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EACH AVERAGING TECHNIQUE YIELDS RELIABLE
A POSTERIORI ERROR CONTROL IN FEM
ON UNSTRUCTURED GRIDS.
PART II: HIGHER ORDER FEM

SOREN BARTELS AND CARSTEN CARSTENSEN

ABSTRACT. Averaging techniques are popular tools in adaptive finite element
methods since they provide efficient a posteriori error estimates by a simple
postprocessing. In the second paper of our analysis of their reliability, we con-
sider conforming h-FEM of higher (i.e., not of lowest) order in two or three
space dimensions. In this paper, reliablility is shown for conforming higher
order finite element methods in a model situation, the Laplace equation with
mixed boundary conditions. Emphasis is on possibly unstructured grids, non-
smoothness of exact solutions, and a wide class of local averaging techniques.
Theoretical and numerical evidence supports that the reliability is up to the
smoothness of given right-hand sides.

1. INTRODUCTION

Given the exact solution u and an approximate solution wy of a second order
elliptic partial differential equation, an averaging technique for a posteriori error
control is a postprocessing algorithm that provides g, from the input Vuy,. The
true energy error ||V(u — up)||r2(q) is then estimated by [|gn — Vun||z2(q). The
underlying motivation is that g, is a “smoother” approximation of Vu or/and of
“higher order”. So far, mathematical justifications for regarding ||gn — Vun| r2(q)
as an approximation to ||V(u — un)|/12() have been based on superconvergence
phenomena or given for Vuy, piecewise constant only. This paper aims to establish
the reliability and efficiency of local averaging: For each edge F, written E € &,
with neighbourhood wg (i.e., the union of elements with face F) we suggest to
compute (in case of pure Dirichlet problems)

ng = min{||Vu, — ¢e||r2wy) : & € Pa,(wr)?} and ng = Z n%.
Eec&
The polynomial degree dg on wg is chosen according to the elementwise degrees of
up on wg, and Py, (wg) denotes algebraic polynomials of degree < dp regarded as
functions on wg. We analyse estimates of the form

(1.1) cinz +hot. <||V(u —up)| 2) < c2nz +hoo.t.
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for the error estimator 7z = (Z Bee ngE)l/ ? and study the qualitative behaviour of
the constants c1,c2 > 0 and the higher order terms (h.o.t.) in (II). It turns out
that the higher order terms in the efficiency estimate, i.e., the first inequality in
(), depend on the smoothness of the exact solution u while the higher order terms
in the reliability estimate, i.e., the second inequality in (I1]), merely depend on the
smoothness of given right-hand sides. The constants ¢; and ¢y are independent of
the mesh-size but depend on the polynomial degrees.

We stress that the upper bound of (ILTl) shows reliability of any local averaging
scheme in the sense that, whatever choice of g € Py, (wg)? we have, up to higher
order terms (which are easily computed from the given right-hand sides f, g, and
U'D)7

1/2
(1.2) IV (= un)llz2@) < es(D IIVun = qellizgup)
Ee€&

The error term 7g measures the flux difference of two neighbouring elements and
so might be regarded as an edge contribution generalising hg || 5 [Oun/ 871]2 ds from
standard residual-based error estimations to higher order finite elements. Hence,
() indicates the dominance of edge-contributions, which is true for lowest order
finite elements [CV], [R] but known to be false for general higher-order polynomials
[YT], [Y¥2]. From this point of view, (I.2)) appears surprising: the volume residual
f — Azup does not enter the upper bound directly.

In case of lowest order finite elements, local and global averaging is indeed equiv-
alent [CB], and so gg can be chosen as a 7-piecewise polynomial that is globally
continuous, as suggested in [Z7)]. However, for higher order finite element methods
it is conjectured that global averaging is not equivalent to local averaging.

The outline of the remaining part of this paper is as follows. Approximation and
stability properties of a weak approximation operator of [Cal, [CV] are generalised
to higher-order approximation in Section 2. Some preliminary results are given in
Section 3 in the spirit of [CB]. The main results on (I1]) are stated and proved
in Section 4. Three examples with uniform, adapted, and perturbed meshes and a
variety of polynomial order finite element methods conclude the paper in Section
5.

2. APPROXIMATION IN HIGHER ORDER FINITE ELEMENT SPACES

The Lipschitz boundary I" = OS2 of the bounded domain € is split into a closed
Dirichlet part I'p with positive surface measure and a remaining, relatively open
and possibly empty, Neumann part I'y := I' \ I'p. Suppose 7 be a regular trian-
gulation of the domain Q@ C R? d = 1,2,3, in the sense of Ciarlet [BS], [Ci] (no
hanging node, domain is matched exactly) with piecewise affine Lipschitz bound-
ary I' = 9Q = T'pUl'y, i.e., T consists of a finite number of closed subsets of Q,
that cover Q = (J7. Each element T' € 7 is either an interval T = conv {a, b} if
d =1, a triangle T' = conv {a, b, ¢} or a parallelogram T = conv {a,b,c,d} if d = 2,
and a tetrahedron T' = conv {a,b,c,d} or a parallelepiped T' = conv{a, ..., h} if
d = 3. The extremal points a,b,c,d are called vertices; the faces E C 9T, e.g.
E =conv{a,b}ind=2or E = conv{a,b,c}in d = 3, are called edges. The set of
all vertices and all edges appearing for some T' in 7 are denoted as A and £. Two
distinct and intersecting 77 and T share either an entire edge or a vertex. Each edge
E € £ on the boundary I" belongs either to I'p, written E € Ep, or to Iy, written
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E € En. Therefore the set of edges is partitioned into £q :={F € £: E ¢ T'}, Ep,
and Ey. We stress that the union of all edges | JE denotes the skeleton of edges
in 7, i.e., the set of all points x that belong to some boundary x € 9T of some
element T' € 7. Finally, K := A \ I'p denotes the set of free nodes.

For T € T, let P¥ :=Py(T) if T is a triangle or tetrahedron, or Pk := Q(T) if
T is a parallelogram or parallelepiped. Here, Py (K) resp. Q(K) denotes the set
of algebraic polynomials in d variables on K of total resp. partial degree < k. The
space L¥(T) of (possibly discontinuous) 7 -piecewise polynomials of degree < k is
the set of all U € L>°(Q) with U|y € Py for all T in 7. Set

SMT):=LMT)nC(Q) and SH(T):= {un € SYT) : up|r, = 0}.

Let (¢, : 2z € N) denote the nodal basis of SY(7), ie., v, € S*(T) satisfies
w.(r) =0if x € N\ {z}, and ¢,(z) = 1. Note that (p,|z € N) is a partition of
unity and the open patches

(2.1) wy, ={xeN:0< p,(x)}

form an open cover (w, : z € N) of  with finite overlap.

In order to define an approximation-operator J, we choose for each fixed node
z € N\ K a neighbouring free node ¢ € K and thereby define a relation R on N/
where zRz if z € K. Then, let

(2.2) Y, = Z ¢ and €, := interior(supp ¢, ).

CeEN,CRz
We require that for each z € IC, Q. is connected and ¢, # 1, implies that (9Q,)N'p
has a positive surface measure. As ({¢ € N : (Rz} : z € K) is a partition of N,
(. : z € K) is a partition of unity. For each z € K, we define the degree (minimal
degree allowed on 2, minus one)

(2.3) d(z) := max{k € Ny : Px(,) ¢, C S},

where P (€2.) denotes the set of all polynomials on R¢ of total degree at most k
restricted to Q.. The set S C H!(Q) is some finite element space consisting of
functions that are 7-elementwise polynomials and globally continuous. Moreover,
we require that SL(7) C S, which implies that d(z) is well defined and greater
than or equal than zero.

For g € L*(2) and z € K, let g. € Py(.)(€2.) be defined by

(24) / (Qz% - ng)QZ dx =0 for all q: € Pd(z) (Qz)a
and then let
(2.5) Jg:= Zgz@z ESQHB(Q)'

zeK

Remark 2.1. Notice that g,¢p, € S, because of ([Z3).

Remark 2.2. Condition (Z4) characterises the unique minimiser g, of

1
(26) 5 / 902(£ dr — / 9¥2q. dx
Q. Q

z

amongst all ¢, in Py(;)(€2.). In particular, there exists a unique solution to (2.4,
i.e., Jg is well defined and belongs to S even for g € L ().
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The local mesh-sizes are denoted by hs and hg, where hy € £° (7) is the element-
size, hr|r = hp = diam (T') for T € T, and the edge-size hg € L>®(|JE) is defined
on the union or skeleton | J& of all edges E in € by hg|g := hg := diam (E). The
patch-size h, := diam (£2) is defined for each node z € K separately.

Theorem 2.1. There exist (hr, hg)-independent constants c4,cs,c,c7 > 0 such
that, for all g € H5(Q) and f € L*(Q2),

@1 Il Tollee < el Vol
| 10 = T6)dz < s Vgl
1/2
28) . (z,:c 2 i S fzn%zmz)) ,
29 I — Tl < ol Vol

(2.10)  |1hg* (9 — T 2w < crlVll2y-

The constants cy, c5,ce, c7 only depend on Q, T'p, T'n, the degrees d(z), z € K, and
the shapes of the elements T € T and the patches Q),, z € K.

Proof. In this proof and at similar occasions, < abbreviates an inequality < up to
a constant (hr, he)-independent factor. Also, ||- ||, x abbreviates || - ||1»(x) and we
neglect K if Q is meant, i.e., | - ||2 := || - |2,o- Hence, e.g., (Z1) could be phrased
as |[VTg = Vgllz < [[Vyl2-

The local key estimate for the stability and the approximation property of J
will be

(2.11) llg=00- — ngHQ,Qz N thngQ,Qz-

(The constant in (ZIT)) is h,-independent but depends on d(z) and the shape of
Q..) For the proof of (ZI1l) let g, denote the integral mean of g on Q.. Then,
g —3, € Pd(z)(Qz) and

(2.12) llg- _§Z||21Qz < csllp-(g: — yZ)HQan'

For a proof of (ZI2), notice that |- ||2,o. and [|¢. - ||2,o. are norms on Py(.)(€2.) and
so are equivalent. A scaling argument shows that the constant cg is h,—independent
(but of course depends on the shape of Q, and the degree d(z)). Since g, €
Pa(z)(Q2) is allowed in (2.6]), we have

(2'13) / @zgf dx < / Sozyg dr — 2/ .99, dr + 2/ Y.99. dv
Q. Q. Q. Q.
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and infer, with Cauchy’s and Young’s inequality,

(9> = F.)e:l3.0. < I(g: —F.)¢L/?

= 2/Q @Zyz(gz - gz) d.l? + 2/Q wzg(gz _gz) dl‘

z

136

(214) = 2/Q @z(yz - g)(yz - gz) dx + 2/Q Wz - @z)g(gz _gz) dx
1 _ _
< 1Mo = 7)e: 150, + 419 - T.l54.

1 _
+ 1 llg: — B, + 4210 — 0)g B
8

Utilising (Z12) and absorbing ||(g, — gz)gozﬂigz, we deduce from (ZI4) that

(2.15) 1(9: = 9.)¢:l3,0. <8llg—F.l5.0. +8cl®: —¢:)gll3q.-
A Poincaré inequality yields
(2.16) lg = 9.llz.0. S h:=[IVgl2.0.

with a constant factor that only depends on the shape of €).; the weight-function
(¥, — p2) is non-zero only if I'p N (9€,) has positive surface measure. Since g =0
there, a Friedrichs’ inequality yields

(2.17) (%2 = @2)gll2.0. < llgll2.0. S b= Vgll20.

for an h.—independent constant that depends on the shape of Q, and (092,) NT'p
only. Therefore, (Z13)) yields

(2.18) [(9: = 7.)¢:ll2.0. S h=[IVgl2,0.-
To prove (2I1), we use the triangle inequality and (2IH)-([ZI8]) to verify
lg:02 = g¥:llz.0. < (92 = G.)e:ll20. + (g — 7.)e:ll2.0.

+ (W2 = ¢2)gll2,0. S h:[Vyll2,a.,

which is (ZIT)). To verify ([Z3)), we use that (¢, : z € K) is a partition of unity and
obtain with (ZII), (Z4) for any f. € Pg(.)(£2.) that

(2.20)

/Qﬂg—Jg)dx:Z

zeK

(2.19)

/Qz f(ng - gz@z) dx = Z /Qz (f - fz)(ng - gz@z) dx

ze

1/2
S Y= Flee.balValze. S (Z Wi f - le|§,92> Vgl

ze zeK
In the last step we used that (¢, : z € K) has a finite overlap that depends on the
shape of the elements only. The proof of (2.8) is finished. Notice that h, < hp for
all z€ K and T € 7 with T C Q.. Letting f := h}Q(g —Jg)and f, =0,z € K,
we deduce from (2.8) that

1/2
(2.21) bz (g =Tz < IVl2 (Z Iz (g — Jg)II%,sp)

zeEK
IVgll2llhz' (9= Tg)l2.

A
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which implies (Z9). To verify (Z71) we argue as above and additionally utilise
> .ck V= = 0. Repeating the triangle inequality only a limited number of times
(according to the finite overlap of the patches €2.), we infer

(2.22) IVg = VTgll3 S D IIV(We9 = p29:)5-
zeK

Since g, is constant, and recalling ([2-I6), we have
(2.23) ho g =g.lz0. +1IV(g = 7.)l20. S IVyll20.-

Then, with the triangle inequality, Friedrichs’ inequality, ||Vé¢|loo,0. < 1/p-, and
(223) we conclude that
V(g1 — g02)l2,0.
<N (Wz = 02)Vyllz0. +1IV(e2(9: — 7)) 2,0,
+IV(e=(7. = 9))ll2.0. + 119V (%2 — ¢2)2,0.
SIVellzg. +h2/p=lIVgl2.0. + 1V (p2(9: — 7.))ll2.0.-

(2.24)

Note that h, < p,. To estimate | V(:(9: —7.,))l|l2,0. we observe that ||V (¢.-)||2,0.
is a norm on Py(.)(£2.) and so is equivalent to [|¢. - ||2,0.. A scaling argument shows
that

(2.25) helIV(e=(9: =g )l2.0. < llv=(9: = 7.)ll2.0.,
where the h,—independent constant depends on the shape of 2, and the degree d(2)
only. Utilising (2.11]), (Z23)), and Friedrichs’ inequality, we obtain from (Z20) that
h _
o 1V (22(0: = G)ll2.0. < [l=92 = P=gll20.

+ H(wz - SOZ)QHQ,QZ + H‘Pz(g _§2)||27Qz
< Rl Vll2,0.-

Employing this estimate in (Z24]) and the resulting estimate in ([Z22), we verify
A trace inequality [BS], [CI], is required for the proof of (ZI0). For E € &y
and a neighbouring element 7' € 7 with E C 0T NT y we have, for all w € H'(T),

(2.26) lwllo,z S B |wllo,z + b |[Vw]a.r-

We denote wg := T for E € £y and E C 9T. Since hr < hg, we deduce from

~

(226) with w = g — Jg by summing all edges E on I'y that

S ohptllg—Tel3e S D hrllg— T3+ > IV —TDI3 .0,

Eecén EcéN Eecén
< IVl 0
according to (277) and (Z9). This concludes the proof. O

Remark 2.3. The constants in the theorem depend on the polynomial degrees in
the finite element method and are expected to increase to infinity with the degree.
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3. BASIC ESTIMATES

In this section we first derive with the approximation operator J a global error
estimate for a posteriori error control by averaging processes in an abstract setting.
The estimate of this section is specified in the subsequent section to higher order
conforming finite element methods.

Theorem 3.1. Suppose p,q € H(div;Q) and py € L¥(T)¢ withp-n,q-n € L*(Ty)
and

(3.1) /(p —pn)-Vwpdr =0 for all w, € SN HLH(Q).
Q
Then

sup / (p—pn) - Vwdz < cqllpn — qllL2(0)
weHL(Q) JQ
[IVwlp2(q)=1

1/2
teo( o h2 _min (v (p—0) ~ Fllee,?)

zek €Pa (2

1/2
+er|lhe® (0= @) - nll 2.

(3.2)

Proof. According to (1)), (Z71), Cauchy’s inequality, and an integration by parts
we have, for each w € H}(Q) with ||[Vw||2 = 1, that

/(p—ph)-demz/(p—ph)-V(w—jw)dm
Q Q
Z/(p—Q)-V(w—Jw)dx+/(q—ph)-V(w—jw)dx
Q Q
S/FN(w—jw)(p—q)-ndx

_/(w—jw)div (p — q) dx + cal|pn — qll2,0,
Q

since w and Jw vanish on 9Q\ T'y. Owing to (ZJ)) and (ZI0) in Theorem [ZT] we
conclude ([3.2) from (B3) and Cauchy’s inequality. O

The next lemma states that averaging over the patches 2, is dominated by
averaging over smaller domains. Let wgp := T7 U T, for an interior edge F =
TiNTy, € Eg and wg :=T for an edge £ =T NOQ € Ep U EN on the boundary.
Moreover, for z € K, let £q. denote the set of all edges E C Q, with E ¢ 99..

Lemma 3.1. Suppose S = {v, € C(Q) : VT € T, vp|r € Pary(T)} for positive
integers d(T), T € T, and let dg, E € &, be nonnegative integers. Then there exists
a constant cg > 0 such that, for all up, € S and each z € K, we have

3.4 min Vup — q. 2 < cg min Vup — qg 2 .
(34 42€Pa(z)+1(22) ” ”Lz(QZ) Eezg:g 15€Pag (wr)? | ”Lz(wE)

The constant cg depends on the degrees d, and dg as well as on the shapes of the
elements and patches, but not on their diameters.

Proof. Set pp, := Vuy, and let |||ps|||7 . and ||[ps]||3 . denote the expressions on the
left- and right-hand side in (34)), respectively. Assume uj, € S with |||ps]||2,. = 0.
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We claim that |||pn|||l1,>» = 0. (The statement of the lemma then follows from com-
pactness and scaling argument.) Since 2. is connected, there exists a sequence of
edges F1, ..., By € Eq_ such that wi,WE, # () and the open patches WE, cover Q,,
ie,wg U...Uwg, = Q. Since |||py]||2,> = 0 we deduce that ph|ij € P, (wg,)?,
j = 1,...,J, and so pxla. € Pm(Q.)?% where m is the smallest polynomial de-
gree of pj, restricted to elements T C Q,, i.e., m = min{my : T C Q.} for
mr = min{¢ € Ny : pplr € Pe(T)?}. Since m < d(T) — 1 for all T C Q, and
d(z) > mingpcr rcq. d(T)—2, we have m < d(z)+1. This implies |/|ps[[1,. =0. O

Remark 3.1. Note that a hat function ¢, is not elementwise affine when z belongs
to a parallelogram if d = 2 or a parallelepiped if d = 3. Then, ’Pd(Z)H(QZ)d cannot
be reduced to Py(.)(€2)¢ in (34).

The following lemma includes the approximation of given boundary data by
discrete functions. We denote by £¥(£x) the space of all (possibly discontinuous)
functions on I'y which equal a polynomial of degree at most k on each edge E € Ey .

Lemma 3.2. Let k and dg, E € £, be nonnegative integers and let p,, € LF(T)?
and gn, € LETY(EN). Then,

(3.5)
min - (llpn = anl 20 + 10¢*(9n = an 1) [F2e,) )
anESHHL(T)d h hilL2(Q) 4 h h L3(I'n)
. 2 2
<co > min (lpn = aslliey) + helgn — a0l enr,)
EegﬂugNQEepdE(wE)

with a constant c1g > 0 that depends on the degrees k and dg as well as on the
shapes of the elements and patches but not on their diameters.

Proof. Let Tg :={T € T : T C wWr} denote the restriction of 7 to wg, E € £. Tt
is shown in [CB] that

i 1/2
a9, egi?md(”ph —wilBa+ 1 (9n — an 'n)H%,FN)
h
: mn (h_E2 + hellgn — a5 - nl)3 )
EeszﬂuquEesk+l(TE)d Hp q ||2,wE ||g q ||2,Em1“N

For E € & we have ming,ep, (wp)e [Pr — qel3 ., = 0 if and only if p; €
Pap(wp)*NLY(Tp)? € Cwp)?, and ming, e s (7)e |pn — ¢85, = 0 if and only
if pp, € C(wg)? N L¥(TE)Y. Hence a compactness and a scaling argument (from
the context of equivalence of norms) show (with an (hr, he)-independent constant
factor)

3.7 i —qpl}., < i —qpl?.,.
(3.7) qusrgg}l(TE)dllph qEIIz,wENqEG;Z};I(le)dllph 512,0p

For an edge E € £y the corresponding minimum in the right-hand-side of (3.4
is zero if and only if gj, = py, - n, while the corresponding minimum over Py, (wg)?
is zero if and only if g = pp, - 7 and pulw, € Pay(wre)?. By a compactness and a
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scaling argument we deduce the inequality

)

S min ( —apll2  +h —am-nl2 )
S e lpn — aEl2,0, + hellgn — a5 - nll3, 50y

3.8 min ( — 2
(38) pedtin 1Pn = ael2,0s

Combining (3.6), B.1), and (B.8), we obtain (Z.3)). O

4. HIGHER ORDER FINITE ELEMENT METHODS

Given right-hand sides f € L*(Q2), g € L*(Tn), and up € H(T'p) N C(T'p), let
u € H(Q) denote the unique weak solution to

(4.1) —Au = f in Q,
4.2 v = up onlp,
(4.3) duf/on = g on I'y.

Suppose a finite element scheme, based on a regular triangulation 7, provided a
discrete flux py, := Vuy to the exact flux p := Vu € H(div; Q) such that up, € S
and

(4.4) / Vuy - Vwy, dx = / fwp dx +/ gwp ds for all w, € SN H}D(Q)
Q Q I'n

We will assume in Lemma 3] below that up|r,, interpolates up in nodes on I'p.

Theorem 4.1. Assume Vuy, € LF(T)? and @4). There exist (ht,hg)-indepen-
dent constants c11,c12 > 0 such that

||V(U—Uh)||L2(Q)

i _ 12,
thegﬂww(c””vuh anllz2e) + 2e7/lhg (g — an n)llmm))

1/2
+612( min Vun —q 2 )
(4.5) ;quem( @) || z||L2(Qz)
+ inf IV (up — )220
|F up
1/2
+2\/§c< min . ) .
5 peAtn )Ilf FellZ 2.y

In the infimum, “v|r, = up” stands for all v € H'(Q) with v =up on p.

Proof. Abbreviate e := u — uy, and let g, € S¥1(7)%. Assume that v € H'(Q)
satisfies v = up on I'p and ||V (up —v)||2 < ||Vell2. Then (ZI)-(EF) imply BI).
Hence, we may choose ¢ = ¢, and w = v — v in Theorem B to obtain (with
Cauchy’s inequality for the second term in the right-hand side of the subsequent



980 SOREN BARTELS AND CARSTEN CARSTENSEN
equality) that

HVeH%z/Ve-dem—l—/Ve-V(v—uh)dx
Q Q

< ||[Vuwll2 <C4||Vuh — anllz + crllhe? (g — an - )l[2.r

1/2
<Z h? mm ||f +divg, — fz||§Qz>

zEK F2E€Pas) (2
+ [V (ur = v)ll2 |[Vell2.
Since ||Vwl|2 < ||Vellz + ||V (un, — v)||2 < 2||Vell2, we can divide (&8]) by ||Vella
to verify

(4.7) [|Vella < 2¢4]|Vun = anllz + 2e7][hg* (g = g - )||ary + [V (un = )]

1/2
—|—20< h2 min +di — f,]|2 ) .
i EEI:C fZE'Pd(Z)(Qz) ||f Vi f ||2,QZ

Let div 7 denote the 7 -piecewise action of the div-operator. The triangle inequality
in the last summand in 1) and h, < hy for z € TNN and T € 7, a summation
over elements, and div (Py(»)+1(€2:)%) € Py (€2.) show that

Zh2 ; min || f +divg, — sz%,Qz

o EPa(=)(22)
< 3||hr div 7 (Vup — (Ih)Hg
(4.8) +3> R Jnin If = f2lI3 0.
zeK f2€Paz) ()
43 Z [ hediv 7 (Vur, — q2) |30 -

qzepd(z)+1(ﬂ )d
A T-elementwise inverse estimate shows
|lhr div 7 (Vun — qn)ll2 S [[Vun — anll2
and
lh=div 7 (Vun — gz2)l[2.0. S [[Vun — g:|l2.0.

(with constants that depend on the polynomial degrees and on the shape of the
finite elements but not on their diameters). Utilising this in (417)-(4.8)), we deduce

@3). O

The following lemmas show that the terms concerning the right-hand-sides f, g,
and up in (@H) are of higher order, provided the given data functions are smooth
enough.

Lemma 4.1. For all z € K, there exists an h,-independent constant c13 > 0 such
that, if flo. € H'&HHQ,), we have (DIDTLf = (8%f) ajza(z)+1 denotes the
vector of all partial derivatives of order d(z) + 1)

(4.9) fe ;mn ||f Follrza.) < cis RO DA 1o )
d(z)

Proof. The proof of the lemma can be found, e.g., in [BS]. O
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For a function w € H'(y) we denote by dw/0t and dw/Jds its gradient with
respect to the arc-length along the (d — 2)— respectively (d — 1)—dimensional sub-
manifold 7.

Lemma 4.2. Let E € Ex and assume g|p € H®(E) for some dg > 1. Then there
exist qn, € L% (wg)? and a constant c14 > 0 that is independent of hg and g, such
that, for gn := qpn - n, we have

(4.10) g = 9nll2(m) < c1a BEF1097 9/ 05" | L2 (-
Proof. The statement is the (d — 1)-dimensional version of the previous lemma. O

Lemma 4.3. Letup € H'(Tp)NC(T'p) satisfy up|p € HETY(E) for some d >
1, E€&p, and up(z) = up(z) for all z € N NTp. If up also satisfies

(4.11) 10 (un — up)/0s"|| 12y < crsh T 04 up /05 4| L2 ()

for all E € Ep and £ = 0,1,2 with an hg-independent constant c15 > 0, then there
erists an hg-independent constant c1g > 0 such that

(4.12)

. 1/2
inf V(0 un)lzae) < ews( 30 BEFTIO up /05 gy )

vlrp=up E€ép

Proof. The trace theorems yield (both infima are attained)

(413)  inf [V -v)la=  inf VOl S Jun— upllmey)
veHY(Q) SEH ()
v|lrp=up Blrp=un|rp —up

The norm in H'/2(T'p) is equivalent to the norm of minimal extension to I', and so

HI3) leads to

inf [V -v)$ i el
veH' (Q) weHY2(T)
vlrp,=up w|rp,=un|r, —up

We construct an extension w of up|r, —up to I'. For d = 2 we extend up|r, —up
by zero to I' and obtain a continuous extension w. For d = 3 this extension might
be discontinuous, which forces a modification on edges near I'p. For F € £\ Ep
with ENTp =0 or ENTp = {2} for some z € N, set w|g = 0. In the remaining
cases B € E\Ep with ENI'p = U}'le ENF; = U}'le conv {a;,b;} with J € {1,2,3},
F; € E&p, and aj,b; € NN Fj, a; # bj, j =1,...,J, we proceed as follows. Let sg
denote the center of inertia of E. On each triangle G; := conv {a;, b;, sg} we let w
be an harmonic extension of up|r, —up from S; := conv {a;, b;} to G; such that
w|,9gj\ s, = 0. Note that w is continuous on G;. An interpolation argument and
|lwll2,6¢; < hel|Ow/0t||2,0a; reveal that

10w/0s]13 ¢, S w206,y S IWllz06; lwllaoa,) < heldw/ot]3 o,
= hgl|d(un —up)/dt]3 s, -

By a trace theorem [CF], [BS] for the tangential gradient d(uj, — up)/0s from F}
to G; N F; = S we have

hi||0(un —up)/9t|3,s,
S N0(un —up)/ds - tlf3 g, + W50 (un —up)/ds - 1)/0s3

(4.14)
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where t denotes the unit tangent vector along S;. Since ¢ is constant, this shows
that

(4.15)  hplld(un —up)/Otll3 s, S llun — unllF (ry) + PEllun = wnllir gy
Applying (ETIH) in (EI4), we find that
(4.16) 10w/3s113 6, < llun = upll s (ry) + hEllun — upllie s

and, using Friedrichs’ inequality |lwl2,q; < hell0w/0s|2,q;,

(4.17) lwll3 ¢, < Wl (un = up) (s, + Pl (un = up)lFe (-

Note that the extension is continuous and affects neighbouring edges of I'p only.
Let wy, ..., w, denote the nonvanishing functions amongst (w ¢,|r : z € N NT).
By an interpolation estimate and Friedrichs’ inequality we infer that, for each j =
1,...,n,
2
HUUH1{u2aU S lwjllzllw;lla oy

(4.18) e ,
< Mwjllz,r([[wjll2,r + |0w;/0s]l2,r) < ||he"O0w;/0s|5 p-

To localise the H'/2-norm on I'p, we employ the arguments from [CMS)]. It was
shown therein that there exists a partition (Ip : £ = 1,..., L) of {1,...,n} such that
wjwy, = 0 for any distinct j,k € I,. L is independent of h7, and foreach ¢ =1, ..., L
we have

(4.19) 1S w3y S S0 w2 .

J€l, j€El,

Using the inequality (Zle a)? <L Zle a? and (1Y), we deduce that

L L

leol 2oy < 2SS wilZe S L0505 oy e
=1
L

. =1
(420) Jjel, 1j€el,

S LY e Pow; /053 r.

(=1 j€I,

With w; = we,, |0w;/0s| < |0w/ds|+|w||0¢,/0s| S |Ow/Ds|+|w|/hg, and L < 1
this shows that

J
1/2 —1/2
ol S 30 0 (10 20w/0513 o, + 102013 o)
(4.21) et
1/2 —1/2
< 10w /0s])3 p + g w3 .

Utilising w|g = (up|r, —up)|g for all E € Ep, and the estimates [@I6) and @17,

we infer
—-1/2 1/2
llzrs/aey < e (un = up) 3, + g *0(un —up)/0sl3 1,
+ g ?08 (un —up) /053 1.

Estimating the summands in the right-hand side of (@.22)) on each F € £p by (@I,
we conclude the proof. O

(4.22)
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Theorem 4.2. Suppose that S satisfies the hypothesis of Lemma [Z1 and let dg,
E € &, be nonnegative integers with dg > 1 for E € Ey UEp. Assume flg. €
H&H(Q,) for all z € K, g|p € H*(E) for all E € Ex, and up|p € H=+(E)
for all E € Ep. Then, if up satisfies the hypothesis of Lemma [I.3, there exists
gn € L>®(I'y) with gn|e € Pag(E) for all E € En, such that

1/2
IV(u—un)llz2(0) < Cl?( > min ~ [[Vup — QE||%2(ME)>

qE€Pay (WE)?,
BefoUén qE-n=gpon ENI' N

1/2
N 2< > hzdﬁlnadffg/as@niz(@)

(4.23) Betn

1/2
+ cw( > hQEdEJrl||8dE+1uD/8sdE+1||%2(E)>

Ee€ép

1/2
+2¢s5c13 <Z hg(d(z)ﬁ)||Dd(z)+1f||2L2(Qz)> .

zeK

The constant c17 > 0 depends only on the shapes of the elements and the polynomial
degrees dg and d,.

Proof. Let g, € L>®(T'y) be such that, for all E € &y, gnlp € Pay(E) is an
approximation of g|r as in Lemma .22l Choose k € Ny such that Vu, € £*(T)
and g, € L¥1(Ey). Utilising Theorem ET] we verify

(4.24)
IV (u = un)ll2

< min c11l|Vup, — 2| |hY? —ar N
7‘1h65k+1(7~)d’( u|[Vun = gnll2 + 2¢7|[hg (gn — an )||2,FN)

1/2
1/2 .
+ 10 (g — gn)llzrn + 12 (Z min [Vun — qz||§,nz>

ZeKQzepd(z)+1(Qz)d
1/2
1f = fz||29> -

By Lemma and since each inner edge belongs to a finite number of patches, we
have

+ inf ||V(uh—v)||2+205<2h2

min
vlrp=up e f2€Pa(2)(92z)

min IVup — qZ“%,QZ

eK q>€Pa(z)+1(02:)4

(4.25) <y, Y, min ||Vuh —a5l3 0,
2z

Z min V’U,h —d4E 2 .
PO 13,0

N
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With Lemma [32 and noting that for all E € Ey there exists qg € Py, (wg)? =
L9 (wg)? with qg|g - n = gn|E, we can estimate

(4.26)

min Yu, — 24 h1/2 - - n)lI2 )
qheSkH(T)d(H = anllz + kg™ (gn = qn )||2,FN

<ao Y min (IVun—ael3., +helon - gm0l pory )
EESQUSNqEEPd’E(wE)

<coo Y, min || Vun — g3 .,

EcfoUE qe€Pay (wE)?,
€eaUin qe-n=gpon ENI' N

Estimating the first and the third term in (£24)) by (£.25)) resp. (£.26]) and utilising
Lemmas ATH43] to bound the remaining terms in (£24)) yields (Z23). O

The a posteriori error estimate given in the previous theorem is efficient up to
higher order terms which depend on the smoothness of Vu, as the following theorem
shows.

Theorem 4.3. Let g, € LF(EN) with gn|p € Pay(E) for dg € {0,1,...,k} on each
E € En. Then we have

1/2
: 2
) min -~ [|[Vup — qell72 0,
EcEqUen qe€Pag (WE)Y,

qE -n=gpon ENT' N

(4.27) < V2d |V (4~ un) |22

1/2
: 2
+ ( E epmll(l v [Vu — QE||L2(WE)> :
qE dp(WE) ",
BefoUén qE-n:g;ﬁm ENI'y

Proof. Since g, € Py, (FE) for each E € £y, the minima in the left-hand side of
H27) are well defined. We infer, with Young’s inequality and an arbitrary v > 0,

min ., ||vuh_qE||§,wE

E qe€Pag (WE)Y,
SEalén qE-n=gpon ENT'N

. 2
< Y min - ([V(ur = u)ll2ws + [V — ¢82.05)
Ec&qUén 98P (wWe)
(428) gp-n=gpon ENI'y
<S@A+1/y) Y V= w3,
EcEqUEN
+(1+7) Z min ||VU_qE||§,wE'

qe€Pag(wr)’,
Betabbn qE{En:gdhin Igﬂl‘w
Rearranging the sum over the edges E € £qUEN and using the fact that T' € 7 has
at most 2d edges, the first term in the right-hand side of (£28)) can be estimated
by

S IV —un)l3r <2d )V (u—un)3 0.
TeT ECOT,
EZED
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A direct calculation shows that (1 +1/v)a®+ (1+~)b?, where a,b > 0, is minimised
for v = b/a with minimal value a? + 2ab + b®> = (a + b)2. The optimal choice for
in the right-hand side of (I28) yields (@ZT). O

Remark 4.1. The local degrees di have to be chosen large enough to obtain higher
order terms in the reliability estimate (£23) and in the efficiency estimate (f21)
at the same time.

Remark 4.2. The definition of the approximation operator 7 is related to “partition
of unity finite elements” [MBa], where for a fixed nonnegative integer ¢,

(429) S = {Z 49> :4qz € PZ(WZ)}

2eN

(so that d(z) = ¢ for all z € K by definition). When § is given by [EZ2Y), a
reasonable choice for dg is dg = £+ 1, F € &, so that inequality (@23]) reads

(4.30)

1/2
[V(u—un)lr20) < C17< > min - [[Vuy, — QE||2L?(WE)>

QEEP[+1(WE) s
EGSQUSN -n=gpon ENI'n

+ c18(||h“3/28“%/as” lz2(ro)

+ ||hz+3/23z+19/38€+1||L2(FN) + ||hg’+2Dé+1f||L2(Q)>

with an (h7, he)-independent constant c¢i15 > 0. Here, Jg - /0s denotes the edgewise
differentiation along I'p and I'y.

Remark 4.3. An a posteriori error estimate based on a global averaging technique
could be formulated as follows: There exists an (hr, he)-independent constant c19 >
0 such that, if Vuy € L¥(T)?, we have

(4.31)
IV(u = un)llrz2@) < cro min_ ([[Vun — anllr20) + 1hg*(gn -1 — 9l L2(rn))

hE’P,”(Q)

+ inf V(v —un)|20)

v r‘D=uD
1/2

ras(om2 gin 17l )

zEK Pae)(

with m := min{k}U{d(2) : z € K}+1. The authors failed to replace P,, ()¢ in the
minimisation over ¢, in ([@31) by a larger discrete space (such as certain piecewise
polynomials) to make it efficient.

Proof of @31). By Theorem [£1] we only need to estimate the term

Z min IVup — (Jz”%,ﬂz

2 Q)¢
et €Pa(z)+1(22)
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by the minimum in (@3). For this, let g, € P, (2)? denote the minimiser in
(E3T). Since G = Gnla. € Pa(z)+1(2:)%, we can conclude that

(4.32)

min - |[Vun =[50, <D IVun = &:[5.0. < 1ol Vun — @nl50- O

= = Q.)d
et EPa(z)+1(22) e

Remark 4.4. For the restriction 7Tz = {T' € T : T C wg} of the triangulation 7 to
wg, the equivalence

4.33 i 2 ~ . B )
( ) qherg%?'r)d’ th qh||L2(Q) E;Q qEEISr}Cl(I}TE)d th qE”L2(wE)

holds for p, € L¥(T)4. For p, € L2(T)? we also have (by a compactness argument)

4.34 min - 2 ~ min - 2 .
@3 min =gl ~ min o= asli
The left-hand side of (f33)) thus defines an efficient (provided & > 1) and reliable
error estimate for lowest order finite element methods and pp = Vuy. However,
there is no analogon for higher order finite element methods, since ([£34) is not
valid if py is not elementwise constant.

5. NUMERICAL EXPERIMENTS

The theoretical results of this paper are supported by numerical experiments for
d = 2. Here, we report on three examples of the problem (ZI)-(Z3) on uniform,
h-, p-, hp-adapted, and perturbed meshes. Two of these examples were considered
in [CB] for lowest order schemes.

Example 5.1. Let f(r,y) := —8m?sin(27z)sin(27y) on the unit square Q) :=
(0,1)2 and set up := 0 on I'p := 9Q. The exact solution is then given by
u(x,y) = sin(27z) sin(27y). In this example the right-hand sides as well as the ex-
act solution are smooth. The coarsest triangulation 7 consists of one square halved
by the diagonal parallel to (1,1). The initial polynomial degrees p° = (p%.)re7, are
chosen to be equal to p for all T' € 7y and various values p = 1,2, ..., 6.

Example 5.2. Let f := —Auw for the function
u(z,y) == z(1 —z)y(l — y) arctan(60(r — 1))

r? = (z — 1.25)% + (y + 0.25)2 on the unit square Q := (0,1)?, and set up = 0
on the entire boundary I'p := 9. The solution u to ([I1)-@3) is H>-regular but
f (although theoretically smooth) has huge gradients on the circle with radius 1
around (1.25,—0.25). The coarsest triangulation 7y consists of four squares halved
by diagonals parallel to (1,1). The initial polynomial degrees p° = (p$)reT, are
chosen to be equal to p for all T' € 7y and various values p = 1,2, ..., 6.

Example 5.3. Let f := 0 on the L-shaped domain Q := (—1,1)?\ [0,1] x [-1,0],
up := 0 on the Dirichlet boundary I'p := {0} x [-1,0] U [0, 1] x {0}, and, on the
Neumann boundary I'y := 9Q \ T'p,

9(r, ) = 2/377 1% (—sin(ip/3), cos(ip/3)) -

using polar coordinates (r, ). The exact solution u(r, ) := 2/3 sin(2¢/3) of @I)-
(E3) has a typical corner singularity at the origin. In this example, the right-hand
sides are smooth, but the solution is not. The coarsest triangulation 7y consists of
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1

10

10°F —

FIGURE 1. Error and error estimator for uniform mesh-refinement
in Example B.J] for different fixed polynomial degrees.

three squares halved by diagonals parallel to (1,1). The initial polynomial degrees
p° = (p%)re7, are chosen to be equal to p for all T € 7y and various values
p=1,2,..6

The following adaptive algorithm generates all the sequences of meshes 7, 77,
73, ... in this paper which are h-uniform for © = 0 or h-adapted for © = 1/2 in (5.2).
No element is refined if © = 2. We also allow raising polynomial degrees steered
by the parameter 6 € {(0,0),(1,1),(0,1)}. If § = (0,0), the initial polynomial
degrees are kept on all triangles and their subtriangles. For § = (1, 1), we increase
the degree on each element by one during each iteration of the algorithm while for
d = (0,1) the polynomial degree is increased only on those triangles that are not
h-refined during the respective iteration of the algorithm.

Since the resulting meshes might show local symmetries, we considered meshes
that are either unperturbed (relative to 7p) for ¥ = 0 or randomly perturbed for
¥ =1 in step (e).

The implementation was performed in Matlab in the spirit of [ACH] with a
direct solution of linear systems of equations. For details on the red-blue-green-
refinements we refer to [V].

Algorithm (Ag’é). (a) Start with a coarse mesh 7y and polynomial degrees p° =
(p(l)“)TeTov k=0.

(b) Compute the discrete solution up, on the actual mesh 7, in the space
o — k
S"(Th) = {vn, € C(Q) : VT € T, vp|p € PPT}.

(c)Setdp := max(p%,p%) it E=TiNTy € Eqand dp = ph if E=TNIy € En.
Compute, for all E € £q U En, error indicators

1
(51) NzEe = —F#= min ||Vuh — qEHLz
V3 apePu, (@r), (wr)

ge-n=gpon ENI'y
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(uniform, perturbed)
(uniform, perturbed)
(uniform, not perturbed) 15
(uniform, not perturbed)

| |—v-
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FIGURE 2. Error and error estimator on perturbed meshes for uni-
form h-refinement and fixed polynomial degrees p = 3 in Example
[ (top). Perturbed mesh 7g with 4225 nodes (bottom).

and plot energy error ey := ||V(u — up)||12(q) and its estimator
= Z U%,E
Ee€fqUéN

versus the degree of freedom N of the triangulation 7j.
(d) Mark the edge E for red-refinement provided

5.2 >0 max .
(5.2) nzp 2© _ max 1zp

(e) Mark further edges (red—blue—green-refinement) to avoid hanging nodes. Gen-
erate a new triangulation ’]~7€+1 using edge—midpoints if ¥ = 0 and points on the
edges at a random distance at most 0.1 hg from the edge—midpoints if 99 = 1. For
T € Tppq set pl}"H = pk, + 6, if T C T for T" € T* and define p§+1 = ph 4+ 5y
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10° T T T T

FIGURE 3. Error and error estimator for uniform mesh-refinement
in Example for different fixed polynomial degrees.

ifT e TN ’fkﬂ. Perturb the nodes z € NMi11 of the mesh ,fk;Jrl at random with
values taken uniformly from a ball around z of radius ¥ 27%/15. Correct boundary
nodes by orthogonal projection onto that boundary piece they are expected such
that Q,T'p, 'y are matched by the resulting mesh 7;11 exactly. Update k& and go
to (b).

Remark 5.1. The proof of Theorem [£3 shows that we may choose the factor 1/ V3
in (&0 to obtain an efficient error estimate with constant 1 for our two-dimensional
examples with triangles.

Remark 5.2. In our numerical experiments the minimiser in (51)) is calculated ex-
plicitly. The resulting linear system of equations is badly scaled for large polynomial
degrees p (we employed transformed Legendre polynomials in such cases). The con-
straint qg - n = gj, is satisfied by matching g - n and ¢ in nodes on F.

We used Algorithm (Ag,(o,o)) in Example B.I] with uniform initial polynomial
degrees pr = p for all T' € 7y, where p = 1,2, ..., 6. Experimental convergence rates
are indicted in Figure [[] where we plotted the entries (N, en) and (N,nn). A log-
scaling on both axes allows a slope —a of a straight line that connects subsequent
entries to be interpreted as an experimental convergence rate 2a (owing to N o
h~2 in two dimensions). Moreover, we see from Figure [[] that the error estimator
nn serves as a good approximation for the error ey in this example. When a

perturbation of the meshes is introduced we obtain with Algorithms (Ag,(o,o)) and

(A(l)’(o’o)) for polynomial degrees equal to three the results displayed in the top
plot of Figure 2l The results become worse for the perturbed meshes but still 7y
approximates ey reasonably. The perturbed mesh 7g with N = 9025 is shown in
the bottom plot of Figure[2 and appears quite degenerate.

The lack of smoothness of the exact solution in Example[5.2] results in a poorer
quality of the numerical solution and the estimates than in the previous numerical
experiment. Figure [3] shows the results for uniform mesh-refinement and fixed

0,(0,0
o).

polynomial degrees obtained from Algorithm (A For polynomial degrees
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10 T T T

—— e, (uniform, perturbed)
—0 — Ny (uniform, perturbed)
(uniform, not perturbed)

+

N
uniform, not perturbed
N p

n
ey (adaptive, not perturbed)
Ny (adaptive, not perturbed)
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FIGURE 4. Error and error estimator on perturbed meshes for
uniform h-refinement and fixed polynomial degree p = 3 in Ex-
ample compared to uniform and h-adaptive mesh-refinement
without perturbation (top). Perturbed mesh with 4225 nodes (bot-
tom).

p = 1,2,3 we obtain the expected convergence rates, though the preasymptotic
range is very large, while for p = 4,5, 6 the values (N, ex) and (N, 7y ) do not result
in a straight line in the plot, but the quotient 7y /ey remains in a small intervall
containing one. This is also true for the perturbed meshes in the top and bottom
plots of Figure H, where we chose p = 3 and used Algorithm (A(l)’(o’o)) to generate
the triangulations. The top plot of Figure [4 also shows that an adaptive mesh

refinement, realised by Algorithm (A(l)’/(g ’0))7 yields smaller errors than the uniform

mesh-refinement from Algorithm (Ag,(o,o)) at comparable numbers of degrees of
freedom.
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FIGURE 5. Error and error estimator for adaptive mesh-
refinement in Example for different fixed polynomial degrees.

The numerical results for (unperturbed) h-adaptive mesh-refinement, i.e., the
results obtained with Algorithm (A(l)’/(g ’0))7 in Example for fixed polynomial
degrees p = 1,2, ...,6, are displayed in Figure Bl We obtain optimal experimental
convergence rates for p = 1,2, ...,6. Algorithm (Ag’(l’l)) ran a p-version on a fixed
mesh 7 with 96 elements obtained by two uniform red-refinements of 75. The top
plot of Figure [Al displays the results for the p-refinements and p = 1,2, ...,10. For
small p we observe efficiency (i.e., ny < en) which decreases for larger p (e.g.,
ey < nn for p > 6). This is in agreement with our theoretical predictions, as
efficiency is linked to the smoothness of the exact solution, which is limited in this
example, while the given data f, g, and up are smooth.

For comparison we considered an hp-like refinement strategy by running Algo-

rithm (A(l)’/(QO ’1)). The obtained mesh-refinement and the degree distribution (via
different shadings) is given in Figure Bl We observe an automatic geometric re-
finement towards the origin (where u is singular) and a reverse distribution of the
polynomial degrees. This appears as a good strategy: Large elements have a high
polynomial degree where the exact solution u is smooth, and small elements of
lower degree appear near the singular points of u. The corresponding estimate 7y
for ey is satisfactory and even improves for increasing N. As the constants in
our theoretical results may depend on the polynomial degrees, this good behaviour
in practice could not be predicted, but suggests that those constants depend only
moderately on p.

An h-adaptive algorithm was compared to a uniform mesh-refinement strategy
. . . 0,(0,0) 1,(0,0) 0,(0,0) 1,(0,0)
in our last experiment. Algorithms (4, ), (4 ), (A1/2 ), and (A1/2 )
generate results displayed in Figure [l The adaptive meshes refine towards the
singular point seen on the bottom plot of Figure[ll This improved the experimental
convergence rate from 2/3 to 3.

Remark 5.3. The numerical experiments allow the subsequent conclusions:
(i) Our overall experience with the error estimator ny is that it serves as an
efficient and reliable error indicator provided the exact solution is smooth enough.
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FIGURE 6. Error and error estimator for hp-adaptive mesh-
refinement strategy in Example and for uniform p-refinement
on the twice uniformly refined mesh 7y (top). Distribution of the
polynomial degrees on 79 and magnified re-entrant corner (bot-
tom).

For nonsmooth exact solutions there is no equivalence for high polynomial degrees
in general, but ny is still reliable.

(ii) For smooth exact solutions, the constant in the efficiency estimate tends to
one as the polynomial degree is increased. This behaviour is in agreement with
Formula (20) of Theorem E3]

(iii) The numerical experiments show that adaptive mesh-refinement strategies
of Algorithm (Ag";) yield considerable convergence improvements.

(iv) Asis argued in [CB], the numerical examples support the theoretical predic-
tion that the higher order terms in the reliability estimate depend on the smooth-
ness of given right-hand sides, while those in the efficiency estimate depend on the
smoothness of the exact solution.
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FIGURE 7. FError and error estimator for uniform and adaptive
mesh-refinement on perturbed and unperturbed meshes in Exam-

ple[53 (top) for p = 3. Triangulation 732 with 382 nodes obtained

from Algorithm (Ai’/(QO’O)) (bottom).
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