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RANDOMIZING THE TRAPEZOIDAL RULE GIVES
THE OPTIMAL RMSE RATE IN GAUSSIAN SOBOLEV SPACES

TAKASHI GODA, YOSHIHITO KAZASHI, AND YUYA SUZUKI

ABSTRACT. Randomized quadratures for integrating functions in Sobolev spaces
of order o > 1, where the integrability condition is with respect to the Gauss-
ian measure, are considered. In this function space, the optimal rate for the
worst-case root-mean-squared error (RMSE) is established. Here, optimality
is for a general class of quadratures, in which adaptive non-linear algorithms
with a possibly varying number of function evaluations are also allowed. The
optimal rate is given by showing matching bounds. First, a lower bound on the
worst-case RMSE of O(n*"‘*l/Q) is proven, where n denotes an upper bound
on the expected number of function evaluations. It turns out that a suitably
randomized trapezoidal rule attains this rate, up to a logarithmic factor. A
practical error estimator for this trapezoidal rule is also presented. Numerical
results support our theory.

1. INTRODUCTION

We study numerical integration of functions with respect to the standard Gauss-
ian measure. Given a function f : R — R, our problem is to approximate the
integral

1(f) = / f@)p@)dz with p(z) = jﬂ/

based on pointwise function evaluations.

Of particular interest in this paper are randomized algorithms, which typically
combine a fixed (deterministic) quadrature rule and the Monte Carlo sampling; see
for example [13] Section 12.7] and references therein as well as [19, [6, 23]. One
benefit of these algorithms is that one may construct online error estimators to
assess their accuracy, which is often difficult with deterministic algorithms. An-
other is that they are robustly efficient for various smoothness of the integrand.
Even in the absence of smoothness of the integrand, which is typically required
for deterministic quadratures, they may work well at least as accurate as the plain
vanilla Monte Carlo method; in the presence of smoothness, they exploit it and
may achieve accuracy superior to the Monte Carlo methods.

How accurate can a randomized algorithm be? To address this question, we fix a
function class and a figure of merit. We then consider a general class of algorithms
and derive a lower bound for the error, which quantifies the best possible accuracy
using this class of algorithms in the sense specified below.
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It turns out that this best possible rate is, up to a logarithmic factor, attained
by a randomized trapezoidal rule, which we propose in this paper. This result is a
random counterpart of our recent result [9], in which we showed that the trapezoidal
rule is, up to a logarithmic factor, optimal to approximate I(f) in a suitable sense.

Following [9], throughout this paper, we assume that f is in a Sobolev space of
integer order o > 1, denoted by H,. More precisely, with the normed vector space
L2(R) defined by

113 = [ 1@)Po(e) de < .

for an integer o > 1, H,, is defined by

o 1/2
Hoo =4 f € LIR) | [|f]la = (Z ||f(7)%g> <o,
T7=0

where f(7) denotes the 7-th weak derivative of f.

For this class of functions, we quantify the efficiency of the algorithms in terms
of the worst-case root-mean-squared error (RMSE), where the mean is taken on the
underlying probability space where the randomization is considered. To define this,
we first introduce a class of deterministic algorithms; realizations of the random-
ized algorithm we consider take their values in the following class of deterministic
algorithms.

In the deterministic worst-case setting which we build upon, we approximate
I(f) by a (deterministic) quadrature rule of the form

(1) A(rirft(f) = Pm(f) (50175627 . ,xm(f)»f(%)»f(xz)» x ~7f(xm(f))) )

with nodes z; € R, i =1,...,m(f), where @,y : R?"(/) — R is a (linear or non-
linear) mapping. Here, each node x; can be chosen sequentially by using the infor-
mation already obtained through 1, ...,z;—1 and f(z1),..., f(z;—1), fori > 2, i.e.,
with z1 pre-selected independently of f, x; = ¥;(z1,...,xzi—1, f(x1),..., f(xiz1))
for some (not necessarily linear) function v, ¢ > 2. This sequential choice of nodes
is continued until a stopping criterion is satisfied, and the number of quadrature
nodes m is not determined a priori. More precisely, the sequential choice of nodes
is terminated as soon as

(2) teri(xlv"'7xi7f(xl)7~-.7f(xi)):17
where ter; : R? — {0, 1} is a Boolean function for each i. Then the positive integer
m(f), representing the total number of function evaluations, is given by
m(f) = Hlln{’l, eN | teri(gjlw"?zivf(‘rl)a--.af(xi)) = 1}

For example, if we define the functions ter; by ter; = 0 if ¢ < m and ter,, = 1 for
some fixed m € N, then the number of quadrature nodes is equal to m independently
of the integrand f. Another example is the case where ter; is a function of an error
estimator

Estimator(zy, ...,z f(21), ..., f(x;))
and a user-specified error tolerance TOL; ter; is defined so that it returns 1 if the
estimated error is below TOL, and returns 0 otherwise. In this case, the number
of quadrature nodes in general depends on f.

In this paper, following the standard terminology in the context of information-
based complexity [16] Sections 4.1.1 & 4.2.1] and [24] [15], we say that this type
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of sequential node selection is adaptive and that is an adaptive algorithm. If
the number m(f) does not vary with f and each node x; is chosen without the
information f(z1),..., f(zm), we say that is a non-adaptive algorithm. In this
context, the adaptive stopping rule and the adaptive node selection are usually
considered separately, and each type of adaptivity improves an algorithm in different
ways; see [24] [15].

Our interest in this paper is in the randomized setting. We follow [16, Defini-
tion 4.35] for the class of algorithms we consider:

Definition 1.1. A randomized quadrature rule A is a pair of a probability space
(Q,%, 1) and a family (A“)weq of mappings such that the following holds:

(1) For each fized w € 2, the mapping A¥ : H, — R is a deterministic quad-
rature rule of the form .

(2) Let M(f,w) be the number of nodes used in A for f € Ho and w. Then
the function w — M(f,w) is measurable for each fixed f.

Finally, for a randomized quadrature rule A, its cardinality is defined as the supre-
mum of the expected number of nodes over f € Hy:

#(4)i= s [ M(f0)du(w).
feEHL JQ
We quantify the efficiency of the algorithm by the worst-case error. For a de-
terministic algorithm A% as in (1)), the (deterministic) worst-case error in H, is
given by
(3) V(AR Ha) = sup [I(f) = Ayt (f)]-

feEHa
Iflla<1

For the randomized setting, we consider the worst-case RMSE

1/2
et = s ([ )= a2 an)
feHa Q
fllast
For A%t we have er™se¢(Adet 7, ) = e"or(Adet H,).
The main contribution of this paper is two-fold.

(1) We establish a lower bound for the worst-case RMSE e"™%¢(A, H,,) for any
integer a« > 1. More precisely, we prove that for any n > 1 and any
randomized quadrature rule A with cardinality #(A4) < n, e™(A, H,) is
bounded from below by c,n~*"1/2 with a constant ¢, > 0 depending only
on «; see Section

(2) We propose an algorithm that achieves this rate up to a logarithmic factor;
hence, our algorithm is optimal, up to a logarithmic factor, in the sense of
the worst-case RMSE. More precisely, we develop a suitably truncated ran-
domized trapezoidal rule with the number of nodes M ( f, w) being randomly
chosen independently of f € H,. This quadrature rule is shown to be an
unbiased estimator of I(f), which allows for practical error estimation.

As briefly mentioned earlier, the second contribution above is motivated by our
recent paper [9], in which we considered a suitably truncated trapezoidal rule and
established the optimality in terms of the worst-case error. There, building upon
the work of Nuyens and Suzuki [I8], we showed that for any a > 1 a suitably
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truncated trapezoidal rule achieves the optimal rate O(n~%) up to a logarithmic
factor.

As already mentioned, we randomize this trapezoidal rule and establish the op-
timality in the sense of the worst-case RMSE. Without randomizing the same al-
gorithm is sub-optimal; it will achieve only O(n~%) in the sense of the worse-case
RMSE, while the lower bound we establish in this paper is n=*"1/2 up to a con-
stant factor. We also note that the worst-case deterministic error for the standard,
deterministic, Gauss—Hermite quadrature in H, is bounded from below and above
by n~®/2 up to some constant factors (note also that, from e™™s¢(Adet 3,) =
eVor(Adet {,) for deterministic algorithms, these matching bounds of the rate
n~%/2 also apply to the worst-case RMSE for the standard deterministic Gauss—
Hermite quadrature). This rate is merely half of the best possible rate; see [§]
together with [9].

Our idea for randomization comes from a classical work of Bakhvalov [2], who
introduced the method of choosing the number of quadrature nodes randomly. His
method has been explored further quite recently in the context of quasi-Monte
Carlo integration over the high-dimensional unit cube [7, [IT]. Another related
work is by Wu [25], who considered a randomized trapezoidal rule similar to ours.
Compared to our methods, Wu used a fixed number of nodes; the function space
considered there was the fractional Sobolev spaces of order less than 2 over a finite
interval, for which the author showed that the convergence rate in L? (p € [2,0)),
where the p-integrability is with respect to the underlying probability measure,
improves the standard convergence rate by 1/2. In contrast, our results show that,
for the function classes we consider, we are able to exploit smoothness more than
2 and improve the L2-convergence rate by 1/2. See also Remark for a related
discussion.

We start by showing a general lower bound for the worst-case RMSE in Sec-
tion 2] The lower bound established in this section shows the best possible rate.
In Section [3] we show that this rate, up to a logarithmic factor, is achieved by a
randomized trapezoidal rule. Numerical results in Section [4] support our theory.

2. A GENERAL LOWER BOUND

In this section, we prove the following general lower bound on e™*%¢(A, H,) that
holds for any randomized quadrature rule A with its cardinality #(A4) at most n.

Theorem 2.1 (General lower bound on the worst-case RMSE). Let integers o > 1
and n > 1 be given. For any randomized quadrature rule A, possibly adaptive or
nonlinear, as in Deﬁnition with #(A) < n, the inequality

rmse Ca
€ (4, Ha) 2 nat+1/2

holds, where the constant cq > 0 depends on « but is independent of n and A.

To show this result, we first construct fooling functions, which are crucial for our
proof. For n € N given, consider 10n intervals

(4) v =(&-1,&) = —1)/n,j/n), j=-bn+1,...,5n.

By construction, ¢;, j = —5n +1,...,5n are disjoint. For each j, we construct a
function f; € H, supported on ¢; that integrates to a large value, still having a
unit Sobolev norm.



OPTIMAL RANDOMIZED QUADRATURE FOR GAUSSIAN WEIGHT 5

Lemma 2.2 (Fooling function and its integral). Let integers a > 1 and n > 1 be
given. Then, for each j = —5n +1,...,5n, there exists a function f; € Ha such

that f; > 0, supp(f;) = ¢, [|fjlla =1, and
I(f;) = Tl/?’

where no > 0 is a constant depending on o but independent of n, j and f;. Here,
supp(f;) denotes the set-theoretical support supp(f;) = {z € R| f; # 0}.

Proof. Define h; : R — R such that h; > 0 and supp(h;) = ¢; by
37—5j1>a< -T_Ejl)a )
— 1—- —= ifx €4,
hj(z) = (fj — &1 & — &1 !
0 otherwise.

As we showed in [J], Proof of Lemma 3.1], we have h; € H,. Moreover, with

Surm 3 (1 G e S

61,42:0

we have

i e~ min (£J 1,63)/2 .

||hj||§=2/yh< (z) dx<z /yh (@) dx
T=0""i
(6% S TL —
S o, T — (177' S n20¢71 Ot,T7

—oV 27T(£j — gj_l)%—_l ; vV 2T 7—2::0 vV 2T

and

o max(§7_1.67)/2

Ly . V2m L5
6_25/2 /1 N (a!)z
=& (1 —2)%de = .
V2T & =&-) 0 ( ) n(2a + 1)1V 2me?s
It follows that, with f; := h;/||hj|la, we have f; € Ha, f; = 0, supp(f;) = ¢,

[filla =1 and
I(h ) ( |)2 « S *1/2
] o § o, T Mo
> 2 = —,
1) = [hjlla = not1/2(2a + 1)1v27e5 <T—0 \/27r> no+1/2

for j = —5n+1,...,5n. This completes the proof. O

hj(z)dz

>

We are now ready to prove Theorem

Proof of Theorem[2.1. Let fj, j = =5n+1,...,5n, be as in Lemma[2.2] By con-
struction, we have || f;|lo = 1. Hence, the definition of e"™™%¢(A, H,) implies

ermse (147 Ha)

1/2
w 2
= fe{ifj|jin_%}7(l+1’m75n} (/Q(I(f) — A¥(f)) dﬂ(w))

(f)) = A“(f;)* + (= f;) — A“(=f;))?
10n Z / 2 dp(w)

—5n—+1

1/2
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1/2

5n w(£))2 CFN AW F))\2
o = ([ $ AR R g

0n Jo 5 2

We will show that at least n out of 10n functions f;, j = —5n +1,...,5n, satisfy
(I(f;) =AY (f))?+ (L(—f;) — A“(=f;))? > 212 /n**T! on a set of positive measure
E C Q. Here, the choice of these n functions may depend on w € E.

Define E € X, where X is the o-algebra as in Definition by

5n

1
E=(wenN on Z M(fj,w) <2n
j=—5n+1

Moreover, for w € E denote by F§’ the subset of f;’s whose corresponding quadra-
ture A¥(f;) uses at most 4n nodes: with
Indg := {j € {~5n+1,...,5n} | M(f;,w) < 4n},
let
FSU = {fj S {f75n+1, .. -7f5n} | J € Indf)’}
For i =1,2,...,4n, we recursively define
Imd? = {j € nd?, | i < M(f;,w), 2 ¢ ;} U{j € md?, | M(fj,w) <i},
where a:l(j) = zgj)(w) denotes the i-th node of A“(f;) and ¢; is defined in (), and
Fe = {f; e F2, | j € nd?).
Fy is constructed so that if ¢ < M(fj,w), i.e., when the i-th node exists, then
f; € F implies fj(xgj)) =0, and if M(f;,w) <4, i.e., when the i-th node does not
exist, then we keep f; € F¥ | in F*. We will show |Fy,| > n for w € E and that
Fy is the sought set that gives the aforementioned lower bound.

First, we show that E has a positive measure. By the definition of the cardinality
of a randomized quadrature rule, it holds that

1 5n
L X Mberdue < s u(gw) du)

10n =S j=—5n+1,..

With E€:=Q\ E, it follows from Markov’s inequality that

5n

1
> M(fiw)duw) = 5.

j=—5n+1

1 1
E)=1-puE)>1-— [ —
n(E) n(ES) > on )., Ton

For w € F it turns out |F§| > 5n, i.e., for at least half of the 10n functions
fj» 3 = —bn +1,...,5n, the integral estimate A“(f;) is computed by no more
than 4n nodes. Indeed, from Markov’s inequality for the uniform measure v on
({-5n+1,...,5n}, 2{_5”+1""’5"}) and the corresponding expectation E,, together
with the definition of E/ we see that the number of f;’s whose corresponding nodes
exceed 4n is less than half:
{je{-5n+1,....,6n} | M(f;,w)>4n}|

10n

v({7 | M(fj,w) > 4n})
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5n
1 1 1 1
< —E,J[M(f,w)]=—" — M(fj,w) < <.
Jj=—b5n+1
Next, we will show |F¥| > |F¥ .| — 1 for i = 1,...,4n. For this, we will show

that, given w € F, the first 4 quadrature nodes of A“J ( fj) for f; € Fy are uniquely
determined, independently of f; € F}”.
To see this, first fix f; € F{* C F;”, arbitrarily. By construction of F;”, the inter-

val ¢; does not contain any of the first i —1 nodes zgj), . 73%@1 of A“(f;). Although
the next node mgj ) is (possibly adaptively) determined by the set of mgj ), ceey 57 )1
and f; (xgj ..., fj(xl({)l), these function values are all equal to 0. Now recall that

the first node xg]) = x1 of A¥(f;) does not depend on f;, since initially we do not
have any information on f;. Therefore, by the recursive definition of F}’, we see
that for f; € FY the first ¢ quadrature nodes of A“(f;) are all equal for f; € FY,
independently of the corresponding index j. Indeed, for f;, f;» € F;*, we have

= e(a 2D D) D)
:¢€(x1793gj)a-- ‘ng)lvoa"'vo)
zz/)g(xl,xgj ),. xéj )1,0,...,0) = a:gj) for ¢=2,...,min{i, M(f;,w)},

and if min{i, M(f;,w)} = M(f;,w) then for £ = M(fj,w)+1,...,i the point z’’
does not exist. Here, note that if M(f;,w) < ¢ then M(f;,w) = M(f;/,w), and if
i < M(fj,w) then i < M(f;,w). Indeed, for £ =1,...,1, the Boolean function
satisfies

teI‘g( (J)a g P ij)mf"( gj))v"wfj'(xéj)))
= terg(xy @) :céj), . xg]),(),...,())

*ter/( (9) x;]), . ilig]), j(azﬁ”),...,fj(zﬁ’))).

Now, for f; € F{*,, we have f; ¢ F° if and only if :cgj) € t;. Since the i-th
node x(J) can be contained in at most one interval ;; = ((j — 1)/n,j/n) among

the supports (i), corresponding to (fi)r C F,, the above argument leads to
{f; € FiZq | fj & FP} < 1, and thus

[Fi| = [Fi2, - 1.
Therefore, |F,| > |FY| — 4n > n holds.

Now, from Fy, C Fy, for f; € Fj, no quadrature point of A“(f;) is in the
support of f;. Therefore, |Fy,| > n means that among 10n functions f;, j = —5n+
1,...,5n, at least n of them have no quadrature node of {A“(f;)}j=—5n+1,.. 50 in
their supports. Hence, for these (at least) n functions, the function values used in
A¥(f;) are all 0, which also holds true for —f;. Therefore, for these f;’s, we obtain
the equality A¥(f;) = A¥(0) = A¥(—f;) and

(I(f;) = A“(f;)? + (L(=f;) = A°(=f))?
= (I(f;) = A“(f;))? + (=1(f;) — A“(f;))?

= 211+ 204()) 2 201 >
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For the rest of the (at most 4n) functions, (I(f;) —A“(f;))?+ (I(=f;) — A“(=f;))?
is trivially bounded below by 0.
Applying the results to , we obtain

2 1/2
n 7 In N
rmse A > E . — . Q _ O >
A Ha) 2 <“( ) <10n 2o+l T 10n >) ~ 2y/Bpat1/2’
which completes the proof of the theorem. ([

Remark 2.3. The idea of proving a lower bound on the randomized error by the
average-case error over bump functions with mutually disjoint supports goes back
to Bakhvalov [1]. We also refer to [14, Chapter 2] and [I7, Chapter 17] for more
information on error analyses for the randomized setting.

3. RANDOMIZED TRAPEZOIDAL RULE

Here we develop a randomized quadrature rule A that achieves the almost op-
timal rate of convergence in the sense of the worst-case RMSE e"™%¢( A, H,). This
algorithm is based on the suitably truncated deterministic trapezoidal rule we con-
sidered in [9], which is given by

2T 2 2j
v = L ) witn € =T (2 1) =01,
j=0

Here, n denotes the number of nodes and 7" > 0 is a parameter that controls the
cut-off of the integration domain from R to [~7,T]. As shown in [9], Ay ; turns
out to achieve, up to a logarithmic factor, the optimal rate of convergence in the
sense of the worst-case error in H,, for any integer o > 1.

In this paper, we introduce its randomized counterpart that makes e"™¢( A, H,,)
small. In what follows, we denote the cumulative distribution function of the stan-
dard Gaussian distribution by ®.

Algorithm 3.1. Let f : R — R, n >4 and T > 0 be given. To approrimate the
integral I(f), with independent random variables My ~ U{|n/2],...,n — 2} and

0 ~U(0,1), we define the randomized trapezoidal rule A, r = (A%}’B)th by

Mx—1

6) AN =I5 S FE)NE) + B-T) () + (1~ BT S )
j=0

Ly

where we let 2+ 6)
* J+ .
=T — -1 =0,..., M, —1,
5‘7 ( M* ) b j ) )
and the end nodes &g and iy, are independent of My and sampled from the
truncated normal distributions on (—oo, =T and [T, 00), respectively.

Each node ¢; in the first term of (6) is uniformly distributed over the interval
(T(2§/Mx—1),T(2(j+1)/Mx—1)),5=0,..., Ms—1. For ' and & ight» We specify
only their marginal distributions, truncated normals. Any random variables &
and i, having the marginals specified above that are independent of Ms, in
particular those that are not independent of {;’s, allow the results in this paper
to hold. For instance, one straightforward implementation is to use the inversion
method, i.e., &g = @71 (0®(=T)), and &y, = @71 ((1 = 8)®(T) + §), where § is

as in Algorithm As such, we omit &y and & from the notation Aﬁ/’[}’é.

*
right
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However, in view of implementation, sampling from such truncated distributions
by the inversion method can be numerically unstable and inefficient when T is large;
see [4]. As pointed out therein, one needs to be careful when using the inversion
method for the right tail of the distribution. Hence, it can be more convenient to
sample them independently by other methods. We refer to [5, Chapter 9.1] and
[B, 4] among many others for random number generation from the tail of normal
distributions.

In Algorithm[3.1] the cut-off parameter T' > 0 should be carefully chosen depend-
ing on n (and «). This point will be discussed later in this section. The symmetry
of the standard Gaussian distribution around 0 implies ®(—7") =1 — ®(T') for any
T > 0, i.e., the function values at . and ffight are weighted equally in A%}’é.
We emphasize that A, r is a randomized non-adaptive linear quadrature rule;
My, b, &y and iy, are the only w-dependent components of A, r and neither
depends on the integrand f. Furthermore, we have #(A, 1) < n. This is because
M, ~ U{[n/2],. — 2}, and moreover, for each realization of My and d, the
deterministic rule A }’6 utilizes Mx+2 nodes: {lops Efigne, and &5, 7 = 0,..., M —1.
Hence, our result in Theorem [B-3| below shows that adaptivity and nonhnearlty are
not needed to achieve the optimality (up to a logarithmic factor) in the sense that
is considered here (cf. the general lower bound in Theorem [2.1)).

3.1. Unbiasedness and error estimation. Before proving an upper bound on
e™(A, 1, Ha), we show that our randomized quadrature rule is unbiased and

allows for practical error estimation. Let us start by showing the unbiasedness of
Ap.

Lemma 3.2 (Unbiasedness). Let a > 1, n > 4, and T > 0 be given. For any
f € Ha, we have

1 n—2 1

B 0] = iy

=[n/2]
o . M5

Proof. Substituting @ into E [An’T (f)}7 we have

o Mes

E[A)5(5)] =E Z G D(=T) (§r) + (1= D(T)) f(Ehgn)

p Mxl
=FE

+ <I>(—T) [f(&eft)] + (1= @(D))E [f(&igne)] -
For the first term on the rightmost side above, we have

Mx—1

= Z FE)(E)

n—2

1 Vlor et
Zm Z A m*Zf(ﬁj)P(ﬁj) dé

my=|n/2] ¥ j=0
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n 2
1 2T /
= —-—mmmmmmmm f
n—1-— Ln/QJ _WZJ o Z
n—2 T(2(j+1)/m.—1)

1 my—1
= m Z Z / f(x)p(x) dz

*[n/QJ 3=0 T(2j/m«—1)

1 T
S Z / f(@)p(x)dz = [T f@)p(x)dx

me=|n/2]
where the third equality follows from the change of variables © = T'(2(j+6)/my —1)
for each j =0,...,m, — 1. Regarding the second term, since &}y, is independent of

M., we have

-7
B(—T)E [f (&) = / f(@)p(z) dz

In a similar way, for the third term it can be shown that

rlght / f
Altogether we obtain

]E M*’ /f dx+/ flz )dx—i—/TOOf(:c)p(x)dx
SRLC 1),

which proves the statement. [

(1-2(T)E

In practice, we use the approximation

1 M 50

Apr(F) =23 A0 " (D =I),
i=1

with » € N independent random variables

1 ,(1 ,(1 T r S(r (7
(M( ) 5(1 lef(t)7 rigfht))’ (M( : 5" glef(t ’ riéh‘z)

G{LWJ?J,...,H*?}X(O,I) (700,7T}X[T>OO)7

which can be easily generated. Lemma yields an error bound and a practical

error estimator for this algonthm.
M 5 . . . .
From Lemma An T (f),i=1,...,r, are independent and unbiased esti-

mators of I(f). Thus A, 7(f) is also an unbiased estimator of I(f), and thus

@ B | (4 - 100) | = 22| (425 - 1) ]
and
®  =|(@aw-10)] -2 | (@ -E[Aa0]) ]

As we shall show in the proof of Theorem with a suitable T > 0, for
any f € Ho the mean-squared error can be bounded as E[(A%}’é (f)—=I(f)? <
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yet1/
CZAFI2 %, where Cy » > 0 is a constant depending on a and A but inde-
pendent of f, and thus implies the error bound
(ln n)a+1 /2

E [(AnT(f)— I(f)>2] <C? A||f||2 n2a+1

From , the sample variance
1 r M 5 —\?
9 —_ A K —A
) e 2 (5 ) - A
=1
can be used as an online, unbiased mean-squared error estimator.

3.2. A bound on the root-mean-square error. As the second main result of
this paper, we show an upper bound for the worst-case RMSE e"™*¢(A4,, 1, H,):

Theorem 3.3 (Upper bound on the worst-case RMSE). Let o« > 1 and n > 4 be
given. Fixz X\ € (1/2,1) arbitrarily. Then, with

2 1
Ot ),

(10) =T

A1 asin Algorithm@ satisfies

(hl n)a/2+1/4
ermSC(An,T7Ha) S Ca,)\w,
where Cy » > 0 is a constant depending only on o and A.

This rate is optimal up to a logarithmic factor in the sense of the worst-case
RMSE; indeed, Theorem [2.1{ shows that the optimal rate is O(n~*~'/2). To prove
this theorem, first we need some preparations.

Remark 3.4. In Theorem the parameter A\ € (1/2,1) does not affect the
convergence rate, including the logarithmic factor. However, it does change the
constant Cy . This change is caused by changes of (i) the choice of the cut-off
parameter T and (ii) the constant C7, y, both of which depend on A; see (16) and
. ) below. For increasing A, T increases but C7 . decreases. It is not very straight-
forward to find the optimal A minimizing the constant and this is out of the scope
of the present paper.

3.2.1. Auziliary results. Because our algorithm is based on the trapezoidal rule yet
the integrand is not assumed to be periodic, error analysis requires extra work.
First, we introduce the following notations for an a-times weakly differentiable

function F: R — R. Let F(7) denote its 7-th weak derivative for 7 = 0,...,«
Define
IFNG == sup [IF[|g,;
ICR
[I]<o0
with
1/2

1Fl5, = <a21 (/I F7(x) da?)z—I—/IlF(“)(x)de)

7=0
and for A € (1/2,1),

”FHa,)\,decay = sup

‘eu—mz/zF(r)(x)‘ ’
z€R,7€{0,...,a—1}
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allowing this quantity to be infinite. It turns out that f € H, implies || fp||% < oo,
and || fplla,x,decay < 00, as we showed in [9, Proof of Theorem 4.5].

Lemma 3.5 (Norm inequality). Let o > 1 and X € (1/2,1) be given. For f € H,,
let F(x) := f(x)p(x). Then, we have

1Ele + [1F]

a,\,decay < C;,A”fl‘a

with a constant C, \ > 0 depending on a and A but independent of f.

Moreover, following [9] we use the following periodization as an auxiliary
variable. We refer to [9, Lemma 4.1] for a proof.

Lemma 3.6 (Auxiliary periodic function and its properties). Let « > 1 and T > 0
be given. For f € Hq, let F(x) := f(z)p(x) and define G : [-T —d, T +d] — R by

. B @) (7 (r)
(1) Gla) = Fw) = 30 5 ( | FOwa).

T

orxz € [T —d,T +d|, with an arbitrarily small d > 0, where BL_T’ denotes the
f [ ) ) y )

scaled Bernoulli polynomial of degree 7 on [-T,T], i.e.,

BT (z) = (27)7 ' B, (a: + T)

2T

with B, being the standard Bernoulli polynomial of degree 7. Then, the following
holds:

(1) The function G preserves the integral of F on [-T,T]:

/2 Gl de = /TT Flz)de = [ TT f(@)p(a) da.

(2) The function G is (a—1)-times continuously differentiable on (=T —d, T+d)
with GC=Y) being absolutely continuous on [T, T), and satisfies G (=T) =
GUNT) for allT=0,...,a — 1.

(3) The norm of G is bounded above by that of F':

GG 7y S WENG -1 »

where we note that ||G||7, (7] s well defined, since the continuous differen-

tiability and the absolute continuity above implies the weak differentiability
of G on [=T,T] for all 7 < o — 1.

The functions defined above will be used to analyze the integration error on
[-T,T]. In the proof, we decompose the integrand f(z)p(z) into two parts; the
periodic part which is represented by G(z), and the non-periodic part. We use
I/ pll% to control the integration error of the periodic part, while the error of the
non-periodic part is controlled by || fp|la,x decay, @s can be seen in the proof of
Lemma below. The cut-off parameter T' in is given in such a way that
these two errors are balanced. To control the error on the tail regions (—oo, —T]
and [T, 00), we only need [|f||12, as shown in the proof of Lemma below.

Remark 3.7. The method of periodizing a function by adding Bernoulli polynomi-
als in was first introduced by Korobov [10], and also studied by Zaremba [26],
in the context of numerical integration. This method was originally proposed for
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numerically integrating non-periodic functions on a multidimensional box. This pe-
riodization is referred to as Bernoulli polynomial method in [20, Section 2.12]. Re-
cently, a new proof strateqy was developed for a class of quasi-Monte Carlo methods
n [18], where this periodized function was used as an auziliary function only ap-
pearing in a proof, but not in the algorithm. In particular, [I8] showed that G(z)
is an orthogonal projection of F(x) in a suitable sense, from one kind of Sobolev
space to a corresponding periodic Sobolev space, in a multidimensional setting. This
implies the norm inequality shown in Lemma . 3. In [9] the authors applied this
proof strategy for the Gaussian Sobolev spaces.

3.2.2. Proof of Theorem [3.3 - Let us prove Theorem [3.3] It follows from the proof
of Lemma [3.2]and Jensen’s inequality that, for any f € Ha, the mean-squared error
of A, r(f) is bounded above as

B [(Aﬁf;é(f) ~101)]
]VI* 1

=E M Z F(E)p(EG) + (=T)f (Eiet) + (1 = B(T)) f (&igne)

T _T 0o 2
- / NETCS / @l de - /T f(@)p(a) dz>
2

or et T
<32 || 5 3 S60E) - |t da
-7 2
(12)  +3E <@<—T>f<af;&>— / f(x)p(m)dx)
e’} 2
1 3E ((1—@(T>>f<5;zght>— / f(x)p(x)dfv) ]

Thus it suffices to give an upper bound on each term of . In Lemma below,
we show an upper bound on the first term. And then in Lemma[3.9] we show upper
bounds on the second and third terms.

Lemma 3.8 (Upper bound on the RMSE for [-T,T]). Let « > 1, n > 4, and
T > 0 be given. Fiz X\ € (1/2,1) arbitrarily. For any f € Hy, the first term of
is bounded as

1 T
B3 2 7€) - [ @l ds

< ( * )2||fH2 202 maX{l, (2T)2a} N 92a+520+1
> (Lgoa o e(1-2)T? m20p20+1 s

with CF \ > 0 being the same constant as in Lemma@
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Proof. Let us consider the auxiliary periodic function G : [-T,T] — R defined in
(11). From Lemma 1, we have

E Milf - if(x)p(x)dx
_E ]2”T ”j*zol (F(g;)G(g;))+ﬁf§lc(g;)/20(x)dx 2
<2m ||+ NE (F&) - G(E)) 2

(13)  +2E ﬁi*z:c:(g;)/ic:(m)dx ?

For the first term of , it follows from the periodization that, for both
M, and ¢ given,

o1 M2 1

G(€))

Jj=

0
2
M* 1 « [-T,T) T
1 Br (,5,)
= 4772 _= >3 / F(y)dy
(M* -T ( )

7j=0 7=1
<417 za:

T:l

2
< (amax{L, (2T)"HF s ecay =4 NT/2)

‘F'r 1) T)_F(rl)(_T)Dz

(14) < a®(C3 2201112 max{1, (27)*} e~ (VT

where we used |B[_T’T( )/ < (2T)T*1/2 for x € [-T,T], shown in [12], to get
the first inequality, and applied Lemma [3.5] in the last inequality. Since the bound
(14) does not depend on the realization of M (w) or on that of 6(w), the first term
is bounded above by this bound multiplied by 2.

Let us move on to the second term of . Lemma 2 implies that G has the
pointwise-convergent Fourier series

ZG [ TT] (2),

kEZ

where {(ﬁE:T’T} (z) := exp(2mik(x + T)/(2T))/V2T | k € Z} forms an orthonormal
L?([-T,T)) basis and G(k) denotes the k-th Fourier coefficient

/ G(2)ol T (z) da.
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Besides, it follows from the square integrability of G(® that G(® has the L?-
convergent Fourier series

6 a) = G Wk ") = 3 () 6o o)

kEZ k€EZ
see [9 Proof of Lemma 4.1]. Therefore, regarding the second term of , for My
and ¢ both given,
My —1 o Ml

2T /G ZZG T ey — V2T G(0)
j=0 keZ
—ZG 2T Mil(b[ TT] \/ﬁG( )
keZ

holds, in which, for any k € Z, we have

My —1 —— My —1 — My —1
2T TT] ) _ 2T e27rik(5;+T)/(2T) 2T Z 627mk: (§+68)/Mx
J M,
j=0 7=0
wiks for Mx 1
_ e2 /Mx 2T Z 627Tik(j/M*)
M .
7=0
(15) e kM DT if k=0 (mod M),
o otherwise.
Therefore, we obtain
ol (2T M* ! / Glo
M
Jj= O

—E S mMMOTG k)

kez\{0}
k=0 (mod Mx)

=2TE oo DM GRG0
k,6€Z\{0}
k=0 (mod Mx)
27 = =
_ Z Z G(k)G(g)/ e27m(k—€)5/m* dé
n—1-|n/2] ma=ln/2]  keZN{0} 0

k=0 (mod my)

2T n—2 R ,

my=|[n/2| kez\{0}
k=0 (mod m,)

oT R n—2
:m Z |G(k)‘2 Z Xm k>

keZ\{0} my=[n/2]
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where, in the last line, x,,, |1 is equal to 1 if m, divides k and is equal to 0 otherwise.
The last sum over m, counts the number of divisors of &k in {|n/2],...,n—2}, which

n—2

we denote by 77775, (k). Then, Holder’s inequality leads to

2

or " T
El| 0 Z G(&) - _TG(x)dx
7=0
_ 2T A~ 2 _n—2
T a1 [n/2 > 1GWIP 3 (k)
kez\{0}
2T ~ ok \ > [ 2T \*
- 5, o0 () () o
w1 [n/2) kg\:{o} WP 57 ) k) Tv2®
2T ~ 27k \ > 27 \ **
e (s wr ()] s () e
n—1-ln/2 kEZz\:{O} W er kez\{o} \ 27k inra)
9720+ Tz (k)

< Gla-ra sup )
w1 /)] |01 SR ke

where we used Parseval’s identity for the last inequality; see [9] Proof of Lemma 4.1].
We trivially have T[Ln_/gj (k) = 0 for any |k| < [n/2]. For the case |k| > |n/2], since
m, divides k if and only if k/m, is an integer, T[Ln_/z | (k) is bounded above by the
number of integers contained in the interval

oo )

Therefore, we have

n2 || || |K| |k ||
k) < — 1< — l=——+1.
UYL oy e S T Ry R e s
Using this bound, noting o > 1, the supremum over k above is bounded by
n—2
Tln/a) (k) 1 k 1 In/2) 920-+1
[n/2] n
sup ——5— < sup <—|—1>= < +1)§ ,
kez\{o} K k>|ny2) K2 \n — 2 [n/2]2* \n—2 n2e
which, together with Lemma [3.6]3 and Lemma [3.5] yields
2
My —1 T 20+272a+1
2T 2 T
E ) — d < |G|I?
M, ; G(&]) \/—T G(.’E) L = ||GH(1,[7T,T] 7T2a(n 11— Ln/2j)n2a

2a+472a+1
< ( * )2||f||2 ﬂ
= a, A & r2ap2a+l :

Now that we have obtained upper bounds on the two terms of , we complete
the proof. O

The benefit of choosing the number of nodes M, randomly manifests itself in the

proof of Lemma As indicated in , the trapezoidal rule with a fixed number

of nodes m does not give exact values for integrating Fourier modes ¢L_T’T] =

exp(2mik(x+T)/(2T))/V2T, k # 0, if k is a multiple of m. Thus, if the number of
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nodes is fixed, due to the amplitude of the k-th Fourier coefficient of the periodized
function G with k being a multiple of m, the best RMSE attainable is already of
order m~® and not less (cf. the proof of [0, Lemma 4.1]). Although this rate is
optimal in the sense of the (deterministic) worst-case error (cf. [@]), in view of
the lower bound in Theorem we need a half rate extra for A, r to be optimal in
the sense of the worst-case RMSE. By choosing M, randomly, on average we can
avoid the situation where k is a multiple of m, which leads to an improved, optimal
rate of the RMSE.

Not all quadratures require randomization of the number of nodes to achieve the
optimality. Indeed, using (scaled) higher-order scrambled digital nets from [6] for
the nodes &7, instead of the equispaced points as in @, following a similar argument
as above, the same rate (up to a logarithmic factor) turns out to be achievable. Note
however that constructing higher-order nets requires the smoothness parameter « as
an input to attain the optimal rate of the RMSE for smooth non-periodic functions,
which makes it hard for the resulting randomized algorithm to be free from « in
the construction. Algorithm [3.1] compares favorably in this regard, as we discuss
later in Remark [3.111

Lemma 3.9 (Upper bound on the RMSE for tails). Let o > 1, n>4, andT >0
be given. For any f € Hy, the second and third terms of are bounded as

E (@(—T)f(ff;m— / f(ff)p(x)dx) <=

and

E

(020 - [ 1o )]_Ilflla e

respectively.

Proof. We give a proof only for the bound on the second term of since the
bound on the third term can be proven in the same way.
From the proof of Lemma [3.2]

-7
E[(—T)f(¢h)] = / f(@)p(x) dz
holds, and thus

T 2
E (‘P(T)f(if‘eft) / f(a:)p(x)dx>
= E[(@(-T)f(Er))’ ( / fla )

< E[(®(~1)f ()] = 2(-1) / F@)p(a) da
< S(=T)| 1|2 < B(~D)| 7|2,
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in which we have

1 -T 2 1 i 2
O(-T) = — e 2 dr = — e /2 dx
( ) v 2T /_oo Vo Jr
1 < x 2 e~T°/2
< 7/ Zem 2y = )
“VorJr T T\ 2w
This proves the result. ([l

Applying the results from Lemma [3.8 and [3.9)to (12)), we obtain

B |42 - 10)]

. 20(2 max 1’ 2T 2c 22a+5T2a+1 6
< 3(CL A1 e ) W=
e( ) =N \/ﬂTGT /2
so that
Vs 2 1/2
ermse(An)T7HQ) = sup (E [(An,;) (f) - I(f)) :|>
feHa
Iflla<1
(s . ) 2042 HlaX{L (2T)2a} 22a+5T2a+1 6 1/2
< 1 3(Can) o(1I—N) T2 m2ap2a+l + V2rTeT?/2

Choosing the cut-off parameter T" according to , we have 7' > 1 and
Ta+1/2

(16) ermse(An’T,/Ha) < W

1/2
6
3 22a+1a2+ﬁ—2a22a+5 * 2+ )
( ( )( a)\) \/ﬁ

_ (Inm)/2+1/4 20+ 1\ 20412 —2a92a+5) ((* 2 6
(17)* na+1/2 1—\ 3 (2 o+ 2 ) (Coz,k) + E ’

which completes the proof of Theorem [3.3]

Remark 3.10. The quadrature for the tail ®(=T)f(&fg) + (1 — (1)) f(&igne)
the algorithm @ are utilized only to make the estimator unbiased and thus to obtain
the empirical error estimator (9). Indeed, the rate O(n=*"1/2(Inn)*/2+1/4) as in
Theorem can be established even without these nodes, since under the decay of
the integrands assumed, the dominant error comes from the integration error on

[—T,T) as in Lemma[3.8

Remark 3.11. In Theorem[3.3, the cut-off parameter T' depends on the smoothness
parameter a. This may be a problem in practice, since the smoothness of the target
integrand may be unknown. One way to make the algorithm independent of «,
as we did in [9, Corollary 4.4], is to replace « in with any slowly increasing
function v : N — [0,00), such as y(n) = In(n) or v(n) = max{In(ln(n)),0}. The
resulting randomized trapezoidal rule does not require any information about o, but
still achieves the optimal rate up to a factor of (y(n)Inn)®/2+1/4,

4. NUMERICAL EXPERIMENTS

We conclude this paper with numerical experiments for our randomized trape-
zoidal rule A,, 7. In what follows, all computations are carried out in double pre-
cision arithmetic using MATLAB 2020a. Let us consider the following three test



OPTIMAL RANDOMIZED QUADRATURE FOR GAUSSIAN WEIGHT 19

0 T T T T T 0
108
20
30
40

-50 -

log, MSE
log, MSE

-60 -

=70 -

-80 -

-90 -

-100 : : : : :

2 4 6 8 10 12 14
logy logy

FIGURE 1. Mean-squared error for f; with various values of p. In

the left panel, the cut-off parameter T' is chosen as in (10)); in the

right panel, T" is chosen independently of a.

functions with different smoothness:

fi(z) = f1p(z) = (max{z,0})?, withp=1,2,3,

e~ 1= for |z| < 1,
fa(x) = = .
0 otherwise,

f3(z) = (tanh(z))2.

The function f1 = f1, satisfies f1 € H, and f1 ¢ H,y1, which we exploit to check
how well our theory explains the error that the estimator estimates. The functions
f2 and f3 go beyond our theory, in that the Sobolev class does not capture their
smoothness; they are infinitely differentiable and bounded on R and thus are in H,,
for any a € N. Note that fs is analytic, while f5 is not.

Throughout the following experiments, we set A\ = 0.51. We estimate the mean-
squared error by following @D with 7 = 50 and n being powers of 2. The reason
why we estimate the mean-squared error instead of the RMSE is only because of
the fact that the square root of @[) is not an unbiased estimator of the RMSE. We
also stress that, even though fo and f3 go beyond our theory, the practical error
estimator @ is still valid.

For f1, we test two cut-off strategies to choose the value of T. One way is
choosing T" depending on o and we set o = p for fi = fi,; see in Theorem |3.3
Another way is to use our a-free cut-off, in which we replace « in with y(n) =
max{In(In(n)),0}; see Remark Figure (1| presents error decays for f; with
varying values of p, with two cut-off strategies outlined above. As expected from
the theory, the convergence rate of n=2P~! is achieved for each value of p. Moreover,
we see that our a-free choice of the cut-off parameter does not deteriorate the
performance of the randomized trapezoidal rule, which supports our theory.

For the functions f; and f3, we conduct the experiments only for the a-free choice
of the cut-off parameter T. Figure [2| shows the results. Since the functions are
infinitely smooth, the mean-squared error is expected to decay at least at the rate
n~29~! for any finite . In fact, we observe that the error decays super-algebraically
fast until it drops down to around 27'%0. This error decay is consistent with our
theory. Nevertheless, it does indicate that our theory may not be suitable for
providing sharp error estimates for infinitely smooth functions. For such functions,
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FIGURE 2. Mean-squared error for fs and fs.

it may be useful to employ function classes used to analyze e.g., analytic functions.
We refer to [211,22] for error estimates of a deterministic trapezoidal rule for analytic
functions. Setting the theory aside, we again stress that the crucial advantage of
our randomized rule is that it allows for an error estimation, which is quite hard
for deterministic quadrature rules.
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