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AN ANALYSIS
OF NONCONFORMING MULTI-GRID METHODS,
LEADING TO AN IMPROVED METHOD
FOR THE MORLEY ELEMENT

ROB STEVENSON

ABSTRACT. We recall and slightly refine the convergence theory for noncon-
forming multi-grid methods for symmetric positive definite problems developed
by Bramble, Pasciak and Xu. We derive new results to verify the regularity
and approximation assumption, and the assumption on the smoother. From
the analysis it will appear that most efficient multi-grid methods can be ex-
pected for fully regular problems, and for prolongations for which the energy
norm of the iterated prolongations is uniformly bounded.

Guided by these observations, we develop a new multi-grid method for the
biharmonic equation discretized with Morley finite elements, or equivalently,
for the Stokes equations discretized with the Pp-nonconforming P; pair. Nu-
merical results show that the new method is superior to standard ones.

1. INTRODUCTION

We reconsider the convergence theory for nonconforming multi-grid methods
for symmetric positive definite problems developed by Bramble, Pasciak and Xu
in [BPX9T]. With nonconforming methods, the coarse-grid correction is not a
projection, and in many applications it defines an iteration that is even divergent.
As a consequence, a W-cycle multi-grid method is not a safe choice, since with a
fixed number of smoothing steps it may result in a preconditioned system that is
indefinite. On the other hand, a V-cycle type method yields preconditioned systems
that are always positive definite. Moreover, for m(k) denoting the number of pre-
and post smoothing steps on level kK = 1,...,j, it was proved that the resulting
preconditioner is optimal when for some 3 > 1, m(k) > 3% (variable V-cycle).

In this paper, we investigate to what extent this increase of the number of
smoothing steps when going to coarser levels can be reduced, meanwhile preserving
optimality. Apart from scientific interest, for a parallel implementation a reduction
of the work on lower levels is important. A slight adaptation of the theory from
[BPX91] will show that for a “fully regular” problem, already Ei;é ﬁ Slen-
sures optimality (mildly variable V-cycle) (cf. note at the end of this introduction).

Aiming at minimizing the work on lower levels, the best method is clearly the
standard “nonvariable” V-cycle. Unfortunately, in the framework of nonconforming
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methods, we are not able to prove optimality of this cycle. Yet, we present an
estimate that demonstrates that the condition number of the preconditioned system
corresponding to the standard V-cycle may depend critically on the energy norm
of the iterated prolongations alternated with smoothers. That is, if this norm
grows exponentially with the numbers of levels, then the condition number may
do so as well, whereas if this norm is uniformly bounded, then the standard V-
cycle is at least suboptimal. These observations will be confirmed by numerical
experiments. As a further support of these findings, we will recall some results
obtained by Oswald in [Osw97], which show that in order to get a suitable additive
multi-grid method, it is essential to use prolongations for which the energy-norm
of the iterated prolongations is uniformly bounded.

The main application that we will discuss is the biharmonic equation on some
convex polygon, discretized with Morley elements. The biharmonic operator is not
fully regular, which means that we can only rely on the variable V-cycle. Yet, as
is well-known, the Stokes equations discretized with the Py-nonconforming P; pair
give rise to the same algebraic system. This equivalence has been exploited more
often, in the sense that the biharmonic formulation was used to analyze multi-grid
methods applied to the Stokes problem. Here we will follow the opposite approach.

The advantage of the Stokes formulation is that it defines a fully regular problem.
Yet, since the usual basis for the finite element space is not uniformly L?-stable, we
have to pay for switching to this framework by the fact that standard smoothers do
not satisfy the necessary assumptions. We develop a new type of smoothers that
involve a call of a conforming multi-grid method to solve a discretized Laplacian.
Using these smoothers, we show that the mildly variable V-cycle yields an optimal
preconditioner.

It turns out that with the prolongation usually applied to the above-mentioned
biharmonic, or equivalently Stokes problem, the energy norm of the iterated pro-
longations increases exponentially with the number of levels. We introduce a new
prolongation, for which, at least in a model case, this energy-norm is uniformly
bounded.

Using the standard V-cycle, we compare numerically the new smoother and pro-
longation with common choices. Both the new smoother and the new prolongation
turn out to strongly reduce the condition numbers. With both improvements imple-
mented, the condition numbers are “small”, and they appear to be even uniformly
bounded. Moreover, the new method can be implemented at the same costs as a
standard method.

The remainder of this paper is organized as follows: We start by giving a descrip-
tion of the class of multi-grid methods that will be considered. This description is
not only basis independent, but it also avoids making use of some scalar products,
for which usually the L2-scalar product is taken. As a consequence, the abstract
formulation can be translated more easily in terms of an actual implementation.

We recall and slightly refine the multi-grid convergence theory from [BPX91].
We give new, general applicable criteria to verify whether a smoother satisfies the
assumption necessary for this convergence theory. The proofs are based on some
simple algebraic arguments only. We give a short proof of a new theorem, requiring
more or less minimal assumptions, to obtain the full regularity and approximation
assumption.
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Mainly to underline the role of the iterated prolongations in the behaviour of
multi-grid methods, we recall the convergence theory for additive multi-grid meth-
ods developed in [Osw97]. We relate the assumptions on the smoother in the
multiplicative and the additive case.

Finally, we discuss some applications. Apart from the aforementioned applica-
tion to the Morley element, we briefly discuss applications to the nonconforming
P, and rotated Q1 elements.

In order to avoid the repeated use of generic but unspecified constants, in this
paper by C' S D we mean that C can be bounded by a multiple of D, independently
of parameters which C' and D may depend on. Obviously, C' 2 D is defined as
D,§C, and C=DasC SDand C 2 D.

Note. The referee pointed out that a publication of J.H. Bramble and X. Zhang is
going to appear in which it is proved that, with a being the regularity parameter,
optimality of a V-cycle type method is guaranteed when Ef;é W < 1, which
generalizes our finding in the @ = 1 case. Although this generalization means a
quantitative improvement for o < 1, it is not in conflict with the approach followed
in this paper to reformulate the less-regular biharmonic problem as a fully regular
Stokes problem with the aim to reduce the number of necessary smoothing steps
on lower levels.

2. MULTI-GRID METHODS

2.1. Algorithm. We describe the symmetric (multiplicative) multi-grid method
in a general setting. Let

Vo, Vie .o, Vs,
be a sequence of finite dimensional linear spaces over R or C. By Vj’ we denote the
linear space of (anti-)linear functionals g on Vj, i.e., g is linear. Assuming that a;

is some scalar product on Vj, for given g € Vj' we are interested in finding u € V;
such that

(2.1) a(m) = g0)  (veV)
Defining A; : V; — V] by

(22) (A0)) = a5(wo) (W eVs),
we see that (2.1) is equivalent to

(2.3) Aju=g.

To define a multi-grid method for solving ([23)) iteratively, for 1 < k < j we
need suitable linear mappings Iy : Vi1 — Vi, which are called prolongations. The
dual mappings I, : V/ — V/_,, defined by (I}.9)(w) = g(Irw), are then called
restrictions.

Furthermore, to define the smoothers, for 1 < k < j we need possibly non-

Hermitian auxiliary sesquilinear forms ¢ on Vj, that give rise to operators Cl, C;L :
Vie — V) defined by

(2.4) (Cru)(v) = cg(u,v), (C,iu)(v) = cx(v,u) (u,v € Vi).
We set

Cr ) Cy if £ is odd,
k.l = C); if £ is even.
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We assume that {u € Vi : ¢ (u, Vi) = 0} = {0}, which means that C} and C;L are
invertible.
The multi-grid operator By, : V! — V}, is now defined by induction as follows:
Let By = Agl. Assume that Bj_; has been defined and define Byg for g € V)
as follows:

1. Set (® =0 and ¢(® = 0.
2. Define 29 for £ =1,... ,m(k) by

20 = =1 | Cﬁm(k) (g — Akx(“l)).

3. Define y(mF) = z(mF) 4 1, 4(P) where ¢ for i =1,...,p is defined by
¢ ="V + B 1 (I (g — A D) — Ap_1q07Y).
4. Define y¥ for £ =m(k) +1,...,2m(k) by
y O =y Y+ O (9~ Ay ).
5. Set Byg = y2m),

Remark 2.1. The above description of the multi-grid method follows [BPX91] quite
closely. A difference is that instead of using dual spaces V/, in [BPX91] and in many
other papers, after equipping the spaces Vj, with some additional scalar products
(, )o.k, all multi-grid components are defined between primal spaces by (implicitly)
applying Riesz’ representation theorem. Then, as a consequence, all these compo-
nents depend on the particular choice of (, )k, whereas the preconditioned system
BjA; does not. In other words, the influence of (, )o,x on the multi-grid algorithm
is artificial. On the other hand, the introduction of suitable scalar products (, )ox
has turned out to be essential for the convergence theory.

A definition of the multi-grid algorithm directly in terms of its implementation,
i.e., in terms of matrices and vectors, can for example be found in [Hac85|. Actually,
when (, )ox is the Euclidean scalar product corresponding to the basis one wants
to apply, the definitions from [BPX91] and [Hac85] are similar.

Our definition is basis independent. Because it also does not depend on the
scalar products (, )o, the description of the implementation is straightforward,
since it does not involve mass matrices and inverses of these matrices.

2.2. Implementation. For all k, let V} be equipped with some basis {¢gm :
m € Ji}, and think of V) as being equipped with the corresponding dual basis
{d);c,m tm e Jk} defined by ¢;§7m(¢k3,’ﬂ) = 6n,m~ From g = ZmEJk g(¢k,m)¢;¢,mv
we see that g = (g(dr,m))me., is the vector representation of g € V/. It is easily
verified that the operator Ay : Vi — V| is represented by the stiffness matric
Ay = (a(Pkns Pkm))mnes., and that if py denotes the matrix representation of
Iy, : Vi1 — Vg, then the matrix transpose pz is the representation of I},.

Noting that ax(u,v) = (Agu, v), where the vectors u and v denote the represen-
tations of u € Vi, and v € Vi, respectively, and (, ) is the Euclidean scalar product,
a natural way to construct the sesquilinear forms cy, is the following: For Cj, being
some (easily) invertible approximation of Ay, define

(2.5) ck(u,v) = (Cru, v).

Then the representations of the operators Cy, C’,Z : Vi — V) are given by Cj and
its matrix adjoint C| respectively.
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2.3. Convergence theory. We recall convergence results obtained in [BPX91],
and give some additional estimates.
We will denote by ()* an adjoint with respect to the “energy” scalar product ay.

Then setting K =1 — C'k_lAk7 we have K} =1 — Ck_TAk. Defining

) _ (K} Ky)™/? if m is even,

k (KiKg)™m=D/2K: if m is odd,
and noting that
I = AN T Ay,

for k > 0 we have
(2.6) 1 —BiAy = (K" (1= L) + (I = By A PI R,
Note that (BrpAg)* = BrAg, and that (K,gm(k)))*(l — I;J,:)f(lim(k)) is the error
amplification operator of the corresponding two-grid method.

1
For (, )o,x some additional scalar product on Vi, and || -[[o,x := (-, )¢ 4, we define

(2.7) lullze = sup lax(u, v)| (u € V)
T ozeevi vllok

and

(2.8) Pk = Sup a(u, u)

oucvi [[ullg s

We make the following assumptions:

Regularity and Approzimation Assumption. There exists an « € (0, 1] such that

A) (- L wl S (ol (e )™ (we Vi),
and furthermore
() an (1, 0) — ax (K, Kw) 2 i ule (u € Vi),
If in addition
(c1) pI1) < 1.
then the
e W-cycle, i.e., p=2,and m(1) =--- =m(j) > 1,
e variable V-cycle, i.e., p = 1, and for some 8 > 1, m(j — k) > *m(j) and
m(j) > 1,

and when o = 1, the

e standard V-cycle, i.e., p=1, and m(1) =--- =m(j) > 1,

all have been shown to yield B; that satisfy

(2.9) o(I = BjA;) C [0, 75, where §; < m(j)™".

A particular case for which (CI)) is valid is I} Iy = I, i.e., ag_1(u,v) = ax(Ixu, Ixv)
(“Galerkin approach”). For this case a lot of additional multi-grid convergence
theory is available, even some for which a regularity assumption is not necessary.
In [Che99] an application is described of the Galerkin approach to nonconforming
finite element discretizations, which involves a redefinition of the energy scalar
products on lower levels.
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If only
(C2) p(I; 1) < 2,
then the W-cycle has been shown to yield B; that satisfy
-5 4, o
(2.10) o(I — BjAj) C [T(Sj7 T(Sj]’ where §; < m(j)"“.

Unfortunately, for the usual nonconforming multi-grid methods, (CIl) does not
hold, whereas (C2) has been shown only for an Ij used for the rotated @)1 element
([CO98]). The common I used for the nonconforming P; element or the Morley
element generally do not satisfy ([C2l), and neither does the alternative Iy for the
Morley element that will be introduced in this paper.

Without (C2), the W-cycle satisfies (ZI0) for m(k) = m sufficiently large. In
fact, it can be shown that it is sufficient that

(C3) p(GEET VL) <2,

which generalizes (CZ). By (A]) and (B]), the forthcoming Lemma 2:2] and [2:13)
show that indeed (C3) is valid for m sufficiently large.

If ([C3) is not valid, then the W-cycle may result in a preconditioned system that
is indefinite. On the other hand, when p = 1, from (B)) it can be deduced that
BjA; is positive definite anyway, although not necessarily p(I — B;A;) < 1. In the
remainder of this subsection, we will study some V-cycle variants, i.e., p =1, to be
used as preconditioners, only assuming (Al and (B).

For the variable V-cycle, i.e., m(j — k) grows exponentially with k, it has been
shown that
(2.11) Amax(I — BjA;) <

%, where §; S m(j)”°.
J

Yet, from the analysis presented in [BPX9T], it can be deduced that when « = 1,
(EZT0) is even valid for any (m(k))i1<k<; with m(k) > m(j).

We now consider Amin(I — BjA;) = —Amax(BjA; — I). A repeated use of (Z6)
shows that

J
= k)N * * o k)) 7% T
a; (B A; = Du,u) = > ar(RY" ) (5 = DR T, Ty,
k=1
where
j]g;k = (kj(‘m(j)))*_[jfjflgk (j > k), and jlm—k = 1.
With
ar 1= max{0, Anax (K" ) (eI — DE™ M)},
we find that
J
(2.12) Amax(BiA; = 1) <> arp(Ii_y Ijy)-

k=1
For convenience, from [BPX91] we recall the following result that concerns the
two-grid method:

Lemma 2.2. Assume that (&) and (B) hold. Then
ar < p((BY ) (1 = LIRS ) S (k)=
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K; Ky it m(k) is even

KWK if m(k) is odd @) and @) show that

Proof. With K}, = {
~ ~ (6%
o (1 = B E P, KM w) S (o 18 ul3 ) an B uw)e

S a((1 = KoKy
Since (K ) C [0,1], which follows from (B), we infer that

(k)u,u) < ak(u,u) max (1 =N < (k)" Lag (u, u)
€

), \i-a
) ag (K )

a(I - Kp)K,

[0,1]
and ag (sz(k) u,u) < ak(u,u), which completes the proof. O
To estimate p(Ijth~ k), we use the fact that
(2.13)
ar (B K L K )
= e (K (D Ty = DR 0, 0) + g (K, w)
< (@rt1 + Daky(u, u),
and so p(_fj*hkfj&k) < ngkﬂ(qi +1). From (ZI2) and Lemma 22 we conclude
that

J J J
)\max(BjAj _I) < qu H q1+1 =—-1+ H(Qk‘f'l)
k=1 i=k+1 k=1

< 14 eShamn < 1 4 ShZomG-R) T
For the variable V-cycle, we infer that Amax(BjA; — I) < m(j)~, and so by

ZI0), x(B;A4;) — 1 S m(j)~%, as was also noted in [BPX91]. However, a milder
increase of m(j — k) as a function of k is already sufficient. For example, m(j — k)
2 m(j)+ kP for some 8> L yields Amax(BjA4; —1) m(j)7a+%. What is more, to
get )\max(B A; —1I) to be uniformly bounded, it is obviously already sufficient that
Zk _om(j — k)~ < 1. Combining this with the bound @II)) on Amax(I — BjA;),
which for o = 1 is valid for any (m(k))1<k<; with m(k) > m(j), yields the followmg
result:

Theorem 2.3 (“mildly” variable V cycle) Assume ((A) wz’th a=1and ([B). Let
p=1, m(k) > m(j), (mdzk 0 G <1 Then k(BjA;) S

So, besides the fact that upper bounds on the condition number corresponding to
various cycles decrease faster as functions of the number of smoothing steps when
« is larger, Theorem is another indication that for more regular problems one
may expect more efficient multi-grid methods, in particular when o = 1.

Aiming at minimizing the number of operations on lower levels, obviously the
best algorithm is the standard V-cycle. Unfortunately, a proof of optimality of
this cycle applied to general nonconforming discretizations cannot be deduced from
the above estimates. However, some useful observations can be made. As stated
before, for & = 1 the upper bound ZII) on Amax(f — BjA;) is also valid for the
standard V-cycle. Furthermore, again for the standard V-cycle, (ZI2) shows that

the behaviour of Ayax(B;A;—I) might depend critically on the factors p(I]&kljhk)
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that is, on the squared energy norm of the “iterated prolongations alternated with
smoothers”. Indeed, in case these factors are uniformly bounded, then at least
Amax(BjA; — 1) S jm(5)~%, and so k(BjA;) < jm(j)~! if a = 1. However,
preceding analysis), then x(B;A;) might increase exponentially as a function of j.

Numerical results for an o« = 1 case presented in Section show that this
exponential increase of the condition number indeed occurs with a prolongation
that is commonly used. With a new prolongation, that is developed with the aim
of getting bounded factors p(f ;Lkijhk), the condition number of the standard

V-cycle even turns out to be uniformly bounded.

I j—k) increases exponentially with j — k (which is not excluded by the

2.4. Assumption (Bl) for inexact Gauss-Seidel and damped Jacobi
smoothers. By substituting u = A,;lew, we see that (Bl can be rewritten as

2
(2.14) pr(2Rex (w, w) — ag(w,w)) 2 sup Jei(w, v)

5 (w € V).
ozvevi [Vl

Having fixed some bases of the spaces Vi, and with ¢ and Cy, related according to
3), and mass matrices My, defined by (Mgu, v) = (u,v)or (u,v € Vi), by noting
that

pr. = p(M; ' Ay),
(214) in turn can be written as
(2.15) p(M;*A)(Cy, + Cf — Ay) Z CEM, ' Cy.

In two propositions, we give sufficient conditions for (B]). Dealing with “inexact
smoothers”, i.e., smoothers that involve an inexact, possibly nonsymmetric inner
solver, these propositions generalize results from the literature, e.g., from [BP92].
These generalizations turn out to be particularly useful in cases where the mass
matrices are not uniformly well-conditioned, a situation that we will encounter in
practical applications.

Proposition 2.4. Let Dy, Di and Ly be some matrices of the same size as Ay,
and let Cy, := Dy, + L. If

(a) 0 < Dy =D < p(M,'Ap)My,
(b) Ay <Dy +Ly+LHE,
1 _1

(c) Dy, QLkal 2| 5 1;1

(d) 1-|I-DgD;'DF|| 2 1,
with || - || = (-,-)2 being the Buclidean-norm, then (B) is valid.
Proof. From the definition of Cy, [Bland (ZI5), it is sufficient to prove that

p(M;'Ap)(Dy + Dif — Dy) 2 (DY + Ly)M; ' (Dy, + L.

From

. - L1 1o g1 1o 1 1

Dy +Df - D, =DI'D;* (1~ (I- DD 7D})(1-D;D;'D;)) D, * Dy,
which is valid for any invertible Dj, and because Dy, = D/ > 0, we infer that

(2.16) D), +DF —D, > (1- |I-D;D;'D?|>)DID Dy,
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Because of this result together with[dl and because M;l S p(MglAk)Dgl by @
it is sufficient to show that

D' 2 I+ D, "Ly)D; ' (T+ L, D).
The latter relation follows from
1 1
Dy *(I+ LDy )DZ | < 1+ ||Dy 2Ly Dy * [|IDZ Dy 'DE | S 1,
by @ and [d O

Remark 2.5. Condition [dl of Proposition 24l means that ]5,;1 is an approximate
inverse of Dy which defines a uniformly convergent iteration in the “energy” norm

(Dy-, .>%,
Remark 2.6 (“inexact” point or block Gauss-Seidel). In the setting of Proposition
B4 let Ay = Dy, + Ly, + LY be a partitioning of Ay, into its (block) diagonal, its
(block) lower triangular and its (block) upper triangular part, so that[Dlis trivially
valid. ) )

Now Dy, > 0 follows from Ay > 0. With Ay, := diag(My), Ay == A, 2 ARA, 2,
. _1 _1 - _1 1
Dy := A, ?DiA, ? and My, := A, *MA, 2, the relation Dy, S p(M,ZlAk)Mk
can be rewritten as

]jk S p(M;lAk)Mk

From D < p(ApI < /i(l\A/Ik)p(l\A/IglAk)l\A/Ik, a sufficient condition for @ is
#(My) S 1. From

(Mjgu, u) _ I Zmefk uk,m(ﬁk,mH?},k
(Apw,u) 3 cr e Pl drmllf )

we see that x(Mj,) S 1 means uniform stability of the normalized bases of V; with
respect to || ||o,x-

The Cauchy-Schwarz inequality |<Aku v) < (Apu,u)z(A,v,v)z implies that
all elements or blocks of D, Lk -3 have absolute values or Euclidean norms less
than or equal to one. So in case the number of elements or blocks, or more generally,
the number of nonzero elements or blocks in each row and column is uniformly
bounded, then mis valid. Applications are given by (inexact, i.e., D, # D) point
or block Gauss-Seidel iterations based on lexicographical or multicolor orderings of
the unknowns.

Proposition 2.7. Let f);f, Dy and Lg be some matrices of the same size as Ay,
and let Cy, := p(D, ' Ay)Dy. If
H < p(M;'Ay)
(a) 0< Dy = D (D_lAk) My,
(b) 1—[I— Dka le 121,
then (B) is valid.

Proof. In this case, (ZIH) reads as
(217)  p(M'Ag)(Dy, + D} — p(D; " Ax) " Ag) 2 p(D; ' Ar)Df M, ' Dy
The proof follows from Ay < p(D; ' Aj)Dy, an application of (ZI6), Handm. O
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Remark 2.8 (preconditioned Richardson). If in Proposition 7] Dy = w™'Dy, for
some fixed w € R, then B means w € (0,2). Moreover, since after substituting
D;, = w™ Dy, ([I7) is equivalent to
2 -1 \-1p~ 3 -3 > pD ' A) Hyinr-1 2
2wl —w?p(D; " AL) D 2 ALD, 2 2 WMZ)DE M, D2,
in this case both w € (0,2) and @& are also necessary conditions for (B]).

Remark 2.9. Writing Aj, — Dy, in the form Ly + L, condition m of Proposition 2.1
follows from 0 < Dy, S p(M;'Ay)M;, and p(Dy'Ay) < 1+ 2||D; *LyD; 2 || S 1,
that is, from assumptions @ and @ of Proposition 24

In particular, when Dy is a (block) diagonal part of Ay, sufficient conditions for
these assumptions are discussed in Remark[Z6] In this case, and with Dy = w™'Dy,
the iteration from Proposition Z7]is known as the damped (block) Jacobi iteration
with damping parameter p(DglAk)’lw. Iterations with Dy not equal to some
multiple of Dy, will be called inexact damped (block) Jacobi iterations.

2.5. The regularity and approximation assumption (A]) with a = 1 in
a nonconforming framework. We consider the following usual nonconforming
finite element setting: Let

H> - H —H°
be continuously embedded Hilbert spaces. We assume that, for all k,
Vi € H°,
and put
|- Hlok := [+ [l

Furthermore, we assume that there exists a scalar product a on H! satisfying
= 2
a(-,) < - Nz
such that for all k, a; can be extended to a scalar product on H! + Vj, which

reduces to a on ‘H'. Finally, we assume that the sequence (py)x defined in (2:8)
satisfies pry1 S pr-

Theorem 2.10. For f € H°, let u € H' denote the solution of
a’(ua ’U) = (fa v)HO (U € Hl)

Then, if
(a) u € H? with ||ullx2 S || f]|no (“full” regularity),
1 )

(b) lar(u, vi) = (f, vi)rol S oy * an(or, vr) 2| fllro (v € HY + Vi)
(consistency)

(c) inf ap(v —vg,v—v)? S pp 2 vl (v € H?)
v €V
(approzimation)

and there exist mappings 1y : H?> — Vj, such that
(d) |1 — g |lp0—pe N p,;l,
(e) |y — L Ilg—1][30 22 S it

and finally,
() llpono S 1,
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then
Jar((I = InLg)ok, )| S pi lowli3 e (or € Vi)
(Assumption [B) with o =1).
Proof. By the definition of || ||2,5 in (Z7), it follows that
(2.18) |an(wr, vi)| < [lwgllrollvkllere  (wk,on € Vi),

which means that it is sufficient to show that
(2.19)

(I = I I} _
WL T Beliodre] < ot (s € V).

(I = LIy )vkllo = sup
0 fEHO [l £l 70

Given f € H°, we define u € H' and, for each k, ui € V} by

a(u, w) = (f,w)yo (w e H),
ag(ug, wr) = (f, wg)po (wy, € Vi).
From
(f, (I = Iel)vi)no = ap(ug, (I — Ipdy)ve)

= ap(uk — Iyup—1,v%) + ar (I (up—1 — Iug), vk),
together with (2.I8) and [l we see that (219) will follow from
(2.20) lur = Inun—1llr0 S pi [ f 0,
(2.21) lur—1 = Liuglle S 3 1 llgo-

By m B and @ the well-known Aubin-Nitsche lemma (cf. e.g., [Cia78, Ex. 4.2.3])
shows that

(2.22) = ugllso S oy I f o0 (convergence).
By writing
up — Tpup—1 = (ur — Mpw) + (Mpw — Tl qw) + p(T—1w — up—1),

[220) follows from (222, [d @, [ and e
To establish (2.21]), we write

lunr — Fuglo = sup 19201 = [l
0#£gEHO lgll¢0

and, for given g € H°, we define z € H! and, for each k, z; € V| by
a(z, w) = (g, w)po (w e HY),
ak(zk, wi) = (g, wk)no (w, € Vi).
By writing
s uk—1)20 — ak—1(2k—1, Iug)

(9, ur—1 — Tur)ro (

= (g,ur—1)no — ar(Ipzp—1, ug)
(
(

Gy Uk—1 — U)o + ar (2K — Ip2k—1,Ur)
g, Uk—1 — U)po + (2 — Tnzi—1, f)no,

&21) follows from (222) and 220). O
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Remark 2.11. Under the assumptions of Theorem 20, most proofs from the lit-
erature yield assumption (Al) only for a = % An exception is [Bre99|, which our
proof is partly based upon. Yet, compared to that paper, our proof is shorter and
needs fewer assumptions. On the other hand, the arguments from [Bre99] are not
restricted to the “full” regularity case. In view of the multi-grid convergence the-
ory from Section 23] it is desirable to have (Al with « as high as possible, and in
particular to know whether it is valid for oo = 1.

In [BDH99| §4] a result similar to Theorem was proved. Instead of[Bland m
there (2:22)) was assumed, which is clearly also a sufficient condition for the present
proof. Moreover, instead of [dl @ and [{l, it was assumed that I : Vi_1 — V} can be
extended to an H°-bounded projector fk from Vji_1 + Vi onto V. Obviously, (2:20)
can also be deduced from this property, which means that our proof applies as well.
Although in applications often the condition involving I, is more easily verified, in
connection with the Morley element we will encounter an Iy, of practical interest
for which[dl @ and [l are valid, but the condition involving I, is not.

2.6. Additive multi-grid method. In particular to underline the role of the
iterated prolongations in the behaviour of multi-grid methods, we briefly discuss
the additive variant. Given some scalar products ey on Vi, we define Ej, : Vj, — V/,
determining a Hermitian smoother, by

(Eru)(v) = ex(u,v) (u,v € V).

Bj(:dd)

The additive multi-grid operator is now defined by

pedd) _ | B4 LBIVTL it k>0,
k Agt if k=0.
The following result can be deduced from [Osw97]:
Theorem 2.12. For k >0, let Py : Viy41 — Vi be some mappings. Put

Ly ifj>k, ) PP ifi>k,
L= { I ifj=k, dPi= I ifj=k.

Then, with IoP_1 := 0,

. (L, I
in ej(u, u) . max sup aj(Ljru, Ij—pu)
0#£ueV; a;(u,u) 0<k<jostyucvy er(u, u)
7 _oer((I = IyPy_1)Ppju, (I — I, Py_1) P ju
SH(BJ('add)Aj)S sup e—o €k (( kPr—1) Prju, kPr—1)Prju)
0#4ucV; a;(u, u)
J
(Ligu. I
sup a;(Lj—ru, Ij—pu)
= 04ueVi, ex(u,u)
In particular, if
(2.23) ar(u,u) S ep(u,u) S prllull§,  (ue Vi),

then with

ko Pl (I = I Pe—1) Pejull3 ),
tj ;== sup ,
0#ueV; aj(uvu)
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it follows that

j
dd *
K(BYUYWA) S plIi L)
k=0

(L u. I
(2.24) max sup 0y, 1) N
0<k<J 0£uevy ex(u,u)

Remark 2.13. Let us assume ([Z23). In our applications, it will appear that the
Py, can be selected such that either ¢; < 1or t; S 4, and so K(Bj(add)Aj) <
Jmaxo<k<j p(Lf_jLj—k) or H(BJ(-add)Aj) S 72 maxo<k<; p(I7_x1j—k). Onthe other
hand, for any fized k, based on ai(, ) < ex(, ), we have K(Bj(add)Aj) 2 (L Lj—k)
(j > k). Together these bounds show that the quality of the additive multi-grid
preconditioner depends critically on the energy norm of the iterated prolongations.

Recall that at the end of Subsection Z3] for B; defined by the (multiplicative)
standard V-cycle, we observed that the upper bound on «(B;A;) depends critically
on the energy norm of the “iterated prolongations alternated with smoothers”, i.e.,

on the factors p(I7_, Ij—r). Since by assumption (B), p(K;Ky) < 1, it is likely
that p(I7_;Lj—k) < 1 would imply that p(_fj’?;kfj&k) < 1. On the other hand, if
for example p(I7_; Ij—y) is an exponentially increasing function of j — &, then for

general smoothers it cannot be expected that p(f;‘_kljhk) S

Remark 2.14. Even when t; S 1 and P}y Lj—k) < 1, Theorem only shows

that the additive multi-grid preconditioner is suboptimal, i.e., K(B](add)Aj) < g
Yet, under the conditions that were imposed, this is the best result one can expect.
Indeed, consider the case that 0 # Vo C --- C V1 C Vj, forall 1 < k < j,
er = ap = aj, and I is the trivial injection. It is not difficult to show that then

KBSV A)) =+ 1.

Below we comment on the construction of Hermitian smoothers that satisfy
([223)). If the forms ¢, introduced in Section2.T]are Hermitian and (B)) is valid, then
the equivalence of (B) and (2.14) shows that 2cj(u,u) > ax(u,u) and cg(u,u) S
pellullf ., or ex = ¢, satisfies (2.23).

The reverse is not valid; taking ¢, = ek, where ey, satisfies [223)), does not imply
([B). Indeed, note for example that ([Z23) does not guarantee that 2ej > ay, that
is, convergence of the corresponding iteration.

In case ¢, is non-Hermitian, an obvious candidate for a suitable Hermitian
smoother is the symmetrized smoother defined as follows: Let Cl, C); be defined as
in [Z4). For g € V/, put Grg = ¥, where 2(®) = 0 and

or Gy = Cyt + ¢ T — o T AL O

Proposition 2.15. Ej := G} ' ezists, and ej(u,v) = (Eyu)(v) are scalar products
that satisfy Z23) if and only if the ¢y satisfy (B).

Proof. Assumption (Bl can be rewritten as
(2.25) ar(GrApu,u) 2 p tul3e  (ue Vi),

which shows that E}, exists.
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From ai(I—-GrAr)u, u) = ap (K Kru,u) > 0, we have ap (GrAru, u) < ai(u,u),
or, by substituting u = (G Ax) " 2v,

(2.26) ax(v,v) < agx(A; ' Erv,v) = ex(v,v) (v e V).
Substituting u = (G Ax) 1w in (2:28) yields
2
(2.27) erx(w,w) 2 ppt sup M,

orvevi VIG5
and so, by taking v = w, in particular
(2.28) ex(w.w) S prllwl,  (we Vi),

Together, formulas (2.26) and ([2:28) show that ([2.23) is valid.
On the other hand, if e (u, v) := (Exu)(v) are scalar products that satisfy ([2:23)

and thus (2:28), then by an application of the Cauchy-Schwarz inequality we infer

[B27) and so ([2:25)), that is, (B) is valid. O

3. APPLICATIONS

3.1. Nonconforming P; element. Let 79, 71,... be a sequence of conforming tri-
angulations of some bounded, convex polygon  C R?, such that 74, is generated
from 7 by refinement, supr.,, diam(7T) < 27% and the triangles satisfy a shape
regularity condition uniformly over the levels. We define Ej, and Ej as the sets
of all and of all internal edges of 7y, respectively. For e € E},, m, will denote the
midpoint of e. We take V; = Vk(Pl), where

Vk(Pl) ={v € [Ire,, PA(T): v is continuous at m, for e € Ey,
and it vanishes at m, for e € Ey\Ey},

and define
a(u,v) = Z / Vu - V.
TeTy T
With | Jo,k := || | L2(), we find that p, defined in (23) satisfies pj, = 4".

We define the prolongation in the usual way, that is,
(Iyu)(m.) = average; of Ul (me) (e € Ey),
where 7.1 2 T; D e.
In the setting of Section [2.5] let
H=L*(Q), H'=Hy(Q), H>=H*(Q)nHHQ),

and

a(u,v) = / Vu - V.
Q

With these definitions, it is well-known that conditions@Hd of Theorem are sat-
isfied (for [bland @ see, e.g., [BS94] §8.3]). We define IIj, : H2(Q) N HL(Q) — Vk(Pl)
by (Hxu)(m.) = u(m.). Then, using the local reproduction by I of first de-
gree polynomials, standard arguments like the Sobolev embedding theorem and
the Bramble-Hilbert lemma show the remaining conditions @ [d and I From Theo-
rem 210 we conclude that assumption (&) with o = 1 is valid.
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We now equip the spaces Vk(Pl) with nodal bases {nx. : e € E}}, defined by
(3.1) nk,e(mg) = (56,5 (6, € c Ek).

These bases are L?({2)-orthogonal, and so, as demonstrated in Section[Z4] (inexact)
standard Gauss-Seidel and damped Jacobi smoothers satisfy assumption (Bl).
Since (&) and (B)) are valid, with a number of smoothing steps m that is suf-
ficiently large, the W-cycle yields uniformly convergent iterations. Yet, since gen-
erally p(I;I;) > 2, which has been demonstrated in [Che97, Ex.1], for any m that
happens not to be large enough the W-cycle might result in a preconditioned system
that is indefinite. On the other hand, the variable V-cycle yields preconditioned
systems that have uniformly bounded condition numbers. Since (&) is valid with
a = 1, Theorem 2.3] even shows that this also holds for the mildly variable V-cycle.
We now consider the additive multi-grid method. By taking Py to be the re-
striction to Vk(fi) of the ag+1(, )-orthogonal projector from Vk(fi) + Vk(Pl) to Vk(Pl),
[Osw97] has proved that the scalars ¢; from Theorem are uniformly bounded.
Furthermore, assuming uniform dyadic refinements and under some technical as-
sumptions concerning the degree of the nodes in the mesh, in [Osw92| it was shown

that p(I7_;1j—k) < 1. Assuming a Hermitian smoother that satisfies (Z23), from
Theorem [2.12| we conclude that the additive multi-grid preconditioner Bj(add) sat-

isfies K(B](add)Aj) < j. Since regularity plays no role in the analysis of the additive
method, this result is also valid for nonconvex €. o

Because p(I7_;1j—x) S 1, it is likely that also P}y Lj—k) S 1. According to
the observations made at the end of Section 2.3, this would mean that the standard

(multiplicative) V-cycle yields a preconditioner B; for which at least k(B;jA;) < j.

3.2. Rotated @)1 element. Now let 79, 71,... be a sequence of conforming sub-
divisions of some bounded, convex polygon 2 C R? into parallelograms, such that
Tk+1 is generated from 75, by refinement, suprc,, diam(T) = 2=% and the par-
allelograms satisfy a shape regularity condition uniformly over the levels. We
define E), and Ej as the sets of all or internal edges of 7y, respectively. For
e € Ej, m, will denote the midpoint of e. For each T € 7, we consider the
space Pr = {v € L*(T) : vo Fr € span{l,z,y,2? — y*}}, where Fr is an affine
bijection between [—1,1]? and T. There are two usual options to identify v € Pr
uniquely, namely either by

(3.2) {v(m.) : e € Ex},
or by
(3.3) {\_il Jv:ee E}.

Both choices give rise to different finite element spaces Vj, = Vk(Ql) defined by

Vk(Ql) ={v € [Ire,, Pr: the degrees of freedom match at e € Ej,
and they vanish at e € E;\ B},

Similarly to Section [3.1] we take
a(u,v) = Z / Vu - Vv,
TeTy T

and with || [Jo,x := || [ 2(n), we find that pj, defined in (ZV) satisfies pj, < 4.
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As in Section B the prolongations I can be defined by averaging the degrees
of freedom at e € Ej, and by setting them equal to zero at e € Ej\E}y. For both
(B2) and (B3), the resulting I reproduces first degree polynomials.

With H°, H', H? and a(, ) as in Section B}, all conditions of Theorem [ZI0 can
be verified analogously. We conclude that assumption (Al with o = 1 is valid.

Since for both (82) and (3:3), the normalized bases of V,C(Ql) with respect to
the degrees of freedom are uniformly L?(Q)-stable, from Section 4] we learn that
(inexact) standard Gauss-Seidel and damped Jacobi smoothers satisfy (B]). We con-
clude that the W-cycle with a sufficiently large number of smoothing iterations, the
variable V-cycle and even the mildly variable V-cycle all yield uniformly convergent
iterations or preconditioned systems with uniformly bounded condition numbers.

Assuming that 73 corresponds to a uniform partition of §2 into squares, for the
choice (33), in [COYJY] it was shown that p(I;I) < 2 (but generally p(I;1) > 1,
see [Che97]). This means that even for any positive number of smoothing iterations
the W-cycle yields uniformly convergent iterations.

Again for (33), and under the same assumption on the mesh, in [CO98]] it

(@)
Vi1

of the agy1(, )-orthogonal projector from Vk(fll) + Vk(Ql) to Vk(Ql), it was proved
that t; < 1, Theorem [ZI2 now shows that with a suitable Hermitian smoother
the additive multi-grid preconditioner is suboptimal, i.e., K(B](add)Aj) < j. Since

was shown that p(I7_; Ij—) < 1. Since, for Py being the restriction to

it is likely that as a consequence also p(I ]’ka k) S 1, this would mean that the
standard (multiplicative) V-cycle yields a preconditioner that is at least suboptimal.

On the other hand, for the choice (3:2)), we know that p(I;I) > 2 ([Che97]).
This means that with a number of smoothing steps that is not large enough, the
Wh-cycle might result in a preconditioned system that is indefinite. Moreover, again
for (B:2), numerical results from [Osw97] indicate that for fixed k, p(If_; 1)
increases exponentially as a function of j — k. By Remark 2.13] this means that
also /@(Bj(-add)Aj) is an exponentially growing function of j7 > k. Moreover, since

in this case for general smoothers it cannot be expected that p(f;&kfjgk) S,
the discussion at the end of Section shows that the standard (multiplicative)
V-cycle might give unsatisfactory results as well.

3.3. Morley element.

3.3.1. The discretized biharmonic equation. Let 19, 71,... be a sequence of con-
forming triangulations of some bounded, convex polygon € C R?, such that 741 is
generated from 7, by refinement, supy,, diam(7T) = 27" and the triangles satisfy
a shape regularity condition uniformly over the levels. We define Ej, N}, as the set
of all edges and vertices of 7, and Ey, Ny as the set of internal edges and vertices
of 7. For e € E},, m. will denote the midpoint of e, and n. a unit vector normal to
e. We take Vi, = My, where M}, is the Morley finite element space corresponding
to 7, i.e.,

My ={v € [[1¢,, P2(T): v is continuous at p € Ny and vanishes at p € N\ Ng;
On, v is continuous at m, for e € Fj and vanishes at m, for e € E;\Ey}.

Since v € M}, is piecewise quadratic, its derivative tangential to e € E}, in m.
from either side of e (if e € E}) can be expressed as a divided difference in terms of
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the values of v at the endpoints of e. The continuity of v at the vertices therefore
shows that also these tangential derivatives are continuous for e € Ej, and vanish
for e € Ek\Ek.

(Bib)

We define ay = ay, y

2
(Bih) o oy 7%
a ()= [ Y D2.090; Dw:07; "
T

Tery 4,j=1

The prolongation I ,gBih’l) : My_1 — My commonly used in connection with the
Morley finite element spaces was introduced in [Bre89], and is defined by
Bih,1
(P ) () = average, of ul, () (p € M),
(3.4) On, (I,gBih’l)u)(me) = average; of O, (ul,, )(me) (e € Ey),
where 7,1 3T; > por 7,—1 3T; De.

As appears from numerical results reported in [Osw97,[Che97], a disadvantage of
I,gBlh’l) is that, for fixed k, p((I](EE’l))*IJ(EE’l)) generally grows exponentially with
j — k. As we said before, this has an adverse effect on the additive and (V-cycle
type) multiplicative multi-grid methods.

In this paper, we therefore introduce an alternative prolongation I ,iBlh’Q). For
ease of presentation, we restrict ourselves to the case of uniform dyadic refinements.
Let E,inew) denote the set of new edges, i.e., E,(Cnew) ={e€Ey:e¢g cforanyeé e

Er_1}. Then I,gBih’m is defined by
(3.5) (7" 2 u) (p) = average; of u|,_(p)  (p € N),

where 7,1 2 T; 3 p,

(3.6) O, (I 0)(me) = On u(me) (e € EPY)
and
(37) a’chih) (IlgBih72)ua Mk) - 07

where M, is defined as the span of the remaining degrees of freedom, i.e.,
My = {u € My : u(Ng) =0, da.u(me) =0 (e € EMY)}.

Note that ([3.5)-(B.6) coincide with the corresponding definitions of I ,iBih’l), and
that for each p € Nji_1, equation ([B7) involves solving a small system with un-
knowns the values O, (I,gBlh’Q)u)(me) for all edges e € Ek\E,gneW) that contain p
(see Figure 1).

. . (Bih) s (Bih,2)

Since among all prolongations I, : My_1 — Mj, satisfying (B.5)-(3.6), I,
is the one for which ak(I,gBlh)u, I]gBlh)u) is minimal, we have p((I,iBlhg))*I,gBlh’Q)) <

Bih,1)\ 4 7(Bih,1
PP PY).

Remark 3.1. In view of a practical implementation, we note that, in case of a mul-

tiplicative multi-grid method, if a prolongation I ,iBih) is followed by a block Gauss-
Seidel smoother for which the first block, that is assumed to be inverted exactly,

corresponds to the degrees of freedom at the midpoints m. of e € Ek\E,(CneW)7 then

the values O, (I,gBih)u)(me) for these m. are irrelevant. That is, when applying
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= U

FIGURE 1. Degrees of freedom of Mjy: Vertices in Ny_1 (@), or in
Ni\Ni—1 (e); midpoints of e € E,inew) (x), or of e € Ek\E,(cnew)
()

I]iBih,l) or I]iBih,Q)

such a smoother, it does not matter whether is used, and what

is more, the values Oy, (I,iBlh)u)(me) for these m,. do not have to be computed.
Obviously, an analogous comment applies to the restriction that is preceded by
the adjoint smoother. The “trick” described here is well-known in the multi-grid
literature in connection with multicolor Gauss-Seidel smoothing.

To be able to prove assumption (&), later on we will need the fact that, like
1 ,gBih’l), the prolongation [ ,iBih’Q) locally preserves second order polynomials: Let
p € Ni_1, and assume that u € My_; is equal to some second degree polynomial on
the union V of all T' € 75, that contain p. Then Oy, (I,gBih’Q)u)(me) = On, u(me)
for all e € E,Slew), and, since u is continuous on V/, (I,iBih’Q)u)(p) = u(p) for all
p € N}, in the interior of V. Now let U be the union of all triangles 71,... ,T, € 7%
that contain p. Since the first order partial derivatives of v € M}, are continuous at
m, for e € Ek\E,iIleW), and vanish at m, for e € E,Slew), integration by parts and
an application of the midpoint quadrature rule shows that

q q
fo 92v el v _
S [ Yol =YY [ 78 wmE =0
=17Te 45 =1 5 YOT¢
We conclude that (u — I,iBih’Q)u)|U = 0, so that indeed I,iBih’Q) locally preserves
second order polynomials.
Since we were not able to derive useful theoretical upper bounds for the values

of p((I§EiZ’2))*I;Ez’2)), we give some numerical results for a model case.

Example 3.2. Let 7y be the triangulation of Q = [0,1]? into two triangles, and
for £ > 0, let 7, be generated from 7;,_1 by uniform dyadic refinement. Numeri-
cally computed values of p((If?ﬂlﬁ))*Il(?f}f)) and p((Il(ﬁi_h,’j))*If?E}:)) are given in
Table [l The results indicate that, in contrast to p((IéEE’l))*I](EE’l)), the values
L) L2
that generally p((I,iBih’Q))*I,gBih’Q)) > 2, which means that also for I,gBih’Q), when
the number of smoothing steps is not large enough, the W-cycle might result in a
preconditioned system that is indefinite.

) are uniformly bounded. The column k = 9, however, shows
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Bih,i)\ x 7(Bih,i
TABLE 1. p((I\E™Dy (&)

k 9 8 7 6 5 4 3 2 1 0
1=2 1297 4.66 6.36 7.65 8.66 9.29 9.35 8.43 7.45 0.620
i=1]4.19 | 1.18el | 3.05el | 7.45el | 1.76e2 | 4.02e2 | 8.64e2 | 1.57e3 | 1.93e3 | 7.39¢e2

Remark 3.3. Instead of minimizing the energy norm over the degrees of freedom at
the midpoints of e € Ek\E,ineW), equally well we could have modified the standard
prolongation I ,iBih’l) by minimizing the energy with respect to the degrees of free-
dom at midpoints of e € E,inew), Although obviously this also yields a prolongation

with a smaller energy norm, in the model case of Example B.2] the energy norm of
the sufficiently many iterated prolongations turned out to be even larger than with
. (Bih,1)

the standard prolongation I .

For the following convergence analysis, we take || [o,x = || || L2(q), which implies
that py, defined in (2.8)), satisfies pp = 16*.

First we consider the additive multi-grid method. For the prolongation I, ,g
(Bih) ()
k )

Bih,1)
b

and with Py_; being the restriction to M} of the a -orthogonal projection
from My+My_1 to My_1, in [Osw97] it was proved that the scalars ¢; from Theorem
2.12 are uniformly bounded. However, because of the generally exponential growth
of p((I;ﬁz’l))*IngiZ’l)) as a function of j > k, from Remark ZT3 we learn that
with this prolongation the condition numbers of the preconditioned system are
exponentially growing as well.

If we replace I ,gBih’l) by I ,gBlh’Q) and use the same mappings Py_1, then unfor-
tunately the proof of t; < 1 does not carry over. In view of [Osw97, Lemma 7],
the problem is that, in contrast to I,gBih’l), the prolongation I,gBih’Q) s M1 — M,
cannot be extended to an L?(£2)-bounded projector from M}, + My_1 onto M, (cf.
also Remark 2.T7)). Yet, by definition of Py, it follows that

(3.8) a,(cBih) (Pru, Pyu) = agri?)(Pku, Piu) < a,(f:il) (u,u) (u € My41).
So if we can prove that

Bih,2 -
3.9 =L Peulfg S1675 3 ulfeqy  (we My),

TET)

then the suboptimal result ¢; < j is valid.
To show ([B.9), we write

1—1P™2 P = (1= 1P Py + (I - Pp).
In [Osw97], it was proved that

(T = Pe-1)ulfoqy S1675 Y Julfegy  (ue My),
TeT

which together with (X)) and the following lemma shows (33) and thus t; < j.
Lemma 3.4. With I,gBih) being either I,gBih’l) or I,gBih’Q), we have

Bih _
= IP ™ Yul 2oy S167% 3 Juflory  (ue Mioy).
TETK 1
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Proof. By the exactness of the midpoint quadrature rule on first degree polynomials,
in (36) we may replace On, u(me) by = Tel f On,u, and in ([32) we can make analogous

replacements for Oy, (u 7 )(me). Although these modification thus do not change

the definitions of the prolongations on Mj_1, in contrast to the original ones, the
new definitions allow for canonical extensions of 1 ,g ) to mappings [ ,gBl ), M1+

HZ(Q) — Mj. Since I ,gBih) locally preserves first (even second) degree polynomials,
the Bramble-Hilbert lemma and a homogeneity argument show that

+Bih _
(3.10) 1 = I Yl o) S 47 ullme@) (v e HE(Q)).

Let My, C HZ() be the Hsieh-Clough-Tocher macro element space corre-
sponding to 7,x—1 (see, e.g., [Cia78|). In [Bre99|, a mapping Ex_1 : Mi_1 — M1
was constructed satisfying

B1) N Beulae S167 Y gy, (we M),
TETL_1

and so, in particular,

(3.12) ||Ekflu||%{2(9) S Z |U|%{2(T) (u € My—1).

TeETK—1

A simple scaling argument shows that
(3.13) I ull oy S lullz@) (€ Myoy + My-a):

By writing I — I,gBih) =({- INéBih))Ek_l + (I - INIgBih))(I — E)_1), the proof of the
lemma follows from [B10), (312), (313) and BIT). O

Assuming that indeed p((I](EI;1 2)) I](EIZ 2)) S 1, from t; < j and Theorem

we conclude that with a Hermitian smoother that satisfies (2:23)) the additive multl-
grid preconditioner Bj(-add) satisfies K(B](add)Aj) < 42

We now turn to the verification of assumptions (&) and (B) for the multiplicative
multi-grid method. It is well-known that the normalized bases corresponding to the
degrees of freedom defining the Morley finite element space are uniformly L2(£2)-
stable. So Section 2] shows that (inexact) standard Gauss-Seidel and damped
Jacobi smoothers satisfy assumption ((B]).

Using the local reproduction by both I ,iBlh’l) and [ ,gBlh’Q) of second order poly-
nomials, a proof of assumption (Al with o = 3 can be deduced from [Bre99]. Since
with

Bih
a® M (u, v) : /ZaxauzJazaxJ
1,5=1
for f € H=2(Q) the problem of finding u € HZ(Q) satisfying a B (u,v) = f(v)
(v € HF(2)) is not fully regular, ie., ||ul i) S ||f]l22(0) is generally not valid,
but instead only

(3.14) lull ra) S I flla-10)

can be shown, we stress that assumption (A]) with a > % cannot be expected. As a
consequence, we may only conclude that the W-cycle with a number of smoothing
steps that is sufficiently large is a uniformly convergent iteration, and that the
variable V-cycle yields preconditioned systems having uniformly bounded condition
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numbers. On the other hand, the mildly variable V-cycle does not necessarily
yield uniformly bounded condition numbers, and, compared to an o = 1 case, less
favourable results can be expected for the standard V-cycle. We will develop better
V-cycle type methods in the next subsection.

3.3.2. An equivalent discretized Stokes problem. Let 19,71,... be the sequence of
triangulations as in Section [3.3.1] Let

Z;,={uc (Vk(Pl))2 :divgu = 0},
where Vk(Pl) is the nonconforming P; space from Section Bl and (divku)|T =
divul|,. (T € ).

With (curlyv)|, := curlv|, (T € 7), in [EMI(] it was proved that curly :
My, — Zj is a bijection, and moreover that

(3.15) aLBih)(u,v) = aLSt)(curlku, curlyv),
where

2
a,(ft)(u,v) = Z /TZVui -Vv;.
i=1

TET)

So when g = f o curl, the problems of solving

(3.16) a"™ (u,0) = g(v) (v e M)
and
(3.17) a(u,v)=£(v)  (vez)

are equivalent, in the sense that u = curl;u.

Remark 3.5. The equation (BIT) can be identified as characterizing the velocity
components of a discretized Stokes problem. In [Ste00], an efficient and stable post-
processing procedure is presented for finding an approximation for the pressure
component assuming that some approximations of the velocity components are
available.

A consequence of the equivalence of (318) and BID) is that if on all levels we
relate smoothers and prolongations for both problems according to

™ (u,v) = ¢ (curlyu, curlyv)

and
(3.18) curl, I\®" = 1%curl; 4,

then the resulting multi-grid methods are equivalent. Moreover, if we equip Zy
with a basis generated by applying curly to all basis functions of M}, then from
Section [Z2] it appears that for both multi-grid methods the matrix representations
Ay, px, PF, C;l and C;H of all individual components are equal, and also that
the vector representations of the right-hand sides and the solutions are equal.

This equivalence of both multi-grid methods was used earlier in the literature,
e.g., in [Bre90], in the sense that the discretized biharmonic was used to analyze
the behaviour of the multi-grid method applied to the discretized Stokes problem.
Here we will follow the opposite approach.
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In our general nonconforming multi-grid framework, let V, = Zj, and a, = a,iSt).
With || [lo,k := || [|n2()2, we find that py < 4*. Since an analysis using the Stokes

formulation of the additive method does not yield new insights, we concentrate on
the multiplicative multi-grid method. In the setting of Section [2.5], we take

H=12(Q)?, H'={uec H}(Q)?:divu=0}, H?>=H*Q)?nH

and a = a®" defined by

2
a(St)(u7 v) = / ZVui - Vv;.
Q=1

With these definitions, conditions mHa of Theorem 2.10] are satisfied. In fact, using
the continuous equivalent of [B.I5), condition @ (“full” regularity) can be shown
to be equivalent to (BI4). For the verification of [bl and @ one may consult [Ste99}
§6.3], where they correspond to conditions (I) and (G), respectively.

Because curl : HZ(Q) N H3(Q2) — H? is a homeomorphism (see, e.g., [GRS6)),
the conditions [dHfl of Theorem 210l involving I ,gSt) : Zi_1 — Zj, and some suitable

H§€St) : H? — Z;, can be rewritten as

Bih _ -
(319) ST = TPl gy S 1675 JulZag  (u € HEQ) N HA(Q)),

TeTy

(3.20)
Bih Bih Bih _
S@P® - i FTEW Y2 o S 16 ullde g, (ue H3Q) N HAQ),

TET)

and

Bih
(3.21) STy Y gy (we M),

TeET) TETk_1

where 1 ,gBih), I ,gSt) and H;Bih), H;St) are related according to ([3.18) and curlkﬂgfih)
= H;St)curl, respectively.

Let I,iBih) be either I,gBih’l) or I,gBih’Q), and let H;Bih) be defined by (H;Bih)u)(p) =
u(p) (p € Ni) and On, (HLBih)u)(me) = On,u(m.) (e € Ej). Then, using the local

reproduction by H;Blh) and I ,iBlh) of second order polynomials, (3.20) and (B2
follow from the Bramble-Hilbert lemma and a homogeneity argument. The inverse
inequalities | : |H2(T) 5 2k| . |H1(T) and | : |H1(T) S 2k|| : ||L2(T) on PQ(T), T e Tk
together with Lemma [3:4] show (3:2I)). Theorem shows that within this Stokes
framework assumption (&) with o = 1 is valid.

Now we turn to the verification of assumption (B]). Applying curly to the canon-
ical basis of M} that corresponds to the degrees of freedom defining this space, we
obtain a basis for Zj that we denote by

(3.22) {Vie:e€ E}U{wy,:p € Ny}
One may verify that

Vk.e = nk,ete;
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FIGURE 2. Basis functions vj . and wy , of the space Z;

where t. = [(n.)2 <(n¢)1]7 is a unit vector tangential to e and 7y, . is the canonical
basis function of Vk(Pl) corresponding to e defined in (B]), and furthermore that
¢
Wip = Z |ei|_177k,e,;ne7:,pa

i=1
where ey, ... ,e, € Ej, are all edges that contain p, and n,, , is the unit vector nor-
mal to e; pointing in the counterclockwise direction with respect to p, see Figure

Using the fact that {ng. : e € Ex} is an L?(Q2)-orthogonal basis for Vk(Pl), for
vectors ¢ = (¢.)ecp, and d = (d,)pen, , we infer that

(3.23)

| Z CeVie + Z dpwk,pH%?(QP = Z |Ce|2||77k,e||2L2(Q) + | Z dpwk,pH%?(Qﬂ
e€Ey, PEN} e€Ey PEN

and

(3.24) 1> dpwipllize = Y ldp = dp. Plel [ el 720,

pEN ecEy,

where p.,pe € N, denote both vertices on e € Ej, and d, := 0 when p € Nk\Nk.
From (:24) we conclude that the normalized bases ([3.22)) are not uniformly L?()?2-
stable, and so that general Gauss-Seidel or damped Jacobi smoothers do not nec-
essarily satisfy assumption (B).

Now, let Z,(CO) = span{wy , : p € N}, and let Z,(;) = span{vy. : e € E,(cl)} for
1 <i <m, where J", E,il) is some partition of Fj into disjoint subsets. Then by
definition of py and (3:23), we have

S 7 7 7 7 7 ]
ST u?) < o S 2000 = okl D 0?20 (@@ ez,
=0 1=0 1=0

That is, if, with respect to the decomposition Z; = @:.”:’0 Z,(j), Dy is the block
diagonal part of the stiffness matrix Ay corresponding to (3:22), then condition
of Proposition 4] is satisfied. So, if in addition for 4 > 0 the Zg) are selected
such that, possibly after reordering, the decomposition Z; = @;10 Zg) satisfies
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@ of Proposition [2Z4] as well, then these resulting block Gauss-Seidel and damped

block Jacobi smoothers do satisfy (Bl).

Since neither of the spaces Zg) contain smooth vector fields, we infer that

(3.25) @D u) Z plu@fagp (@D €2 0<i<m).

So, in particular, (3:25)) for 7 = 0 combined with (3:24) shows that a further decom-

position of Z,(co) into subspaces each of them spanned by some uniformly bounded

number of wy,,’s will generally not give rise to (block) Gauss-Seidel or damped
(block) Jacobi smoothers that satisfy (B), because condition @ of Proposition 24
will be violated.

At the same time, ([B:25)) for ¢ = 0 combined with (3:24) shows that “exact” block

m

Gauss-Seidel or damped block Jacobi smoothers corresponding to Zy = ;" Z,(j)
are not feasible, since the diagonal block of Dy corresponding to Z,(co) cannot be
inverted in O(dimZ;,) operations. However, from Propositions 2-4] and B we learn
that in order to satisfy (B]), it is sufficient to invert the diagonal blocks approx-

imately, at least when the approximate inverses define iterations that converge

Y

uniformly in the corresponding “energy” norms.

(0)
k

Considering the diagonal block corresponding to Z; "/, one easily verifies that

(3.26) Y ldp, = dp Plel 2 lImkel o) = /Q V' |*dz,
e€Ey

where d! is the function in the conforming Py finite element space C(Q) N HE (2) N

[Ire,, Pr(T) defined by d'(p) = d, (p € Ni). Optimal conforming multi-grid

preconditioners that take only O(#Ny) operations are available for the right-hand

side of (B.26]). So properly scaled, these preconditioners satisfy the assumptions to

be used as inexact solvers for the diagonal block of Dy, corresponding to Z,(CO).

If not already invertible in O(dimZy) operations, (B25) for ¢ > 0 and (B23)
show that the other diagonal blocks of Dy are uniformly well-conditioned, so that
also for these blocks suitable approximate inverses are available. From Proposition
24 or 21 we conclude that the above introduced “inexact” block Gauss-Seidel
or damped block Jacobi smoothers satisfy assumption (B]), and that they can be
performed in O(dimZy) operations.

Since, in this Stokes framework, (A]) with o = 1 and, with the above smoothers,
([B) are valid, compared to the discretized biharmonic formulation from Section
B3l we obtain the following new results: The mildly variable V-cycle yields pre-

conditioned systems that have uniformly bounded condition numbers. Further-
f(St,Q))*j(St,Q)

ek ek ) S 1, the standard V-cycle using the pro-

more, assuming that p((

longation I,iSM) yields a preconditioner that is at least suboptimal. This condi-

tion on the “iterated prolongations alternated with smoothers” likely follows from

P((Ij(i}f))*ff_tﬁ)) = p((IéEiz’Q))*I§§2’2)) < 1 (for completeness, here ()* refers
to energy scalar products in the Stokes and biharmonic framework, respectively).
Numerical evidence for the latter result was found in the model case of Example

8.2
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3.3.3. Practical algorithms and numerical results. We apply the multiplicative stan-
dard V-cycle to the discretized biharmonic problem (BI6]), or equivalently, the dis-
cretized Stokes problem ([BI7), taking m(k) = m = 1, i.e., one post-smoothing step
and one pre-smoothing step with the “adjoint” smoother.

We use either the standard prolongation

° I}S:Bih,l) (IIS:St,l))7
or the new prolongation
. I]gBih,2) (I]£St,2))’

Equipping M}, or Zj with the standard basis (3.22), we use “inexact” block
Gauss-Seidel smoothing with respect to the following ordered subdivision of the
degrees of freedom:

1. midpoints of e € Ek\E,(Cnew)7
2. vertices,
3. midpoints of e € E,inew),

and with reversed ordering in the post-smoothing step.

Assuming uniform dyadic refinements, note that with respect to this partition-
ing the first and last diagonal block of the stiffness matrix Ay are block diagonal
matrices with blocks of small and uniformly bounded sizes. We invert the third
diagonal block exactly, and the first one approximately, by applying one damped
point Jacobi iteration with w =1 (¢f. Remark 2:9).

We consider two options to approximate the inverse of the second diagonal block.
We apply either

e one damped point Jacobi iteration with w =1
or

e a properly scaled multi-grid iteration for a discretized Laplacian on the cor-
responding conforming P; finite element space.

As demonstrated in §§33Tland 332, the smoother corresponding to the first option
satisfies (B) in the biharmonic framework but not in the Stokes framework, whereas
the smoother corresponding to the second option satisfies (B]) also in the Stokes
framework. The first smoother can be expected to give qualitatively similar results
as any arbitrary smoother, and we will refer to this smoother as the “standard
smoother”. The second smoother will be referred to as the “new smoother”.

As noted in Remark[3T] the combination of either smoother with I ,iBlh’Q) can be

implemented efficiently by replacing both the computation of the normal derivatives
new

of the prolongated function at the midpoints of e € Ek\E,(C ) and the application
of the approximate inverse of the first diagonal block, by the application of the
exact inverse of this block.

We have performed numerical tests in the model case of 7y being the subdivision
of Q = [0,1]? into two triangles, and for k > 0, 71 being generated from 7,_1 by
uniform dyadic refinement. In this case, the second diagonal block of Ay is just
a multiple of the discretized Laplacian on the corresponding conforming P finite
element space. For the new smoother, as “inner” multi-grid method we applied
one standard V-cycle with one block Gauss-Seidel iteration with respect to a “red-
black” ordering of the unknowns as a pre-smoother, and one “adjoint” iteration as
the post-smoother. Note that Propositions[Z4land Z7also allow for “unsymmetric”
inner multi-grid methods, but we did not test this possibility.
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TABLE 2. Operation count per degree of freedom

(Bil,1) | ;(Bih,2)
1, i

standard smoother 56 45
new smoother 70 57

For all four combinations of I ,iBlh’l) or [ ,gBlh’Q), and standard or new smoother,
we counted the number of arithmetic operations per degree of freedom necessary
to perform one multi-grid iteration, where we let the number of levels tend to
infinity. The results given in Table[2 show that implementing together I ,iBlh’Q) and

the new smoother does not increase the costs compared to I ,iBlh’l) and the standard
smoother. Note that, on a regular mesh, the number of vertices is only i of the
total number of degrees of freedom of a Morley finite element space, which explains
why the new smoother needs relatively few additional operations.

Although for nonregular meshes the operation counts will be somewhat larger,
the ratios will basically be the same.

Numerically computed condition numbers of the stiffness matrix A; precondi-
tioned with the standard V-cycle with each of the four smoother-prolongation com-
binations are presented in Figure[Bl The results show that the condition numbers
for the standard method increase almost exponentially with the number of levels.
Both the new smoother and the new prolongation result in smaller condition num-
bers. With both improvements implemented, the condition numbers are “small”
and they even appear to be uniformly bounded.

condition number

FIGURE 3. Standard smoother, standard prolongation (—); new
smoother, standard prolongation (——); standard smoother, new
prolongation (- --); new smoother, new prolongation (—-)
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