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Abstract

We introduce a new non-resonant low-regularity integrator for the cubic nonlinear Schrédinger
equation (NLSE) allowing for long-time error estimates which are optimal in the sense of
the underlying PDE. The main idea thereby lies in treating the zeroth mode exactly within
the discretization. For long-time error estimates, we rigorously establish the error bounds
of different low-regularity integrators for the NLSE with small initial data characterized by
a dimensionless parameter £ € (0,1]. We begin with the low-regularity integrator for the
quadratic NLSE in which the integral is computed exactly and the improved uniform first-
order convergence in H" is proven at O(e7) for solutions in H” with r > 1/2 up to the time
T. =T /e with fixed T' > 0. Then, the improved uniform long-time error bound is extended
to a symmetric second-order low-regularity integrator in the long-time regime. For the cubic
NLSE, we design new non-resonant first-order and symmetric second-order low-regularity
integrators which treat the zeroth mode exactly and rigorously carry out the error analysis
up to the time 7. = T'/e2. With the help of the regularity compensation oscillation (RCO)
technique, the improved uniform error bounds are established for the new non-resonant low-
regularity schemes, which further reduce the long-time error by a factor of €2 compared with
classical low-regularity integrators for the cubic NLSE. Numerical examples are presented
to validate the error estimates and compare with the classical time-splitting methods in the
long-time simulations.

Keywords: Nonlinear Schrodinger equation, low-regularity integrators, symmetric scheme,
long-time error bound, regularity compensation oscillation

1 Introduction

We consider the following quadratic nonlinear Schrodinger equation (NLSE) with small initial
data on the one-dimensional (1D) torus T = (—m, 7) [7,32,[33,40]

ipu(z,t) = —0ru(w,t) +u’(z,t), z€T, t>0,
u(@,0) = e4(z), zET,
and the cubic NLSE [5LI5]142]45]
idpu(x,t) = —02u(x,t) + |u(z, t)|*u(x,t), z €T, t>0,
u(@,0) = eg(x), wET,

(1.1)

(1.2)
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where i = \/—1, u(x,t) € C is the complex wave function/order parameter with the spatial
coordinate = and time ¢, ¢(x) is a given complex-valued function, and € € (0, 1] is a dimensionless
parameter to characterize the size of the initial data. For notational simplicity, we focus entirely
on the 1D case in this paper, but we note that the constructions and analysis extend verbatim
to the study of low-regularity schemes for the NLSE considered on the d-dimensional torus T¢.

The nonlinear Schrédinger equation (NLSE) as a canonical dispersive partial differential
equation (PDE) plays a significant role in many fields including physics, chemistry, biology and
engineering [1,[41144]. The specific forms of the nonlinearity are related to diverse applications.
Specially, the quadratic NLSE appears in nonlinear optics for the optical material with a y(?
(i.e., quadratic) nonlinear response, laser-plasma interactions and wave propagation in nonlinear
fibers [TOLI8,19]. The cubic NLSE, also called Gross—Pitaevskii equation (GPE), is widely used
to describe the Bose-Einstein condensate (BEC) [51[411[43]. In the analytical aspect, a great
deal of effort has been put into the Cauchy problem for the NLSE including the existence and
uniqueness of the solution as well as the asymptotic behaviour in time [8/[15,27,40]. Recently,
increasing work has been devoted to the study of the long-time behaviour of nonlinear evolution
equations and the effect of the nonlinearity to the solutions [7,[I3[24]. The lifespan of the
semilinear Schrodinger equation with small initial data has attracted much interest, which shows
that the lifespan of the quadratic NLSE (ICI)) and the cubic NLSE (L2) is at least O(e~!) and
O(e72), respectively [7LBTL37,45].

Rescaling the amplitude of the variable by introducing w(z,t) = u(z,t)/e, we have the
following quadratic NLSE with O(e)-nonlinearity and O(1)-initial data

iopw(z,t) = —02w(w,t) + ew?(z,t), €T, t>0, (13)
w(z,0) = ¢(x), xeT, '
and the cubic NLSE with O(g?)-nonlinearity and O(1)-initial data
i0w(z,t) = —0%w(x,t) + 2 |w(x, t)Pw(x,t), x €T, t>0, (1.4)
w(z,0) = ¢(x), xeT. '

In fact, the long-time dynamics of the quadratic NLSE (L3]) with O(e)-nonlinearity and O(1)-
initial data is equivalent to that of the NLSE (ILI)) with O(1)-nonlinearity and O(e)-initial data.
The equivalence of the long-time dynamics for the cubic NLSEs (L2]) and (L4) is similar.

Over the past decades, many accurate and efficient numerical methods have been proposed
to solve the NLSE including the finite difference methods, exponential integrators, time-splitting
methods [3,[17,20,29,[86]. According to these error estimates, time-splitting methods and ex-
ponential integrators for the NLSE require two additional derivatives, i.e., ¢ € H™?(T?) with
r > d/2 to get first-order convergence in H"(T¢) and finite difference methods require even more
regularity of the initial data. For nonsmooth initial data, a low-regularity exponential-type inte-
grator was proposed to get first-order convergence in H"(T?) for ¢ € H™1(T%) in the cubic case
and no additional regularity is required for the quadratic case [39]. Later, filtered low-regularity
schemes were proposed which allow for low regularity estimates thanks to discrete Bourgain
spaces and discrete Strichartz type estimates [34138,[47]. The low-regularity schemes are also
called resonance-based schemes due to the construction around Fourier based expansions of the



solution and the underlying resonant structure of the equation [9]. In addition, the resonance-
based schemes are introduced to approximate the dynamics of other dispersive PDEs such as the
KdV equation and the nonlinear Klein-Gordon equation [12|30l35] with a framework shown in [9].
However, existing error analysis is so far restricted to finite time 7' = O(1), see [12130,[35,39]
and the references therein. Deserve to be mentioned, a symplectic low-regularity integrator for
the KdV equation was presented that preserves the geometric structure of the problem [35]. The
NLSE is time reversible or symmetric, i.e., it is unchanged under the change of variable in time
as t — —t and taken conjugate in the equation [3]. It is important to apply the symmetric
scheme to discretize the NLSE such that the symmetric property is still valid at the discrete
level. Also, the geometric property is essential to control the long-time behaviour of numerical
schemes [106,/46].

In the long-time regime, the behaviours of different numerical schemes for the NLSE on the
compact domain have been studied [14,2223|2526]. For the time-splitting method, the improved
uniform error bound was proven at O(e?72) for the long-time dynamics of the cubic NLSE up
to the time of order O(1/e?) via the regularity compensation oscillation (RCO) technique with
the regularity assumption u € H°(T) [6]. However, as far as we know, there is no work on the
long-time error estimates of the low-regularity schemes for the NLSE up to now. The aim of
this paper is to carry out the long-time error bounds on different low-regularity schemes for the
NLSE. For the quadratic NLSE, we focus on the classical first-order and symmetric second-order
low-regularity integrators and rigorously establish the improved uniform error bounds up to the
time T, = T'/e with fixed T" > 0. However, for the cubic NLSE, the classical low-regularity
schemes just obtain uniform error bounds up to the time of order O(1/£?). Note the appropriate
long-time regime for the cubic NLSE is at the time of order O(1/¢2) as opposed to the time of
order O(1/¢) (the latter regime is natural for the quadratic case, cf. ([L3) vs. (L4])). Indeed, some
of the most successful low-regularity schemes (cf. [939]) are based on an iteration of Duhamel’s
formula in the twisted variable v = exp(—itd?)u which leads to an approximation of the form

.
. . 2 2 2 2 . 2 2 2 2 ~ ~ ~
vty +7) R Y e Y TR / e EHR=B1) 45y (4,01, (tn ) D1, (En),
—_——
12 1,la,l3€Z —F, 0
l=—l1+1l2+13

:;]_-2

where 9; are the Fourier coefficients of the unknown function v. The low-regularity integrator
in [39] is then constructed from this expression by approximating exp(is(i? + 12 — 13 — 12)) ~
exp(2isl?). From our analysis based on the regularity compensation oscillation (RCO) technique
in section 3.2] we deduce that summation of the factors F; leads to cancellation of their error
contribution in the long-time regime whenever their phase is non-zero, i.e. whenever 12 + [ —
13—13 #0.

As a result, at the time of order O(1/¢?) the dominant contribution to the error arises from
the zeroth mode, i.e. the terms when [ + 12 — [3 — l§ = 0. Our novel idea is then to treat
this particular mode exactly, meaning we do not approximate the integral in F5 for which we
have the exact expression fOT 1lds = 7. This idea leads to improved performance in the long-time
regime, and allows us in particular to prove improved uniform error bounds using the RCO
technique. Further details on this construction can be found in section B.] but let us briefly
mention a numerical example shown in Figure [Il which highlights how our non-resonant scheme



(“NRLI1”) leads to significantly improved long-time behaviour in comparison to state-of-the-art
resonance-based low-regularity integrator for the cubic NLSE [39] (“Ostermann & Schratz '18”).
In this particular experiment we take initial data in H? and a fixed time step 7 = 0.05 for various
values of . Further detailed numerical results are provided in section Ml
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Figure 1: Comparison of long-time error of low-regularity schemes.

The rest of the paper is organized as follows. In section 2, we present the first-order and
symmetric second-order low-regularity integrators for the quadratic NLSE and rigorously estab-
lish the improved uniform error bounds up to the time 7. = T'/e. In section 3, we design new
non-resonant first-order and symmetric second-order low-regularity schemes for the cubic NLSE
and carry out the error bounds up to the time 7. = T'/e?. Numerical results for the long-time
dynamics of the NLSE are shown in section 4. Finally, some conclusions are drawn in section
5. Throughout this paper, the notation A < B is used to represent that there exists a generic
constant C' > 0 independent of the time step 7 and e such that |A| < CB. We always let r > 1/2

and denote by || - ||, the standard H" = H"(T) Sobolev norm and exploit the well-known bilinear
estimate

1fgll, < CrllfIl llgll, (1.5)
which holds for a constant C, > 0.

2 Long-time error bounds for quadratic NLSE

In this section, we recall the first-order and symmetric second-order low-regularity integrators

for the quadratic NLSE (3] and establish the improved uniform error bounds up to the time
T, =T/e.

For f € L?(T), we denote its Fourier expansion by f(z) = > ez fie'®. We define a regular-



ization of 9, ! through its action in Fourier space by

_ (Z‘l)717 l 7é 07 . — 1 r ilx
(07 = {0 e 0N @) = Y et (2.1)
’ e 1eZ\{0}
For the so-called ; function defined as
e —1
¢1(2) = : (2.2)
z
by continuity, we have
02 ) e*itl2 -1 l 0
<eZT;> = —itl? "’ 70, (2.3)
* l 1, 1=0.

2.1 A first-order low-regularity integrator

As presented in [39], we introduce the twisted variable v(t) = e "% w(t), which satisfies the
following quadratic NLSE

, 2
iop(x,t) = ce 02 < ”Bzv(ac t)) , ze€T, t>0,
v(z,0) = ¢(z), xe€T.

(2.4)

In the following of this paper, we denote by v(t) := v(z,t) in short, i.e., omit the spatial variable
when there is no confusion. By Duhamel’s formula, the exact solution of v(t) is given as

T . 2
vty +7) =v(tn) — ie/ e iltn+9)0; <el(t"+s)a£v(tn + S)) ds, (2.5)
0

T/

. itH2
, L= — 1. Since €™*?

where t, = n7 forn =0,1,... = is a linear isometry on H" for r > 1/2 and

all t € R, we have

lo(ty +7) —ov(tn)|, <e ||vt + s H ds < et sup |v(t, —|—s)||§ (2.6)

0<s<rt

In the mild solution (2.3), we use v(tn) to approximate v(t, + s) for 0 < s < 7, which leads to

T . . 2
Wty +7) R v(ty) — ic / el CL i () S (2.7)
0

Then, we write the integral in Fourier space as

IT(v,ty) = / " ittt (ei<tn+8>5‘3@) " ds
0

.
_ / o—iltn+9)02 | [ iltn+5)02 Sy eihe piltn+5)02 S anetez | | ds
0
l1 12

/ 3 ittt M+l =8Bl g, 5, itz gy (2.8)
l1,l2



The key relation in the construction of the scheme is
(h+12)* = 1§ = 15 = 2Dy, (2.9)

which allows us to derive the first-order low-regularity scheme without any additional regularity
assumption on the exact solution. Substituting the relation (23] into the integral (28], we
obtain

; 2 2 2
. 2 2 2 ez’r[(ll-f—lg) —ll—lﬂ -1 o )
IT(v,t,) = Z eitn[(li+12)? =13 —13] o vzl%ez(ll“m
i 2ily 1y
11,1270
+ 2760 Y iy, €T + 70
11#0
: it[(li+12)2—12—13] _
_? Z gitn[(l1+12)2 12 -13] € L i)
- " " l1Ul2€
2 I 1y (le)(’blg)
l1,l27#0
+ 27 Z oy, €M — 702
hWEZ
b itn02 | —ir02 [ i(ta+T)02 A—1 \2 itnd2 a—1, ) 2 . o
=3¢ nG e % "\ TT% g Sy ) — (e R0, v ) | 4 2T0gv — T (2.10)

Denoting v™ as the approximation of v(t,) and combining with the approximation ([Z.7]), we have
the first-order low-regularity scheme for v(t) as

vn—l—l _ q)z'n (Un)
= (1 — 2ieTdR) o™ + ieT(00)?
+ %efitnag |:eiT8§ (ei(thrT)ag a;lvn) 2 B <eitn83 a;lvn> 2:| . (211)
Finally, we twist the variable back, i.e., w" = eito: v, then the first-order low-regularity integrator
(LI1) is given as

W™t = (1= 2ieTdl) eTRw + ier (W]

iTO2 o0— n 2 iTO> — n
+g [(BZTaxﬁx Yw ) — €m0 (0, 'w )2] (2.12)

Remark 2.1. Similarly, the low-reqularity integrator was introduced for the following quadratic

NLSE [39]

idpw(z,t) = —0%w(z,t) + elw(x,t)|®>, z €T, t>0, (2.13)
w(z,0) =¢(x), zeT. '
By the same idea, the first-order low-regqularity scheme is
Wt = <1 - z'eTEg) e — jer [w™||22
+ %3;1 [(e”agw") (e*iT%@;l@”) _ ¢iT0: (w"@;lﬁn)} . (2.14)

6



2.2 Improved uniform error bound of the LI1 (212)

In this subsection, we are going to establish the improved uniform error bound on the first-order
low-regularity integrator (LI1) [2I2) up to the time T, = T'/e with fixed T' > 0.

Theorem 2.2. Let r > 1/2 and assume that the exact solution of the quadratic NLSE (L3)
satisfies w(t) € H" for 0 <t <T/e. Then there exists a constant 7o > 0 such that for0 < 7 < 79,
we have the following error bound on the LI1 (212) as

T
M <er. 0<n< LS
T

T~

[w(tn) —w (2.15)

Remark 2.3. The improved uniform error bound on the first-order low regularity integrator

ZI4) for the quadratic NLSE (213) is still valid. We just show the proof of the L11 (Z12) and
omit the detailed proof of the scheme (ZI4) for brevity.

. . 2102
Due to the linear isometry of €% we have

lw(ts) —w"|, = ||e% (u(ts) — v") (2.16)

T

= [lv(tn) = v"||
r

=
then it remains to prove the error bound for v(¢,) as follows.

Theorem 2.4. Let r > 1/2 and assume that the exact solution of the quadratic NLSE ([2.4)
satisfies v(t) € H" for 0 <t < T/e. Then there exists a constant 7o > 0 such that for 0 < 7 < 79,
we have the following error bound for the first-order low-reqularity scheme (2.1TI)

T
lo(tn) — 0", Ser, 0<n< # (2.17)

Before proving the error bound (2I7), we prepare some results for the stability and local
truncation error of the first-order low-regularity scheme (2.IT]).

Lemma 2.5. (Stability) For f,g € H" with r > 1/2, we have

197 (f) = @i (9)ll, < (A +eLT)|[f =9, (2.18)

where L depends on || f + g|,..
Proof. According to the numerical flow (2I1]), we have

7 (f) — @f(9) = (f — g) = 2ie7 (fof — dog) +ie7 (13 - 38)

+ ge—itnag {e—m’)g (ei(tnw)agam_lf)? - (e””aga;lf) 2]
_ %e—itnag |:6—i7892c (ei(tnw)agax_lg)? _ (eitnaga;1g> 2] , (2.19)
which immediately implies
197 (f) = 279, < (A +eLr) |If = gll,., (2.20)
where L depends on || f + ¢, O



Lemma 2.6. (Local truncation error) Let v > 1/2 and assume the exact flow of the quadratic
NLSE @A) is v(ty +t) = ¢'(v(ty)) € H" for 0 <t < 1. Then, we have the following estimates
for the local truncation error

|67 (w(te) — @, (0], < =27,

where ¢ depends on supg<;<r/. Hgbt(v(tk))Hr

Proof. By the expression of the exact solution (2] and the approximation ([2.7)), we can write
the local truncation error as

¢"(v(tr)) — @, (v(te))
T , 2 , 2
= —2'5/ ¢~ iltn +5)0 [(e’(t"“)agv(tn + s)> — (el(t”+8)agv(tn)> ] ds.
0
Combining with the bilinear estimate (L), it implies
|67 (v(tr)) — @7, (v(te)]],
T, 2 , 5 2
< 6/ el(t”+5)8£v(tn +5)) — (etnt9)%y(t,)
Al ) ),

< cer sup ([[(v(tn + ) + v, [[(0(tn +5) = v(ta))ll,)

ds

0<s<t
) s 4 o2 2
< ce“T sup / (ez(t"Jrg) o (t, + s)) ds
0<s<7J0 r
< 0527'2,
where ¢ depends on SUPg<<T/e H¢t(?}(tk))Hr- O

Proof of Theorem[Z.7} By Lemma and Lemma 2.6] it leads to
oths) = 01| = o7 ) - @5, 0M)|
< (|67 (i) = 7, (0], + @7, (wte)) - @7, ()

<ce?r? + (1 +eL7) Hv(tk) — ka .

T

Denoting e* = v(ty) — v*, we find

||, — [|e||, < ce®72 + eLr||e¥|,. (2.21)
Since € = 0, summing up above inequality for &k = 0,1,...,n, we obtain
n n
el < 1%l + eLm > [leF |l + 2T (n+ 1) < ceT +eLr Y _ [le¥]. (2.22)
k=0 k=0

Applying Gronwall inequality, we have

T
"), < ceTre!™, 0<n< T/e _ 1, (2.23)
T

which completes the proof of the error bound (ZI7). O



2.3 A symmetric second-order low-regularity integrator

In the previous section, we establish the improved uniform error bound for the first-order low-
regularity scheme (LI1). Compared with the classical methods (e.g., time-splitting method and
exponential integrator), it not only obtains improved uniform error bound but also better approx-
imations at low regularity. However, the above low-regularity scheme destroys the symmetric
structure of the quadratic NLSE ([3]). In order to overcome this drawback, we approximate
[23) in the following form

e [T . : 2
vty +7) = o(ty) — e / e iltn+5)02 (el(t”+8)8£v(tn)>
2 Jo

) 2
n (ez(tn+s)agv(tn + 7)) ] ds. (2.24)

which leads to the following symmetric second-order low-regularity scheme

n+1

v An+1 n+1) + 26_7— ((68)2 + (@61+1)2)

2

+ Eefitnag lewag <<ei(tn+T)a§81vn)2 n <ei(tn+7)a§ alvn+1>2>
4 xT x

Twisting the variable back to w™, we obtain the symmetric second-order low-regularity integrator
(SLI2) is given as

=" —ieT (vov +9

. &
Wt = TRy e (wge”azw + g ”“) + —127— (@) + (wg™™)?)
I . 2
+ . <ewa§a;1wn> + (a;lwn+1)2

e ((8 w ) n ( —ird3 -1 n+1> >] (2.26)

Remark 2.7. Let the numerical scheme de denoted by w™! = &, (w"), then it is easy to check
that the method is symmetric in the sense that ®, = ®~L.

Remark 2.8. For the quadratic NLSE [213), we can use the same idea to obtain the symmetric
second-order low-reqularity integrator

W = TR e <Egei7—83wn +Eg+1w"+1> 1eT <H n”L i HwnHHL >
+ = 8 [( axw ) ( 17-828 l—n) _{_wnJrla;lanrl

_ iT02 (wna;1@n n (eﬂ'ragwnH) < ”826 —n+1>> ] (2.27)

9



2.4 Improved uniform error bound of the SLI2 (226

In this subsection, we establish the improved uniform error bound of the SLI2 ([226). For
simplicity, we just show the main result.

Theorem 2.9. Assume that the evact solution of quadratic NLSE (L3) satisfies w(t) € H™2
for 0 <t < T/e. Then there exists a constant 79 > 0 such that for 0 < 7 < 79, we have the
following error bound on the SLI2 (220 as

T
lw(tn) —w"l, Ser®, 0<n< % (2.28)

As before, it suffices to prove the error bound on v™ given by (2.25]) as follows.

Theorem 2.10. Assume that the exact solution of the quadratic NLSE ([2.4)) satisfies v(t) € H™2
for 0 <t < T/e. Then there exists a constant 19 > 0 such that for 0 < T < 79, we have the
following error bound

T
fots) v, Ser 0<n< T (2.20)

For simplicity, we refer to [2l[4.[35] for the stability and local truncation error of the symmetric
scheme.

Lemma 2.11. (Stability) Denote the map of the SLI2 ([2Z25]) by

0"t =07 (v, (2.30)
then we have for f,g € H”,
7 () = Ui 9)ll, < expleLr) [ f =gl (2.31)

where L depends on || fl],. and ||g]|,.

Lemma 2.12. (Local truncation error) Assume the exact flow of the quadratic NLSE ([24]) is
v(tp +1t) = ¢t (v(ty)) € H™ 2 for 0 <t < 7. Then, we have the following error estimates for the
local truncation error

167 (0(tr)) = U, (o(tR)]], < e,
where ¢ depends on SUPg<<T/e |’¢t(v(tk))|’r+2'
Proof of Theorem [210 According to Lemma [2.11] and Lemma [2.12] we have

v(tgrr) — o

= ot

< [[670te) — @7, (w(te))], + ||, (v(ti)) - @5, (2F)

T

< ce?7? + exp(eLT) ||v(ty) — o*
s
Denoting e¥ = v(t3) — v*, we find
"l — e[l < ee*7® + (exp(eLr) — 1) [l€®]r- (2.32)

10



Summing above inequality for k = 0,1,...,n, we obtain

n
le™ | < (1) + (exp(eLr) = 1) Y lleb]lr + ce®(n + 1)
k=0

n
< ceT7° + (exp(eLr) — 1) Y _ [l¥]]-
k=0
Applying Gronwall inequality, we have
le" |, <ecer?, 0<n< = —
-

where ¢ is different from that in ([2I2]) which completes the proof of the error bound ([229)).

, (2.33)

3 Long-time error bounds for cubic NLSE

For the first-order low-regularity scheme, the integral I7 (v, t,) is computed exactly with the help
of the relation (ZX9). This idea is difficult to extend to other nonlinearities, including the cubic
case, because the exact integral no longer has a representation in physical coordinates leading to
prohibitively large cost in the implementation (since FFT is no longer available). For reasons that
will become apparent below, the resonance-based scheme constructed in [39] however only leads
to uniform error bounds of order O(7) for the long-time dynamics up to time T. = T'/e? for the
cubic NLSE with O(e)-initial data and O(1)-nonlinearity. This stands in contrast to prior work
which allowed us, based on our introduction of the regularity compensation oscillation (RCO)
technique, to establish an improved uniform error bound of order O(¢272) for the second-order
time-splitting method (Strang splitting) for the time of order O(1/£?) even in the cubic NLSE
case [0]. In this section, combining the idea of the low-regularity exponential integrator with the
RCO technique, we design new non-resonant low-regularity exponential integrators, which can
not only deal with the rough initial data but also obtain improved uniform error bound up to
the time of order O(1/¢2) for the smooth initial data.

3.1 A non-resonant first-order low-regularity integrator

As before, we again consider the twisted variable v(t) = e_itagw(t) satisfying the following
equation

io(t) = g2e 02 “eiwﬂ%v(t)]Qeitagv(t)] , ze€T, t>0,
v(z,0) = ¢(x), z€T,

with mild solution given by

(3.1)

O(ty +7) = v(ty) — i / i (tnt)0; [|ei<tn+3>83v(tn + 5)[2eittn )0y (¢, 4 s)] ds.  (3.2)
0

In the numerical simulation, it remains to approximate the integral

Il (v,ty) = / e itn+)0 [\ei@ﬁsﬁ’%v(tn + 5)[2eltn )%y 1, +s)] ds. (3.3)
0

11



The construction of the first-order scheme in [39] is based on the following approximation inside
this integral
v(t, +s) = v(ty), (3.4)

which yields, once the integral is expressed in terms of the Fourier expansion,

-
; 20212 p2\— . . 92 122
Lun1 (v, tn) = E e g eltn (=03 lS)Ul1Ul2Ul3/ s EHE=E-1) g g
leZ l1,l2,l3€Z 0
l=—l1+la+l13

with 0, = 0y (t,) for j = 1,2,3. Then, the remaining integral is approximated by

T T
/eis(l2+l%—l§—l§)d8%/ Q20513 g (3.5)
0 0

As shown in [39] this approximation leads to excellent low-regularity convergence properties of
the resulting scheme. However, this approximation leads to artificial resonances in the zeroth
mode (i.e. when [? + 12 — I3 — I3 = 0) which negatively affect the long-time behaviour of the
method. As such, we introduce a new low-regularity scheme based on a special treatment of the
zeroth mode. For the resonant case 2 + 12 — 3 — I3 = 0, it can be computed exactly as

/0 " isHE-B-1) g _ (3.6)

For the cases 12 + 12 — 2 — l% # 0, we follow the construction from [39] and approximate the
exponent by the dominant quadratic term, 202, which we can integrate exactly,

/ 258 s = 7oy (2ir12). (3.7)
0

Then, we approximate the integral as

gub,l(vv tn) ~ Ir:um,l(vv tn)

-
; 24212 12y . . 72
— E etk § : eltn (P+11 =15 lg)vllvlzvl3/ 21513 g
leZ l1,l2,l3€7Z 0

I=—l1+l2+I13
2H13—13—12#0

P ICD DT

€T 11,l2,l3€7
I=—l1+l2+l3
PP412-12-12=0

; ; 2,72 32 32\— . . .
- Zezlm Z eZtn(l -k 13)1)[11)[21)137'(;)1(227'[%)

lEZ U1,l2,l3€7Z
l=—l1+l2+13
il A . 9
+ g e g 01, 01, U T(1 — 1 (2i71Y)). (3.8)
lEZ 11,l2,l3€7Z
l=—l1+l2+13

24+12—12-12=0

12



According to the relationship
P42 —13—13=203 -2y + 13) + 2lal3 = 2(1 — Io)(1 — I3), (3.9)
we can write the second term as

il . 9
Z e Z 01, 01, 01, T(1 — 1 (24717))
€T 11,l2,l3€7
I=—l1+l2+I13
PP412—-13-12=0

=2) e N Bty T(L— @u(2071]) = > e > By, O m(1 — 1 (2i717))

leZ U1,l2,l3€7 leZ U1,l2,l3€7
l=—l1+l2+13 l=—l1+l2+13
I=l2,l1=l3 l=la=l1=l3
—_—
= 27(g(v"))ov" — Th(v"), (3.10)

with the auxiliary functions a and b given by
g(u) = u(l — @1 (=2i702))a,  (h(u)); = (1 — @1 (2il%7)) g tya, (3.11)

which means that all of those terms can be computed in O(N log N) operations. Compared with
the scheme in [39], the new scheme contains two additional terms, i.e.,

v = S (v") 1= 0" — e [ e~ itn0: ((eit"agv")Q(apl(—21'7'3:%)6*“"85@_"0

+2(g(0m))ou™ — h(v")] , (3.12)

with the initial data v* = ¢(x). Twisting the variable back, we obtain the non-resonant first-order

low-regularity integrator (NRLI1) for w" = eitndZyn ag

W't = gT(w") = ¢i70: [w" — 2'752(11}")2(<p1(—21'73§)m)]
- 21’827'(@)06”8510” + iEQTeiTagh(w"), (3.13)

with the initial data w® = ¢(z) and g, h defined in (BII)).

3.2 Improved uniform error bound of the NRLI1 (3.13)

In this subsection, we employ the regularity compensation oscillation (RCO) technique to derive
the long-time error bound for the method NRLI1 ([BI3).
For the cubic NLSE (I4)), we assume the exact solution w(z,t) up to the time T, = T'/?
with 7' > 0 fixed satisfies:
(A) Hw(%t)HLoo([o,TE};Hm ) S, m>2.

per

Then we have the following error bound of the non-resonant low-regularity scheme (3.13]) for the
cubic NLSE with O(£?)-nonlinearity and O(1)-initial data up to the time of order O(1/¢?).

13



Theorem 3.1. Let w™ be the numerical approzimation obtained from the non-resonant first-order
low-reqularity (NRLI1) scheme BI3). Under the assumption (A), for 0 < 19 < 1 sufficiently

2
small and independent of € such that, when 0 < 7 < (lof—:g) < 1 with a constant o € (0,1), the
following error bound holds
n 2 m—1 n T/€2
lw(tn) —w™ly Ser+7", "l <1+M, 0<n<——, (3.14)
where M := ||w|| oo (jo,7.];1)- In particular, if the exact solution is smooth, i.e. w(t) € Hye,, the
7'6”71 error part would decrease exponentially and can be ignored in practical computation when
To is small but fized, and thus the estimate would practically become
|w(tn) —w™||, S . (3.15)

Remark 3.2. The non-resonant low-regularity scheme admits approximations for more general
initial data than classical time-splitting methods or exponential integrator methods. Compared
with the proposed low-regularity scheme in [39], it obtains the improved uniform error bound at
O(e%7) up to the time of order O(1/€2) for the smooth initial data.

As in the quadratic case, we just need to establish the error bound of the non-resonant low-
regularity scheme for the twisted variable. This means we need to prove the following statement
under the assumption that the exact solution v(x,t) to @) up to the time 7. = T/? with
T > 0 fixed satisfies:

(B) ||v($’t)HL°°([O,TE};H£%r) 5 1, m > 2.

Theorem 3.3. Let v™ be the numerical approximation obtained from the non-resonant low-
reqularity scheme (BJ2). Under the assumption (B), for 0 < 19 < 1 sufficiently small and

2
independent of € such that, when 0 < 7 < (ff—:(?)g < 1 with a constant o € (0,1), the following
error bound holds
T/e?
lv(tn) —o"|l; S 827'—1—7'671_1, lo")l, <14+ M, 0<n< f_ , (3.16)
where M := |v||poo(jo,7.):m1)- In particular, if the ezact solution is smooth, i.e. v(w,t) € Hpg,

the Tén_l error part would decrease exponentially and can be ignored in practical computation
when 1y is small but fized, and thus the estimate would practically become

v(w,tn) — 0", S 2. (3.17)

We begin with the following results for the local truncation error for the non-resonant first-
order low-regularity scheme (312]).

Lemma 3.4. The local truncation error of the non-resonant first-order low-reqularity scheme
. . T/e?
BI2) for the cubic NLSE BI) can be written as (0 <n < = —1)

E" = 8o (v(tn)) — v(tns1) = R(v(tn)) + W™ (3.18)

14



with
R(U(tn)) (Igum 1( (tn)) cub(v 13 ))
Under the assumption (B), for 0 < e < 1, we have the error bound

IR S llo)l3, Wl S '

Proof. By the mild solution ([B.2]), the local truncation error can be written as

E" =S (v(ty)) +W"
_ (U(tn) e /T —i(tn+s)02 |:|ez(tn+s)8gv(tn)|2€i(tn+s)8gv(tn)} ds) ,
0
with W" defined as
W = z’az/ ¢~ itn+9)0; Dei(t“s)agv(tn + 5)[2eiltn )0y (¢, 4 s)] ds
0
_ g2 /T —i(tn+s)02 |:’ez(tn+s)8gv(tn)’26i(tn+s)8§?}(tn)} ds.
0
As €2 is a linear isometry on H” for all t € R, we have
S
[o(tn + ) —v(tn)ll; < 62/ [o(tn + I} d€ < &%s sup [Jv(tn + &)},
0 0<€<s

which implies
el < .

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

In the resonant case 1% + (2 — [3 — l§ = 0, the integral fOT eis(PHI-BE-13) s ig computed exactly.

So we just need to consider the non-resonant cases [+ 13 — 13 — I3 # 0 as
E" =R(v(tn)) +W"
= W" 4 ig? Z etk Z eitn (PR B3 ",

€T 11,l2,l3€Z

I=—l1+l2+I3
12412131240

T
/ (ezz‘szf B eis(l2+l§4§4§)> ds,
0
with

IR )T
=gt Z 1+ 1))

leZ

Seke 3 PRI 197, (1y + 13) — 2als)

lEZ 11,l2,l3€7Z
I gtles
! +l17l2fl3750

2
_ ) T is(—201 (la+H3)—202l3) _ q
@llﬁl2ﬁl3ellx/ 62181% c sds
0 8’211(12 + lg) — 212[3’

15
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Since eifﬁTl is uniformly bounded for 5 € R, we obtain

IR (o)1

2
584742(1+\1\)2<Ze“m > (‘hlz‘+‘lll3’+’lzlg‘)@h@b@lg>

= lez l,l2,l3€7Z
S
2412—12—1240

2
§€4T4Z(1+‘”)2 <Zelk$ Z (1—|—‘ll‘) (1—|—‘12‘) (1+’l3’)®l1®l2®l3> .

= lez l,l2,l3€7Z
SR
2412—12—-1240

We introduce the auxiliary function g(z) =, g1e'™® through its Fourier coefficients
gr = (L [1]) 0] (3.27)

With the bilinear estimate ([LH]), we have

IRt ), S 72 ||6°]; (3.28)
which implies
IRty S €272 [loll5 (3.29)
O
Proof for Theorem [3]. Introducing the error function e” := e™(z) by
e =" —v(ty), n=01,..., (3.30)

we apply a standard induction argument for proving the improved uniform error bound (BI6]).
Since v° = ¢(x), it is obvious for n = 0. Assuming the error bounds (BI6]) hold true for all

2
O§n§q§%—1,wearegoingtoprovethecasenzq—i—l. For 0 < n < ¢, we have

e =" S (v(t,)) + EM =€ + 2" + E, (3.31)
where Z" is given by
no 2| —itnd2 ([ itnd? 2 i A2\ =it 02T
Z" =T |e e"%y(ty)) (e1(—2i70;)e v(ty)

_ efitnag <(e“"‘93v”)2(901(—21’7’83)6’“"‘931)_"))

+a@6@5mwm»—mﬂﬁ»wn—MM%»+hwwl
with the bound
1271, S 27lle” - (3.32)
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From (B.31]), we obtain for 0 < n < g,
el =0 4 (Zk n 5’“) . (3.33)

Since €? = 0, we get for 0 < n < ¢,

n n
ey S 277 + 27> lleFlh + || D Rv(ts) (3.34)
k=0 k=0 1
For the twisted variable v(t), we have [|0;¢| oo (j0,1/c2),5m) S €% and
T 2
lo(tn) — v(tn1),. < 27, 1<n< LIS (3.35)
T

Following the RCO technique [6], we choose the cut-off parameter 75 € (0, 1) and the correspond-
ing Fourier modes Ny = 2[1/79]. Combining with (3:34]), we have

et st e et Do ||+ e, (3.36)
k=0
with .
£r =3 Pa(R(v(t))). (3.37)
k=0

Define the index set N N
Tvo={l11=-3..., 50 -1}, (3.38)

2 2

and for | € Ty,, define the index set IZN 0 associated to [ as
I = {(l,l2,13) | —li+1la+13 =1, bi,la, 13 € T} (3-39)

Then, the expansion below follows

PR = D Y Gridrinis(s)e™,

€N (1y,12,13)eT)"°

where the coefficients Gy, 1, 1,.15(s) are functions of s only,

Ghtintogs (5) = "9ty (g ()" Gy, ()0, (), (3.40)

and 0y, 1,15 = [> 4+ 13 — 13 — 3. The remainder term in (3.34) reads

ﬁ"(x) == i62 Z Z Z Ak7l7ll7l27l3€il$, (3.41)

k=01€Ty, (ll,lz,ls)EILNO
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where Ay 17,1505 = 0 for 07, 1,1, = 0 and for &;, 1,1, # 0, we have

T T
. 2 . .
At lats = / Gty 1o 5 (5) ds — / e I (b, (1)) B, () 15 () dis
0 0
= rl,lth,lseZtkél’ll’12’l3 Ck,Ll1 12,35 (3-42)

with coefficients ¢y 1, 1,1, and 7, 1,1, given by

Chtnlads = (00 (Ek)) 01y (1) 015 (k) (3.43)

T T
7’1,11712,13 = / 61551,11,12,13 ds — / 628@ ds = O (T2‘5l,11712713 — 21%‘) . (3.44)
0 0

Since Agii, 1005 = 0 for 64, 1,0, = 0, we only need consider the case &;;, 1,1, # 0. First, for
1 € Ty and (I3, 1o, 13) € Z}Y°, we have

2 2
Ny 2(1 + To)
‘5l7l1712713‘ < 2(SNO/Q =2|— ) £———, (3.45)
2 75
. . . anT? .
which implies for 0 < 7 < m with 0 < 19, < 1,
T
31000 15] < o (3.46)
Denoting Sp.i11.00ds = 2 pp itk o 13 (n > 0) and using summation-by-parts formula, we find
from (3:42]) that
n n—1
ZAK‘J,h,lmlS = T lals Z Skl o ls (ck7l711712,13 - ck+17l7ll,l27l3)
k=0 k=0
+ Sl ls TLix da.ls Cndly Lo ls (3.47)
and

Ch,l,l1,l2,ls = Ch+1,1,01,l2,l3
= (U, (tr))" (U1, (tr) — Oty (trr1)) V15 (t) + (O3 (t) — Oty (Ehg1)) Oty (B2 ) 015 ()

+ (U1, (trt1)) Oty (B 1) (015 (8) — Ut (B41)), (3.48)
where ¢* is the complex conjugate of c. We know from (3.46]) that for C' = sin2(37r)’
1 C
Vn > 0. (3.49)

Sndlidals] < 7 =
|51 0,05 | |SIn(T0145 1005 /2)| — 7|00y 1005

18



Combining (B.44)), (3:47), B4]) and ([B3.49]), we have

n
> Mkiiiiogs| ST
k=0

1000, 1005 — 23] ©
|01y 15,15 |

~

3 <|vh (1) — oyt o (82 ity (8)

k=0
+ 101, (trg1)] 101, (1) — Ot (B | 005 (21) |
iy (o) [ (o) B0 () — <tk+l>|)

1000, 10,05 — 23]

+7 |01, ()| |01 ()| D1 (£0)] - (3.50)
‘5l,l1,l2713’

Since 07, 15,15

— 2l% = —2l1(l2 + lg) + 2513, we have for [ € TNO and (ll,l2,l3) €
holds

IZNO, there

b — 22|
(1+ m)‘ Livlz s < H (1+ ;). (3.51)
’51 11712,l3’

Based on (341)), (B50) and (3XE1]), we have from (B:BZI),
113

D DR CETS 1D DI O A

lGTNO (11712713)61—;\70 k=0

sl S (X el o 1i[1+ur)2

I€TNg ™ (14,l2,l5) €z

3 2
+nz Z K Z |01, (ti) — 01y (bopr)] |01, (8) | |15 (£) H; (14 |1;]) >

(I l2,l3)€Z,"

3 2
+( ST o )] [0 ) — 1y (i) iy 55) H1+|Z|)

=1
(I1,l2,13) €T, No J

3 2
+( S oy (o) g () 1y () — iy () 1_11+ru)}} (3.52)

(I112,13)€Z,"°

Introducing the auxiliary function (z) = 3,c,(1 + [I]) [8:(tn)] €®, where &(z) € HL ()
implied by assumption (B) and ||¢]|gs < ||v(tn)||gs+1. Expanding

3
=Y > TT+1D ey a)]) e, (3.53)

IEZ l=—l1+12+13 j=1
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we get

3 2
Z < Z ’®l1 (tn)’ ’®l2 ’ ‘Ulg H 1 + ‘l ’ >
J=1

TNy ™ (1y,12,13) €0
2
< [lE@)1PE@)||” S @IS < vt S 1. (3.54)

Noticing ([335]), we can estimate each terms in ([.52) accordingly as
2

1
n—1

6 2
Setr? [ [o(E)5 +n > llo(tr) = v(tsrn)lls (lo(t)lls + lo(ts)ll)*
k=0
S et 4 n2etr2 (202 <efr? on<yg, (3.55)
and (B.60) implies
len+t|y < 1+57+872|yeku1, 0<n<gq. (3.56)

k=0
Using discrete Gronwall’s inequality, we have
T/

T

—1

ety Se2r+7mt, 0<qg< , (3.57)

0171'7'0

which implies the first inequality in (I4]) at n = ¢+1. For 0 < 79 < 1, when 0 < 7 < [(EENEIR 1,
the triangle inequality yields that

oy < oG, tarn)lly + [l |, < M+1, 0<q<

which means that the induction process for (3.14]) is completed. O

3.3 A non-resonant symmetric second-order low-regularity integrator

In this subsection, we will design a non-resonant symmetric second-order low-regularity integrator
which can deal with rough initial data and obtain the improved uniform error bound for smooth
initial data as well. For the symmetric scheme, we require the map is self-adjoint [4,17], i.e.,
S, =8- 1. Following the idea in [28] we construct our symmetric second order method as a
composition scheme, in the form

=870, 08w, (3.58)
Recalling the first-order scheme
Wt = S (w") = [w" — ire? (W) (1 (—2iT02)w™)]

762

—2’L'62T(M)06 2" + e TelTa“h( ", (3.59)
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we have the following non-resonant symmetric second-order low-regularity scheme (NRSLI2)

wnJrl _ MVT(wn’wnJrl)

2

= o [w" - %(w"f(sol(—waz)m] -

o (R HCAGY AT
ic2 —_— . 19 . o2 —
2 [2(9(10”))06”8’”10" — (") + 2(g(wn 1) ow ! h(w”*”] . (360)

with the initial data w" = ¢(z) and g, h defined in (B.II)).

3.4 Improved uniform error bound of the NRSLI2 (3.60)

In this subsection, we carry out the long-time error bound for the non-resonant symmetric
second-order low-regularity (NRSLI2) scheme (B.60).

For the cubic NLSE (L4), we assume the exact solution w(z,t) up to the time 7. = T'/&?
with 7" > 0 fixed satisfies:

(C) Hw(xat)HLoo([QTg];Hgér) 5 1, m2>4
Then we have the following improved uniform error bound of the NRSLI2 ([B60) for the cubic
NLSE with O(g?)-nonlinearity up to the times of order O(1/¢2).

Theorem 3.5. Let w™ be the numerical approzimation obtained from the non-resonant sym-
metric second-order low-reqularity (NRSLI2) scheme ([B60). Under the assumption (C), for

2
QT

0 < 19 < 1 sufficiently small and independent of € such that, when 0 < 7 < ) < 1 with a
constant o € (0,1), the following error bound holds
T/e?

lwitn) = w™ly S %+ 75" 0wy <1+ M, 0<n<——, (3.61)

where M = ||w|| oo (j0,7.],11)- In particular, if the ezact solution is smooth, i.e. w(t) € Hpe,, the
7'6”71 error part would decrease exponentially and can be ignored in practical computation when

To is small but fived, and thus the estimate would practically become
w(t,) —w™||; < e*r? (3.62)

Remark 3.6. The second-order time-splitting method requires four additional spatial derivatives
to get the improved uniform error bounds, while the proposed low-regularity scheme (3.60]) requires
three additional spatial derivatives. Compared with the classical low-reqularity scheme in [39],
the new non-resonant scheme obtains the improved uniform error bound at O(£272) up to the
time of order O(1/%) for the smooth initial data.

As in the proof of Theorem B.I], we begin with the error estimates for the local truncation
error in the following lemma. The proof proceeds analogously to the estimates in [21[4] and we
omit the details here for brevity.
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Lemma 3.7. The local truncation error of the non-resonant symmetric second-order scheme
2
B60) for the cubic NLSE (L4) can be written as (0 <n < % -1)

E = Mo (w(tn), w(tns1)) — wltns1) = R(w(tn), wltns1)) + W™, (3.63)
then under the assumption (C), for 0 < e <1, we have the error bound
|Rew(ta), witar))]|, 27 (ota) I3+ lwtar)lF) [
Proof for Theorem [32 For simplicity, we only show the difference of the proof between the
first-order and second-order scheme. Introducing the error function " := €"(z) by

e"=w" —w(t,), n=01,..., (3.65)

we apply a standard induction argument for proving the improved uniform error bound (B61]).
Since w" = ¢(z), it is obvious for n = 0. Assuming the error bound (B.61I)) holds true for all
0<n<qg< 2
procedure for the first-order scheme, we have

S gird. (3.64)

— 1, we are going to prove the case n = g+ 1. For 0 < n < ¢, with similar

n
P RO B Cy ey e 800
k=0

with

Z Py, (R w(tg41)s ). (3.67)

For the last term in the right hand 51de of (366]), we have
2

Z PNO (thrl))

1
n—1

Setrt [ lw(ta)lls + lwtns)ly +n ) lw(ts) = wtie)lls (lwte)lly + llwlten)l)*
k=0

Setrt 2t ( 2022 <etrt, n<y,

and (B.60) implies

ety S it 2 4 ¢ 72211%”1, 0<n<gq. (3.68)
k=0
Using discrete Gronwall’s inequality, we have
T/
[ S+, 0<g< -1, (3.69)
T

which implies the first inequality in BI4]) at n = ¢+1. For 0 < 79 < 1, when 0 < 7 < ( )2 <1,
the triangle inequality yields that

[l < Mo, tar)lly + [, < M+1, 0<q<

which means that the induction process for ([B.61]) is completed. O

22



4 Numerical results

Having understood the proofs of our main results in Theorems 221 29 Bl & BF, we can
now turn to some numerical results comparing the theory with practical observations. In the
following numerical experiments, we use a standard Fourier spectral method as the basis for
our spatial discretisation. In all experiments, we use M = 2'! Fourier modes and the reference
solutions are computed with the symmetric schemes introduced above with a fine time stepsize
7 = 1075, Throughout these numerical experiments we choose initial data of the following form
(cf. [39] Section 5.1]): First we fix the number of Fourier modes, 20/, in the spatial discretisation
and take a sample of a vector of uniformly random distributed complex numbers:

U= (U_pi1,---,Un), Uj~U(0,1+4]),j=1,...,2M.

Our initial condition is then (0, -) given by its Fourier coefficients for a specified value of 6:

{|m|, m 40,

QQMH = (M +5)U_py4j, j=1,...,2M, where (m) = (4.1)

1, m = 0.

This initial condition is almost surely (with respect to the joint probability measure of the uniform
distributions) in HY.

4.1 Long-time behaviour for the quadratic NLSE

Let us begin with comparing the results of Theorems & with practical experiments. In
Figure 2] we can observe the clear linear dependence on € of the error at t = T'/e as predicted in
Theorems & In addition, Figure [8] shows the good long-time behaviour of the error in
the resonance-based schemes (note the initial data here is of the form (1)) with # = 2.0), which
appears to be well-preserved even when the error in splitting methods increases.

Furthermore, in Figure[we can observe that at ¢ = T'/e we have the predicted linear/quadratic
dependence on the time-step 7.
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Figure 2: Long-time H'-error for initial data in H' (6 = 1) with fixed 7 = 0.25.
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Figure 3: Error as a function of ¢ for initial data in H' (6 = 1) with fixed 7 = 0.01.

4.2 Long-time behaviour for the cubic NLSE

We can perform similar numerical experiments for the case of the cubic NLSE. In the following
we also include the reference solution “Ostermann & Schratz '18” which is the method introduced
in [39]. The central conclusion from our results in Theorems Bl & is that our novel non-
resonant low-regularity integrators have an error at ¢t = T'/e? which decays quadratically in £2.
In Figure Bl we observe the clear improvement over the standard low-regularity integrator first
introduced in [39] confirming that the improved long-time behaviour is observed even at the level
of H? initial data and thus underlying the significance of these novel schemes.

Furthermore we see in Figure [0 that the new methods lead to much improved error over
long-times even when compared to splitting methods.
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Figure 4: Long-time H'-error as a function of 7 with fixed € = 0.1.

Finally, we can verify in Figure[7] that our methods are indeed true low-regularity integrators,
which match the linear and quadratic convergence rates predicted in Theorems B.1] &

5 Conclusions

Improved uniform error bounds on different low-regularity schemes for the long-time dynamics
of the nonlinear Schrodinger (NLSE) with weak nonlinearity or small initial data were rigorous
established. For the quadratic NLSE, the improved uniform H”" bounds with r > 1/2 for the
first-order scheme and symmetric second-order scheme up to the time of order O(1/e) were
carried out at O(e7) and O(e7?) for the solution in H", respectively. For the cubic NLSE, we
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designed new non-resonant first-order and symmetric second-order low-regularity schemes and
established the improved uniform error bounds with the help of the regularity compensation
oscillation (RCO) technique up to the time of order O(1/¢?). Numerical results were presented

to confirm the improved uniform error bounds and underline the improved performance of our
novel non-resonant schemes.
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