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BOUNDS ON DIFFERENCES OF ADJACENT ZEROS
OF BESSEL FUNCTIONS AND ITERATIVE RELATIONS
BETWEEN CONSECUTIVE ZEROS

JAVIER SEGURA

ABSTRACT. Bounds for the distance |cy,s — ¢, 11,5/| between adjacent zeros of
cylinder functions are given; s and s’ are such that fic, s € Jeus,cpat o[
¢y, stands for the kth positive zero of the cylinder (Bessel) function Cy (z) =
cosady(z) —sinaY, (z), a € [0, 7], v € R.

These bounds, together with the application of modified (global) New-
ton methods based on the monotonic functions fu, (z) = 22 ~1Cy(x)/Cr—_1 ()
and g (z) = —z~ 4D, (2)/Cri1(z), give rise to forward (¢, — ¢y pt1)
and backward (c, k41 — ¢, k) iterative relations between consecutive zeros of
cylinder functions.

The problem of finding all the positive real zeros of Bessel functions Cy ()
for any real o and v inside an interval [z1,z2], 1 > 0, is solved in a simple
way.

INTRODUCTION

The positive zeros of cylinder functions have many applications in physics, tech-
nology and applied mathematics. Let us denote by c, s the sth positive zero of a
cylinder function

(0.1) C.(x) = cosad,(x) —sinaY, (z),
which satisfies the recurrence relations

Cop1(2) +Coa(z) = ZC, (),

C,(x) = (Coar(x) = Cupa(2))/2.

Several approximations exist to evaluate the zeros of Bessel functions of the first
and second kinds J,(z) and Y, (x). In particular, McMahon’s and Olver’s asymp-
totic expansions and Olver’s uniform asymptotic expansions ([T, 14}, 1T], 26]) can
be used to obtain zeros for large v and/or large s. Series expansions [17], rational
approximations [I5], Chebyshev series expansions [16], and further asymptotic ex-
pansions [2] 5] have been developed which can serve as complement to McMahon’s
and Olver’s asymptotic expansions. Additional information on monotonicity and
convexity properties of the zeros, bounds for the first zeros of Bessel functions, and
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Sturm’s inequalities can be found in [3][4} 6] [7} 12} [13] and in previous publications
by the same authors.

Several methods have been developed for the evaluation of the zeros of Bessel
functions, among them:

1. N. M. Temme developed an ALGOL 60 computer program to evaluate the
zeros of J, (), Y, (), J,(x) and Y,/(x) for positive orders. Several asymptotic
and uniform asymptotic expansions [26, [1], 23] were considered to obtain first
approximations to the roots which were refined by applying a second order
Newton iteration [22]. A Fortran 77 version of this algorithm can be found in
[8].

2. R. Piessens presented a software package for the computation of the zeros of
Jy(x) for orders v > —1 and its turning points for positive orders [1§]. These
programs use Chebyshev expansions [16] and asymptotic expansions for the
zeros and turning points.

3. M. N. Vrahatis et al. developed the code RFSNFS [25] which uses the concept
of topological degree to isolate the real zeros of the Bessel functions J, (z) and
Y, (z) and their derivatives; a modified bisection rule is applied to evaluate the
zeros and turning points for real and positive orders. In addition, a method
to evaluate the complex zeros for real orders has been developed by the same
group [9].

4. A novel approach to evaluate the zeros of Bessel functions was considered
n [200. A global Newton method convergent for cylinder functions C,(r) =
cosa Jy,(z) —sina Y, (z) was introduced. The Newton iteration based on the
monotonic function f,(x) = 22¥~1C,(x)/C,_1(x) was proven to be convergent
for any real values of v and « and for any starting values xg > 0. The function
fv(z) is similar to the trigonometric function tanz in its monotonicity and
convexity properties. In this way, given a real starting value zy > 0 lying
inside some branch of f,(z), the Newton iteration defined in [20] converges
to the zero of Cy(z) in this same branch (if any).

By using this global Newton method, complemented with rough (but suffi-
ciently accurate) first approximations to the roots, codes to evaluate the zeros
of J,(x) in intervals [Zmin, Zmax)s Tmin > 0, were built [2I]. Such algorithms
proved to be particularly efficient for the evaluation of the first positive zeros
for moderate orders (positive or negative).

In this paper, a simple and easy to implement procedure for finding the positive
real zeros of any real solution of equations[.2lis presented. The method gives with
certainty all the positive roots of the equation cosa.J, (z) — sinaY, (z) = 0 inside
any given interval [Zmin, Tmax), Tmin > 0, for any real o and v.

The following ingredients will be taken into account in order to build this pro-
cedure:

1. Two globally convergent Newton methods based on the functions f; ,(x) =
—iz?¥=1C,(2)/Cy+i(x), i = 1, which generalize the Newton iteration pre-
sented in [20].

2. Bounds for differences of adjacent zeros |c,, s — cyt1,5|, with s, s’ such that
ﬂcv,s” € ]Cu,m Cuil,s’[-

3. Forward (¢, — cyrt+1) and backward (c,x41 — ¢ k) iterative relations
between consecutive zeros of cylinder functions C, () which are based on the
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two globally convergent Newton iterations and the bounds on differences of
adjacent zeros.

Numerical examples will illustrate the method to find the positive roots of C,(x)
inside real intervals.

1. GLOBAL NEWTON METHODS

In this section, two globally convergent Newton iterations based on the mono-
tonic functions

(1.1) fiv(2) = —iz™2""1C,(2)/Chyi(x), i = +1

will be built. First, the concepts of consecutive and adjacent zeros of Bessel func-
tions are introduced. Then the monotonicity and convexity properties of
f11,0(x) are proved to follow immediately from those already shown for f_; ,(z) =

2?2710, (2)/C, 1 () [20].

1.1. Consecutive and adjacent zeros. It is a well known fact that cylinder
functions C,(z) have an infinite and countable number of positive real zeros and
that all such zeros are simple. Besides, the zeros of Bessel functions of consecutive
orders are interlaced:

Theorem 1.1 (Interlacing). Between two consecutive positive zeros of Cyy1(x),
there is one and only one zero of C,(x) and, conversely, between two consecutive
positive zeros of C,(x) there is exactly one zero of Cpq1(x).

Notation 1.2. We adopt the standard notation ¢, s for the sth positive zero of a

Bessel function C,(x). Z, will denote the set of positive zeros of a cylinder function

C,. Similarly, Z,; is the set of positive zeros of C,4;(z) with ¢ = +1 or i = —1.
The zeros c,,s and ¢, 541 are, for obvious reasons, said to be consecutive.

A zero c¢,41,+ which lies between two consecutive zeros ¢, s and ¢, 541, will be
said to be adjacent to them (and vice versa). In other words:

Definition 1.3 (Adjacent zeros of C,(z) and C,+1(z)). Let ¢, s and ¢,s ¢ be such
that ¢, s < ¢y o, andlet v/ =v+1orv' =v—1. ¢, 5 and ¢,s ¢ are adjacent zeros
< Cy(z) #0 and Cpr (x) # 0 Vx € Jeus, Cur s -

Given Theorem [[I] there is one and only one zero ¢, s in each interval
lev sy € sr41], ¥V = v £ 1. Thus, the following definition can be considered:

Definition 1.4 (B;(c,s): branch containing ¢, s). Let i = 41 or i = —1.

1. Ife,s € ]CVJri,S’v Cu+i,s’+1]v we write Bi(cv,S) = ]CVJri,S’v Cu+i,8’+1]'
2. If cpyin < 1, we write B;(0,) =10, cpyi]-
3. If ¢y < cytin, we write B;(cy1) =10, ¢pyi1] and B;(0,) = 0.

Remark 1.5. Considering Theorem [Tl it becomes obvious that

]RJF = B’L(OV) U <U Bi(cu,s)> 7B’L(Oll) N Bi(cu,s) = @VS € N,
s=1

Bi(cv,s) N Bi(cl/,s’) =) < s 7é SI, S, s’ e N.
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Let us now state a well known theorem on the distance between consecutive
zeros [23]. Theorem will be useful in order to prove several results in Sections
3 and 4. Later (Section 2), bounds on the distance between adjacent zeros will be
established.

Theorem 1.6 (Bounds for differences of consecutive zeros). Let ¢, s, ¢y 541 be two
positive zeros of C,(x).

1. If [v| # 1/2, then (cy 541 — cvs — m)(lv] — 1/2) > 0.

2. If lv| =1/2, then ¢y 541 — s — T = 0.

Theorem [CA can be proved using Sturm’s comparison theorem [23].

1.2. The monotonic functions fi; ,(z). In reference[20)], the function f_; ,(z)
(equation [[T) was shown to be monotonic in the positive real axis except at the
zeros of C,—1(z) (Z,-1). A global Newton method to find the zeros of cylinder
functions C,(x) for any real order v was built. That method was based on the
monotonicity and convexity properties of f_1 ,(z).

Let us show that a second global Newton algorithm can be built based on the
function fiq,(z) = —272*71C,(x)/Cyy1(x). First, we define in compact form the
functions under study (keeping temporarily the angle « in the notation):

Definition 1.7. Letting C,(z, a) = cosaJ, (z) —sinaY, (z) and i = +1 or i = —1,
we define
H;y(z,0) = —iCy(z, ) /Cori(z, ),
(12) fi,l/(x7a) = x_éi(y)HLV(‘]%aL
5;(v) = 2iv + 1.

The following relations can be proved with ease.
Lemma 1.8. H_ 1 _,(z,0) = Hy1(x,a+vn); fo1 vz, a) = fr1,.(z,a +vm).
Proof. Use the reflection formula C_, (z,«) = C,(x, a + vm) [20]. O

Remark 1.9. We will use the notation
(13) C,,(l') = Cu,a(x); Hi,l/(x) = Hi,u(x; a) ) fi,u(x) = fi,u(xa Oé)
for any fixed « and ¢ = +1.

Lemma [[.§ demonstrates that the monotonicity and convexity properties of the
functions H_1 ,(z) and f_; ,(z) have their counterpart for H14 ,(x) and fiq,(x).
Lemma [[.10] generalizes some of the results presented in [20].

Lemma 1.10. Leti=+1 ori= —1.

1. H;,(x), fin(x) and their derivatives are continuous functions in RY \ Z,4,;.

2. H; ,(x) has an infinite and countable number of positive zeros (Z,) and sin-
gularities (Z,4;). The zeros and singularities are interlaced. The same holds
for fi(z).

. HZI’V(J,‘) =1+ Hi,l,(x)Q + (Si(V)Hi,l,(J?)/J) Vr € Rt \Zl/—i-i-

iu(2) = %W (1 + Hy,(2)?) Vo € R\ 2,4,

. H; (), i = %1 is strictly increasing for x > min(cy,1,Cvti1), © € RT\ 2,4,

. Jiw(x), i = %1 is strictly increasing in RT \ Z,4,;.

o Ul W
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The proof of Lemma [[.T0l is omitted because all the properties described were
demonstrated for i = —1 in [20]. The generalization to ¢ = £1 becomes straight-
forward by taking into account Lemma [L.8]

Considering Lemma [[LT0l parts 2 and 5, the next corollary follows.

Corollary 1.11. If x € Bi(cy ), © # cus, then (x — ¢y s)H; o (x) > 0.

This result together with the formula for H; ,(z) (Lemma [LT0) will be used to
derive bounds on differences of adjacent zeros.

1.3. Global convergence of the Newton iterations. Global Newton methods
can be built based on the functions f;,(z), ¢ = £1. In order to generalize the
global Newton method presented in reference [20)], one only needs to replace H, (x)
(= H-1,(z)) by H;,(x) in Theorem 2.1 of [20]. The functions 7; ,(z) resulting
from such replacement (Definition[T.T2)) constitute a pair of global Newton iterations

(Theorem [T3).

Definition 1.12 (Globally convergent Newton iterations 7; ., (z), ¢ = £1).

Tiw(2) = (T 0 (2) T 0 (2) + O(—Tiu(z))ax, 0<a<l,

O(y)=1 fory>0, O(y)=0 fory <0,

I S g ﬁiu Z
Tl’y(x) =T- 37;7”(1,‘) ) Sz,u(x) = 14+ IfI ()1,‘)2,
i,V
I %min(l’ |Hi,y(l')|),$ QZEJMW
Hi,l/(x) = Ly
1,z € ZSH.

Theorem 1.13 (Global convergence). Let us denote by T, n)(xo) the nth iteration
)(LL'()) Vg > 0,Vv €

of T;, over a starting value xy > 0. Then Ellimnﬂoo’fi(f
R ,i==1 and
1. If xo € Bi(cu,s), then lim, .o T(:f)(xo) =Cys-

2. If xo € B;(0,), then lim, .o 7;5;” (z0) = 0.

)

Remark 1.14. By taking into account Remark [[5l one observes that given any xg >
0 there is one and only one branch B;(c,,s) (or B;(0,)) such that z¢9 € B;(cy,s)
(or &y € B;(0,)). Thus, by virtue of Theorem [[I3] and given z¢ > 0, either

limy,— o0 ’Tz(f) (o) = ¢y5 for some s or lim, s ’Tz(f) (x9) = 0. Convergence to 0 will
only take place when zg €10, ¢,1;.1] and ¢y441 < ¢y1, that is, when 2 € B;(0,) # 0
(see Definition [4]).

2. BOUNDS ON THE DIFFERENCES |¢y s — Cy41,s/| BETWEEN ADJACENT ZEROS

The iteration of 7;, converges to ¢, s (Theorem [[T3)) for any a starting value
xo € Bi(cy,s). In Section 3, we will describe how to evaluate ¢, s41 once ¢, s is
known. Bounds on the differences of adjacent zeros are required in order to build
such (iterative) relations between ¢, s and ¢, s+1.
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Theorem 2.1 (Bounds for differences of adjacent zeros). Let ¢y s, ¢yyisr, @ = £1,
be adjacent zeros. Let 6;(v) = 2iv + 1.

1. If 6;(v) # 0, then 6;(V)(Cotisr — Cus) /2 = |Cosier — Cus|] > 0.

2. If 6;(v) =0, then |cyyis — Cus| =7/2.

Proof. Let 6;(v) # 0 (the case §;(v) = 0 is trivial). From Lemma [[LT0 we know
that

(2.1) H () =1+ Hi(2)* + 6i(v) Hi(z) /2.

Equation 21l can be proved by deriving H; ,(z) (equations [[L2) with respect to x
and employing the recurrences (equation [I2) to rewrite the derivative in terms of
H; ,(x). From this equation,

§;(v)H; () {M — 1} - M Vr e RT \ 2,44

1 + Hi,l,(x)Q n J)(l + HLV(J,‘)Q)
and then
H! , (x)
0;(V)H; Y 1 >0 Ve e RT\ Z,| | Z,4:.

In particular, the inequality holds Vz € BY(c,s) \ ¢1,s and for any given s € N.
By (cy,s) denotes the interior of B;(c, s).
Considering Corollary [LTT we have

H,(x)
1+ Hi’l,(l')Q
and then for all 2’ € By (cy5) \ ¢us,

hiwv(x) = 6;(v)sign[z — ¢, 4] [ - 1] >0 Vr € B (cus) \ {cvs}

sign l/ hw(x)dx} = sign[z’ — ¢, ]

= sign[z’ — cms]/ i (z)dz > 0.

Writing s;(v, 2') = 6;(v) (2" — cus),

’

si(v, J?I)/x sign[z — ¢, ] (M —1)dz
¢ ].-I-Hi’l,(l'

v,s

’

)2
= s;(v,2) sign[z’ — cws]/:; (% — 1) dz > 0.
By integrating we obtain |
si(v,x")sign[z’ — ¢, s](arctan (H; , (")) — (' — ¢y 5)) > 0,
and by taking into account Corollary [CTTl
si(v,2")(|arctan (H; , (2)) | — |2" — cus]) > 0 Va' € BY(cu.s) \ Cus-

Taking now the limit @' — c,4;4, being c,4; ¢ adjacent to ¢, s, we have
H;,(x") — oo and $;(V, cuyi s ) (1/2 — |Cutisr — Cus|) > 0, and then

5i(”)(cv+i,s’ - Cv,s)(ﬂ'/Z - |Cu+i,s’ - Cu,s|) > 0.



ITERATIVE RELATIONS BETWEEN CONSECUTIVE ZEROS OF C,(z) 1211

3. ITERATIVE RELATIONS BETWEEN CONSECUTIVE ZEROS €y s, Cyst1

Once two global Newton iterations have been defined and bounds on differences
of adjacent zeros have been given, iterative relations between consecutive zeros of
C,(z) can be established.

In this section, the main result is Theorem [3.6] part 2: once a zero ¢, s is known,
the starting value ¢, ; =7 guarantees convergence to ¢, s+1 by appropriately choos-
ing one of the two Newton iterations.

First, it is shown that ¢, s £ 7 is inside B;(cy, s+1) either for ¢ = +1 or i = —1
(there is a possible exception when |v| < 1/2). This result (Lemma [33]), together
with the global convergence of the Newton iterations 7;,(z) (Theorem [[.I3) is
enough to prove the main result (Theorem [3:6).

Notation 3.1. From now on sign(z) will denote the function sign(z) = +1if x >0
and sign(z) = —1 when z < 0. The next results could have been stated in the same
way had we chosen sign(0) = —1.

Lemma 3.2. Let |v| > 1/2. Let i = +1, s € N be such that k = s + sign(iv) > 0.
Then ¢, s + vsign(iv) € Bi(cvx) Vy € [1/2, 7).
Proof. Let ¢, 5, cut4,s be adjacent zeros. Considering that sign(d;(v)) = sign(iv)
when |v| > 1/2, we have that (see Theorem [2T])

1. fiv > 0, |cytisr — Cus| < T/2 when ¢4y ¢ > €y, then ¢, s +v > ¢y s for

v >w/2.
2. Ifiv <0, |cptis — Cus| < T/2 when cpqi e < Cus, then ¢ s — v < gy, s for
v >m/2.
Thus,
(3.1) 1 = ¢y s +ysign(iv) € Bi(cy,s) for v > /2.

Now it is a simple matter to check that z1 € Bj(cy44x) when v < 7, where
k = s+ sign(iv). From Theorem 6, it follows that ¢, 541 — ¢cys > 7 Vs € N
(since |v| > 1/2) and then ¢, s + v < ¢ 541 for v < m. Similarly, ¢, s — v > ¢y 5-1
(when s —1 > 0). Thus, choosing 7/2 < v < m, z; necessarily lies in a branch
contiguous to B;(cy,s). O

The following result, valid for |v| < 1/2, can be proved by considering Theorem
L8

Lemma 3.3. Let j = £1 and s € N be such that s +j > 0. If |[v| < 1/2, then
Cv,s + Jjm € Bi(cy,s45) both for i =41 and i = —1 except, possibly, when s +j =1
and ¢,;1 < Cyyil-

Proof. |v| <1/2= cypt+1 — Con <7 and Cptin/t1 — Cotipn > 7 Y0, n’ € N. Thus
given the interlacing properties (Lemma [LLT]), the sequence of zeros

Cus < Cutis'+1 < Cust1 < Cutis'+2,
with s > 0, is such that ¢, s41 < ¢y s + T < Cuyi,or42. In other words
Cvs +m€ Bi(cys41) Vs €N,
Similarly, for s > 3 can write

(3-2) Cotis’'—1 < Cus—1 < Cytis’ < Cps
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and ¢y 446 < €y s — T < €y s—1, that is
(3.3) Cvs — T € Bi(cys—1) s>3
while for s = 2, the first inequality (¢, 44 s/—1 < ¢y,s—1) can only be considered when

Cy+i1 < €1 This is why exceptions to Lemma 33 can be found when s = 2 and
j =-1 (and 1 < Cu-{—i,l)- O

Remark 3.4. When |v| < 1/2 and ¢,1 < ¢y+i1, it may happen that ¢, 1 < c,2 <7
and ¢, 2 — 7 < 0. This fact also explains the exception in Lemma B3] and in the
next two results. Such exception never takes place for |v| > 1/2, since in this case,
as we will later show, ¢, o2 > 7 (Lemma H.6), and besides, ¢, s — 7™ > ¢, s—1 for
s > 2. This exception is inherited by Lemma [35 and Theorem Theorem B4
will overcome this limitation.

By taking into account Lemmas and B2l one can prove the following result.

Lemma 3.5. Let j = £1 and s € N be such that s +j5 > 0. Then ¢, s + jm €
Bgign(jv)(Cu,s14) except, possibly, when [v] <1/2, s+j =1 and c,1 < Cyqsign(jv),1-

Proof. For |v| < 1/2, the result is a consequence of Lemma B3l The proof for
|v] > 1/2 follows from Lemma B2l for the particular case v = , since
Cu,s + Sign(jl/)ﬂ— € Bj (Cu,s—i-sign(ju)) <~ Cu,s + j’lT € Bsign(ju) (Cu,s+j)'
O

Finally, the main result follows from Lemmas B3] B8 and Theorem LT3l
Theorem 3.6 (Iterative relations between consecutive zeros). Letj = +1 and s €
N be such that s+ j > 0.

1. If [v| £1/2, then ¢y o1 = lim ’];(;L) [cv,s + 7] fori=+1 ori=—1, except,

n—oo ’
possibly, when s +j =1 and cy1 < Cpti1-
2. ¢yt = lim 7"

n—ooo sign(jv),v

s+j=1 and Cy1 < Cytsign(jv),1-

[cv,s +J7] Yv € R except, possibly, when |v| < 1/2,

4. ALGORITHMS TO FIND ALL THE POSITIVE REAL ZEROS
IN AN INTERVAL [Zmin, Zmax)s Tmin > 0

The iterative relations given by Theorem enable us to build algorithms ca-
pable of finding all the zeros of any real cylinder function inside a given interval

[Zmin, Tmax), With Zmin > 0. For example, taking z1 = limy,_, T_(Zggn(u)y(xmax)
and xg = lim, T_(Z?gn(y)w(mk_l — ) for k > 1, the series of zeros of C,(x) in an

interval [Zmin, Tmax) can be generated in decreasing order. However, the exception
in the results of Section 3 will have to be overcome in order to obtain with certainty
cy,1 once ¢, 2 has been evaluated.

The zeros can also be generated in increasing order by using the forward iterative
relations, starting from xpi,. We will now prove that, for any zpy;, > 0 and any
real values of v and «, lim,,_. ’];Egr)l(y)’l/(xmin) is a positive zero of C, (x). This fact
ensures that the forward sweep is always valid and that no a priori estimations for
the zeros are needed to start this sweep.

Being the globally convergent Newton iteration, we know from Theorem [LI3

that lim, zggr))(u),y(xmin) = ¢y,s when ¢, 5 € Bgign(yy(cu,s). Thus, the only case
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in which the forward iteration may not to converge to a positive zero of C, () is when
Tmin € Biign(1)(0,), which is the same as saying that 0 < Zmin < Cyysign(v),1 < Cu,1;
however, this situation cannot take place:

Theorem 4.1 (Ordering between ¢,,1 and ¢, 4sign(),1)- The following statements
are equivalent and hold for any real values of v and «:

1. Bsign(v)(OV) =0.
2. ¢y1 <cCpprip frv=0andcyy <cporn if v <0.
3. limmam fsign(u),ll(x) <0.

Proof. Statements 1 and 2 are clearly equivalent, given Definition [[L4. On the other
hand, since fgign(,),» () is monotonic, we have that

Cv1 < Cyysign(v) & 11%1+ fsign(v),u(x) <.
xr—

Thus, 2 and 3 are also equivalent.
Given the symmetry between positive and negative orders (Lemma [[8) all that
remains to be proved is that

lim fiq,(z) <0 Yv > 0.
z—0t

By noticing that, as z — 07 [10],

2 2
J ~1 Y ~ ——log —
o@) =1, Yole) ~ 2 log >
and
x¥ 2" (v)
(T) ~ Y, ~— f
Jo () T+ 1) v forv> 0

and writing C, (z) = cos aJ,, (x) — sin Y, (z) we see that, when x — 0T,
friv(z) = —2(v + 1)z 20+ for v >0 and a =0,
f10(x) = —log% for v =0 and o # 0,
friu(z) ~ —21796*2” for v > 0 and « # 0.

Therefore lim, o+ f+1,.(z) = —oo for v > 0 Vo O

From Theorems and 1] easily follows that the iteration Tggn(,),, () al-
ways converges to a positive real zero of C,(x) for any starting value o > 0 and,
differently from 7_ 551, (), it will never converge to 0. In particular, we have:

Corollary 4.2 (Iterative formula for the first zero of cylinder functions). The
first positive real zero of any real cylinder function can be written as

(4.1) cor = lim T () Vo €]0,¢ wgnw)al.
n—

oo sign(v),v

Given Corollary [£2] a prescription to evaluate all the zeros of a given cylinder
function C, () inside an interval [min, Tmax] can be established:

Theorem 4.3 (Forward evaluation of the zeros). The zeros of any real cylinder
function C,(z) inside an interval [Tmin, Tmax], Tmin > 0, can be evaluated in the
following way:
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1. Bvaluate 1 = lim,,— oo ,nggr?(u),y(xmin)' Then 1 = ¢y s for some integer
s > 0 provided there is at least one positive zero of C,(z), cu s, such that
Cu,s’ 2 Tmin -

2. Given c,, with k > s, use the forward iterative relation

im 7™

1 .
m—oo sign(v),v

Cuk+1 = (Cy i + )

to generate the sequence of zeros
Cl/,s < Cu,erl <0< CV,ern S Lmax < Cu,s+n+1~

Then {cy s+i,4 = (0),1,...,n} is the set of all the zeros inside the interval
[Zmin, Tmax] (Cv,s s excluded when ¢, s < Tmin)-

Although the forward sweep suffices to find all the zeros inside a given interval, we
will prove, for completeness, that a backward method can also be built to perform
this same task. No previous estimations from asymptotics are needed, similar to
the forward method. The main difference between both procedures, apart from the
use of the iteration 7_ gy (., instead of Tgen(,),,, can be found in the stopping
rules which terminate the backward sweep. Particular care must be taken (rule 4
in the next theorem) in order to overcome the exception in Theorem 3.6l

Theorem 4.4 (Backward evaluation of the zeros). The zeros of any real cylinder
function C,(z) inside an interval [Tmin, Tmax], Tmin > 0, can be evaluated in the
following way:

— 1 (m)
1. BEvaluate 1 = limy,, 00 7 sign(v),v

s > 0 provided there is at least one positive zero of C,(x), ¢y s, such that
Cy,s’ é Tmax-
2. Giwen ¢, with 0 < k < s, use the backward iterative relation

. (m)
Cyk—1 = lim 7T
vk—1 m—oo  — sign(v),v

(Tmax). Then x1 = ¢, s for some integer

(Cvp =)
to generate the sequence of zeros
Cu,s > Cys—1 > > Cys—n 2 Lmin-
3. The backward sweep must be applied reiteratively until, after the evaluation of
n zeros, one of the following conditions is met:
(a) 0 < zf < Tmin, being x5 = lim,, .o T_(Z)gn(y)w(c,,,kn — 7).
(b) y =0 (¢ as defined above).
(¢) cps—n — 7 <0.
4. When cps—n —m < 0, |v| < 1/2 and Tmin < 7, @ further step is required.
One should evaluate Tpy1 = limy, o0 nggl)(u),y(xmin)' If Zoin < Tpa1, then
Tpi1 = Cys—(nt1) 18 also a zero of C,(x) in [Tmin, Tmax] (the first positive
zero).
{ecv,5—irt = (0),1,...,n,(n + 1)} is the set of all the zeros inside the interval
[Tmin, Tmax]- Cu,s @5 excluded when ¢, s > Tmax- Cus—(n+1) 18 included when case /
applies and ¢y s—n # Cys—(nt1)-
Remark 4.5. Of course, in a numerical implementation of the stopping rule 3(b),
we would stop the backward sweep when 0 < zy < €, € being a small positive
number.
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Proof of Theorems [[.3 and [{.4} Theorems[Z.3]and @Al follow from Theorem [3.6]and
C13

Given Corollary @2, convergence to the first zero in the interval [Zmin, Zmax],
Tmin > 0, is guaranteed for the forward method. This fact, together with Theorems
B.6 and [[.13] proves Theorem E.3]

For the backward method, the stopping rules in Theorem 4] steps 3, 4 remain to
be proved. The situations in which the iteration must terminate are the following:

1. When ¢,,1 < Zmin, the stopping rules 3(a) and 3(c) are sufficient to guarantee
the proper termination of the sweep. Indeed, convergence to 0 can only take
place when B_ g,y (0,) # 0 (Definition[.4)), that is, when ¢, _gign(1),1 < €15
but then, and for s > 2, ¢, s — 7 is a starting value which guarantees conver-
gence to ¢, s—1 (Theorem [3.6]). Therefore, there is no possible convergence to
0 and rule 3(b) does not apply. We are left with two possibilities:

(a) The backward sweep must be halted when convergence to a zero of C, ()
smaller than zmi, takes place (stopping rule 3(a)).

(b) When ¢,1 < Tmin < ¢y,2, it is possible that ¢, 2 — 7 < 0 and then the
stopping rule 3(c) applies. Notice that the algorithm is not asked to
evaluate ¢, 1, since ¢,,;1 < Tmin-

2. When ¢,1 > Zmin the algorithm will give the set of zeros {c, s,s = 1,...,n},
where Tmin < ¢1 < €2 < -+ < Cyp < Tmax. In this case, the stopping rules
become more involved, especially because the exception in Theorem [3.6 has
to be resolved in order to be able to find with certainty the first positive zero
Cy,1 once ¢, 2 is known.

(a) When ¢,_gign(v),1 < Cu,1, Cp2 — T is a starting value that provides con-
vergence to ¢,,1 (Theorem[ZH). After the evaluation of ¢, 1, two different
stopping rules will apply for the case c,,; < 7, and for the case ¢, 1 > m:
(i) When ¢,1 > 7w then necessarily |v| > 1/2 (Lemma [LJ), and by

Lemma 2T ¢, 1 — 7 € ]0, ¢y —sign(v),1] = B—sign(v)(0v); then the New-
ton method will converge to 0. This situation corresponds to rule
3(b).

(i) When ¢, 1 <, the rule 3(c) applies.

(b) When ¢,,1 < ¢y_sign(v),1, then ¢, 1 < 7, as will be shown in Lemma ET]
There are two possibilities in this case:

(i) When ¢, 2 > m, ¢y 2 — 7 is a starting value which guarantees conver-
gence to ¢, 1 because B_ ggn() = Pand 0 < cpo— 7 < Cy—sign(v),1s
which means that ¢, 2 — 7 € B_gn()(cy,1). This is a consequence
of Lemma B2 for |v| > 1/2; for |v| < 1/2 we have ¢, 0 —cp1 < 7
(Theorem [[) and then 0 < ¢, 0 — 7 < ¢p1 < Cu—sign(v),1- After ¢, 1
has been evaluated, the stopping rule 3(c) terminates the sweep since
Cy1 — T < 0.

(ii) If ¢y 2 < m, the algorithm would stop just after the evaluation of
Cy2 because ¢, 2 — 1 < 0 (rule 3(c)); the zero ¢,,; would then be
skipped. This situation constitutes the exception in Lemmas [3.3]
and Theorem and it is handled and resolved by applying rule 4
(which is based on Theorem[4£.2]). This possibility may only be found
when |v| < 1/2 since ¢, 2 > 7 for |v| > 1/2 (Lemma [.G). O

We end this section with the proof of several results used in the preceding proof
of the stopping rules 2(b).
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Lemma 4.6. If |v| > 1/2, then ¢, 2 > .

Proof. The zeros of two different real cylinder functions of a same order v are
interlaced (see [26]); in particular, the zeros of C,(z) (o # km, k € Z) and J,(x)
are interlaced; thus, ¢, 2 > j,,1. Given that j,; = 7 and that % >0 forv>-—1
[26], we have that ¢, o > 7 for v > 1/2 and similarly (Lemma [[8)) ¢, 2 > 7 for
v<—1/2. O

Lemma 4.7. Ifc,1 < ¢y_gign(w),1, then [v] <1, v #0 and ¢, < 7.

Proof. Given Theorem &), ¢,1 < ¢,_gign(v),1 cannot take place when |v| > 1 or
v =0.
Let us consider v € ]0,1[ to show that ¢, 1 < m; then the use of Lemma
guarantees that the same inequality holds for v € | — 1,0[.
Since y,,1 < Jju1 < Yp2 < Ju2 < ... for v > 0, where y, s and j, ; are the sth
positive zeros of J,,(x) and Y, (z), respectively, and given that for z — 0
J,(07) =07, J,(07) >0, Y,(07) <0,
we have that
1. Cu(yp,1) > 0 and Cy(ju1) < 0 for o € |0,7/2[. Then c¢p1 € [Yu1,Ju,1] for
a € [0,7/2] by Rolle’s theorem.
2. C,(0+) > 0 and Cy(yp,1) < 0 for @ € |n/2,w[. Then ¢,1 € ]0,y,1[, where
Cu(x) = cosad,(x) — sin Y, (z).
Thus,
(4.2) Cy,1 S ju,l Yo

Besides, since C,_1(z) = — cos(a+vm)Ji—p(z)+s(a+vm)Y1_, (z) (LemmallF),
by repeating the same argument we have that ¢,_11 < j1_,,1, v € |0, 1[. But our
hypothesis is ¢,,1 < ¢,—1,1 for v > 0 and then

(43) 1 < jlfy’l VYa Yv € ]0, ].[

Equations and [L3] together with the fact that dj, 1/dv > 0 for v > —1 [26]
leads to

Cv1 < jijo1 =T

Lemma 4.8. If |v| <1/2, then ¢, 1 < .

Proof. Similar to Lemma &7} c,1 < j,,1 and then ¢, ;1 < 7. O

5. NUMERICAL EXAMPLES

In this section, several examples of the application of Lemmas F3] and [£4] are
provided. Both the forward and backward sweeps have been proven to be capable
of obtaining all the real zeros of any real cylinder function. Therefore, a sufficiently
accurate method of evaluation of cylinder functions is all that is needed to evaluate
their zeros.

As discussed in [20] and [21], a continued fraction (CF) can be used for first kind
Bessel functions to evaluate J,(x)/Jy4i(z), @ = £1. The use of the CF gives rise
to a short and accurate method of computation.

To obtain the zeros of combinations cosa.J,(z) — sinaY, (z) with a # 0, a
continued fraction is no longer available since the resulting cylinder function is
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no longer minimal with respect to recursion over orders. However, we can evaluate
both J,(x) and Y, (x) by using some external program. We use SLATEC routines
DBESJ and DBESY to evaluate J,(z) and Y, (z) for v > 0, and we apply Lemma
for v < 0.

Overflows in the evaluation of cylinder functions can be expected. The main
problem is due to the fact that Y, (z) goes to —oc as @ — 0F. This behaviour
causes rounding problems when trying to obtain the first positive zero for v > 0
and o = krm —e with 0 < e < 1 (¢,1 — 07 as ¢ — 07). For v < 0 the same
cancellation problems appear when —vm + a = km — ¢, 0 < € < 1. This limitation
is difficult to overcome and was also present in the evaluation of the zeros of J, (x)
[21] for negative orders v = —k + €.

In addition, one has to detect and avoid overflows in the ratio C,(z)/Cp4:i(x)
(1 = £1) when =z is close to a zero of Cp4;(x). As discussed in [20] and [21], the use
of the Lentz-Thompson algorithm [19] [24] to evaluate the CF for J,(x)/J,+1(x)
overcomes this problem while, for general combinations, one has to take explicit
precautions. This overflow problem can be handled with ease.

Apart from the roundoff error limitations, to evaluate the first positive zeros
in the cases when ¢, ; is small, the application of Theorems 3] and B4 provides
a general algorithm to find all real roots of any real cylinder function. As an
illustration, the zeros for C,(x) for v = 0.2 and v = 10 and « varying in [0, 7|
(taking steps Aa = 0.1) are shown in Figure 1. We also show the zeros of the
contiguous cylinder functions C,+1(z) and starting values used both by the forward
and backward algorithms.

The left figure shows the zeros found in the interval [15,35] for C, (x) with v =
10, 9, 11 and « € [0,#[. In this figure, the smallest zeros are the first positive
zeros. Starting values used to evaluate the zeros of Cig(z), for both the forward
and backward sweep are shown (x-points).

Note that for a fixed value of « the starting values for the backward iteration
always lie between two consecutive zeros of Co(z) (O-points) which are adjacent to
the zero of Cig(z) to which the Newton iteration converges (Theorem [[L13). The
last starting value (the lowest) is such that the Newton iteration would converge
to zero, which is the situation corresponding to the stopping rule 3(b) of Theorem
A4

On the other hand, the starting values for the forward iteration always lie be-
tween two consecutive zeros of C11(z) (4-points) which are adjacent to a same zero
of Cio(x). The last (highest) starting value lies outside the interval [15,35] and
gives convergence to a zero outside this interval (stopping rule of Theorem [A3]).

A graphical explanation for the different Newton iterations used by the forward
and backward sweeps can be given by considering Figure 1 (left). Given two con-
secutive starting values for the backward sweep there is one and only one curve of
O-points (zeros of Co(z)) crossing between both starting values. In addition, be-
tween each two consecutive starting values for the forward sweep there is one and
only one curve of 4-points crossing (zeros of C11(x)). This property shows that
two consecutive starting values always lie in consecutive (and different) branches
Bgign(iv)(Cu,s)s Bsign(iv)(€v,s+1) (i = +1 for the forward sweep, i = —1 for the back-
ward case). However, we see in Figure 1 (left) that there is a case in which two lines
of [J-points cross between two consecutive starting values for the forward sweep;
one can also observe that there are two consecutive starting values for the backward
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FIGURE 1. First positive zeros of the cylinder functions C,(z) =
cosat,(z) — sina, (x) for v = 10 (left) and v = 0.2 (right) and
a € [0,7[. The zeros for the contiguous cylinder functions C, 41
and the starting values considered to evaluate several zeros c, s
are also shown.

sweep which are not separated by any curve of 4-points. This fact explains graph-
ically why two different Newton iterations are needed depending upon the type of
sweep considered (forward/backward).

The right figure shows the first zeros for the orders v = 0.2, —0.8, 1.2 within
the interval [0.001,10]. The most interesting differences with respect to the right
figure can be found in the stopping rules for the backward iteration.

The starting values for the forward sweep guarantee convergence to all zeros in
the interval [0.001, 10]. The finding of zeros stops when a zero larger than . = 10
is found.

In a similar way, all the starting values for cos(ar) = 0 used by the backward
sweep guarantee, without exception, convergence to all positive zeros in the interval
[0.001,10]. The last starting value is negative given that ¢, 1 < 7 (stopping rule
3(c) of Theorem H.4)).

Finally, the starting values for the backward algorithm when cosa ~ —1, illus-
trate the exception to Theorem and the necessity of stopping rule 4 in Theorem
E4. Observe that 0 ~ ¢, 1 < ¢, 2 < 7 so that, after ¢, 2 has been evaluated, the new
starting value ¢, o — 7 is smaller than zero. The algorithm stops due to rule 3(c)
but the first zero can be evaluated a posteriori by using rule 4 with zp;, = 0.001.

6. CONCLUSIONS

Two global Newton iterations have been built, based on the monotonic functions
fx1..(x). This pair of global Newton iterations (Theorem [[I3), complemented
with the bounds on differences of adjacent zeros (Theorem B:2)), enabled us to find
forward and backward iterative relations (Theorem [B.G) between consecutive zeros
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general cylinder functions C,(z). By using these iterative relations all the zeros
any real cylinder function inside a given interval [Zmin, Zmax|, Tmin > 0, can be

found. Forward or backward sweeps have been built which are able to perform this
calculation (Theorems 3] and FA).

of

These global methods are expected to be particularly efficient for the evaluation
the smallest zeros for low |v| (as happened for J,(x) [21]), precisely when as-

ymptotic expansions tend to fail. Furthermore, the method presented here is valid
for any real cylinder function of any real order.
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