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MACRO-ELEMENTS AND STABLE LOCAL BASES
FOR SPLINES ON POWELL-SABIN TRIANGULATIONS

MING-JUN LAI AND LARRY L. SCHUMAKER

ABSTRACT. Macro-elements of arbitrary smoothness are constructed on
Powell-Sabin triangle splits. These elements are useful for solving boundary-
value problems and for interpolation of Hermite data. It is shown that they
are optimal with respect to spline degree, and we believe they are also op-
timal with respect to the number of degrees of freedom. The construction
provides local bases for certain superspline spaces defined over Powell-Sabin
refinements. These bases are shown to be stable as a function of the smallest
angle in the triangulation, which in turn implies that the associated spline
spaces have optimal order approximation power.

1. INTRODUCTION

Let A be the triangulation of a polygonal domain €2 in R2. In this paper we are
interested in polynomial spline spaces of the form

Sp(A):={seC"(Q):s|r € Pgforall T € A},
where d > r > 0 are given integers and Py is the space of bivariate polynomials of
degree d. A basis {B;}"_; for a spline space S is called a stable local basis provided
that there exist constants ¢, K1, K5 depending only on the smallest angle in A such

that
1) for each 1 < i < n, there is a vertex v; of A for which supp(B;) C star’(v;),

2) for all choices of the coefficient vector ¢ = (c1,... ,¢n),
n

(1.1) Killello < 1) ciBile < Kalle]o.
i=1

Here star’(v) is defined to be the set of all triangles surrounding a vertex v, and
star’(v) is defined to be the union of all star’(w) where w is a vertex of star’~!(v).

It is known that if a space of splines S of degree d contains P, and has a stable
local basis, then it provides optimal order approximations of smooth functions (see
Remark 11.3). Such spaces are of particular importance in applications, including
data fitting and the solution of boundary-value problems.

Finding stable local bases for spline spaces Sj(A) is a nontrivial task for r > 0,
and for general triangulations can only be done when d > 3r+2 (see Remark 11.4).
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The first constructions were for very special superspline subspaces of Sj(A) and
can be found in [2], [I6]. A construction for arbitrary spline spaces Sj(A) and
corresponding superspline subspaces was discovered only very recently (see [3]).

To get stable bases for spline spaces with d < 3r + 2, we have to restrict our-
selves to classes of triangulations with a special structure. In this paper we work
with Powell-Sabin triangulations /A pg which are obtained from an arbitrary tri-
angulation A by splitting each triangle into six subtriangles (see Section 2). The
main result of this paper is an explicit construction of stable local bases for certain
superspline subspaces of Sg(r)(A ps), where

(9m +1)/2, if r =2m and m is odd,
2)/2, ifr=2 i
(12) dr) = (9m +2)/2, if r =2m and m is even,
( )
)

9m +4)/2, ifr=2m+1and m is even,
(9m+5)/2, if r=2m+1 and m is odd,

for all » > 1. As a by-product of the construction, we obtain certain useful macro-
elements which can be used in the numerical solution of boundary-value problems
and to solve Hermite interpolation problems. These elements are improvements on
similar elements obtained earlier in [8], [20]-[24] (see Section 9 for details).

The paper is organized as follows. In Section 2 we discuss Powell-Sabin refine-
ments and in Section 3 the Bernstein-Bézier technique. In Sections 4 and 5 we
treat the case r = 2m, while Sections 6 and 7 are devoted to the case r = 2m + 1.
In Section 8 we show how our constructions yield interesting new macro-elements
for all choices of smoothness r, and in Section 9 we compare them with previously
available macro-elements on Powell-Sabin splits. In Section 10 we show that our
choices of degrees and supersmoothness are optimal in a certain sense. The last
section is devoted to remarks.

2. POWELL-SABIN REFINEMENTS

Definition 2.1. Given a triangulation A of a set 2, the Powell-Sabin refinement
of A is the triangulation obtained as follows:

1) connect the incenter vy of each triangle T in A to the three vertices of T

2) connect incenters of neighboring triangles of A to each other;

3) if T is a triangle with an edge e on the boundary of €2, connect the incenter
of T to the center of e.

In the special case where this refinement process is applied to a single triangle
T := (v1,v2,v3) with incenter v, we call the resulting Powell-Sabin refinement a
Powell-Sabin cell. We denote such a cell by A\, and suppose that its boundary
vertices are {vy, w1, v, we, v3, w3} in counterclockwise order.

The following lemma shows that the Powell-Sabin refinement process is well
defined and that the smallest angle in Apg can be bounded below by a constant
depending on the smallest angle in A (see also [23]).

Lemma 2.2. Suppose Apg is the Powell-Sabin refinement of a given triangulation
A. Then Opg > Oasin(0a)/4, where Opg is the smallest angle in Aps and O is
the smallest angle in \. Moreover, for each edge e := (v1,v2) of A, the point wq
obtained from step 2 of Definition 2.1 lies in the interior of e. More precisely, there
exist constants 0 < Ky < Ko, depending only on the minimum 0 of the interior
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FIGURE 1. The geometry of incenters
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angles of /A and the exterior angles of the polygonal set  at boundary vertices of
A, such that

(21) 0< Ky SE < Ko,
ha
where hy = |{v1,w1)| and hy = [{(w, va)|.

Proof. We consider the case where e := (v1,v2) is an edge between two triangles
Ty and T3 (see Figure 1). The case where e is a boundary edge of A and wy is its
center is similar. Let # be the minimum of the interior angles of 73 U T5 and the
exterior angles at v; and vo. Suppose u; and us are the incenters of 17 and Tb.
Let a1 and as be the angles at v of 77 and Tb, and &1 and dao the angles at vo.
These angles are bounded below by 6/2. Consider the triangles T := (u1,v1,u2)
and T := (u1,ue,ve) with angles (1,3, 82 and (1, B2, 5, where § := (a1 + a2)/2
and 3 := (a1 + d2)/2. Tt is easy to see that

0< 3,8 <m—9.

Let 71 := (v, u1)], r2 := [(v1, u2)|, 71 1= [(v2, u1)], 72 = [(v2,u2)|, I = [(ur, wi)),
and ls := |(ua,w1)|. Then using the law of sines, we see that
. ) sin(ﬁ) . T sin(ﬁ)
> > 227 > > L5
B1 > sin(fy) > Ll B2 > sin(fa) > Il
. o 7y sin(3) . o 71 sin(5)
> > > > 12
B1 = sin(fBr) > Ll B2 > sin(fBa) > Il

We claim that the ratios r;/(l1 + l2) and 7;/(I1 + l2) are bounded below by 6/4.
Indeed, it is clear that the r;’s and 7;’s are bounded below by the radius of the

inscribed circles of Th and T3, which in turn are bounded below by % tan(6) >
le|#/2. Since the I; are bounded above by the length |e| of e, we have
leld

ri/(li +12) > o

2(le| + lel)

for + = 1,2. Similar bounds hold for 7y and 7. It thus follows that the §; and Bz

are bounded below by 6sin(6)/4. Now applying the law of sines again, we find that

sin(f;)  sin(%) sin(By) sin(%).

=0/4,

hi L’ ha I
Combining these facts leads to (2.1). O
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3. CONSTRUCTING LOCAL BASES BY THE BERNSTEIN-BEZIER TECHNIQUE

Our main tool for constructing stable local bases is the well-known Bernstein-
Bézier technique used in most of the papers in our list of references. For any given
d and triangulation A\, let

Da.n = U Dy, T
Ten

be the set of domain points, where

(’iUl + jva + k?’Ug)
d

and T := (v1,v2,v3). As observed in [I], there is a 1-1 correspondence between
the set of splines SY(A) and the set of coefficients {c¢}eep, .. We recall that a
set M C Dy a is a minimal determining set (MDS) for a linear space S C S9(A)
provided that all coefficients of s € S are uniquely determined from its coefficients
{ce}eem. If M is such a set, then there exists a corresponding set {B¢}eea of
dual splines satisfying

(3.1) Ay Be = d¢ 1, all n € M.

Dy, = {éf;k =

itk =d}

The splines {Be¢}eeam are linearly independent and form a basis for . In general,
considerable care is needed in choosing & and M to ensure that the dual basis is
stable and local.

We now recall some standard notation concerning domain points. Given a tri-
angle T := (v1,ve, v3), the ring of radius n around v is defined by

Ry (0n) = {11 =d —n},
and the disk of radius n around v is defined by
Dl (v1) :={& :i>d—n}.

We have similar definitions at the other vertices of T'. If v is a vertex of a triangu-
lation A, we define

Ry (v) = JRI (v),
Dy (v) == Df (v),

where the union is taken over all triangles attached to v.

We close this section by introducing the class of supersplines of interest here.
Given a triangulation A with vertices V, let Apg be its Powell-Sabin refinement.
Let W be the set of incenters used to form the refinement, and let £ be the set
of edges e of Apg such that neither end of e belongs to V. These are the edges
obtained by connecting incenters to other incenters, or to midpoints of boundary
edges. Then given any integers 0 < ry, 79,73, we define

S, (Aps) ={s €S (Aps):s € C™(v) for all v e V,

3.2
(32) s € C™(v) for all v € W, and s is C™ across all edges in E}.

Note that this is not a classical superspline space since here we have enforced
additional continuity across certain (but not all) interior edges of Apg.
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4. THE CASE r = 2m WITH m ODD

In this section we work with the superspline spaces
Sm(Lps) = Sy (Aps).

To describe a minimal determining set whose corresponding set of dual splines
form a stable local basis for S,,(Aps), we first examine the space S;,(A,) on
the Powell-Sabin cell A,. Recall that we number the boundary vertices of A, as
v1, W1, Va, wa, v3, w3 and set T = (v, v;, w;) for i = 1,2,3.

Theorem 4.1. Let M be the union of the following sets of domain points:

1) DT[](UZ) fori=1,2,3;
2) forzfl 2,3,

a) {5” (3m+3)/2,d—2j+(3m+3) /27" de _j} for j=(@Bm+3)/2,...,2m,
b) {EJT(;m 8)/2—j,d—(5m—3)/2* * > fé}d_j}forj =2m+1,... ,(5m—3)/2,
c) jdjoforj—i%m—l—l S (Tm=1)/2;

3) €100-

Then M is a minimal determining set for Sy (A,), and the corresponding dual
basis {Be}eem is a stable basis for Sy, (Ly). Moreover,

57m? 4+ 54m + 13

(4.1) dim Sy, (Ay) = -

Proof. We first show that M is a minimal determining set. Suppose s is a spline
in §,,,(A,) whose B-coefficients corresponding to points in M are set to prescribed
values. We claim that all remaining coefficients are uniquely determined. First we
observe that the coefficients corresponding to domain points in the disks Ds,, (v;)
can be uniquely computed from those corresponding to domain points in item 1
by the classical smoothness conditions. This is a stable computation (cf. [L6])
since by Lemma 2.2 the barycentric coordinate values entering into the smoothness
conditions are bounded by a constant depending on the smallest angle in A,,.

For each edge e; := (v;,v;41) of T, we compute the coefficients associated with

domain points in the rows 0,... ,2m parallel to e; by using the smoothness con-
ditions across the edges (v,w;). Then for each edge e;, we compute coeflicients
corresponding to domain points in the rows 2m + 1,...,(5m — 1)/2 parallel to e;

by alternately using the smoothness conditions across the edges (v, v;) and (v, v;41)
(see Lemma 6.2 of [16]) and then across the edge (v, w;). The lemma shows that
this is a stable computation. At this point we have computed the coefficients of s
in the disks D(7m,—1)/2(vi).

To complete the proof, we note that by the supersmoothness at v, we can regard

the coefficients of s in the disk Ds,, (v) as the coefficients of a polynomial p of degree
3m on the triangle T' := (uq,us,us), where u; := z,ﬂl’@;n o for i = 1,2,3. These
coefficients uniquely determine all of the derivatives DaD'Bp(uz) for0<a+p<

4m—2
T2

on the triangle T. Using Lemma 2.2, it follows that these derivatives uniquely and
stably determine all of the B-coefficients ¢;; of p except for the coefficient ¢p,ymm.

and 7 = 1,2,3. We now expand p in terms of the Bernstein polynomials Bl i
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FIGURE 2. The macro-element S2*?(A,)

We compute this coefficient from the equation

Emmm B (0) = s(v) — > Euyun By (v)
v+p+Kr=3m
(v, p,K)#(m,m,m)

Note that B3 (v) is bounded below by a constant depending on 6 in view of
Lemma 2.2, and so Cmm can also be stably computed. We can now apply the de
Casteljau algorithm (cf. [4], [5]) to subdivide the polynomial into a spline of degree
3m on the Powell-Sabin split of T. Tt is well known that this is a stable process.
Finally, we transfer the computed coefficients back to the B-net for the spline s.

To compute the dimension of S,,(A,), we observe that

3m+2 mel 41 m=3 41\, om—1
= G
#M =3 [( 9 > + < 9 + 9 + 5 + 1,
which reduces to the number in (4.1). O

Example 4.2. The stable local MDS of Theorem 4.1 for S2*?(A,) is shown in
Figure 2. It contains 31 domain points. There are 10 points in each of the disks
Ds(v;) (marked with dark circles), and one at the incenter (marked with a larger
dark circle).

Discussion. We have shaded the disks Ds(v;) and Ds(v). Once the points in
the MDS are set, we use the C® smoothness conditions across the edges (v,w;) to
compute the coefficients marked with an x. The remaining coefficients in D3(v) are
then computed by the method described in the proof of Theorem 4.1.

Example 4.3. The stable local MDS of Theorem 4.1 for St;%(A,) is shown in
Figure 3. It contains 172 domain points. There are 55 points in each of the
disks Dg(v;) (marked with dark circles), and one at the incenter (marked with a
larger dark circle). In addition, there are three points corresponding to item 2c¢ of
Theorem 4.1 (marked with diamonds), and three points corresponding to item 2a
(marked with triangles). In this case there are no points corresponding to item 2b.
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FIGURE 3. The macro-element S%7?(A,)

Discussion. Here we have shaded the disks Dg(v;) and Dg(v). Once the points
in the MDS are set, we use the C° smoothness conditions across the edges (v, w;)
to compute the coefficients marked with an x. The C® smoothness conditions
across the edge e; := (v, w;) are then used to compute the coefficients in the 6-th
row parallel to e;. Using the smoothness conditions across the edges (v,v;), we
then compute the remaining coefficients on the rings Rig(v;) for i = 1,2,3. The
remaining coefficients in Dg(v) are then computed by the method described in the
proof of Theorem 4.1.

We can now use the construction of Theorem 4.1 to create a stable local basis
for Sp,(A).

Theorem 4.4. Let M be the following set of domain points:

1) for each v € V, choose a triangle T of Apg attached to v and include DI (v);
2) for each edge e = (vi,v2) of A\, let wy be the vertex of Aps on e, and let
T = (v,v1,w1) be a triangle of Apg containing the edge (vi,w1). Then
include the points
a) {{fjf(3m+3)/2,d72j+(3m+3)/2, ceey }:07d_j} forj=03Bm+3)/2,...,2m,
D) & 5m_3)/2id—(5m_3)/20 - +&f0,a—j) Jor J=2m+1,...,(5m = 3)/2,
c) {}:dij’o forj=3m+1,...,(Tm—1)/2;
3) for each triangle T in A, include the domain point at its incenter.

Then M is a minimal determining set for S,,(A\), and the corresponding dual basis
{B¢}eem forms a stable star-supported basis for Sm(A). Moreover,

(4.2)
3m +2 m=l1 m=3 11 3m —1
dim Spu(8) = (R vy (T T ey s ) L B D]y
2 2 2 2
where V, E, N are the number of vertices, edges, and triangles in /\.

Proof. Following the arguments used in the proof of Theorem 4.1, it is easy to verify
that M is a minimal determining set and that the construction of a dual basis can
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be carried out in a stable way. It is also easy to see that each dual basis spline has
support on star(v) for some vertex v. To get the dimension, we simply count the
number of points in M. O
5. THE CASE r = 2m WITH m EVEN
In this section we work with the superspline spaces
Sm(Lps) = Sonia™ ™ (Lps).
We begin with a result for a Powell-Sabin cell A,,.

Theorem 5.1. Let M be the union of the following sets of domain points:
1) D (v;) fori=1,2,3;

2) forz =1,2,3,
(i .
a) {m (3m2)/2.d-2j4 Bmi2)20 2 S10,d—5) for §=(Bm+2)/2,....2m,
g ‘
b) {ij(sm 9)/2—jd—(5m—2)/20 -+ »Eg0,a—s} for J=2m+ 1, (5m —2)/2,

¢) €8yl forj=3m+1,...,Tm/2.

Then M is a minimal determmmg set for Sm(Ay), and the corresponding dual
basis {Be}eem is a stable basis for Sy,(Ay). Moreover,

57m? 4+ 60m + 12
" .

Proof. The proof that M is a minimal determining set follows along the same
lines as in the proof of Theorem 4.1. In particular, setting all coefficients of a spline
s € Sm(4Ay) corresponding to M, we can stably compute all coefficients in the disks
D3 (v;) using the smoothness conditions. Then we use the smoothness conditions
across the edges (v, w;) and those across the edges (v,v;) to stably compute all
coefficients of s in the rows 0, ... , (5m —2)/2 parallel to edges of T and in the disks
D ya(vi).

The computation of the remaining coefficients follows along the lines of the proof
of Theorem 4.1, but is slightly different since the MDS M does not contain the

point 55,8,]0 We now regard the coefficients of s in the disk Ds;,41(v) to be the

(5.1) dim S (A,) =

coeflicients of a polynomial p of degree 3m + 1 on the triangle T := (uq,usz,us) with
u; 1= fﬂ] om2 for i = 1,2,3. These coefficients uniquely determine DgDyﬁp(ui)
for 0 < a—l—ﬁ < 2m. These derivatives uniquely and stably determine all coefficients
of p in the expansion in terms of Bernstein polynomials B?Z'H on the triangle T.
We then apply the de Casteljou algorithm to subdivide p into a spline of degree
3m + 1 on the Powell-Sabin split of T, and then transfer the computed coefficients
back to the B-net for the spline s.
To compute the dimension of S,,(4,), we observe that

_L[3m+2 o+l 241\, m
w7 () (7))
which reduces to the number in (5.1). O

Example 5.2. The stable local MDS for 8;166’7(Av) of Theorem 5.1 is shown in
Figure 4. It contains 90 domain points. There are 28 points in each of the disks
Dg(v;) (marked with dark circles). In addition there are three points corresponding
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FIGURE 4. The macro-element S;3°" (A,)

to item 2¢ (marked with diamonds), and three points corresponding to item 2a
(marked with triangles).

Discussion. We have shaded the disks Dg(v;) and D7(v). Once the points in
the MDS are set, we use the C” smoothness conditions across the edges (v,w;) to
compute the coefficients marked with an x. The C® smoothness condition across
the edges (v, w;) are used to computed coefficients in the 4-th rows parallel to the
outer edges of A,. Then the smoothness conditions across the edges (v,v;) are
used to compute the remaining coefficients on the rings R7(v;) for ¢ = 1,2,3. The
remaining coefficients in D7(v) are then computed by the method described in the
proof of Theorem 5.1.

Example 5.3. The stable local MDS for S53'*"?(A,) of Theorem 5.1 is shown in
Figure 5. It contains 291 domain points. There are 91 points in each of the disks
D12(v;) (marked with dark circles), In addition, there are six points corresponding
to item 2c of Theorem 4.1 (marked with diamonds), nine points corresponding to
item 2a (marked with triangles), and three points corresponding to item 2b (marked
with squares).

Discussion. We have shaded the disks Di2(v;) and Di3(v). Once the points in
the MDS are set, we use the C'3 smoothness conditions across the edges (v, w;) to
compute the coefficients marked with an x. Smoothness conditions across (v, w;)
are also used to computed coefficients in rows 7 and 8 parallel to the outer edges
e; of T. Then the C® smoothness conditions across the edges (v,v;) are used to
compute the remaining coefficients on the rings Ri3(v;) for ¢ = 1,2,3. Then we
compute coefficients in the 9-th rows parallel to e;, and finally the the remaining
coefficients on the rings Ry4(v;) for i = 1,2,3. The remaining coefficients in D1g(v)
are then computed by the method described in the proof of Theorem 4.1.

We can now use the construction of Theorem 5.1 to create a stable local basis
for 8, (A). The following result is the analog of Theorem 4.4 and is proved in the
same way.
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FIGURE 5. The macro-element S3'>'(A,)

Theorem 5.4. Let M be the following set of domain points:
1) for eachv € V, choose a triangle T of \pgs attached to v and include D3, (v);
2) for each edge e = (vi,v2) of A, let wy be the vertex of Aps on e, and let
T = (v,v1,w1) be a triangle of Aps containing the edge (vi,w1). Then
include the points
a) {fjj':jf(3m+2)/27j,d72j+(3m+2)/27 ce s jT,o,d—j} forj=(@Bm+2)/2,...,2m,
, fo,dfj} forjg=2m+1,...,(5m—2)/2,

b) {53:(5m—2)/2—j,d—(5m—2)/27
d—jo forj=3m+1,...,Tm/2.

c) &
Then M is a minimal determining set for S,,(A\), and the corresponding dual basis

{Be¢}eem forms a stable star-supported basis for Spm(A). Moreover,
m—2
m== 4+ 1) N m} N

2 mo
sm + )V+<2;L )E+3[( )

(5.2) dimSm(A):( )

2

6. THE CASE r = 2m + 1 WITH m EVEN

In this section we work with the superspline spaces
_ 82m+1,3m+1,3m+1(APS).

Sm(Aps) . %

First we consider the case of a Powell-Sabin cell A,,.
Theorem 6.1. Let M be the union of the following sets of domain points:

1) DI (v) fori =1,2,3;
2) fori=1,2,3,
lil lil .
a) { jj':jf(3m+4)/2,d72j+(3m+4)/4"" ) }:O,d—j} for j = @Bm + 4)/2,...
2m+1, v
, fg}d_j} forj=2m+2,...,5m/2.

lil
b) {€}:Sm/27j,d75m/2’ -
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Then M is a minimal determining set for S,,(A,), and the corresponding dual
basis {Be¢}eem is a stable basis for Sy, (Ay). Moreover,

2
(6.1) dim Sy (Ay) = 5Tm +iOm+36.

Proof. Setting all coefficients of a spline s € S,,(A,) and using the smoothness
conditions, we can stably compute all coefficients in the disks Ds;;,41(v;). Then we
use the smoothness conditions across the edges (v, w;) and those across the edges
(v,v;) to stably compute all coefficients of s in the rows 0,...,5m/2 parallel to
edges of T' and in the disks D (7, 42)/2(v;).

The computation of the remaining coefficients is similar to that in the proof
of Theorem 5.1. We regard the coefficients of s in the disk Dsy,q1(v) to be the
coefficients of a polynomial p of degree 3m + 1 on the triangle T := (u1,ug,us) with

w; = Z,ZLQ!G,H;Q!O for i = 1,2,3. These coefficients uniquely determine all of the

derivatives D%Dgp(ui) for 0 < a+ B < 2m. These derivatives uniquely and stably
determine all B-coefficients of p in terms of Bernstein polynomials Bf’ﬁ’é“ on the

triangle T. We then apply the de Casteljau algorithm to subdivide p into a spline
of degree 3m + 1 on the Powell-Sabin split of T', and then transfer the computed
coeflicients back to the B-net for the spline s.

The dimension of Sy, (4,) is given by

_L[/3m+3 41 m=2 41
wasf(M7) () (1)
which reduces to the number in (6.1). O

Example 6.2. The stable local MDS of Theorem 6.1 for S;"7(A,) is shown in
Figure 6. It contains 111 domain points. There are 36 points in each of the disks
Dg(v;) (marked with dark circles). In addition, there are three points corresponding
to item 2a (marked with triangles).

Discussion. We have shaded the disks D7(v;) and D7(v). Once the points in the
MDS are set, we use the smoothness conditions across the edges (v, w;) to compute
the coefficients marked with an x and the coefficients in the 5-th rows parallel to
the outer edges of A,. Then the smoothness conditions across the edges (v, v;)
are used to compute the remaining coefficients on the rings Rs(v;). Finally, the
remaining coefficients in D7(v) are computed by the method described in the proof
of Theorem 6.1.

Example 6.3. The stable local MDS of Theorem 6.1 for 829(’)13’13(Av) is shown in
Figure 7. It contains 327 domain points. There are 105 points in each of the disks
D13(v;) (marked with dark circles). In addition, there are nine points corresponding
to item 2a (marked with triangles), and three points corresponding to item 2b
(marked with squares).

Discussion. We have shaded the disks Di3(v;) and Dq3(v). Once the points in
the MDS are set, we use the C' smoothness conditions across the edges (v, w;) to
compute the coefficients marked with an x. The smoothness conditions are then
used to compute the coefficients in rows number 8, 9, 10 parallel to the outer
edges of A, and in the disks Dy5(v;). The remaining coefficients in D7(v) are then
computed by the method described in the proof of Theorem 6.1.
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FIGURE 6. The macro-element 83" (A,)

FIGURE 7. The macro-element Sg;'*"'*(A,)

Theorem 6.4. Let M be the following set of domain points:

1) for each v € V, choose a triangle T of Aps attached to v and include
D3Tm+1(v);

2) for each edge e = (vi,v2) of A, let wy be the vertex of Aps on e, and let
T = (v,v1,w1) be a triangle of Apgs containing the edge (v1,w1). Then include
the points

&) {85 @mray/2a—2i+Gmiay/o - E0a—s) for § o= Bm + 4)/2,..,
2m+1,

b) {€;:Sm/27j,d75m/2"" , jT707d_j} forj=2m+2,...,5m/2.
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Then M is a minimal determining set for S,, (), and the corresponding dual basis
{B¢}eem forms a stable star-supported basis for Sm(A). Moreover,

m m—2
(6.2) dim Sy (L) = <3m2+ 3)V—|— (2 ;1)E+3< 2 2+ 1)N.

7. THE CASE r = 2m + 1 WITH m ODD
In this section we work with the superspline spaces
Sm(Lps) = s';‘,:?%t}’?’mﬂf’m”(aps).
We begin by examining a Powell-Sabin cell A,,.

Theorem 7.1. Let M be the union of the following sets of domain points:

1) DL (vi) fori=1,2,3;
2) fori=1,2,3,

(4] [4] .
a) { jj':jf(3m+3)/2,d72j+(3m+3)/2’"'? ;:O,d—j} for 5 = (@Bm + 3)/2,...,
2m+1,
(4] [i] .
D) & smi1)/2—jid—(sminyjar - & 0,a—s} Jor 3 =2m+2,... (5m+1)/2.

Then M is a minimal determining set for Sy (A,), and the corresponding dual
basis {Be¢}eem is a stable basis for Sy, (Ay). Moreover,

_ 57m? + 96m + 39
= 1 .

Proof. Setting all coefficients of a spline s € S,,(A,) and using the smoothness
conditions, we can stably compute all coefficients in the disks Ds;;,41(v;). Then we
use the smoothness conditions across the edges (v, w;) and those across the edges
(v,v;) to stably compute all coefficients of s in the rows 0,... , (5m + 1)/2 parallel
to edges of T" and in the disks D(7y,43)/2(vi).

The computation of the remaining coefficients follows in the same way as in the
proof of Theorem 5.1. We regard the coefficients of s in the disk Dsgy,12(v) as the

(7.1) dim S, (Ay)

coefficients of a polynomial p of degree 3m + 2 on the triangle T := (u1,ug,us) with

w; = EZL!G"EM!O for i = 1,2,3. These coefficients uniquely determine all of the

derivatives D;’Dgp(ui) for 0 < a+ 0 <2m+ 1. We now expand p in terms of the
Bernstein polynomials B%’ZH on the triangle T. These derivatives uniquely and
stably determine all of the B-coefficients ¢;ji of p. We then apply the de Casteljau
algorithm to subdivide the polynomial into a spline of degree 3m + 2 on the Powell-
Sabin split of f, and then transfer the computed coefficients back to the B-net for
the spline s.

The dimension of Sy, (4,) is given by

L [/3m+3 mil 41 melyl
am=s| () (5, (77,7)].
which reduces to the number in (7.1). O

Example 7.2. The stable local MDS of Theorem 7.1 for 83’4’5(Av) is shown in
Figure 8. It contains 48 domain points. There are 15 points in each of the disks
Dy (v;) (marked with dark circles). In addition there are three points corresponding
to item 2a (marked with triangles).
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FIGURE 9. The macro-element S{3'%" (A,)

Discussion. We have shaded the disks Dy(v;) and Ds(v). Once the points in

the MDS are set, we use the C® smoothness conditions across the edges (v,w;) to
compute the coefficients marked with an x. The C* smoothness condition across
the edges (v, w;) are used to computed coefficients in the 3-rd rows parallel to the
outer edges of A,. Then we use the smoothness conditions across the edges (v, v;)
to determine the remaining coefficients on the rings Rs(v;). Finally, the remaining
coefficients in Ds(v) are then computed by the method described in the proof of

Theorem 7.1.

Example 7.3. The stable local MDS of Theorem 7.1 for 817610’11(&1,) is shown in
Figure 9. It contains 210 domain points. There are 66 points in each of the disks
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D1p(v;) (marked with dark circles). In addition, there are nine points corresponding
to item 2a (marked with triangles), and three points corresponding to item 2b
(marked with squares).

Discussion. We have shaded the disks D1g(v;) and D11(v). The smoothness con-
ditions are used to determine all coefficients in the first 8 rows parallel to the outer
edges of T and in the disks D12(v;). The remaining coefficients in D11 (v) are then
computed by the method described in the proof of Theorem 7.1.

Theorem 7.4. Let M be the following set of domain points:

1) for each v € V, choose a triangle T of Aps attached to v and include
D3Tm+1(v);

2) for each edge e = (vi,v2) of A, let wy be the vertex of Aps on e, and let
T = (v,v1,w1) be a triangle of Apg including the edge (v1,w1). Then include

the points

a) {fjj':jf(3m+3)/2,d72j+(3m+3)/2"" J jj':O,dfj} for j = (Bm +3)/2,...,
2m+1,

b) {5}:<5m+1)/27j7d7(5m+1)/2, ceey jT707d_j} forjg=2m+2,...,(5m+1)/2.

Then M is a minimal determining set for S,, (), and the corresponding dual basis
{Be¢}eem forms a stable star-supported basis for Sp(A). Moreover,

m+1 m—1
(7.2)  dim Sp(A) = (3m2+ 3>V+ ( 2 2+1)E+3( 2 2+ 1)N.

8. MACRO-ELEMENTS

The constructions of minimal determining sets for superspline spaces S,,(A,)
on the Powell-Sabin split A, of a single triangle 7' given in Theorems 4.1, 5.1,
6.1, and 7.1 can all be regarded as defining macro-elements. In the finite-element
literature, such macro-elements are typically defined in terms of nodal parameters,
i.e., derivatives. Here we have described them in terms of minimal determining sets
of B-coefficients, but it is easy to translate to derivatives. We give three examples.
Given a triangle T' = (v1, v2, v3), let A\, be the corresponding Powell-Sabin cell with
center v and boundary vertices {v1, w1, va, wa, v3, w3} in counterclockwise order.

Example 8.1. Any element in the superspline space S3(A,) of Theorem 6.1 with
m = 0 is uniquely defined by the the derivatives {Dy D2 s(v;)} for 0 < a+ 8 < 1
and ¢ =1,2,3.

Proof. Tt is well known from the Bernstein-Bézier theory that specifying this set
of derivatives for an s € S3(Apg) is equivalent to setting the B-coefficients of s
corresponding to the domain points in the disks Dq(v;), i = 1,2, 3. O

Given any point v in T', let D, ., denote the directional derivative in the direc-
tion from u to v.

Example 8.2. Any element in the superspline space 83’4’5(Av) of Theorem 7.1
with m = 1 is uniquely defined by the following set of 48 data (cf. Example 7.2
and Figure 8):

1) the derivatives {D3DPs(v;)} for 0 < v+ 3 <4 and i = 1,2,3;

2) the derivatives D? >s(wi) fori=1,2,3.

(w;,v
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Example 8.3. Any element in the space Sff’g(Av) of Theorem 4.1 with m = 3 is
uniquely defined by the following set of 172 data (cf. Example 4.3 and Figure 3):
1) the derivatives {D3DPs(v;)} for 0 < v+ 3 <9 and i = 1,2, 3;
2) the derivatives D?ww>s(wi) fori=1,2,3;
3) the derivatives D%&,v)s(wi) fori=1,2,3;
4) the value s(v).

9. COMPARISON WITH EARLIER POWELL-SABIN MACRO-ELEMENTS

Macro-elements based on Powell-Sabin splits have been proposed in several ear-
lier papers. For r = 2, see [15], [21], [22], and for general r, see [§], [20], [24]. The
following formulae (which can be easily verified using the above Bernstein-Bézier
techniques) can be found in [24]:

dim S22 AN (A pg) = (31m? 4 25m + 6) /2,

9.1
©-1) dim Sz PR (A pg) = (31m? 4 4Tm + 18) /2.

Our macro-elements have two advantages over these macro-elements:

e they use lower degree polynomials,

e they use a smaller number of degrees of freedom,
for r > 5. Table 1 shows a comparison of the macro-elements in (9.1) with our new
macro-elements for 1 < r < 10. The columns d and n give the degree and number
of degrees of freedom for our macro-elements, while the columns d and 7 give the
same information for the earlier elements.

TABLE 1. Comparison of macro-elements

r | d n d| n

1|2 9 2 9

215|315 |31
3|7 |48 | 7| 48
4 10| 90 [ 10| 90
5 |11 (111 (12| 118
6 |14 172 | 15| 180
7 116|210 | 17| 219
8 [ 191291 ] 20| 301
9 [20]327] 22| 351

427 | 25| 453

—_
e}
DO
w

10. OPTIMALITY OF THE MACRO-ELEMENTS

In this section we explore to what extent the macro-elements discussed here are
optimal with respect to

1) stability of dimension,

2) degree of the splines,

3) number of degrees of freedom used,

for a given smoothness r. The best elements will have the lowest degree possible,
will have stable dimensions, and will use the least number of degrees of freedom.
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We begin by examining the dimension of the superspline space
S:={seSj(A,):s€C(v)}
defined on a Powell-Sabin cell. By Lemma 3.2 of [6],

) (pyt2 d—r+1\  (py—r+1
aims = (") ol (L) ()] e

d—r

o= D, (r+i+l-jeo
Jj=pu—r+1

where

and e is the number of edges attached to the center vertex v with different slopes.
Since 3 < e < 6 for a Powell-Sabin split, we conclude that a necessary condition
for o to be zero for all configurations is that p, +2 — 3(p, —r + 1) < 0, which is
equivalent to

(10.1) oy > [37" - 1} _ {Sm, if r = 2m,

2 3m+1, ifr=2m+1.

We now show that in order for a Powell-Sabin macro-element to be capable of
meshing with neighboring macro-elements without incompatibilities, we also have
to enforce a certain supersmoothness at each of the vertices vy, v, v3.

Theorem 10.1. Suppose that T := (v1,ve,v3) is a triangle, and that A7 is a
refinement such that there are n > 0 interior edges connected to the vertexr vy.
Let s be a spline of degree d and smoothness v defined on Arp. Then the cross
derivatives of s up to order r on the edges e1 := (v1,v2) and ez := (v1,v3) can be
specified independently only if we require s € CP(v1), with

(n—|—2)r—n“.

(10.2) p> { o

Proof. We examine the ring R,1(v1) with r < p. The number of coefficients of s
on this ring is (n+1)(p+1) + 1. Now setting cross-derivatives up to order r on the
edges e; and e; determines 2(r + 1) of these coefficients. It follows that a necessary
condition for the number of undetermined coefficients in these equations to be at
least equal to the number of conditions is

m+D(p+1)+1-2(r+1)>nn

or equivalently,

n+2)r—n <

n+1 -
Thus, to avoid incompatible systems, we have to enforce supersmoothness of order
p at least equal to the integer (10.2). O

Choosing n = 1, it follows that to define macro-elements on the Powell-Sabin
split of a triangle T', we must enforce supersmoothness of order

3r—1 3m if r=2m
10.3 > = ’ ’
(10.3) ”—[ 2 ] {3m+1, ifr=2m+1

at each vertex v; of T'.
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We are now ready to show that the degrees of our Powell-Sabin macro-elements
are minimal. Suppose

se{seS;(Ay):s€CP(v) and s € C?(v;) for i =1,2,3}

is a superspline defined on a Powell-Sabin cell which has supersmoothness p at each
of the vertices v; of the triangle T', and supersmoothness p, at the incenter v of
Ay, where p and p, satisfy (10.2) and (10.3). We now examine the coefficients of
s associated with domain points lying on the ring R,, (v). In particular, we focus
on the points in the (d — p,)-th row parallel to the edge (v1,vs) of T. If we set
the coefficients corresponding to the disks D,(v1) and D,(v2), then there remain
2py, +1—=2(p+ py —d+ 1) unset coefficients in the middle of this row. They must
satisfy p, conditions for C** continuity across the edge (v, w1). In general this will
lead to an incompatibility unless the number of unset coefficients is at least p,. It
follows that such macro-elements exist only if
pot2p+1
> |

Now inserting the minimal possible value (10.3) for both p and p, and examining
the resulting four cases corresponding to r = 2k and r = 2k + 1 with £ both even
and odd, we see that the dimensions of our Powell-Sabin macro-elements are indeed
minimal.

Finally, we briefly discuss the question of degrees of freedom. By the above, we
know that the minimal determining set for any Powell-Sabin macro-element must
include the disks D,(v;) for ¢ = 1,2,3, where p satisfies (10.3). This means that
the lowest possible number of degrees of freedom for such an element is

2
N 3(3m2+2) 27m 4_227m+67 r=2m,
m 2
3(3m2+3) 2Tm +g5m+18’ r 2Mm 1.

(10.4) d> [

These numbers are only slightly smaller than the dimensions of our Powell-Sabin
macro-elements. There are two ways in which the number of degrees of freedom of
our elements could be lowered:

1) increase p, (subject to (10.4));
2) enforce some additional smoothness across certain interior edges of A,.

We have examined various possible modifications of this type to our macro-
elements, but so far have not found any elements with fewer degrees of freedom.

11. REMARKS
Remark 11.1. Powell-Sabin splits were introduced in [19].

Remark 11.2. The degrees of the spline spaces dealt with in this paper are sub-
stantially smaller than 3r + 2, as shown in Table 2.

Remark 11.3. Tt was shown in Section 10 of [I6] that if a space of splines S of
degree d contains P; and has a stable local basis, then it provides optimal order
approximations of smooth functions. In particular, for every 0 < k < d, there exists
a quasi-interpolation operator @y such that for every function f € Wi“(ﬂ),

(11.1) IDE DY (f = Qu)llp < KIS g

for 0 < a4+ B < k, where |A] is the mesh size of A (i.e., the diameter of the
largest triangle), and | f|x+1,p is the usual Sobolev semi-norm. If € is convex, then
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TABLE 2. Comparison of d(r) with 3r + 2

m | r|d(r)|3r+2
01| 2 )
112 5 8
113 7 11
2141 10 14
215 11 17
36| 14 20
3|7 16 23
4 18] 19 26
4191 20 29

the constant K depends only on d, p, k, and on the smallest angle 05 in A. If Q
is nonconvex, it also depends on the Lipschitz constant Lgq associated with the
boundary of 2. In view of our construction of stable local bases for the spaces
Sm(Aps) in Sections 4-7 for general m > 0, we can conclude that all of these
spaces have full approximation power.

Remark 11.4. For d < 3r + 2, it is known [[7] that the spaces S;(A) do not possess
optimal order approximation order for arbitrary triangulations. This means that
neither they (nor any subspace S containing Py) has a stable local basis.

Remark 11.5. Macro-elements and stable local bases can be constructed for several
other refinement methods. In [I8] we do this for the well-known Clough-Tocher
split. For results on quadrangulations, see [14], [17].

Remark 11.6. For special results on Powell-Sabin elements associated with uniform
three-direction (type-I) meshes, see [9]-[12].
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