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SATURATION THEOREMS FOR INTERPOLATION
AND THE BERNSTEIN-SCHNABL OPERATOR

MAREK BESKA AND KAROL DZIEDZIUL

ABSTRACT. We shall study properties of box spline operators: cardinal in-
terpolation, convolution, and the Bernstein-Schnabl operator. We prove the
saturation theorem.

1. INTRODUCTION

A typical form of the saturation theorem for spline operators is given in [C2], [C3],
[DMT], [Dz1], [FK]. Theorems B.3] and give the other forms of the saturation
theorem. In the first three parts we deal with box spline operators. The main
result, the saturation theorem for cardinal interpolation, is given in the third part.
The proof is based on the saturation theorem for convolution operators. In the last
part we deal with the saturation theorem for the Bernstein-Schnabl operator. The
proof is based on Pisier’s inequality.

Let us recall the definition and some properties of box splines. For more detail
we refer to [BHR].

(1.1) Let V = {wy,vq,...,v,} denote a set of not necessarily distinct vectors in
Z4\{0}, such that

span{V} = R%.
We call such a set admissible.

(1.2) If V is admissible, then the box spline corresponding to V (denoted by
B(:|V)) is defined by requiring that

/Rd F(@)B(a|V) dz = /[WL F(Va) du

holds for any continuous function f on R¢ (see [BHR, page 1]).

(1.3) A family X of vectors in Z%\{0} is called symmetric if it satisfies the follow-
ing: if v € X, then —v € X.

(1.4) Let X be admissible. Then X is symmetric if and only if X = V U -V,
where V' is admissible and

—V={-v:iveV}
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(1.5) If X is symmetric and admissible, then the box spline corresponding to X is
symmetric and it is denoted by

N(z) = N(z|X) = B(z]| X).
(1.6) With the Fourier transform given by

fO=| fe? e at,

Rd
then ([BHR] page 11])
. in(r¢ - v)
Rc(e) = sin(m
X Ug( T - v

(1.7) The cardinality of the set V' is denoted by |V].
(1.8) A family V is called unimodular if |det W| < 1, for all W C V, and |W| = d.

(1.9) Let X be admissible and symmetric. The following conditions are equivalent
(see [BHR], (57) Theorem page 51, (28) Proposition page 89, see proof]):

a) X is unimodular;
b) for all x € R?

P(z)= Y N(a|X)e™e* +£0.

acZd

(1.10) [BHR] (12) Theorem page 82, see proof] Let X be admissible, symmetric
and unimodular. Let b = {b(a),a € Z9} be the sequence of the Fourier coeffi-
cients of the periodic function 1/P(z). Then b decays exponentially, i.e., there are
constants C' > 0 and 0 < ¢ < 1 such that, for all a € Z¢,

|b(a)| < Cqllell.
(1.11) For X and b as in (1.10), the fundamental function is defined as

O(z) = Z b(a)N(z — o] X).

acZ?

In particular, this definition implies that, for o € Z¢,

o -{7 o0

(1.12) Let
ox = max{r: Vycx|W|=r, span{X\W} = R%}.
If ox > 1, then (cf. [BH], [BHR] (37) Proposition page 15])

®(z), N(2]X) € CoH(RO)\C** (RY).
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2. CONVOLUTION OPERATORS

Let ¢: R? — R. The following notation is used:
1 x
on(@) = 70 (5). h>0.

oo =0(3), h>0,

Tonf = én = [,
where
Frgle)= | fly)gle—y)dy.
R,
As usual,
1/p
I, = ([ 1s@ras)
Rd
1/p
=3 ([ 10s@pas)
|a|=k RI
a=(a,...,aq), |laj=a1+ - +aq, o=al - a4,
a>0 if ;>0 forall j=1,...,d
If @ > 0, then
ourf  9uf
DYf —
/ oz Oy
and
=" ---xg? where x = (z1,...,%4q).

Forl1 <p<ooandk > 1, let Wli“ denote the Sobolev space [S]. Let us recall the
Poisson summation formula (see [SW]).

Lemma 2.1. Let f,f be continuous functions on R®. Suppose that there are C' > 0
and 0 > 0 such that

If(@)] <e(l+ |z~ zeR?
and
@) <e(t+]2)"° zeRr?
Then
Z flz —a)= Z fla)e?™ ™  for all x e RY.

aeZd acz?

We study the convolution operators T'v 5, T 1 corresponding to the symmetric
box spline N and the fundamental function ®. It is easy to obtain the following
result on the order of approximation by these operators.

Theorem 2.2. Let 1 < p < 0. Let X be admissible and symmetric, and let N be
the boz spline corresponding to X. Then there is Cp, > 0 such that for f € WI?

Hf - TN,hf”p < Cph2|f|2,p-
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Moreover, assume that X is unimodular and let ® be the fundamental function
corresponding to X. Then, for f € ngerl’

||f - dehf”p < Cphgx+1|f|@x+1,p-
The following result is needed.

Theorem 2.3. Let X be admissible and symmetric, and let N be the box spline
corresponding to X. Then for f € W2,

f_TNhf 1 DO‘Z/\\](O) o
h 4an e o!

(2.4)
If f € L*(R%) and f is of compact support, then

e 27 @
(2.5) f:TN,hf+Z(_1)j+l h*J . Z D (])CV(O)Dozf

= (2m)2

lor|=2j
If in addition X is unimodular and ® is the corresponding fundamental function,
then, for f € WX+

f=Tonf

hex+1 - K2f
(2.6) s
1 DFf ~ ~
= (2mijextl Y. | 2o PN -DNO) |, h—o,
|Bl=ox+1 aczd

while, for f € L*(RY) with f of compact support,

hex+i

D - -
27 f= Tq>hf+z @yt > T!f > DPN(a) — DPN(0)

|Bl=ex+3j aczd

In formulas ([QEI)f([Z'_ZI) the convergence in the norm of L*(R%) is considered.
Proof. Denote

Thus (cf. (1.6))

Consequently, in Maclaurin’s formula

(2.8) N@) =Y %!(O)xa
a>0

we have only monomials of even degree. By Plancherel’s formula we obtain

f=Tnnf 1 DN(0) .,
TR I a2
|a|=2 9
. 1— N(hz) D*N(0)a®
=/ (x) Ter 3 Tx

‘O‘|=2 2
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Since in (Z])) there are only monomials of even degree, we get

1— N(h DN (0 DN
e 3 B 5 5 DO

la|=2 J=2 |a|=2j

709

The last formula implies (Z4) and () for functions f such that their Fourier
transforms have compact support. The boundedness of the operator T 5, (cf. The-

orem ZZ) and a density argument gives (Z4) for f € W2,

Suppose now that X is unimodular. By Plancherel’s formula we have
f=Tonf o (1=B(hz)) —

Hi F@) | g | — Kaf(@)

(2.9) —Ksf

1
hex+ 9

2

where
_ . B8 ~
Kafe)=f) > Z > DN

IBl=ex+1 " a€Zd,a#0
The definition of the fundamental function (cf. (1.11)) implies that

O(ha) = N(hz) Y bla)e 2miohe,

acZd

Since X and N are symmetric, the sequence {b(a)} is also symmetric.

quently,
—d(ha) 1= N(ha) Y aega bla)e2miohe
hox+1 hox+1
Pacza N(a|X)em2miehs — N (ha)
hex+1 Zaezd N(alx)e—Qwiwh:c

Observe that for f, with f of compact support,

Conse-

Z N(a|X)e?™@h® 1 as h — 0, uniformly with respect to = € supp f.

a€eZd
Therefore, it is sufficient to show that

S wezi N(a|X)e 2miohs — N (hr)

hex+1
(2.10) 3
— 3 Y DN - DN |, h—o.
IBl=ox+1 " \aczd
Since
- = (2mice - ha)"
627rwc~h;c — Z ( and Oé 13 Z
= 181=
we obtain
; N (—27i)”
Z N(O{|X)€727”a'hm — Z Thn Z N(a)(a . x)n
o ! n=0 ’ «@
(2.11) €z €zd

—z e s N

|B|=n . acZzd
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Applying Poisson’s formula Tl to the function f(z) = 2°N(z) at the point = = 0,
we get

(2.12) 3 N = 3 Wpﬁﬁ(a).
aczd aczd

The conditions required by Lemma 2.1l can be checked by elementary calculations.
Moreover, since N is symmetric, we get, for 8 with |5] odd,

Z N(a)a” =0.

aczZd
Formula (1.6) implies that, for || < px and a € Zd\{O},
DPN(a) = 0.
Thus, we get, for | < ox,
1 ~
B___ - nB
(2.13) > Na)? = (_m)\mD NO).

aczd

Now, it follows from 2.11), 212) and (ZI3) that
ox
Corin. 1 ae
> N(a|X)e?mehe =N "pm EDBN(OM

acz? n=0 |8l=n
00 1
n BN B
+ E h E 3 E DPN(a)x”.
n=px+1 |B]|=n aczd

Recall that in formula (28] there are only monomials of even degree, and therefore

> N(a|X)e2miehe — N(ha)

acZ?
oo 1 R R
= > Yy 3 > DPN(a) - D°N(0) | 2”.
n=opx+1 |B|=n aczd
The last formula implies (2I0), which in turn gives (Z8) and 277). O

3. CARDINAL INTERPOLATION

Let us recall the definition of cardinal interpolation: for a continuous and bound-
ed function f

(3.1) If(@) =Y fl@)®@-a)
aezd
and
In=0p0looy, h>0.
The following theorem can be found in [J] (cf. also [CTW]).

Theorem 3.2. Let X be admissible, symmetric and unimodular and let ® be the
fundamental function corresponding to X. Let ox +1 > d/2. Then there is a
constant C' > 0 such that, for all f € WQQX'H,

I f = Infll2 < CREX T flox+1.2-
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Denote

A={WcCX:|W|=ox+1, span{X\W}# R4},

DW: H D’Uv

veW

where D, is the derivative in the direction v.
By 6 L (X\W) we mean that v- 3 =0 for all v € (X\W). Recall that

Dﬁf ~ ~
> 7 >~ DPN(a) - DPN(0)
[Bl=ox+1 aczZd

Kol = Gryexst

The main result of this section is

Theorem 3.3. Let X be admissible, symmetric and unimodular, and let ® be the
fundamental function corresponding to X. Let ox+1 > d/2 and f € WQQXH. Then

2

NS =1Inf
ilLlLI%) heox+1 —Kaf )
1 ox+1 1
_ (4_2) 3 / Dwf@Pd S ] ——
4 wea Y B BL(X\W),B£0 vEW (8-v)

Proof. Let f € WJ* *1 be given. Assuming that the Poisson formula can be applied
for f, let us calculate the Fourier transform of I f:

A
Inf(@) = | Y (o1nf)@)on(®)(@ — ha)
acZd
= h'®(hx) Y (ounf)(a)e >
acZ?
= h'®(hx) > (o1nf)(ha — B)
pBezd
~ N @
= ®(hx) Z f(a:—ﬁ)
aeZd
By Plancherel’s formula we have
f—Inf Ni=nr - —
‘ hox+1 Ko f , || hex+l Kof
2
Further, let us assume that the support of f is contained in a cube C = [k, k]%.

Then, for 0 < h < 1/(2k), we get
2

(3.4) /CM dx:/c

hex+1
Comparing the above formula with (Z3), we conclude that

/ f@) = Tnf(z)
C

2
dx.

f(x) = (ha) f(x)

hex+1

2

—@(m) dr —0 as h—0.

hex+1
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Now, let us consider the integral over C¢:

. - 9 ~ A 2
-1 D(ha) Y epa flx —a/h)
/c % dr = /C v hE‘QZX_"_l r—« "
= B(ha)f(w— B/m)|
(3.5) ﬁe;{o} /[k:k]dJrﬁ/h hex+1

hu—h@’

_/[

By the definition of the fundamental function (1.11) and by (1.6), we get
(hu—i—ﬂ) hu—i—ﬂ Z b e2michu

kK geza\ {0}

aeZd
sin(mhu - v) Z omiah
= H —_ b(a)e™ =y,
veEX ﬂ—(hu + ﬂ) v aczd

Consequently, we obtain

~ 2

®(hu + )

Z heox+1
pez\{0}

(3.6) 9

(), T e

BeZA\{0} vEX a€zd
Define
So={B € z)\{0}: thereisv e X,3-v =0},
Sy ={Be€ 2z2N\{0}: forallve X,[-v+#0},
Then, it follows from (38 that

D

pez\{0}

S I (M)

BESyveEX,v-$=0

2
HUGX,vﬂ;ﬁO Sin(ﬂ—hv : u) : 1
x ( hex+1 ) H w(hu + ﬂ) )

~ 2
®(hu+ B)
hex+1

veX,v-B#0

2
vex Sin(mho - u 2 1
+ Z ( S hex+1 ) (vg( m) ]

BESL

2

Z b(a)ef%ria-hu

aczd
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For B € Sy denote
Jg={ve X:v-p8#0}.

Observe that

|Jg| > ox + 1.
Moreover, there is § € Sy such that

sl = ox + 1.
Let I N be the set of § satisfying the above condition, i.e.,

IN ={p € Sy: |Jg| = ox + 1}.
Observe that if W C X and |W/| > ox + 1, then
[I,ew sin(mhv - u)

ox i1 — 0, h—0, uniformly on C.
Moreover,
> b@)= > N(a)=1.
aczd aezd
Thus, as h — 0
(hu + 6 1 .
(3.7) Z ol Z H v - u)? CEROE in case d > 1,
BeZa\{0} BEIN veJg
S(hu+ )|
Z % H TUL) Z H incased =1,
jeZ\{0} veX jezZ\{0} vEX )
uniformly with respect to u € C' = [k, k]%.
Let us consider d > 1. As a consequence of (BH) and B) we get
f@) = Inf(x)
/ hox+1 dm_’z H II v w?lf@w)? du
¢ BEIN veJg UEJ
(3.8) = > H / [T (v w)?If(w)]? du
BEIN veJﬁ Re e,

( 1 )Qx+1 Z H 1 / D f(u)|2du
=\ 12 a2 Js )
4 BEIN veds (8- v)? Jpa

where

:HDU.

veEJg

Note that if 8 € IN, then
Jg=W=0L(X\W) and W €A.
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Moreover, for each W € A there is 8 € IN such that W = Jz. Therefore, (B8)
takes the following form

> 7 / 1Dy, () du

EINvEJﬁ
-y / Dwt@Pa > ]
WeA BL(X\W),B#0 veW

This completes the proof in the case of functions f for which the Poisson formula
can be applied and f is of compact support. Note that such functions are dense in
WX+t Moreover, Theorem 32 implies that the operators

J—Inf

Kn = hox+1

- Ksf
are bounded. More precisely there is C' such that, for all f € WE¥ 1 and h,

Hf Inf

hex+1

2

< C|f|@x+172'
2

- Kof

The proof of Theorem 3.3l is now completed by the boundedness of the operators
K}, and the density argument. O

Remark 3.9. The proof of Theorem [3.3] implies that hgxl’ﬂ — Ksf weakly in
L?(R%).

4. THE SATURATION THEOREM FOR BERNSTEIN-SCHNABL OPERATORS

Let K be a convex set in a linear space B. To the set K corresponds a convex
cone

K={(\z,)\):2€K,A>0}C B&R.

The cone defines a partial order in B @ R by putting z <y iff z —y € K. We shall
consider here only bounded and closed convex sets in Banach spaces B. The set
K is called a simplex if the order determined by K is a lattice order (on the linear
subspace K — K of B® R).

Now let B be a real Banach space and K C B be a separable closed bounded
convex subset (with nonempty interior) of B. Assume that K has the Radon-
Nikodym property, then, by Edgar’s and Bourgin’s theorem (see [B]), for every
x € K there is a probability measure p, on K such that

= /K Yha(dy)

and p,{ex K} = 1, where ex K denotes the set of extreme points of K. If K is a
simplex, then the measure p, is unique (see [B]). In this case we can define the
Bernstein-Schnabl operators (see [A]) as follows. For f € C,(K) (the space of all
real valued uniformly continuous functions on K) and n € N we put

(4.1)
— f 17L t1) .- t =
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The Bernstein-Schnabl operators have a probabilistic interpretation, namely let
&1,...,&, be a sequence of independent identically distributed K-valued random
vectors with the law p,, then

Bu(Dle) = Bf (S8 ey,

where E7 means the expectation of a random variable . By C2(K) we denote the
space of all real functions with a uniformly continuous second derivative.

Theorem 4.2. Let K C B be a simplex as above (bounded by M) and

(4.3) VAN mBall- —2lP)(@) < C.

C>0 n zeK

Then for every f € C2(K)

{ /K D2f(2)(y, y)us (dy) — DS (), z)

|~

(4.4)  lim n[By(f)(z) — f(z)] =

n—oo
uniformly on K.

Proof. Recall the following known inequality [P].

Lemma. Let &1,...,&,,... be a sequence of independent random wvectors with
[|& |l < 2M, for each i. Then, for allt > 0,

t2
Pr{5.1 - BlIS.0| > 0} < 2ex0 (350 )

where Sp, =& + -+ & O

Assume that &1,...,&, is a sequence of independent identically distributed
K-valued random vectors with a law p,. For a given ¢t > 0 we can choose (by
a strong law of large numbers) ng € N such that, for n > ny,

Sn
— —=x
n

t
F < —-.
2

Thus, and by Pisier’s lemma, we have for n > ng

P el > e < |7 o] > 5 2 -4l
n n 2 n

nt
< Pr{|||5n —nz|| — E||Sx —nx||‘ > 5}

nt?
=20 " )

So we have the estimation for n > ng,

nt?
>t < 2exp “TRi2 )

» pef]5 -
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Next by Taylor’s formula, we get

f(9) — f(z) = i)y — ) + = / (1= )D?f(x + s(y — 2))(y — 2,y — z) ds

2
= Df(@)y — ) + 5D @)y — .y~ 2)
+5 [ =9t sty =)y =y —2)
- D)y~ oy )] ds,

ie.,

(1)  fl) - f&) = Df@)y — o) + 5 DS @)y — 2y — ) + r(a.)

where r(z,y) = o(||ly — x||?), and it is easy to check that |r(z,y)] < A for all
x,y € K. Thus for a fixed € > 0 we can find 6§ > 0 such that if ||y — z|| < §, then

(2, y)| < elly — 2],

and
@) )] < elly = 2+ ALy
Now by ([@.6) we get
n(BA()(e) - £(2)
([ P - D)) ) + Bl o),

To finish the proof of the theorem it is enough to demonstrate that
(4.9) nB,(r(z, ))(z) =0, n— o0
uniformly on K. But
0 < nBy(|r(z,))(2) < neBa(|l - —2)|1*) + nABu(1{je—s)>s}) ()

— neBy(|| - —o)|I?) +nAP7"{H% -

>5}§5C’, when n — oo

for any € > 0. This completes the proof.

O

Remark 4.10. It is easy to check that if a Banach space B is of type 2 (especially

if B is a Hilbert space), then the condition (£3) is satisfied.

Remark 4.11. If there exists a function f € C2(B) with a bounded support, then
the Banach space is of type 2 and by Remark Tl the condition (E3) is satisfied.

Remark 4.12. Tt is not difficult to find a Banach space B (e.g., I!) and a simplex

K C B for which the condition (@3) is not fulfilled.



[A]
[BD]
(BH]
[BHR]
[B]
[C1]
[C2]

[C3]

[CIW]
[DM1]
[DM2]
[Dz1]

[Dz2]
[FK]

[J]
[P]
[S]

[SWI

SATURATION THEOREMS FOR INTERPOLATION 717

REFERENCES

F. Altomare, M. Campiti, Korovkin-type approrimation theory and its applications, New
York, 1994. MR 95g:41001

M. Beska and K. Dziedziul, Multiresolution approzimation and Hardy spaces, J. Approx.
Theory 88 (1997), no. 2, 154-167. MR, 98£:42027

C. de Boor and K. Hollig, B-splines from parallepipes, J. Analyse Math. 42 (1982/3),
99-115. MR, 86d:41008

C. de Boor, K. Hollig and S. Riemenschneider, Boz Splines, Springer-Verlag 1993.
MR 94k:65004

R. Bourgin, Geometric Aspects of Convex Sets with the Radon-Nikodym Property, LNM
993, Springer-Verlag 1983. MR 85d:46023

Z. Ciesielski, Spline bases in spaces of analytic function, Canadian Math. Soc. Conference
Proceedings, vol. 3: Approximation Theory (1983), 81-111. MR 86a:46026

Z. Ciesielski, Nonparametric polynomial density estimation, Probab. Math. Statist. (1988),
9.2, 1-10. MRB_90h:62088

Z. Ciesielski, Asymptotic nonparametric spline density estimation in several variables,
International Series of Numerical Math., Vol. 94, (1990), Birkh&user Verlag Basel, 25-53.
MR. 92i:62067

C. K. Chui, K. Jetter, J. D. Ward, Cardinal interpolation by multivariate splines, Math.
Comp. 48 (1987), 711-724. IMR. 881:41003

W. Dahmen, and C. A. Micchelli, Convezity of Multivariate Bernstein Polynomials, Studia
Sci. Math. Hungar. 23 (1988), 265—-285. MR 90g:41005

W. Dahmen and C. A. Micchelli, Translates of Multivariate Splines, Linear Algebra and
its Applications 10 (1984), 217-234. MR_85e:41033

K. Dziedziul, Saturation theorem for quasi-projections, Studia Sci. Math. Hungar. 35
(1999), 99-111. CMP 99:12

K. Dziedziul, Boz Splines (in Polish), Wydawnictwo Politechniki Gdariskiej (1997).

Y. Y. Feng and J. Kozak, Asymptotic expansion formula for Bernstein polynomials defined
on a simplex, Constr. Approx. 8 (1992), 49-58. [MR 92m:41056

K. Jetter, Multivariate approximation: a view from cardinal interpolation, in Approx.
Theory VII, (E. W. Cheney, C. K. Chui, L. L. Schumaker, eds.) (1992). MR, 94d:41004
G. Pisier, Probabilistic Methods in the Geometry of Banach Spaces, LNM 1206, Springer-
Verlag, 1986. MR, 88d:46032

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton
Univ. Press, Princeton, N.J., 1970. MR 44:7280

E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton
Univ. Press, Princeton, N.J., 1971. MR 46:4102

TECHNICAL UNIVERSITY OF GDANSK, FACULTY OF APPLIED MATHEMATICS, UL. NARUTOWICZ

12/12,

80-952 GDAKNSK, POLAND

E-mail address: beska@mifgate.pg.gda.pl

TECHNICAL UNIVERSITY OF GDANSK, FACULTY OF APPLIED MATHEMATICS, UL. NARUTOWICZ

12/12,

80-952 GDAKNSK, POLAND

E-mail address: kdz@mifgate.pg.gda.pl


http://www.ams.org/mathscinet-getitem?mr=95g:41001
http://www.ams.org/mathscinet-getitem?mr=98f:42027
http://www.ams.org/mathscinet-getitem?mr=86d:41008
http://www.ams.org/mathscinet-getitem?mr=94k:65004
http://www.ams.org/mathscinet-getitem?mr=85d:46023
http://www.ams.org/mathscinet-getitem?mr=86a:46026
http://www.ams.org/mathscinet-getitem?mr=90h:62088
http://www.ams.org/mathscinet-getitem?mr=92i:62067
http://www.ams.org/mathscinet-getitem?mr=88f:41003
http://www.ams.org/mathscinet-getitem?mr=90g:41005
http://www.ams.org/mathscinet-getitem?mr=85e:41033
http://www.ams.org/mathscinet-getitem?mr=92m:41056
http://www.ams.org/mathscinet-getitem?mr=94d:41004
http://www.ams.org/mathscinet-getitem?mr=88d:46032
http://www.ams.org/mathscinet-getitem?mr=44:7280
http://www.ams.org/mathscinet-getitem?mr=46:4102

	1. Introduction
	(1.1)1001
	(1.2)1001
	(1.3)1001
	(1.4)1001
	(1.5)1001
	(1.6)1001
	(1.7)1001
	(1.8)1001
	(1.9)1001
	(1.10)1001
	(1.11)1001
	(1.12)1001

	2. Convolution operators
	3. Cardinal interpolation
	4. The saturation theorem for Bernstein-Schnabl operators
	References

