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QUADRATIC FINITE ELEMENT APPROXIMATION
OF THE SIGNORINI PROBLEM

Z. BELHACHMI AND F. BEN BELGACEM

ABSTRACT. Applying high order finite elements to unilateral contact varia-
tional inequalities may provide more accurate computed solutions, compared
with linear finite elements. Up to now, there was no significant progress in
the mathematical study of their performances. The main question is involved
with the modeling of the nonpenetration Signorini condition on the discrete
solution along the contact region. In this work we describe two nonconform-
ing quadratic finite element approximations of the Poisson-Signorini problem,
responding to the crucial practical concern of easy implementation, and we
present the numerical analysis of their efficiency. By means of Falk’s Lemma
we prove optimal and quasi-optimal convergence rates according to the regu-
larity of the exact solution.

1. INTRODUCTION AND FUNCTIONAL TOOLS

Contact problems are in the heart of a high number of mechanical structures
and also have a great importance in hydrostatics and thermostatics. Among them,
unilateral contact, typically represented by Signorini’s model, causes some specific
difficulties, on both theoretical and approximation grounds. We refer to [11], [13]
and [19] for mathematical foundation. Much attention has been devoted to the nu-
merical simulation of variational inequalities modeling unilateral contact, by finite
elements, either from the accuracy point of view (see [16], [18], [24] and refer-
ences therein) or for developing efficient algorithms to solve the final minimization
problem (see [13], [2]). The hardest task is the discrete modeling of the Signorini
unilateral condition, which, most often, is not fulfilled exactly by the computed
solution (the normal displacement)—even though for linear finite elements the con-
forming method is also used by practitioners, because it is easy to implement, and
turns out to be reliable. Then, the construction of the finite dimensional closed con-
vex cone, on which the approximated inequality is set, results in a nonconforming
approach. Nevertheless, the numerical analysis realized on the linear finite element
methods and under reasonable regularity assumptions on the exact solution yields
satisfactory convergence rates when compared to those expected for the general
finite element theory. We refer in particular to [3] and to [H] for quasi-optimal
studies.

When high accuracy is needed, a possible way to respond to such a request con-
sists in refining the mesh used with linear finite elements. An alternative is to resort
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to quadratic finite elements, which proved to perform for linear partial differential
equations governing the temperature diffusion within a conducting body or the elas-
tic displacement of a deformable structure. The difference between conforming and
nonconforming methods becomes, here, very important for practical facts. Indeed,
the exact unilateral condition is not at all easy to take into account in a computing
code, and it is better to enforce such a condition on the computed solution at only
a finite number of degrees of freedom. The purpose of this contribution is to de-
scribe two efficient ways to satisfy (in a weak sense) the unilateral condition, ways
that are easily handled in a practical context. The numerical analysis detailed here
provides the desired asymptotic convergence rates.

An outline of the paper is as follows. In Section 2 we write a variational for-
mulation of the Poisson-Signorini problem. Section 3 is a description of the first
quadratic finite element approximation of the resulting inequality; the contact con-
dition is enforced on the discrete solution values at the vertices of the elements that
are located in the contact region and on its momenta in each of these elements.
The numerical analysis of this discretization is detailed in Section 4, where opti-
mal convergence rates are exhibited when reasonable regularity is assumed on the
exact solution. Section 5 is dedicated to the study of the more natural numerical
contact model, where nonpenetration is imposed at all the Lagrange nodes of the
contact zone. This second method performs as well as the first one. The main
difference between them is that the first method is suitable when we are interested
in checking the contact condition on the normal constraint, while the second is
more appropriate when we prefer to check the Signorini condition on the normal
displacement.

Notation. Let Q C R? be a Lipschitz domain with generic point . The Lebesgue
space LP(9) is endowed with the norm: Vi € LP(Q),

19l Lr ) = (/Q [Y(x) P dw)%.

We make a constant use of the standard Sobolev space H™ (), m > 1, provided
with the norm

1

2

Wolaey = (3 10°%l32) "
0<|al<m

where o = (a1, az) is a multi-index in N? and the symbol 9% represents a partial
derivative (H°(Q2) = L?(€)). The fractional order Sobolev space H”(f2),v € R} \N,
is defined by the norm

o — 9~ 2,1
[l = (1l + X [ [ ( ﬁf)_ypéi(y”) |

|la]=m

where v = m + 0, m is the integer part of v and 6 € |0, 1] is the decimal part (see
[, [I4], [ZI]). The closure in H” () of D(Q2) is denoted H} (), where D(2) is the
space of infinitely differentiable functions whose support is contained in €.

For any portion 7 of the boundary 9 and any v > 0, the Hilbert space H"(v)
is defined as the range of H vty (Q) by the trace operator; it is then endowed with
the image norm

1l v () = inf XN st o
XEH" 2 ()X, =1 26
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When « is sufficiently regular, one can directly write down an explicit norm of
HY(~), while for polygonal lines—which will be the situation of interest in this
work—it turns out to be more complicated to have an explicit norm, especially for
v> % Nevertheless, we can use the results given in Theorem 1.4.6 in [I4] to obtain
an explicit norm; some compatibility conditions should be taken into account at
the vicinity of the corner point of v. The space H"(vy)’ stands for the topological
dual space of H”(v) and the duality pairing is denoted (.,.), . Moreover, if an
interval 7 is the disjoint union of subintervals v, (1 < k < k*), then, Voo € H”(y),

o

Z [0 () < 1117 (-

k=1

The inequality is still valid when the norm H"(7) is replaced by the semi-norm.

To be complete with the Sobolev functional tools used hereafter, recall that for
v > %, the trace operator

0
T (o (5 )jan)

is continuous from H"(2) onto H*~2(9Q) x H*~2(dQ) (see [14]). Otherwise, if
1 < v < 3, define the space X" () to be

x*(Q) = {v € BV (@), Ap € LX)},
equipped with the graph norm

1

¥l xv @) = (1017 ) + 1A% [172(0)) %

Then the trace operator T is continuous from X* () onto H*~ = (9Q) x H2 ().
Sometimes, we need to use the Hélder space C%%(7),0 < a < 1, defined as

e = {v €0, Illenecy) = sup k(@) + sup (@)~ v(y)l

< oo}.
T, Yy |w_y|a

2. THE CONTINUOUS POISSON-SIGNORINI PROBLEM

Let Q be a Lipschitz bounded domain in R?. The boundary 0 is a union of
three nonoverlapping portions I',, I’y and I'c. The vertices of I'c are {c1, c2} and
those of Ty, are {c},ch}. The part T, of nonzero (surface) measure is subjected
to Dirichlet conditions, while on I'; a Neumann condition is prescribed, and I'¢ is
the candidate to be in contact with a rigid obstacle. To avoid technicalities arising

1
from the special Sobolev space HZ(I'¢), we assume that I',, and I'c do not touch.
For a given data f € L?(Q) and g € H? (T'y)’, the Signorini problem consists in
finding u that verifies, in a distributional sense,

(2.1) —Au=f in Q,
(2.2) u=0 on I'y,
2.3 @ =g on I

on ’
(2.4) u >0, g_:i >0, ug—z =0 on e,

where n is the outward unit normal to 9. Most often, the modeling of the contact
condition is formulated using a gap function « defined on I'¢, so that instead of
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u > 0 and the saturation condition ug—; =0 we have u — o > 0 and (u — a)g—; =
0 on the contact zone I'c (see [LI]). As the whole subsequent analysis can be
extended straightforwardly to the case where o does not vanish, we choose, only
for conciseness, to take o = 0.

The functional framework well suited to solve problem (2.1))-(24) consists in
working with the subspace H{(,T,) of H!(2) made up of functions that vanish
at I',. The semi-norm is actually, by the Poincaré inequality, a norm in Hg(,T,,)
equivalent to the norm of H!(Q). In the weak formulation, the unilateral contact
condition on I'¢ is taken into account by incorporating it in the closed convex cone

K(Q) = {v € H3(Q,T,), Vre > 0, a.e.}.

The primal variational principle for the Signorini problem produces the variational
inequality: find v € K(Q) such that

(2.5) a(u,v —u) > L(v — u), Yo € K(Q).
In ZA) we have set

a(u,v) = / VuVou dz,
Q

L(v) = /va dz + (g, v)1p, -

By Stampacchia’s Theorem (see [16]), the weak problem is well posed and has
only one solution in K(£2) that depends continuously on the data (f,g).

Remark 2.1. In the variational formulation, the mathematical sense given to con-

ditions (Z3)) and (Z4) is as follows:

ou 1
(26) <%7v>%,89 - <gav>%,1“g >0, Vo € HOZO(anPu)v Ure >0,
Ju

2

(2.7) <%,u>;,ag—<g;u>%,rg =0,

where H()%O(c?‘Q, I,) is the subspace of H2 (8Q) of the functions that vanish on I',.
Roughly, [2:6) says that g—z =gon T, and g—z > 0 on I'¢, while (Z7) expresses
the saturation condition ug—z =0onTI¢c.

Remark 2.2. Apart from the strong singularities created by changing from the
Dirichlet to the Neumann condition around the vertices {c},ch}, it is now well
known that the unilateral condition may generate some singular behavior in the
vicinity of I' even for very regular data (f, g) and a very smooth boundary 9€2. For
example, if f € H'(Q), the solution 4 may not be of class H? around (I'c:\ {c1, c2})
(see [22]). The reason is the following. Let m be a point of I'c where the constraints
change from binding to nonbinding. Then the singularity Sy, (r,8) = r2 sin(26)p(r)
((r, ) are the polar coordinates with origin m and ¢ is a smooth function with com-
pact support and equal to 1 in the vicinity of m) is involved in the decomposition
of the solution on the Dirichlet-Neumann singular functions. The first singular-
ity r2 sin(16)y(r) is cancelled because it fails to satisfy the Signorini condition
(the nonnegativity of both Sy, and 859—7’1"). The best we can expect is to obtain

u € H°(Vp,) with o < 5 and Vf. an open set containing I'c (see [22]).
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contact region

FIGURE 2.1.

Remark 2.3. The Signorini problem has many important applications, particularly
in mechanics. In deformable structure mechanics, the displacement of a body €
(represented in Figure 21) supported by a frictionless rigid foundation I'c, fixed
along a part I'y, of the border and subjected to external forces f|q and g, Is a
solution of the following problem:

(2.8) —divo(u) = f in Q,
(2.9) clun=g onTg,
(2.10) u=0 on I'y,.

The bold symbol div denotes the divergence operator of a tensor function and is

defined as divo = (%‘;J) . The stress tensor is obtained from the displacement
)

through the constitutive law o(u) = A(x)e(u), where A(z) € (L=(Q))1, the
Hook tensor, is of fourth order, symmetric and elliptic. Finally, to close the sys-
tem, frictionless contact conditions are needed on I'c. Denoting by o, the normal
component of (cn) and by o its tangential component, the contact conditions are
formulated as follows:

u.n <0, on <0, on(u.n) =0,

O'tZO.

(2.11)

The weak problem is set on the closed convex set
K(Q) = {v € Hy(,Tw)? vnpr, <0, a.e.}.

It reads as follows: find u € K(Q) such that

/ Ae(u) :e(v —u) de > / f(v—u)de —|—/ g.(v—u)dl, Vv € K(Q).
Q Q Ty

In the linear elasticity context, where the body undergoes small displacements with
the strain tensor e(u) = 3(Vu + (Vu)T), this variational problem has the same
properties as the Signorini problem (2.8) that we intend to study in detail. Then,
our whole numerical analysis is extended as well to the unilateral contact elasticity
problem.
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3. QUADRATIC FINITE ELEMENT DISCRETIZATION: FIRST NUMERICAL MODEL

The convergence rate of the finite element approximation of the Signorini prob-
lem depends on the regularity of the solution u. In practice, it may occur that u
belongs to a more regular space than H?, at least around I'c (see Remark 2.2)).
Therefore, the numerical simulation of problem (2.5) based on affine finite elements
fails to profit from the full regularity of ujy;.  (see [16], [3], [4]). Indeed, in this case
the effective useful regularity is that of H2. To alleviate this limitation we resort
to quadratic finite elements for the discretization of the weak Signorini problem.

For the description of the method, for simplicity and to avoid more technicalities
the shape of the domain (2 is assumed polygonal, so that it can be exactly covered by
rectilinear finite elements. The generalization to curved domains is done following
[15] and is not addressed here. For any given discretization parameter h > 0, let
there be given a partition 7, of £ into triangles with a maximum size h,

o= =

k€T,

The motivation of the choice of triangular finite elements is that they are more
widely used than quadrangular ones. However, the whole analysis set forth here
applies as well to the quadrangular finite elements.

The family (73, is assumed to be CO-regular in the classical sense [9]. Moreover
Ty, is built in such a way that {c1,¢o, ¢}, ch} coincide with the vertices of some
elements. For any x € 7}, P2(k) stands for the set of polynomials of total degree
< 2. Then we introduce the finite dimensional subspace X () of H}(Q,T,):

Xn(@) = {on €CE), Vi € Th, vnju € Pal), vur, = 0.

Let ¥, denote the set of all corners and midpoints of edges of the elements k in 7},.
Set 2, = Ejp, \ I'y; then (Q, X7 (), Er) is unisolvent. Furthermore, if (Zj) stands
for the standard Lagrange interpolation operator, then for any u (0 < p < 1) and
any v (1 < v < 3) we have, for all v € H(),

(3.1) ||U _IhUHHu(Q) < ChV_H”'UHHu(Q).

Realizing a conforming approximation requires one to impose the nonpenetration
condition up > 0 everywhere in I'c. An essential drawback of this model arises
in the implementation. We do not see how to take into account, in an easy way,
the condition ujr., > 0 in a computing code. To overcome this complication, it is
better to enforce nonnegativity on a finite number of degrees of freedom “located”
on ', which, most often, results in a nonconforming finite element approach. The
construction of the discrete convex cone requires the introduction of some more
notation connected with the contact zone. Due to the C%-regularity hypothesis, the
boundary inherits a regular mesh ThaQ, the elements of which are complete edges
of the triangles x € 7. The trace of ThaQ on I'c results in a mesh denoted by 7,¢
and is characterized by the subdivision (x{)o<i<;+ with 5 = ¢; and & = e,
(t; :]wic, wgl[)ogigi*fl for its elements, and the middle node of ¢; is denoted by
xﬁr%.

Our first choice consists to enforce nonnegativity on the values of uy at the
vertices (£¢)o<i<;+ and on its momentum on the elements (#;)o<i<i-—1. Then, we
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work with the finite dimensional closed convex cone,

Ky () = {vh € Xn(Q),  wup(zC) >0, Vi(0<i<i),

/vhdrzo, Vi(OgiSi*—l)}.

ti

For our purpose we need to introduce an operator (J;,) more appropriate than
(Zn); it is defined by the following degrees of freedom:

c
O@heezire,  0@ENzze, ([ @)
The operator (J5,) has similar localization properties as (Z), i.e., (Jnv). depends
only on v, V& € 7. In addition, using the Bramble-Hilbert Theorem, the following

error estimate holds, for any p (0 < p < 1) and for any v (1 < v < 3) there exists
a constant C' > 0 such that, Vv € H(Q),

(32) ||’U—jh’l)||Hu,(Q) < Chy7”||’l)||Hu(Q).

It is easy to see that for any v € K(Q) N CY(Q) we have (J,v) € Kn(Q). Let us
also remark that there is no reason why (jhv)|pc > 0. Another essential feature
of the operator J; is the optimality of the approximation estimates it provides on
T'¢, in the dual Sobolev spaces. Before discussing them, we need to introduce some
additional functional tools. Denote

My(De) = {wh € IA(T¢), Ynp, € Polt:), Vi (0<i<i*— 1)},
and let ¢’ be the projection defined on H*(I'¢)’ — M (I'¢) for any 1 (0 < pu < 1)
bY7 VT/J € HM(FC),a
(¥ — 7Y, Xn)ure =0, Vxn € Mp(l'c).
Notice that if ¢ € L?(I'¢) then (W}?w)‘ti = \t_l,lftw dl'.  As we know, for any
v, (O < 2284 < 1) we havev Vi/) € HV(PC)a
(3.3) = 75 Pl erey < CRTH ] v re)-
Besides, 7r,(f satisfies some nonstandard approximation result (see Lemma [T2). In-
deed, for pu (0 < pu < %) and v (1 < v < 1) we have, Vo € H*(I'¢)',
C 1_
(3.9 146 = %3 gy < CREH Wl oy
We also need to use the operator 7729 constructed in the same way on the whole
boundary 02 and, therefore, satisfying similar approximation estimates with re-

spect to the dual Sobolev norms. Going back to the operator Jj, let us introduce
the trace space on I'c as

Wi(Te) = {W €C(T¢), Jun € Xn(Q), Vnre = vhll"c}v

and define the one-dimensional interpolation operator jp : C(T¢) — Wi(T'¢) to be,
Y € C(Fc),

Gnt) (@) = (@), Vi (0<i<i)

[@=iwydr=o, vi@<i<io-.
ti
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Then, it is straightforward that for any v € C(€) we have (Jxv)r = jn(vire). As
a consequence we have the following: V¢ € H”(I'¢) (3 < v < 3),

(3.5) ¥ = intllz@wey < CR7|Y e (re)-
Lemma 3.1. For any v E]%,?)] and any p € [0,1], we have, YVop € HY(T'¢),
9 — jntll ey < CRY 0l ge re)-

Proof. The proof is carried out for u = 1; the case p € [0, 1] is handled in the same
way. We use the Aubin-Nitsche duality

. 1
| = jnll i rey =  sup  —————
ver (o) Xl ey

/F (4 — juth)x dT.
We have
/F (6 — jntb)x dT = / (W — i) (x — 7$x) dT

el

<19 = indllz2e)llx = 7 xll 22 ro)-
Using (B.3) with =0 and (335) leads to

/ (1 — jn)x dT < CR [l e oy X1 111 (-
T'c

Thus the proof. O

We are in position to define and study the finite element problem issuing from
(Z3), in a variational inequality formulation: find up € Kp(2) such that

(36) a(uh, Vp — uh) > L(Uh — uh), Yoy € Kh(Q)

The set Kp(f2) is an external approximation of K(Q), i.e., Kp(Q2) ¢ K(Q); the
discretization is then nonconforming. Nevertheless, proving that the discrete prob-
lem (36]) has only one solution up € K(£2) is an easy matter from Stampacchia’s
Theorem.

4. NUMERICAL ANALYSIS

We restrict ourselves to the Signorini solution that belongs to H (Q2) with v < %
As indicated in Remark 22] this is in general the effective regularity expected by
the theory in the vicinity of ' (see [22]). We have the following error estimate
results.

Theorem 4.1. Let u € K(Q) be the solution of the variational Signorini problem
23).

i. Assume u € H”(Q) with1 <v < 2 and g € H%*”(I‘g)’, Then, the discrete
solution up, € Kp () is such that

lu = unll iy < P~ ([ull v @) + 1f L2 + gl 3 )

ii. Assume u € H”(Q) with 2 < v < 3. Then, the discrete solution uy, € K;(€)
is such that

||u — Uh”Hl(Q) < Chu71||u||HU(Q).
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Theorem 4.2. Let u € K(2) be the solution of the variational Signorini problem

i. Assume that u € H"(Q) with 3 < v < 2 and that the number of points in I'c,

where the constraint changes from binding to nonbinding, is finite. Then, the
discrete solution up, € Kp(Q) is such that

||u — Uh”Hl(Q) < Chu71||u||HV(Q).

i. Assume that uw € H?*(Q) and that the number of points in I'c, where the
constraint changes from binding to nonbinding, is finite. Then, the discrete
solution up, € Kp(2) is such that

lu = unll s () < Chllog bl ulsr2(c)-
Remark 4.3. The results provided by Theorem [£2] are somehow surprising com-
pared to those given in Theorem In view of the optimality attained for
v € ]1,3] U ]2, 2], without any additional assumption on u, we expected to ob-
serve similar performances of our method for v € ]%, 2]. Unfortunately, the tools
developed here fail to produce the desired optimality without assuming that the
number of points in I'c where the constraint changes from binding to nonbinding
is finite, even thought this working hypothesis, which first appeared in [8] and has
since been used in many papers (see [16], [6]), seems to be currently satisfied in
particular in solid mechanics. Nevertheless, our belief is that the convergence rate

would be also optimal in more general situations and that the problem would be
only technical.

Remark 4.4. Of course the regularity exponent v on the whole domain should be
lower than %, because of the Dirichlet-Neumann singularities generated around
{e1, c2}. However, our goal is only to focus on the approximation behavior around
T'c, so we choose to assume that they are not effective (or in an equivalent way the
corresponding singular coefficient is switched-off), which, in view of Remark
makes the assumptions of Theorem 1] and Theorem very reasonable. Anyhow,
in practice it is possible to reduce the impact of these kind of singularities by
resorting to meshes of a particular shape (geometrical or radial meshes) around the
Dirichlet-Neumann singular points or by using the algorithm of Strang and Fix (see
23)).

Deriving an estimate of the error (u—uy,) from the exact Signorini solution by our
nonconforming quadratic finite element approximation is based on an adaptation
of Falk’s Lemma (see [12], []).

Lemma 4.5. Let u € K(2) be the solution of the variational Signorini inequality
B3, and up € Kn(Q) the solution of the discrete variational inequality [B:6). Then

||U—uh||%{1(9)

. ou
(4.1) < C{vhellréi(ﬂ)(nu - Uh”%fl(ﬂ) + <8_n’vh - U>%,ag — (g, vn — u>%,rg)

Ju
+ in —, U — Up)1L —(g9,v —up)1 }

veK(Q)(<8n’ h>;,aQ (9, h>;,rg)
Remark 4.6. The first infimum of the bound given in (El) is the approximation
error, and the integral term involved there is specifically generated by the discretiza-
tion of variational inequalities. The last infimum is the consistency error; it is the

“variational crime” and is due to the nonconformity of the approximation.
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Before giving the proof of both theorems let us bound separately the approxi-
mation and the consistency errors. We start by the approximation error.

Lemma 4.7. Let u € K(Q) be the solution of the variational Signorini problem
(ZH). Assumeu € H”(Q) with1 <v <3 and g € H%_”(I‘g)', Then

ou

. 2
U}LEIEE(Q)(HU = UnEo) + <8_n’vh —u)1 90 — (9,0n — U>%,Fg)

< CR?Y D ull ooy ([l mv ) + 1l L2 + ||9||Hg—u(rq),)-

Proof. Observe that, as u € H”(Q) and —Au(= f) € L?*(€), then (%)|59 €
H377(99) with

(4.2) < Clllullm @) + 1f1l20)-

[t o <
Then, choosing vy, = Jpu, on account of (3.2) it turns out that
2 2(v—1 2
[Ju— jhu”Hl(Q) < CR*v )HU'HHV(Q)'
The estimate of the first integral term is obtained from (B2) and 2):

ou

<8n T = u}

[ Twu = ull g0

HT” aQ)’ Q)

2,00 = H on
< CR*Y Dl o o) (lull e ) + £ 1| £200))-

The last integral term is bounded in the following way:

<g) jhu - u>%,1—‘g S ||g||H%—V(Fg)/ ||jhu - U’HH%—V(FQ)
2(v—1) .
< OR D a3
Assembling these estimates yields the proof. O

Lemma 4.8. Let u € K() be the solution of the variational Signorini problem
EZ5). Assume u € H”(Q) with 3 <v < 3. Then

ou

. 2
U}Lelgf(m(llu = Wl (o) + {5, v — )t 00 = (9,0 — wir,)
< Chz(ufl)”“”%{v(n)
Proof. Since v > %, the normal derivative g—fll oo belongs to L?(09), and
g (= g_:i\r ) € L*(T'y). Then, we can write
Ju Ju
(v = by o0l — by, = [ D=
Choosing v, = Jpu and using Lemma 311, we get
ou .
o —(Jphu—u) dl < H H ,3 ||u—]h(U|rc)||Hu7§(Fc)
< ChQ(l/ 1)H H ChQ(l/ 1) .
- )|| oy py < e e

Hence the proof. O
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Remark 4.9. For higher regularity of u, v > g, the approximation is not optimal

any longer because even though (dn)‘pc e H" 2 (I'¢) with (v — 3) > 1, the best
we can prove is that

lu — Thull Inull g vy < CR 2 ||ul o gy

HV** F )/ — Hu_

This yields the estimate

1

Ou 2 5_ v
inf — onll —(vp, —u)dl < Ch¥~'hi—1 o
L,LGII%L(Q)(||U On (o) +/Fc an(’Uh u) )} < 4 |l v (g

v

The worst extra factor hi~ % shows up for v = 3, where we are hi away from opti-
mality (the convergence rate is of order hi instead of h?). However, the quadratic
convergence rate can be recovered under the additional assumption of Theorem

Now, we are left with the consistency error, the analysis of which introduces
more technicalities.

Lemma 4.10. Let u € K(Q) be the solution of the variational Signorini problem
(Z3H). Assumeu € H”(Q) with1 <v <2 and g € H%*”(I‘g)’, Then

) ou
verQ)«a U= up)1 pq = (9,0 —un)1p,) <
(hl’ 1||u — ’U,hHHl(Q) + hQ(V_l)HuHH"(Q)) (”u”H"(Q) + ||fHL2(Q) + Hg”H%—”(F )')'

Proof. Define the piecewise constant function v, = 71'29(0—“) it is clear that ¢y,
> 0. Taking v = u, then we have

Ju
(5 u—un)1 00 = (gu—un)yr, = (Yn,u—un)1 oo — (Y, u—un) 1 r
(4 3) on’ PR
' ou
(g, ~Ynu—un)y o0 = (9= ¥ u—un)yr,
The second term is estlmated in the following way:
ou
<8_n = Uh, = Un)1 5o — (9 = Yn,u —un) i,
= H_ - w’“‘HH%(aQ)/”“_“””H%wm Fllg = Onllgy gl =unll gy
Therefore, by (3.4) we derive that
ou
<——¢h, Un)1 00 — (9 = Yh,u—un)1p,

< Ch = (Jlull v () + ||f||L2 @ + ||9||H§—U(F Dl =l o).

To handle the remaining part of ({3), notice that

=1

uppdl = Z w, dF wh‘t >0,
I. (

which yields the following bound:

(s = )y — (s — e, = [

e

(u —up)ppdl’ < / wpdl.

Te
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Thanks to the boundary conditions on I', and I'y together with the saturation
(27), we deduce that

Ou
<wh7u_uh>éd <¢h7u—uh>§ <wh_a_nvu> 6} <wh_ga >%
<||=— — 1 - L
< |5 = )] g e T oy + 1= ¥t ]
By another use of estimate (3.4) we obtain
(Yn,u—un)1 o0 = (Ynw—un)ir,

< o |
ch on HE_"(dQ)/” -3 o0y T3 o,y 14l -3 (o))

< O D (|l e ) + 1 fllz2ee) + HQHH%—U(FQ),)HU'HH”(Q)-
[l

Lemma 4.11. Let u € K(2) be the solution of the variational Signorini problem
2H). Assume u € H”(Q) with 2 <v < 2. Then

. u
ooy (G~ w00 = (9.0~ wndyr,)
< C(h" Mu—unllm @) + B2Vl e ) 1ull o)

Proof. Taking v = u, and thanks to the regularity of u, we have
. u ou
uelﬁfm«a_n’“ —un)1 00 = (g:v— Uh)%,rg) = /Fc 8_n(u —up) dI.
Setting vy, = 71'}?( =) >0, we get

P
5 ) dF:/pc(a_Z — =) d [ )t

ou

S/ (— —¢p)(u—wup)dl+ [ pudl.
T'c on T'o

The first part of the bound is handled in a standard way:

ou _
| Ga = onta = un) dr < CH* = unllo il o
re on

In order to work out the second term, let us define x5, = ﬂ}?u > 0. In view of the
saturation (uZ%) ., =0 we get
i —1

whudI‘:/ (z/;h——)(u—xh dP—Z/ wh—— (u—xn) dr'.

e

The sum can be restricted to the set I of indices ¢ for which u vanishes at least

once in t;. Indeed, if uj;, > 0, then ﬂ = 0. This yields vy, = 0, and therefore

n|t;
fti Ypu dl' = 0. Then

<o 2], o i
/ Yru »h 8n Lo, )|| Xnllz2 ()
(4.4)

< E v || 2 ,

T Chi nHH“*%(ti)hzlel(t’)
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It remains to estimate the semi-norm |u|g1(;,). Because for any i € I,uj;, > 0 and
u vanishes at least for one point &;, we necessarily have u/(&;) = 0 (the symbol
" stands for the tangential derivative of u along I'c). This makes sense because
U € C*~2(I'¢). Applying Lemma Rl to v yields

_3
ulm ey = 0l L2ey < Chi ||

so that, going back to ([4)), we obtain

AR D - W

< Cp2r=D (ZH “ t)) (Z| i)

< On*¢- ”H = | 'l
HY"3(T¢) H""2 (¢

The proof is finished. O

v 1
i % IlH"_%(ti)

=

) S CR*Y D ull3 () -

Proof of of Theorem[{-1. Putting together Lemma .8 and Lemma 1Tl yields
[u— Uh||%11(9) < Ch* H|u — un || gy @) llull e @) + hQ(V71)||UH%1v(Q)

from which point 4. of the theorem follows. Point i. is proven in the same manner
using Lemmas 4.4 and 4.6. |

Proving Theorem requires two more technical lemmas, also dedicated to the
analysis of the consistency error.

Lemma 4.12. Let u € K(2) be the solution of the variational Signorini problem
@235). Assume that u € H"(Q) with 3 < v < 2, and that the number of points in
T'c, where the constraint changes from binding to nonbinding is finite. Then

. u
U€1£€Q)(<%’ v = Uh>%,an —{g,v— Uh>%,rg)

< C(PHlu = unll ) + B2 Dllull vy el ()

Proof. Denote by I the set of indices i (0 < i < i* — 1) corresponding to the
segments t; containing at least one point where the constraint changes from binding
to nonbinding. The cardinality of I is bounded uniformly in h. It is straightforward
that in each t;,i ¢ I, the product (¢pu)p,, = 0, because either uj,, = 0 or u),, > 0;
then (@)“ = 0 and vy,;; = 0. Proceeding as in the proof of the previous lemma,

the term that remains to bound is

ou
u)udI‘:/ Y — =—)u dl
Tc " Fc(h 877')

Tl il e <

By Sobolev-Morrey we have the continuous embedding H*~2(I'¢) C CO*~1(I'¢).
Observing that u vanishes at least once in ¢;,7 € I, we see that

b @) —uy)]

y|1/71

(4.5)

1
3
nHHu_%(ti)hl lull -

lull oo e,y < h*~1 su

D o= < h"Hulleow-1(re)-
T, Yyl
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Inserting this in (4H) and observing that card I is finite yield
/ Yy dl < Z ol ?
To ;

<one |7

_1
hy 2 ullcow—1(re)

% HHV7% (tl)
ot oy lleos =) < CRE Dl o)
This ends the proof. O
Lemma 4.13. Let u € K(Q) be the solution of the variational Signorini problem

@235). Assume that u € H?(Q), and that the number of points in T'c where the
constraint changes from binding to nonbinding is finite. Then

ou
(<a_’” _uh>%,8ﬂ - <gvv_uh>%7r‘ )

in
veK () n g

< C(hllu — up || ey + h2|log h|% ull g2ay ) |ull 720

Proof. First recall that for any o € [0,1] the embedding H?(I'c) C CO%(I¢) is
continuous and there exists a constant C' > 0 independent of o such that (see 31,
Lemma A.2), Vi € H2 (D¢,

”ch0 *(T¢) < C\/—HwHH2

As in the proof of Lemma T2 we obtain
/ Yrudl <3 Ch?
To iel

< Chl-‘,—(y

1
1+
hE T ullco.o(re)

()7u1/ H 2
H (FC)
h()’ 1

llullco.e(re)

< Ch?

H HHQ(FC) HH%(Fc)'

Choosing a =1 — achieves the result. O

1
[log h|
Proof of Theorem [[-2] Putting together Lemma B.§ and Lemma E.12 gives point i.
of the theorem, while point 4. is obtained from Lemmal48 and Lemmal£T3 O

5. ANOTHER QUADRATIC FINITE ELEMENTS DISCRETIZATION

An alternative to the numerical model of the contact condition presented in the
previous section consists in enforcing the nonnegativity of the Lagrange degrees
of freedom of the discrete solution that are located on the contact region I'¢, i.e.,
up(z8) >0 (1 <i <i*) and uh( 1) 2 0(1 <i<i*—1). This choice seems more
appropriate when we are 1nterested fn checking the condition u|p, > 0 rather than
g_zll“c > 0 (for which the first model appears well adapted). The closed convex
cone of work is defined to be

Kh(Q):{vheXh(Q), on(x€) >0, Vi(0<i<iY)

on(x8,) >0, Vi (0<i<it— 1)}.
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The discrete variational inequality is expressed in the same line as for the first
method and consists of: find ay, € Kp(Q) such that

(5.1) a(ﬁh, vy — ’ah) > L(Uh — ’[Lh), Yoy, € f(h(Q)

Clearly this method is also nonconforming, because K, (Q) ¢ K(). Using again
Stampacchia’s Theorem, we deduce the well posedness of this problem with a sta-
bility result; the approximated solution is continuous with respect to the data. The
reliability of the approximation is summarized in two theorems.

Theorem 5.1. Let u € K () be the solution of the variational Signorini problem

i. Assume u € HY(Q) with1 <v <3, and g € H%”’(I‘g)’, Then, the discrete

solution iy, € Ky (Q) of problem (51) is such that
e = @nll o) < ORIl e + 1 2@ + 19l g3 )

it. Assume u € H”(Q) with 2 <v < 3. Then, the discrete solution uy, € Kin(Q)
of problem (&) is such that

lw— @l () < CRHu e (a)-

Theorem 5.2. Let u € K(§2) be the solution of the variational Signorini problem
&3).
i. Assume that uw € H”(Q) with % < v < 2, and that the number of points in I'c

where the constraint changes from binding to nonbinding is finite. Then the
discrete solution up, € Kpn(Q) of problem (511 is such that

u— @nl g @) < CRHullge ()

ii. Assume that u € H?*(Q), and that the number of points in I'c where the
constraint changes from binding to nonbinding is finite. Then the discrete
solution p € Kp(2) of problem (5.1) is such that

lu — | 1.0y < Chlog ) [[ull g2 (g)-

Before starting the numerical analysis of this method, which is also based on
Falk’s Lemma 4.3, replacing K}, (€2) by K}, (£2), let us make the following observation.
By Simpson’s quadrature formula we have, Vv, € K (),

/vhdrzo, Vi (0<i<i*—1).

t;

This implies that K 1(2) C K (), and the principal consequence is that the anal-
ysis of the consistency error induced by K| 1(2) can be made exactly as for K (),
and the convergence rate will be the same as those provided by Lemmas EETOHAET3]
The only remaining point is to exhibit an estimate of the approximation error,
which turns out to be more technical than for the first method and is the subject
of the following lemmas.
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Lemma 5.3. Let u € K() be the solution of the variational Signorini problem

(ZH). Assumeu € H”(Q) with1 <v <2, and g€ H%”’(I‘g)’, Then
ou
i f - 2 e - 1 - - 1
vh;%(ﬂ)(”“ On o) + <8n’vh u)1 00 = (9, Vn U>5,Fg)

< CR2Y Dl ooy (l[ull v ) + 1l 22 + ||9||H§—u( g),)-
Proof. Choose v, = Zu and proceed as in the proof of Lemma E.7. O

Lemma 5.4. Let u € K(2) be the solution of the variational Signorini problem
@5). Assume u € H”(Q) with 2 <v < 2. Then

ou
inf — 2 — —u)1 — —
vhelll(lh(m(nu Uh||H1(Q) + <8n’vh U>§,an (g, vn u)%,rg)

< Ch2(l’71)||u||fqv(9)'
Proof. Taking vy, = Zpu, and thanks to (B1]), we have
[ = vnll 1) < O Hlull v q)-

In order to study the integral term, notice that due to the regularity of w it is
reduced to

ou ou
<a_navh_u>%,8§2_<gavh_u>%,r‘g = an(Ihu—U) dl’

—Z/ (Zhu — u) dF<ZH8n

The sum can be restricted to the set I of indices 4 for which (dn)‘rc CH" 3(I¢) C
> 0 then uj;, = 0; this yields

Lo )|| — Inull L2,

C(T'¢) vanishes at least once in t;, because if 8“
(Znu)p, = 0. Then

ou
. on

n|t;

s_1
1

U T — ) dr<cZH O I

By Lemma [81] applied to g—z (which vanishes at least at one point of ¢;) we obtain
ou ou l,__

l/——

_ < e 2
o (Zhu — u) dT ZCh m HW%(“) [l ot 0
1 1
< CR20v1) ‘ 2 2 2
Ch (Z onlur-3%u )) (; [ul ”_f(t,ﬂ,)>
('9u
< R ‘ < CR2=D||y||2, ..
O] Tl ey < ORIl
The proof is finished. O

Proof of Theorem [2Jl We combine Lemmas T0l and B3] for point ¢ and Lemmas
EETT and 541 to obtain point 7. O

Let us turn to the lemmas necessary for the proof of Theorem (.2 for which an
additional assumption is required on the exact solution.
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Lemma 5.5. Let u € K() be the solution of the variational Signorini problem
(2.5). Assume that u € H"(Q) with 3 < v < 2, and that the number of points in
T'c where the constraint changes from binding to nonbinding is finite. Then

ou
inf u — vp 2 +
U;LER;L(Q)(” h”Hl(Q) <8’I’L

< CR ™V |lul 3 -

y Uh — u>%,89 - <g,’0h - u>%,Fg)

Proof. We use the arguments developed in ([3], Lemma 2.4). Let I be the set of
indices i (0 < ¢ <4*—1) such that ¢; contains at least one point where the constraint
changes from blndmg to nonbinding. In tl, 1 & I, the product ( o (u— Ihu))|t =0.

Setting p = (v —1)"! and p’ = (2 — v) "}, clearly we have p,p’ 2 1 and 1 - + 2 - =1

Then, as g—“ € H" 3(I¢) and u € H”_%(I‘C), invoking the continuous Sobolev
embedding (see [I], Theorem 7.48),

H""3(T¢) C LY (L),  H"7*(Dc) € LP(Pc)
we find that (an)‘r‘c e L"(T¢) and up, € LP(I'c). Using the Holder inequality

yields

ou

g dF<ZH N 2 P

L (1)
(5.2)

1
S Zhu — o (4,) -
_Zﬂ o R TR PR

Resorting to the Gagliardo-Nirenberg inequality produces

1 1 b
I Toas = ooy < e =l 1T = wll g,y < OB iy,

Going back to (52), and recalling that card I is bounded uniformly in h, we write
v— 2(vr—-1
/ o (T — ) dF<CH H Zh Bl ey SORE Tl -

Hence the proof. O

Lemma 5.6. Let u € K(Q) be the solution of the variational Signorini problem
Z35). Assume that u € H?(Q), and that the number of points in T'c where the
constraint changes from binding to nonbinding is finite. Then

ou
vh,elgh(ﬂ)(”u Uh||H1(Q) + <8n’vh U>%,aﬂ (9,vn U>%,rg)
1
< Ch?[log b2 ||ul| 3w o -
Proof. As in the previous lemma, the hardest task is to estimate the integral term.
First, recall that for any p’ > 1 the embedding Hz(I'¢) C L (I'¢) is continuous

and there exists a constant C' > 0 independent of p’ such that (see [3], Lemma A.1),
Wy € H3(Tc),

(5.3) |W||Lp/(rc) < C\/EHwHH%(FC)
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As in the proof of Lemma [55] we derive that

ou
L' (T, )Zh i |u|H2(t)

. on —(Zpu —u) dl < C’H
C
du

< Ch?

Le' (T, )| |H%(Fc)7
where p and p’ are conjugate real numbers. Applying (5.3) to d—:i, and since [ is

finite uniformly with respect to h, we get
/ O u = w) T < C(/Th™ h2H H
ro On

Taking p’ = |log h| completes the proof. O

H2(Fc)| |H2(Fc)

Proof of Theorem [2 Put together Lemmas and [E.5l for point 4, and Lemmas
ET3 and [£.6] to obtain point . O

6. CONCLUSION

The numerical models proposed here, to take into account—in a weak sense—the
Signorini nonpenetration condition for a quadratic finite element approximation,
provide the expected convergence results for almost all interesting configurations.
Using these methods to compute the solution of unilateral contact problems of
Signorini type is more accurate than the linear finite element solution.

There are two obvious directions in which this work could be extended. First
is the extension of these numerical contact models to three dimensions, for which
the technical difficulties are even more increased. The second consists in using the
mortar concept introduced in [7] (see also [6], [3], [20], [T0] for linear finite elements
applied to unilateral contact inequalities) in order to match noncoinciding meshes
in the quadratic finite element framework. This approach is of major importance
especially for the simulation of unilateral contact between two elastic solids.

7. APPENDIX A

The main purpose of this appendix is to state the nonstandard estimate (B.4)
on the piecewise constant interpolation operator. The proof can be found in [5] for
any space dimension; it is given here in one dimension to be self contained. For
simplicity we work on the reference segment I' = (0,1). Consider the subdivision
(x:)o<i<i» ordered increasingly, with xy = 0,z;« = 1. Define ¢; = (z;,2:41), and
let h; = |t;| = |xit1 — 24| be the length of ¢;; we assume that h; < h (0 < i <
i* —1). The finite element space M} (T') involves the piecewise constant functions,
Le., ¥n € My(I) means that ¢y, € Po(t;) (0 < i <i* —1). The L*-orthogonal
projection m, on My (T') is then characterized by

1
= ),
The approximation error (B3)) for 7, is standard and is obtained by the Aubin-
Nitsche argument. Before stating the desired results let us recall the Hardy in-
equality. If u € [0, %[, then we have, Vb € H*(0, 1),

$dl,  Vi(0<i<i*—1).

P(r)? 3
. < (L .
(7.1) ( 0,1y T dx) < e
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We need the following intermediary lemma.
Lemma 7.1. Let p € [0, 4 and v € [, 1]. Then V¢ € H”(0,1),

|4 = 7mn || ey < CRYH (1] e ()
Proof. Set v, = 1. We have to bound

[ = Tl F ) = / / (¢ — whi;x)_—é&; ¥n) ()] dudy

(7.2 ‘Z/ [ e aa

t;

i*—1

+ ZZ// (Y — 1/Jh y|§1f2u Yn) ()]? dady.

=0 j#i

It is straightforward that

i*—1

Z/t/t |z — |1J£23] dxdy

2(v— ()] 2(v—mp
< H)Z/[dey<h( l)|7/’|Hv(F

The second sum in (7.2)) is bounded as follows:

=1

ZZ// (Y — ¢h|x_y|gf2uwh)(9)] dady

=0 j#i

i*—1 i*—1

<23 [ ]St e 5 2 [ S e

=0 j#i tj =0 j#i tj

We only focus on the the first term (the second is worked out exactly in the same
way):

Z Z/ 1/1 1571+2H dady
_ Z/t (Y —Yn)(z (/1“\15,; |x—;|1+2ﬂ_ dy) dz

<C Z / (Y —Yn)(z (($i+1 1_ e + @ _1%)%) dz.

Recalling ([Z]) with an appropriate scaling and applying the Bramble-Hilbert The-
orem, we obtain

J 10 =@ (o + ) 0 < O = nbiy

< CRPY PP 3 0,y
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In view of this bound we deduce that

=1 =1

(¥ — ) (@) — (¥ — ¥n)(y)]? -
) Z/ / |z — y[i+2n dady < CH* 1Y 7 i,
i=0 j#£i Yt Y i=0
< ChQ(V*M)W@IV(F)a
which completes the proof. [l

Lemma 7.2. Let i € [0, %[ and v € [u,1]. Then, Vop € HH(T),

1Y = 7|l oy < CR"H (|9 sy
Proof. Resorting to the duality of Aubin-Nitsche, we write

w — ™Y, X)v,T wa — ThX)v,I'
16— mullmvey = sup L meXder g WX mxdur,
xerr @ Ixlle @) xerv ) IxlEr )

Then by Lemma [Z]

W, x = mX)v,r < Yl ae@y X — Xl ze 0y < CR7H 0] ey X v (1)

Hence the proof. |

8. APPENDIX B

Our aim here is to prove a sharp estimate used in the proof of Lemmas ETT and
B4 Let t be a finite segment of R and h its length. Then

Lemma 8.1. For any a € ]%, 1], there exists a constant C' > 0 independent of h
so that, Y € H*(t),Vxo € t,

1Y — (@)l 2(r) < Ch 1] ey

Proof. Notice that this result is interesting in that the constant C' is uniform for
arbitrary xo. Let us first consider the reference segment £ = (0,1). Then the
Sobolev space H*(t) is embedded in the space C(f) with a continuous embedding
(see [1]) and therefore (o) makes sense. Then, we have in particular, Vi) € H*(f),

sup [$(2) = ()] < el e o)-

T,9y€t
or, again by the Bramble-Hilbert Theorem,

sup [¢(&) =9 (9)| < einf [|v — dl| g @) < e¥lge -
z,y€ct

Then, we derive that

19 — (@)l L2ty < 1 = P(&0) ooy < SUPAW(@) — (@) < &l oy

z,y€ct

Hence the result for ¢. A standard scaling argument lets us recover the result of
the lemma with C' = ¢. O
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Remark 8.2. This lemma plays a fundamental role in the proof of the optimality

of

the consistency error in Lemma [T and of the approximation error in Lemma

64 When a < %, the estimate no longer holds, and the incidence on the analysis

of

these errors when u € H” () with 0 < v < 2 is dramatic, and the techniques

developed in this paper fail to recover the optimality, at least without an additional

as

N

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

sumption (see Lemmas 12l 13, 5.5, and E.6]).
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