq. |(2.8)} sharing the same integrands but changing the integration

domain for k;, k;, k, from 2* to the corresponding axis/plane €2}, i.e., the integral ﬁ fQ dkis

replaced by ﬁ fQ* dk in the TDL. Intermediate variables q, qi, q2 introduced in the analysis
low low

also lie in O

low+ The non-smooth terms in all the integrands are also in the same form. An additional
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term is added to the exchange energy in the TDL due to the Madelung constant correction to the
Ewald kernel (see Appendix [C). Minor modifications are also needed in the numerical calculation
of the correction based on singularity subtraction in Eq.
As detailed in Appendix [C] the quadrature errors in the exchange and MP2 energy calculations
by this low-dimensional periodic model can be formulated as
ETDL - Ex,low(Nk)

x,low

|WPQWMM<Z”WJ.MM%KXK>+O( Y,

1 17a 17a
ZFprzbd k>kj>k) Fh/fpsz(k k .k ) (’C) X3

Eni5 tow — Ewp2, 10w (Nic) = S
ijab

low
low

which both still scale as O(m~¢) = O(N_!) for quasi-1D and quasi-2D systems by a similar
discussion as for 3D systems. Here, h.(k;, q) is the auxiliary function in Eq. that connects
the Madelung constant correction with the singularity subtraction method.

6 Removable discontinuity and staggered mesh method

Our analysis of the finite-size errors of exchange and MP2 energies is sharp for general systems.
However, the convergence rate can be improved for certain special systems with removable dis-
continuities. We first explain this concept (Section [6.1]), and then apply the analysis to corrected
exchange energy calculations (Section [6.2]), and MP2 energy calculations (Section [6.3). In par-
ticular, when the discontinuities are removable, and if Kq is closed under inversion and does not
contain the point q = 0, the convergence rate can be improved to o(IV, 1). Unfortunately, in stan-
dard exchange and MP2 calculations, Kq always includes q = 0. We demonstrate that a staggered
mesh method is able to construct a Kq mesh that does not involve the point q = 0 for MP2 en-
ergy calculations (Section [6.4). We then propose a different staggered mesh method for exchange
energy calculations (Section[6.3). The staggered mesh method only requires some additional com-
putation of orbitals and orbital energies. In electronic structure calculations, these quantities can
be evaluated non-self-consistently, and the additional cost can be negligible.

6.1 Quadrature error for functions with removable discontinuity

The non-smooth terms in the corrected exchange and MP2 energy calculations that lead to domi-
nant quadrature errors are of the fractional forms

fla)H(aq) fla)H(q)

7 with £(q) = O(|q/?), —Wm—wmﬂmzwm%
6.1
f1<<hv|gf|>f<ql> f2<%|322|>f (L) itn £, = 0, 2= OllasP).

where the localizer H(q) extracts the non-smooth parts out of the original integrands and all the
numerators are smooth. Using Corollary [A.4] these non-smooth terms are shown to have O (N, 1)
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quadrature error. This error estimate is generally sharp as supported by the numerical examples in
Fig.

However, for certain type of integrands, the quadrature error of a trapezoidal rule can be im-
proved. First consider a simple example: % with f(q) = |q|?. This function equals 1 everywhere
except at g = 0, where we set the indeterminate function to some arbitrary value (e.g., zero). Then
the quadrature error of a trapezoidal rule equals zero if the uniform mesh does not contain q = 0

and O(N_ 1) otherwise due to the artificially assigned value 0 at q = 0.
Now consider the more general non-smooth term g(q) = % with f(q) = O(|q/?) in
V = [-1, 119 If f(q) can be expanded at q = 0 as

272
fl@) =Cla* +r(a), r(a)=0(q?), (6.2)

where C' denotes a generic constant, then the discontinuity of g(q) at ¢ = 0 becomes removable.
Specifically, in this case, limq—0 g(q) = C exists but g(0) is indeterminate. We can redefine g(q)

as
~ +_Jgla), a#0

which becomes continuous at q = 0. Note that when Eq. holds, we have f(q) = O(|q|?),
but the converse may not be true.
Since Zy (g) = Zy(g), the quadrature error for g(q) with a I'-centered mesh K can be split as

V V ~ V.
& (oK) =Tv (@)~ 1 Y s@=Tv (o)~ 1 3 @+ 500)
K 0qckq K ey k
~ VL
= & (7.Ka) + 1300, 63)

where the first equality skips ¢ = 0 as g(0) is set to 0 in the numerical quadrature. Further, we
have

S 5.ka) = 6 (a5 (M) = 00

where the quadrature error of C'H(q) decays super-algebraically by Corollary [A.2] and that of
T(q‘)qlé(q) scales as O(m~971) = O(N, 1_5) by Corollary [A.4l Combining the two equations
above, the dominant quadrature error for g(q) scales as O(N, 1) and solely comes from the term
‘N—V;("gv(O) in Eq. This dominant error could be avoided if the MP mesh K does not contain

11
q = 0, in which case the quadrature error satisfies &y (g, Kq) = Ev (9, Kq) = O(N T )

We could further generalize the above discussion and show that if f(q) can be expanded at
q=0as

fl@) = lalri(a) + r2(q), r2(a) = O(lq/***), (6.4)
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Figure 6.1: Quadrature error of trapezoidal rules over functions with or without removable dis-
continuities. Consider a two-dimensional integration domain [—3, 3] x [—1,1], and H(x) is the
localizer in Eq. Two m x m MP meshes are used: the I'-centered mesh and the half-mesh-
size shift of the I'-centered mesh. The functions in (a) and (b) have removable and non-removable

discontinuities at x = 0, respectively. The shifted MP mesh has super-algebraically decaying error

in (a) according to Eq.

with smooth functions 71 (q), r2(q), the quadrature error for g(q) scales as

{ O(N')  0€eKq

Ev (9(a),Kq) = 1 (6.5)

ON, 7)) 0¢Kq

To demonstrate the validity of the analysis above, Fig. illustrates the performance of the
trapezoidal rules over two simple examples. The shifted I'-centered MP mesh is obtained from a
half-mesh-size shift of a I"-centered mesh in all directions (see Fig. for an example of such a
mesh). The singularity of the integrand in Fig. is removable, and the shifted I'-centered mesh
method significantly outperforms the standard method, both in terms of the asymptotic scaling and
the preconstant of the error. In Fig. the singularity of the integrand is not removable. The
asymptotic scaling of the two methods is the same, but the preconstant of the shifted I'-centered
mesh method is still smaller. The discussions for the other two non-smooth forms in Eq. are
similar.

6.2 Finite-size error of Fock exchange energy with removable discontinuity

Consider the corrected exchange energy E)C(mmed’ 2(Ny) in Eq. for 3D periodic systems.
According to Eq. the quadrature error of the calculation writes as

1 o
E;EDL — E)C(OHeCted’ 2(Nk) = _WEQ*XQ*(ZU F)Z(j — Nocche, K X Kq).
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Recall that ), ; 1?’)? (ki, d) — Nocche (ki q) =: G (ki, q) is smooth and periodic with respect to k;,
and its quadrature error is dominated by the quadrature over q. We could require (~}'(k,~, q) to have
removable discontinuity at q = O for each k;. Such a condition is sufficient to guarantee o(NV,_ D)
quadrature error when g does not contain q = 0, but this is too strong. Specifically, similar to
the discussion in Eq. we could integrate G over k; first and show that

’]S\)[j Z Ear <é(-,q),qu>

qelq

gQ*XQ* (é,lC X ICq) = gQ* < dklé(kl, '),ICq) +

Q*

< o < / dkiG(k;, ), ch>

where the omitted term decays super-algebraically. Thus, it is sufficient to require

T INoce ,— 2
Jor i (S migjilks ki + 6, q + G) — s eelarGF)

Q* &)

as a function of q € Q* to have removable discontinuity at ¢ = 0. The non-smooth term of this
function is associated with G = 0 and also of the fractional form. From Eq. and Eq.
the condition of removable discontinuity can be simplified as

41 Noce
/ ki | 3 rijjilks i+ a,q) = == | = ClaP* + O(lal"), (6.6)

ij

where the first and third order terms are removed implicitly by the assumption that Kq is closed
under inversion. Under this condition, Theorem gives the convergence rate of the corrected
exchange energy which depends on whether Kg contains g = O or not.

Theorem 6.1 (Corrected exchange energy for 3D periodic systems with removable discontinuity).
If the condition Eq. holds and for an MP mesh Kq that is closed under inversion, the finite
size error of the corrected exchange energy scales as

O(N') 0€eKq
) 0¢Kq

Remark 6.2 (Systems with cubic unit cells). Denote the left hand side of the condition Eq.[(6.6)]as
a function J(q). When the unit cell ) is a cube (thus §2* is a cube centered at the origin) and Ky is
cubically symmetric around q = 0, the quadrature error of J(q) can be equivalently represented
as

E;{DL _ Eiorrected,Z( Nk) _ {

1
SQ*(J(q)vqu) = gﬂ* 4_8 Z J(q/)7’Cq 5
q ~q
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¢

where ‘~’ denotes the eqmvalence among vectors (+qi1,+qo, £q3) and all their permutations. It
can be verified that J (q) = 5 Z gl d) = C|ql?4+0(|q|*), satisfying the condition Eq.
Thus, for a 3D periodic system with a cubic unit cell, the corrected exchange energy calculation
with a cubically symmetric mesh Kq always has its integrand effectively satisfying the removable
discontinuity condition. This proves the observation in [13] for the special role of cubic symmetry
for exchange energy calculations.

Remark 6.3 (Low-dimensional systems). For low- dimensional systems, the corrected exchange
energy E€™Y2 s defined in Eq.[[C3)} and has (9( 1) finite-size error when 0 € Kq. The

x,low

removable discontinuity conditions are similar to Eq.[(6.6)| simply with Q* replaced by Qlow For
quasi-2D systems under the condition, the finite-size error scales as O(Ny ) when 0 & Kq. For

quasi-1D systems, the integrand discontinuity is always removable, and the finite-size error decays
super-algebraically when 0 & Kq.

6.3 Finite-size error of MP2 energy with removable discontinuity

For the MP2 energy, we can first integrate over k;, k; for the direct term and k; for the exchange
term, and then similarly show that the overall quadrature errors in the two terms are dominated by
those of

/* dk; / dk; Y Ry (kikj,q) and / dk; > Fygr (ki a1, q2)

*

ijab ijab
over q and q1, qs, respectively. The partial integration for the direct term can be detailed as

Z [J dk;dk; > ijab Bijab(Kis Kj, @)rijan(kis ki, a + G)rapij (ki + a. kj — a4, —q — G')
la+ G*lq + G2 ’

G,G’

where the non-smooth terms are associated with 1) G = 0,G’ # 0, or G # 0,G’ = 0, and 2)
G = G’ = 0. The first case corresponds to a denominator |q|? and the second one corresponds to
|q|*. Gathering these two types of terms separately, the condition of removable discontinuity can
be written as

Z ff dkz dk] Zijab Eijabrijabrijab

J[ dk;dk; Y. EijabTijabTijab
+2 Lo e e = C1lal® + O(al"),

2 2
&o la+ G| Geo  Gb la + Gl —o
// dk; dk; Z EijabTijabTijab = Calq* + O(|q[°).
ijab G=G'=0
(6.7)

Note that all the odd order terms are removed by the assumption that Kq for q is closed under
inversion.
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Similarly, the partial integration for the exchange term can be detailed as

Z J ki 350 Eijan(kis ki + a1 — d2, —a2)rijpa (ki ki + a1 — 2, @1 + G)rapij (ki — a2, ki + a1, 92 + G')

2 712
G,G/ ‘ql + G’ ’CIZ + G ‘
where the non-smooth terms are associated with 1) G = 0,G’ # 0,2) G # 0,G’ = 0, and
3) G = G/ = 0, corresponding to denominators |q;|?, |q2|%, and |q1|?|qz|?, respectively. The
condition of removable discontinuity then can be written as

f dkz ZZ iab Ez jabTijbaTijab
> J TR = Cy(ag)lanl? + O(lan ),

112
G/#0 o2 + G| G=0
[ dki > up EijabTijbaTijab
> ﬁa TGP = Cu(an)|az]? + O(la2[*), (6.8)
G0 1 G'=0
/ dk; ZEz'jabTijbaTz‘jab = Cs(|ar]* + O(lar ") (|a2|* + O(la2])),
ijab G=G/=0

where C3(q2) and Cy(q;) denote two generic smooth functions. Under these conditions, The-
orem gives the convergence rate of the MP2 energy which depends on whether Kg contains
q=0.

Theorem 6.4 (MP2 energy for 3D periodic systems with removable discontinuity). If the condi-
tions Eq.|(6.7) and Eq. hold and for an MP mesh KCq that is closed under inversion, the finite
size error of the MP2 energy scales as

ON Y 0ek
Eglg% - EmPZ(Nk) = { k— ) 0¢ Kq
q

O(N,,
Remark 6.5 (Low-dimensional systems). The removable discontinuity conditions can be similarly
derived with Q" replaced by Q. ., for low-dimensional systems. For quasi-2D systems under these
conditions, the finite-size error scales as O(N,_ 2) when 0 ¢ Kq . For quasi-1D systems, the
integrand discontinuity is always removable, and the finite-size error decays super-algebraically

when 0 & Kq.

wlo

6.4 Staggered mesh method for MP2

As shown in the earlier analysis, when the integrand in the corresponding calculations have remov-
able discontinuities, the dominant O (N, 1) quadrature error solely comes from including the point
of discontinuity 0 in Kg. This O(N, 1) error can be avoided by constructing an MP mesh K that
does not contain 0 for variables q, qi, qo, and thus the overall quadrature error could be smaller
than O(NN_ 1). This observation is the main idea in the recently proposed staggered mesh method
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[47] for MP2 energy calculations. This method computes the MP2 energy using a non-I"-centered
MP mesh Kq.

Specifically, an MP mesh Ko is used for occupied momentum vectors k;, k;, and a different,
same-sized MP mesh Ky;; is used for virtual momentum vectors kg, k;, where Ky, is obtained by
shifting Ko With half mesh size in all extended directions. By this choice, q in ﬁﬁ}fg ikikj,q)

and q1,q2 in ﬁ’ﬁ,fgzb «(Ki, d1, q2) still share the same mesh K in the numerical quadrature, but now
Kq is obtained from the half-mesh-size shift of a I'-centered Ny-sized MP mesh in Q2*. See Fig.
for a 2D illustration. Note that g is closed under inversion.

...................... .

Figure 6.2: 2D illustration of the staggered mesh method. The MP mesh K induced by two
staggered MP meshes KCoc. and Cyj; is the half-mesh-size shift of a I'-centered MP mesh in 2*.

Ref. [47] does not contain a rigorous proof of the effectiveness of the staggered mesh method.
Based on Theorem and Remark together with the fact that the new Kgq is closed under
inversion, we can prove in Corollary that the quadrature error of the staggered mesh method
is o(N 1) quadrature error in the MP2 energy calculation when the integrand have removable
discontinuities. Especially in the quasi-1D case, the integrand discontinuity is always removable
and, more importantly, the integrand becomes smooth after the removal, leading to the super-
algebraically decaying quadrature error.

Corollary 6.6 (Staggered mesh method for MP2 correlation energy). For quasi-1D systems, the
staggered mesh method for MP2 energy calculation has super-algebraically decaying quadrature
error. For general quasi-2D and 3D systems, the quadrature errors both scale as O(Ny 1). For
quasi-2D and 3D systems under the removable cgiscontinuily condition Eq.[(6.7) and Eq. the

quadrature errors scale as O(N,_ %) and O(N,_ ?), respectively.
In practice, it can be difficult to numerically check the conditions Eq. and Eq. for
quasi-2D and 3D systems. Numerical tests suggest that systems with higher symmetries are more

likely to satisfy the conditions and have faster decaying finite-size errors using the staggered mesh
method. As a supporting numerical evidence for Corollary Fig.[6.3]illustrates the comparison
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between the standard and the staggered mesh methods for computing the MP2 energy for a quasi-
2D and a quasi-1D model systems with a fixed effective potential field. Specifically, let the unit
cell be [0, 1]% and use 20 x 20 x 20 planewave basis functions to discretize functions in the unit
cell. The effective potential takes the local, isotropic form,

-V r <0.1
1
T 0.4—r .
Vx) =4 ~Vo—r  0l<r<04 , withr=|x—xy, (69
e_ r—0.1 _|_ 6_0.477“
0 r>04

centered at ro = (0.5,0.5,0.5) with height V{; = 60. For each momentum vector k, we solve the
corresponding effective Kohn-Sham equation to obtain ny.. = 1 occupied orbitals and nyi; = 3
virtual orbitals. There is a direct gap between the occupied and virtual bands for this model system.
Fig. shows that the convergence rate of the staggered mesh method is much faster than that of
the standard method, and the rate matches the analysis in Corollary We refer readers to [47]
for additional numerical examples illustrating the effectiveness of the staggered mesh method for
MP?2 calculations in model systems and real materials.
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Figure 6.3: Finite-size error of the MP2 energy calculation by the standard and the staggered mesh
1 1

method for a quasi-2D and a quasi-1D model systems with MP meshes of sizes 1 x Nf X le
and 1 x 1 x Ny, respectively. The reference MP2 energies for the two systems is computed by the
staggered mesh method with mesh size 1 x 14 x 14 and 1 x 1 x 20.

6.5 Staggered mesh method for Fock exchange energy

Our analysis indicates that the staggered mesh method can be an effective strategy for reducing the
finite-size error when the discontinuities are removable. We present a new staggered mesh method
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for exchange energy calculations using the newly introduced corrected exchange energy Eg"™ %>
in Eq. (Recall that the Madelung constant correction is only defined for I'-centered Kgq
and thus cannot be combined with the staggered mesh method.) Here k; and k; belong to two
staggered MP meshes denoted by Ky, and Ky, which differ by a half-mesh-size (see Fig.
for a 2D illustration). In this way, the MP mesh Xy defined as the possible minimum images of
q=k; —k; withk; € Ky, k; € Iij is also the half-mesh-size shift of a I'-centered MP mesh
in {2*. We note that this g is used to compute the finite-size correction Eq. for the exchange
energy calculation. In a similar manner, we could prove in Corollary that the staggered mesh
method has smaller than O (N, 1) quadrature error when the corresponding non-smooth terms have
removable discontinuities. Note that for low-dimensional systems, minor modifications are added
to the correction to the exchange energy calculation as detailed in in Appendix [J (Remark [C.T).

Corollary 6.7 (Staggered mesh method for Fock exchange energy). For quasi-1D systems, the
staggered mesh method for the exchange energy calculation has super-algebraically decaying
quadrature error. For general quasi-2D and 3D systems, the quadrature errors both scale as
O(N, Y. For quasi-2D and 3D systems under the condition of removable discontinuity Eq. [(6.6)|

2

the quadrature errors scale as O(Ny_ %) and O(N,_*), respectively.

[ Y

>
[ Y
ICq

Figure 6.4: 2D illustration of the staggered mesh method for the corrected exchange energy calcu-
lation.

Fig.[6.5]illustrates the standard and the staggered mesh methods for the corrected exchange en-
ergy calculation for a quasi-1D and a 3D model systems with the same effective potential Eq.
The potential height Vj is now set differently to 30 for better illustration of the error scaling. The
parameter ¢ of the exchange energy correction in Eq. [(5.8)]is set to 0.1. These results confirm the
superior performance of the staggered mesh method, and that the convergence rate in Corollary

is sharp.
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Figure 6.5: Finite-size error of the corrected exchange energy calculation by the standard and
the staggered mesh methods for a 3D and a quasi-1D model systems with MP meshes of sizes

Ny 3 X Ny 3 X Ny 3 and 1 x 1 x Ny, respectively. The reference energies are computed by the
staggered mesh method with mesh size 14 x 14 x 14 and 1 x 1 x 20. To avoid the effect of
basis function incompleteness while illustrating the super-algebraic convergence, we increase the
number of planewave functions to 40 x 40 x 40 for the quasi-1D system in (b). Note that the
error of the staggered mesh method oscillates around 10719 after N, = 9. (When the number of
planewave functions is 20 x 20 x 20, the oscillation starts at Ny = 7 and is around 1078.)
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7 Conclusion

From the unified analysis of finite-size errors of the periodic HF theory and the MP2 theory, an
immediate question is whether the finite-size errors of higher order Mgller-Plesset perturbation
theories (MPn) for periodic systems can be analyzed in a similar fashion. This is also a timely
question, given the recent resurgence of interests on the third and fourth order perturbation theories
in quantum chemistry [2, 13,125,139, 12]. We expect that the quadrature based analysis of finite-size
errors can be carried out to all finite-order perturbation theories, where each energy term in the
TDL is a multi-layer integral over €2*, and its numerical calculation corresponds to a trapezoidal
quadrature rule. The main challenge is to examine all possible non-smooth terms in the integrands
and analyze their quadrature errors via a special Euler-Maclaurin formula similar to that in The-
orem [A3l However, preliminary analysis indicates that even for the third order Mgller-Plesset
perturbation theories (MP3), there exists certain non-smooth components that are not in the frac-
tional form Eq. and can not be readily analyzed using Theorem We expect that the result
in Theorem can be generalized to a broader class of non-smooth functions, which could then
enable the analysis of finite-size errors of MPn energy calculations for fixed n > 2.

Our error analysis focuses on insulating systems with a direct gap where the main source of
the finite-size error is the Coulomb singularity in energy calculations. For gapless systems (e.g.,
metals), additional singularities are introduced by the orbital energy fractions 1/ 5?12 “ﬁ{ljb and the
occupation number near the Fermi surface. Therefore quadrature error analysis in this case needs
to take into account of these additional singularity structures, which are not available in general
except in some special cases (such as homogeneous electron gas). Moreover, we note that the MP2
energy calculation may diverge in the TDL for gapless systems [20, [18]. Therefore for gapless
systems, the finite-size error analysis of correlated electronic structure theories remains an open
question in general.

Besides finite-order perturbation theories, another possible generalization is to consider certain
infinite order perturbation energies with a selected set of Feynman diagrams. Examples include the
random phase approximation (RPA) (see [48]) and the coupled-cluster theory (CC). While it may
be possible to analyze the quadrature error of the contribution from each order of the diagram, the
infinite summation can still pose a significant challenge for the rigorous analysis of the finite-size
error. The generalization of the singularity subtraction method (related to the Madelung constant
correction) and the staggered mesh method is also of practical interest for such higher-order and
infinite-order perturbation theory calculations.
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Appendix A Euler-Maclaurin formula for a special class of non-smooth
functions

In this section, we introduce the main technical results that have been used throughout the paper,
i.e., the improved quadrature error analysis for a special class of non-smooth integrands that are in
the fractional form Eq. We first recall the standard Euler-Maclaurin analysis of the quadrature
error for a trapezoidal rule in Section and then introduce the generalized Euler-Maclaurin
analysis in Section[A.2l The sharpness of the convergence rates is demonstrated using numerical
results for various types of singular integrands in Section[A.3] Our analysis generalizes the analysis
of Lyness [28] to a broader class of singular integrands. Compared to [28], our analysis is also
simpler and in particular does not rely on certain special properties of homogeneous polynomials.

A.1 Standard Euler-Maclaurin formula
Consider a hypercube V' = [0, L]? + b of edge length L and cornered at point b in R%. Let X’ be
an m X --- X m uniform mesh inside V defined as

L . . . .
X:{b+a((jl7]27 7]d)+x*)7jl7]27"'7jd:0717"'7m_1}7

where x, € [0,1]¢ is referred to as the relative offset of X with respect to V. Alternatively, we
may also first partition V' uniformly into m X --- X m hypercubes as

vy = b L . Lyt .
{ i = (jl7]27"'7jd)+ 07 7]17,727"'7]d:0717"'7m_1 )
m m

and then sampling one mesh point x; from each hypercube V; with offset £ ~-X, to generate the set
X.
The trapezoidal rule over V' using the uniform mesh X is defined as

.
(g, \’X’] Y gba) =) [Vilg(xi) =) Quilg. {xi}), (A.1)
x;EX xX;EX V;

which is equivalent to applying a single-point quadrature rule to each subdomain V; using node x;.
More precisely, Q1 (g, X) is an m?-sized composition of the single-point quadrature rule

Q[O,l}d(ga {x:}) = g(xs).

For sufficiently smooth functions, Theorem [A.1] gives the standard Euler-Maclaurin formula
that explicitly characterizes the quadrature error of a trapezoidal rule over a hypercube [29, l]].
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Theorem A.1 (Standard Euler-Maclaurin formula). Given a hypercube V- = [0, L]* 4+ b and an
mA-sized uniform mesh X in V with relative offset X, for g € C’l(V), the quadrature error of the
trapezoidal rule can be expressed as

-1 .
() =3 > el [

L x—b
2 2 Vg('a)(x) dx + s Z /th,x* <mT> ¢ (x) dx.

18l=1
(A.2)

The kernel function hg x, (x) is bounded and is periodic along each dimension with period 1. The
explicit form of hg x, (x) in one- and two-dimensional spaces can be found in [1], and its general
form in R® is studied in [29]. The coefficient ca(x) is defined as

_ _Bg(@1) Bg,(x2) B, (wa)
e TR fa

where By(x) is the periodic Bernoulli polynomial of order k.

Note that when g(x) and its derivatives up to (I — 2)th order satisfy the periodic boundary
condition on 9V, all the integrals of g3 (x) in the formula Eq. [(A.2)| vanish. Thus, we can prove
in Corollary that, in this case, the quadrature error scale as O(m ™).

Corollary A.2 (Standard Euler-Maclaurin formula for functions with periodic boundary condition).
If g(x) and its derivatives up to (I — 2)th order satisfy the periodic boundary condition on OV, all
the integrals over g(m (x) in Eq. vanish and the quadrature error satisfies,

5\/(9, X) = O(m_l).

Furthermore, if g and its derivatives are smooth (i.e., | = 0o) and all satisfy the periodic boundary
condition on OV, the quadrature error decays super-algebraically, i.e., faster than O(m™*%) with
any s > 0.

In the exchange and MP2 energy calculations, their integrands are all periodic and smooth
everywhere except at a measure-zero set of points, and the standard Euler-Maclaurin formula above
cannot be applied directly. On the other hand, an accurate estimate of their quadrature errors need
to account for both the function periodicity and non-smoothness.

A.2 Generalized Euler-Maclaurin formula for a special class of non-smooth func-
tions

The key idea used in the analysis below is that when partitioning V' into subdomains {V;}, an in-
tegrand could be smooth in many of these subdomains, and the standard Euler-Maclaurin formula
can be applied to the single-point quadrature rule Eq. in each subdomain. Specifically, con-
sider g(x) in V = [0, L]? 4 b that is smooth everywhere except at subdomains {V;};c7 indexed
by 7. Define V7 = |, Vi. The quadrature error can then be split into two parts:

Evig. X) = Ev(g. {xi}) + D Evilg. {xi}). (A.3)

€T iZT
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In each V; = |0, %]d + b; with i & T, g(x) is smooth and its quadrature error in V; can be
formulated by applying Theorem[A.T]to the single-point quadrature rule Qv (g, {x;}) as

RURES I SE- ) SPR <) [ o dx+—Z/hﬁX*( 24 4 ) ax

s=1 |8|=s Vi 1B|=t

where the factor = comes from the edge length of V; and the mesh size 1 of the quadrature, and
the order ! could be arbitrarily large. Surnrmng over all V; with @ € T, we can write the smooth
part of the overall error as

-1 .4
ngi (9, {xi}) = Z me
s=1

iZT

> CB(X*)/ g dX+— Z/

1Bl=s VAVr Bl=1”VAVT

(%‘f) 99 () dx,

(A4)
which uses the fact that hg x, <z/;72> = hgx, < Tm ) by the periodicity of hg x, (x). This gives

a partial Euler-Maclaurin formula for a trapezoidal rule only over the subdomains where g(x) is
sufficiently smooth.

Using this formula, it is possible to exploit the boundary conditions of g(x) to estimate the
smooth part of the quadrature error. For example, if ¢(®) (x) with |3| < [ is integrable in V7, the
first integral above can be further split as

| aPax= [ gPegax— [ g eax
VAVr \4 Vi

where the first term vanishes if g(x) and its derivatives are periodic. Further using the boundedness
of hg x,, we could get a preliminary estimate of the overall quadrature error as

ng (9. {xi}) +Z Z |ca (%) | Zvy ( (192) + - Z vy ( (|9

€T 5= 1 |8|=s \ﬁ\ l

Based on the above idea of partial Euler-Maclaurin formula, we now prove Theorem[A.3] which
gives a generalized Euler-Maclaurin formula for non-smooth functions in the fractional form.

Theorem A.3 (Generalized Euler-Maclaurin formula for functions in the fractional form). Con-

sider m smooth functions {fi(x1,%Xz2,...,%Xp)} "y in R? x --- x R% For each i = 1,...,n,
fi(x1,%2,...,Xy,) is analytic at x; = 0 and scales as O(|x;|*) near x; = 0. Define the integrand
X Xe, ., X)) fo(Xn, X, X)) fu(X1, X2, Xy)
g(X17X27"'7xn)_ T T T
(x7 Mx )P (x3 Mxz)P2 (g, My )P

where M € R is a symmetric positive definite matrix and the exponent p; € 7 satisfies v; =
a; —2p; > —dandv; € Z fori = 1,2,... n. Define Yy, = min; ;.
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d

The trapezoidal rule for g(x1,X2, ..., Xy,) over V" with V = [—%, 119 using an m"-sized

uniform mesh X" = X; x ... x X, with relative offset x") € [0,1]"? has quadrature error

d+7min -1

1 Inm
_ B
s=1 1B=s
Here 3 is an nd-dimensional multi-index. When (x1,...,Xy) with some x; = 0 is a quadrature
node, g(x1,...,Xy) is indeterminate and set to 0 in the numerical quadrature.

The prefactor of the O (m =@+ min) In m) remainder is bounded by an O(1) constant that de-
pends on the upperbounds of functions |0% f;|/|x;|%~1%,0 < |a| < a; and 0% f;],a; < |a| <
d + Ymin With (x1,...,%x,) € VX"

Proof. Let {V;} be the m?-sized uniform partitioning of V', and 7 be the indices of all subdomains
V; intersecting with x = 0. Let Vg = UieT V;. When m is even, there are 2% subdomains with
x = 0 on their vertices and Vi = [—%, %]d. When m is odd, there is one subdomain with x = 0
at its center and Vg = [—ﬁ, ﬁ]d. Correspondingly, V> is partitioned into m™® subdomains
{Vj, x --- x V;,} in R, Multi-indices (ji,...,jn) of the subdomains where g(x1,...,X;,) is
non-smooth are collected as

Tn={01,. . jn) : N <k <n st jpeTh
Following the idea in Eq. and Eq. the quadrature error can be split as

‘SVX"(.%X(H)) = Z g‘/jlx---Xan(gv{(le"" 7Xjn)})+ Z 5Vj1><'~~><an(g7{(Xj17"' 7Xjn)})
(j17---7jn)67—n (]177]n)€n
d"l"}/min_l
_ (n) AS RCH' ‘min
= (S‘V%Ln (9, X% )+ Z e + mTP’YYmm’ (A.5)
s=1

where VX" = U ooor (Vi %o x Vi) X2 = U, er (%5001 x;,)}, and

As = Z CB(XS:L))/ g(B)(X17"'7Xn) Xm... an,
B=s VS
Rt = > / g o (m((x1,- %) = (b, D)) g P (x1, ... xp)dx ... dx,.
‘ﬁ ‘ :d"l"Ymin v \VT"
Here, b = (—%, ce —%) denotes the corner of hypercube V.

The main proof below involves four parts:

1. The derivatives g3 in A, with |3| = s < d + Ymin — 1 are integrable in V™ and thus A,
can be split as

Ay = Z c,g(xfkn))/ g(ﬁ) dxy ... dx,— Z CB(XS:L)) / Xng(f}) dxq ... dx,. (A.6)
Bl=s v 1Bl=s vy,
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2. Estimate of the integrals in the second part of the above splitting of A as

1
® dx, ... d n:(9<7>.
/"/7>_<nn g X1 X md“l"Ymin_‘ﬁ‘

3. Estimate of the remainder term Ry, . as

Rd""}/min = O(ln m)

4. Estimate of the quadrature error in the volume elements with non-smooth integrands as

n 1
0 =0 ().

Combining these four results with Eq. gives the final formula of the theorem.
We first introduce some basic tools. The derivative g/®) can be expanded as a linear combina-
tion of terms

= Pl fi(x1,. .., %p)
(B1,---,Bn) — i\ A1, ) An AT
g (1, ) ZI;Il A(x1,...,%,)P (xZTMxZ-)pi ’ (A7)

with 31 + - - - + 3, = 3. Note that 3;’s are all nd-dimensional multi-indices. Using the condition
that f; = O(|x;|*) near x; = 0, it can be shown that near x; = 0,

i <ﬁz> 1
P | = O fi(x1, ..., Xp) 0 —————
‘ (xF Mx;)pi a1-i§;:,3i o (xF Mx;)pi
_ Z O(’Xi‘max{ai—laﬂ@}‘Xi’—2pz‘—\a2\) — O(‘Xiw—‘ﬁ”). (A.8)
altaz=0;
This estimate can be extended to all (x1,...,x,) € V*" by the function smoothness outside
X; = 0.

In the following discussions, we detail the four parts of the proof.

Part 1: Integrability of ¢'® in V*" with |3| < d + Ymin — 1 Since g(® is a linear combination
of g(B1Bn) in Eq.[AT)with 81 + ... + B8, = 3, we only need to prove the integrability of each
gBL-Bn) in *" According to Eq. we have

/ dxy ... dx,|gPr-Bn)| < / dxy ... dx,|x |78 |x, [0 1Bl
Vxn Vv xn

Since v; — |Bi] = Ymin — |B| = —d + 1, the right hand side of the above inequality is finite and
thus g(B1--Pn) is integrable in V™.
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Part 2: Estimate of the integrals in A, over the volume elements with non-smooth integrands
Note that

n

VE"r = Vx...x Vr x...xV).
T U( T )

k=1 for xy,

Since ¢g'® is a linear combination of g(B1+8) with O(1) coefficients, we instead estimate the
integral of each g(31-Pn) with By + ... + B, = B where |8] = 5 < d 4 Ymin — 1. The integral
of |g\BLBn)| over V2™ in the splitting Eq. [(A.6)]of A, can be first bounded as

n
/.o dadx < | o0
V%Ln k=17 VX..XVrx.xV

Without loss of generality let us consider k¥ = 1. The corresponding term of the right hand side
above could be further estimated as,

(ﬁlwwﬁn)

dxq ... dx,.

VTXVX(TL 1)
/ .. dxn|x1|“fl—|ﬁ1| . |Xn|'vn—\6n\
Vg xVx(n— 1)
/ dxy ... dxp|x [ 718 x,, 1B
B(0,Cm~—1)xVx(n-1)
/ X1|Vl_|51‘ dX1/ dxg ... dxp|xg|27 182l |x,, |7~ 1Bn]
B(0,Cm~— VX (n—1)
Y
md""Yl—\ﬁl\ ’

where B(z,7) denotes a ball in R? centered at z with radius r, and the second inequality uses the
fact that

Vo C B(0,Cm™),

with some O(1) constant C. Thus, we have

/ g(m dxy ... dx,| <
v

ﬁl +.. +ﬁn_5

1
o Z 0 < dt+g— ﬁk) o <md+vmin—,3> ' (A9)

/ g(,@hw@”) Xm . an
V><n
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Part 3: Estimate of the remainder term R, ., To estimate each integral over ¢g/® in the

remainder term, we first note that A 8™ is bounded (see Theorem and we have

/ h'@x(n)("')g(ﬁ)(xl,...,xn)dxl...dxn
Vxn\v%(nn 9%k

5/
VX"\V7>—<nn

< Z / |y [, [T Bl dx L dx,.
ﬁ1++,3n:,3 Vxn\v%;n

g(’@)(xl,...,xn) dxy ... dx,

(A.10)

It is thus sufficient to estimate the last integral above with [31] + ... + |Bn+m| = |8] = d + Ymin-

There are two scenarios to consider.

1. v; — |Bi| = —d for some 7. Without loss of generality consider ¢ = 1. Since |31] < |B| =

d + Ymin and Y1 2 Ymin, We have 71 = Ymin,
integral on the right hand side of Eq. |(A.10)[can be bounded by

/ Ix1| "4 2|2 - - x| dxy L dxg,

x1| "4 xa 2 - - x| dx ... dxy,

N

/(V\VT)xVX(nU

< / %1~ dxy
V\Vr

1
< / prdtd=l gy = O(lnm),
1

/m

where the first inequality uses the fact that V" \ V2" C (V' \ V) x V=1,

2. v;—|Bi| = —d+1fori =1,... n. Inthis case, fVX" |x1|71_|51‘ e |xn|7"_‘ﬁ"‘ dxq ...

is finite and thus

/ ’X1’71—|ﬁ1‘ ...]xn\fyn_"g’l'dxl--- dx, = O(1).
V><7L\V7>_:Ln

Combining the above estimation with Eq.[(A.10), we obtain

Rd"")/min = O(ln m)
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Part 4: Estimate of the quadrature error in the volume elements with non-smooth integrand
Using a similar discussion as in Eq. the integral involved in EV%n(g, X;-:)) can be first
estimated as "

Zyn(9) = 0 <ﬁ> :

The quadrature part can be estimated as

1
< mnd Z ’g(le,"' 7Xjn)’

(.]177.]71)67;7,

n
< mlndz Z |g(Xj1,“' 7Xjn)|

=1 5,€T, j1,-Ji—1,Ji+1,---Jn

o 1 " 1

1=1 §,€T, j1,-Ji—1,Jit+15--Jn

1 — 1 1
:WZZW:@(W).

i=1 j;,€T

Qv%;" (97 X'])in)

Thus, the quadrature error in all the volume elements with non-smooth integrands can be estimated

as 1
- O (mwmin+d> ’

In the analysis of the four parts above, it can be noted that the prefactor of all the O(m_(dJWmi"))
and O(Inm) estimates depends on the prefactor of the estimate in Eq. ie.,

fi
(xF Mx;)Pi

gv;n" (9, X;’:Ln) < ‘IV%I" (9)‘ + ‘Qvﬁ" (9, X;nn)

‘aﬂi = O(|x;| 7B, (x1,...,%xn) € VX",

which is further proportional to the upper bound of all the functions [0% f;]/|x;|%~1*, 0 < |a| <
a; and |0% f;|,a; < |a| < d 4 Ymin. This concludes the characterization of the prefactor in the
O(m~(@+min) In m) remainder term in the obtained Euler-Maclaurin formula. O

Although not directly related to the application in this paper, this quadrature error analysis
result can be generalized to the case where ~; is non-integer. Based on Theorem[A.3] Corollary[A.4]
characterizes the quadrature error for fractional-form functions that also satisfy periodic boundary
condition on V *".

Corollary A.4 (Generalized Euler-Maclaurin formula with periodic boundary conditions). Under
the setting of Theorem if g(X1,...,Xy) and its derivatives also satisfy the periodic boundary
condition on OV *™, all the integrals of g(ﬁ) in the derived Euler-Maclaurin formula vanish and

Evrnlg, ™) = O (M) .

md‘i"Ymin
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Remark A.5 (Quadrature errors inside and outside the subdomains with singularity). According to
Eq. the overall quadrature error can be split into the error in the volume elements V" that
contain the singular point x = 0 and the error in remaining volume elements. From the estimate
in Theorem[A.3) these two parts contribute equally to the overall O(m_(d+“f"'i") Inm) quadrature
error for periodic functions in Corollary For finite-size error corrections that compensate
the omitted integral at the Coulomb singularity (such as the structure factor interpolation method
mentioned in Introduction), only the first part of the quadrature error above is corrected while
the second part remains. As a result, the overall quadrature error in general will not be reduced
asymptotically.

A.3 Numerical results

To demonstrate the sharpness of our error estimate in Corollary we consider a set of compactly
supported functions listed in Table [A.]] that are of the fractional form discussed in Theorem
Fig.[A.lplots the numerical quadrature errors for these example functions by trapezoidal rules. The
asymptotic scaling of these numerical results is consistent with the analytic estimate in Table
according to Corollary [A.4]

Table A.1: Example functions for the numerical quadrature calculations in Fig. The domain
of integration for each variable is [—%, 2]%. Function H (x) is the localizer defined in Eq. and
M equals diag(10,1,0.1) for d = 3 and diag(10,0.1) for d = 2. The estimate of the quadrature

error scaling is obtained according to Corollary

function form dimension parameters error scaling

fi(x) d=2 a=(0,2),p=1 m~2lnm

fa(x) H(x)x™ d=2 a=(0,4),p= m~2lnm

f3(x) (<" Mx)P d=3 a=(0,0,0),p = m ' lnm

4(x d=3 a=(0,2,2 = m~2Inm

Ja(x) (0,2,2),p

_ a = (0,2),p1 =1, 2

f5(X17X2) Hqul)qu Hq§x2)x2a2 —|X1+X2|2 d=2 Oy — (2’ 0)’ Py = m “Inm
(1 Mx1)P1 (x5 Mx2)P2 oy = (0,2), p1 = 1/2, -3

fo(x1,%2) d=2 s = (2,0), ps = 1/2 m~>Inm
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10° : —— 10° 10° —
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Figure A.1: Relative quadrature errors of the example functions in Table For each test, a
I"-centered uniform mesh is used with m points along each dimension in the integration domain.
Reference integral values are computed with a sufficiently large m.

Appendix B Finite-size errors in the Hartree, potential, and Kkinetic
energies

For completeness, we analyze the finite-size errors in the Hartree-Fock theory other than the Fock
exchange term, namely the Hartree, potential, and kinetic energies. Unlike the Fock exchange
energy and the MP2 correlation energy, the analysis of these terms does not involve singular in-
tegrands, and it is sufficient to analyze the finite-size errors using the standard Euler-Maclaurin
formula in Corollary [A.2]
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The Hartree energy with a finite MP mesh K can be computed as

Z Z (iki, jkjlik;, 7k;)

ij kk;e
2
1 1 4r 1 R
1 > TR > bk (G)
Ga- |Gl ki

1 14 ; 1
= g — dre G _— E wi, (r)?
[ IG[? /Q Ny iki' ki (7)

47 _iG. 2
‘Z |G|2 /ere Grka(r)

Gel*

1 1 Ar
= = |pn (G2
[e] G% |G]2

Here py, (r) = NLk > ik, ik, (r) |? (and its Fourier transform py, (G)) denotes the electron density
obtained from the Hartree-Fock calculation. The Hartree energy in the TDL thus can be written as

B = IQI >

Gel*

ATDL 2
GRm @

Therefore the finite-size error Eg DL _ E4(Ny) only comes from the finite-size error of the electron
density. Following the same assumption used throughout the paper that all HF orbitals can be
evaluated exactly at any k € Q*, the approximation p"™°(G) = pn, (G) for each G € L* \ {0}
can be treated as a numerical quadrature and the quadrature error is

[’TDL(G) - [)Nk(G = 0 dk; (Z sz“zk ) - Z (Z szz,zk )

Note that ), d;k, ik, (G) is a smooth and periodic function of k; over 2*. By the standard Euler-
Maclaurin formula in Corollary the quadrature error above for each fixed G decays super-
algebraically. Assuming | ﬁNk(G)]2 to be negligible with sufficiently large G, the summation in
the Hartree energy calculation can thus be well approximated over a finite set of G € LL*. Then the
finite-size error EEDL — Ex(Nx) decays super-algebraically with respect to Ny.

Since the potential energy due to an external potential field solely depends on the electron
density, we could similarly show that the quadrature error in the potential energy also decays super-
algebraically with respect to Ny.

The kinetic energy in the Hartree-Fock calculation with MP mesh K is computed as

Ex(Nx) = N > <Z/|V+1k )ik, (r )|2df>,

k;, ek
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and its TDL can be written as

EPL = ‘Q*‘/ dk; <Z/]V+1k g, (r )y2dr>.

Thus the finite-size error in the kinetic energy can also be interpreted as the quadrature error

TDL _ L
EPY — B (Ny) = o s dk; — N > (Z/|v+lk Yk, (r)[? dr). (B.1)

k;cK

Noting that w;,+q)(r) = ¢S u;, (r) with any G € L*, we could show that |(V +
ik;)u;x, (r)|? is periodic with respect to k; over 2%, i.e., for any G € L*

(7 + (i + Gt sy (0% = [V (e (1)) + (ks + G)e™ P (1)
= |e_iG'r(V —iG)uy, (r) +i(k; + G)e_ic"’ru,-ki(r)|2

Thus, the integrand Y-, [, [(V + ik;)u, (r)|? dr in Eq. is a smooth and periodic function
over k; € 2*. By the standard Euler-Maclaurin formula in Corollary the quadrature error of
the kinetic energy decays super-algebraically.

Appendix C Low-dimensional periodic model

The low-dimensional periodic model we consider in this paper samples k points on a 1D-axis/2D-
plane € in ¥, and uses the shifted Ewald kernel Eq. for particle interactions. The
Madelung constant correction to the Ewald kernel is introduced based on a physical argument
that the artificial interactions between a particles and its periodic images need to be removed. From
the numerical quadrature perspective, the Madelung correctlon is necessary since, otherwise, the
leading non-smooth term ﬁg‘]‘v"é in Zw F” (ki, q) (see Eq.[(5.5)) is not integrable over q in €2}
and thus the exchange energy would dlverge as Ny — oo in the TDL
In this low-dimensional model, similar to Eq. the Madelung constant is defined as

low

_ e Z Z/ Are—clatGl? 1 / dq4ﬂe—slq\2 Ane . Z' erfe (5_1/2]R\/2)
(27)3 Ny 2 3/ . 2 :
(2m)3 Ny acke Gl lq + G| (2m)3 Jgs la] || Ny Refn, IR|

However, the I'-centered mesh K is now sampled in 2 , and the real-space lattice L, associated
with q + G is defined accordlngly For example, for an m x 1 x 1 and an m x m x 1 MP
meshes Kq for a quasi-1D and a quasi-2D systems, respectively, the lattice L, is defined as
(recall L = {ci1a1 + coas + c3a3 : ¢1, o, c3 € Z} for the unit cell)

]LICq = {clmal 4+ coas +c3az : c1,c2,c3 € Z},

(C.1)
]LICq = {clmal + comag + czas : C1,C2,C3 € Z}
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It is worth noting that, with Ny — oo and Kq — €5, the Madelung constant does not scale

low>
1
as O(N, . ) anymore, but instead diverges to infinity, and the finite-size correction is no longer
optional.
In this model, the exchange energy with a finite mesh K in € is computed as

1 13
EX,]OW(Nk) ‘Q ’2 QQIOWXQIOW(ZW FXYJC < KC )+ Noccf

low
1 13

- |Q |2 QQlowXQmw(Zzg FJ Nocche, K x K )
low

1 47Te—€|01\2 Are ) erfe (5_1/2|R|/2)
+N, __/ d ~ .
occ (271)3 R3 a ’q’2 ‘Q’Nk R;; ]R‘
Ka

(C.2)

where h. is the auxiliary function defined in Eq. that connects the Madelung constant cor-
rection with the singularity subtraction method in Theorem 5.1l In the TDL, the exchange energy
converges to

ETDL _ Zog, x4, (24 Fy — Nocche) 1 / dme<lar + Z, erfc (e71/?|R[/2)
occ (271‘) q

x,low — T 2 2
|Qlow| |q| RELpy |R|

where Loy denotes the lattice vectors in LL that is perpendicular to the extended directions, e.g., for
the two L, in Eq.|(C.1)]

Liow = {coas + csas : co,c3 € Z} inquasi-1D and Ljow = {c3as:c3 € Z} in quasi-2D.

We remark that this is only one way of defining the exchange energy for low-dimensional
systems and other models can lead to different definitions. The physical reason for such ambiguity
is that the electrostatic interaction of a periodic array of charged particles is not well defined without
additional constraints [11]. Mathematically, as demonstrated in Theorem 5.1l Nocch- removes the

. )
leading singular term g'}'\g’rg in zij Fy/. The difference is still non-smooth but scales as @l((\lc‘gl )

near q = 0, and thus IQI’EWXQI";W(ZZ- ; 1?’)? — Nocche ) is finite and ETPL is well-defined.

X,low
Then the quadrature error of this model exchange energy calculation for quasi-1D and quasi-2D

systems satisfies

1

Efn — Exlow(Ny) = —W&zgwxﬁfgw

x,low

(34 FY — Nocehe, K x Kq) + O (N1) = O(N).

We note that since the Madelung constant £ does not vary with respect to parameter ¢, the defini-

tions of both EE ]1%1& and Ex jow(Nk) also do not depend on e.
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Remark C.1 (Alternative correction scheme for the exchange energy in low-dimensional systems).
For the low-dimensional model with a shifted Ewald kernel, we note that some minor modifications
need to be added to the singularity-subtraction-based correction in Eq. to make the calcula-

tion converge to the same TDL energy EIII?)I\;, ie.,
E)((:Og?:/:ted Z(Nk) - |Q |2 QQIOW low(zl.] FU NOCCh€7 ]C X ]Cq) (C3)
low
1 e—¢lal® 1 erfe (e 1/2]R\/2)
N, —— d
# | e [ 00 g+ 3

ReELjow

Compared to Exow(Ng) in Eq.[(C.2)} Eioﬁewmd 2(Nk) drops the term — 66@ , and changes the

real-space lattice L, to Lioy. Both exchange energy calculations converge to EI E)I;V with O(N, )
error with any fixed . However, Ex 1ow(INx) and the Madelung constant £ are only well deﬁned
with T'-centered mesh Kq, while E)C(Of(r)e\;ted 2(Ny) is applicable for any MP mesh K in Q, that
is closed under inversion. In the staggered mesh method for computing the exchange energy (see
Section [6.3) for low-dimensional systems, E“T°%2(Ny) need to be used since the involved Kq

X, low
does not contain the T" point.

The Madelung constant correction to ERIs in Eq. is not invoked in the MP2 energy cal-
culation. Assuming the orbitals and orbital energies are exact (if the orbital energies are obtained
from the Hartree-Fock calculations, then the finite-size corrections should be applied to occupied
orbital energies according to Remark [5.3)), the analysis of the MP2 energy remains mostly the same
simply with Q* changed to €2} and the quadrature error, now written as,

1 ijab ijab
Eips, tow—Emp2, tow(Ni) = P 3 [ D Fiora(ki kg, ka) + Fyfpny (kis kg ka), ()% ]

low
low | ijab

still scales as O(m =) = O(N,_ ') for both quasi-1D and quasi-2D systems.
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