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A COMPUTATION OF MINIMAL POLYNOMIALS
OF SPECIAL VALUES OF SIEGEL MODULAR FUNCTIONS

TSUYOSHI ITOH

ABSTRACT. Recently, Fukuda and Komatsu constructed units of a certain
abelian extension of Q(exp(2my/—1/5)) using special values of Siegel modu-
lar functions. In this paper, we determine the minimal polynomials of these
units.

1. INTRODUCTION

We put ¢, = exp(2mv/—1/n) for a positive integer n, and k = Q((s).

We explain about Siegel modular forms. Let $5 be the set of all complex symmet-
ric matrices of degree 2 with positive definite imaginary parts. For v € C?,z € $),
and r, s € R? we define the theta series by

1
O(u,z;r,s) = Z e(at(a: +r)z(x+7)+ Yz +7)(u+s)),
T€Z?
where e(£) denotes exp(2my/—1£).
Moreover we consider the following function on $s:
20(0, z; 7, s)
O(z;7m,8;7",8) = 7@(07%% )
Let
Sp(2,Z) = {a € GL4y(Z)|'aJa = J}

be the symplectic group of degree 2 and put I'y = {a € Sp(2,Z)|a = I (mod N)}
for a positive integer N, where I,, is the unit matrix of degree n and

0 —I
J= ( E ) |

For any element a = (4 B) of Sp(2,Z) we define an action of a on z € 2 by
a(z) = (Az+B)-(Cz+D)~! asusual. If N is a positive integer and r, 5,7', 5" € %ZQ,
we know that ®(z;r, s;7’,s’) is a Siegel modular function with respect to T'yn2 ([S],
Prop. 1.7).

Let o be the element of the Galois group Gal(k/Q) defined by (¢ = (2. We let
Oy, be the ring of integers in k and put L = {(é,) |€ € Or}. We define a Riemann
form E on C2/L for u;,v; € C as follows:

u v
i << 1)’ < 1)) = p(urt1 — wrv1) + p° (u2v2 — Uzv2),
U9 V2
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where p = ({5 — (2)/5. Moreover, for

=) 2= (@) »-(G18) «- Q)
-G @) G+ G)
we can see that {w,ws,ws,ws} is a free basis of L over Z and (E(w;,w;)); j={1,2,3,4}
= J. Hence we see that

- ( G+at @ ) 1( -G ¢ )
G+ G -G G
is a CM-point of 3 corresponding to the polarized abelian variety (C?/L, E). By
[SI, Prop. 2.2, if N is a positive integer and r,s,7’,s € %ZQ, D(zp;r, 857", 8") is
contained in some abelian extension k' of k.
Let w be an integer of k which is prime to N. We denote by R(w) € M4(Z) the

regular representation of w with respect to an O-basis {—(s, (3, (2 + (3,3} We
put v = N /gw. Then there exists a matrix 3 in Sp(2,Z) satisfying

Re@)=( 5, )8 (moazn?),

where ¢ is an endomorphism of k* defined by ¢(a) = alto’ | If r,s are in %ZQ, we
define
PR (2 507 ") = B(B(2); 7, vs; 7, vs).

Then by Shimura’s reciprocity law ([S]), we have

k’/k)

¢(2”07 r,S; 7”/7 51)( (w) = @R(‘P(W))(ZO; T, S; T/, S/).

We put ¢ = (5. Fukuda and Komatsu showed the following theorem.

Theorem ([FK]). We put

@ (=01 (§)- (3

)i 6
T RO (zo, é), ) (8))
and
5 ¢(zO,<§>,<é>;<8>,<8>)

cI)R(v(2+C)2)

/"\
—
Wl
SN—
—
owl=
S—
—
[eNe}
S—
—
[eNe}
S—
~——

Then g1 and o are units in kg.

We will construct the minimal polynomials of €; and €5 by numerically comput-
ing the conjugates of €; over Q with high precision.

These polynomials allow us to compute the approximate values of these units
with arbitarily high precision. Our method will be useful to compute the rank of
the unit group generated by special values of Siegel modular functions, and so on.
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2. COMPUTATION OF CONJUGATES

For a positive integer N, ky denotes the maximal ray class field of & modulo
(N). We consider the structure of the Galois group Gal(ks/k). Let M be the
subgroup of k* generated by integers of k which are prime to 6. We also let M be
the set of all principal ideals of k£ which have a generator in M. Similarly, we put
Se={a€k*|la=1 (mod 6)} and Ss = {(a)|a € Sg}. Then by class field theory

Gal(kg/k) = M /S5 = (M/Uy)/(SsUx/Ux) = M/ ScUy, = Z,/10Z,

where Uy, is the full unit group of k. So by [FK], we know that

- <<<]Zﬁikz>>

generates the Galois group of kg over k. We extend o to kg.

By Shimura’s theory, we know that ®(zo;7, s;77, s) is contained in kyg if , 5,77, s’
€ %ZQ ([S], see also [K]). Since we will treat the case r,s,1’,s" € %ZQ later, we
choose 8 € Sp(2,Z) which satisfies

R(p(w)) = ( 102 0 )ﬁ (mod 72).

’UIQ

In the case w = (5 + 2, we choose

3 0 -1 1
2 2 0 -1
B=1 _111 26 46 5o |EPED).

26 —-13 -—-13 20

Then we can compute P(zo;7,s;0, O)T" by using (. But the theta series
0(0, 8™(z0); T, s) converges slowly if n is large, because the imaginary part of ™ (zo)
tends to 0 quickly. So we determine ®(zg;r, s;0, O)T" using the fact that (go = (3o
and the following lemma recursively.

Lemma (cf. [S], Prop. 1.3). If r,s are in 7% and r',s' € 172, then there exist
71,81 € %Zz, T2, 82 € %ZQ and an integer t such that
D(B(20); 7, 57", 8") = (0P (20571, 51372, 52)

Next, we shall determine ®(zo;r,s;0,0)°. We know that ®(zo;r,s;0,0)? is an
algebraic integer in k¢ (cf. [EK]), and hence

9
Ny ra(ve ®(z0:7,5:0,0)* = T 1@ (2057, 550, 0)° 2.

n=0
Furthermore we know that (®(z0;7,s;0,0)3)7 is given by £®(zo;71, 81;72, 52)°
for some 71,51 € %Z, ro, Sg € %Z and some 6-th root of unity £. So we computed
(1) NkG/Q(\/g)q)(zo;r,s;O,O)3 X NkG/Q(\/g)‘I)(Zo;h,SﬁTQ,82)3

for all 1, 81,72, s2. Fortunately there is only one integral value for (1). Hence we
can determine ®(zo;7,s;0,0)? up to conjugation by 7" and multiplication by an
18-th root of unity.
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Next, we shall determine @(zo;r,s;0,0)02. We know that o2 acts as complex
conjugation on k. So we computed

Tre /P (2057, 530, 0)% + Tre /€ P (20571, 81572, 59)3

for all 71, s1, 72, s2 and a 6-th root of unity £, and we found only one value which
is in R. We can determine ‘IJ(zo;r,s;O,O)“3 in a similar way. We note that
<I>(zo;r,s;0,0)"2 and @(zo;r,s;O,O)"S are also determined up to conjugation by
7™ and multiplication by an 18-th root of unity. o

By the above argument, we can determine all ®(z;7,5;0,0)° 7 and hence
z—:‘fiTJ (0 <i<3,0<j<9) up to multiplication by an 18-th root of unity.
We note that 1 € kg, and Gal(ks/Q) = {o77|0 < i < 3,0 < j <9} as a set. We
were able to determine the 18-th root of unity § () for each o’ so that the all funda-
mental symmetric forms of {(£()e" )™ } are close to rational integers. Consequently
the set {e]|p € Gal(ke/Q)} was determined. The same method is applicable to €.

3. MINIMAL POLYNOMIALS

Now it is easy to compute the minimal polynomials of &; using approximate
values of the conjugates of £;. We know that the coefficients of these polynomials
are in Z. So we computed these fundamental symmetric forms with a precision of
300 digits by using TC on Sparc Station 5. These values are close to integers, which
is enough to recognize the coeflicients of minimal polynomials.

B @(203("0%):(2):(0). ()
(1) The case of ¢ = SR (20;(*1%),(0)5(5). (O

A (205 (19): (0); (1/3): (1)3))
o . . i 5 »\1/6/>\0/1 \1/2)> \1/2
€ up to conjugation by 7° | (3 DR+ (2 (1/6)7 (0), (1/2)7 (1/2))

1/6 0/ \1/2 1/2
SR (0 (%), (6): (6): (3))

e’ up to conjugation by 7¢

PRL(CH+2)T) (29; (1(/)3)7 (8)§ (8)7 (2))
2¢R(¢(C+2)°)(zo; (}jg), (0); Gg)’ G@)

5 ,
€? up to conjugation by 7* | C
" RRECD) o3 (16), (60): (13): (13))

minimal polynomial

1 — 13z + 6622 + 17323 + 7482* + 19142° + 712225 + 1410027
43520228 + 7184329 4 144694210 4 258459z 4 45277012
+72752921% + 11107262 + 1578249215 + 2120130216
+26557562'7 4 314352628 + 346809029 + 3594591220
4346809022 4 3143526222 + 2655756223 + 2120130224
+15782492%5 4+ 1110726226 + 727529227 + 452770228
+258459229 + 144694230 + 7184323" 4 35202232 4+ 14100233
+71222%* + 1914235 4 748230 + 173237 + 66233 — 13239 4 240
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(2) The case of 3 =

®(203(33):(

5°):(0). (o))

B (i (1), (4@ )

(201 (Va): (0); (12): (1)2)

. )
€? up to conjugation by 7* | (3
PR (z0: (3)2). (6): (173)- (173))
" up to conjugation by 7¢ @Rt = Gfg) (1/3) ( )’ (8))
PR | e (7). (D) 6)-0)
, PR(p(C+2)° ) (= 5/6 1/2y (12
o’ up to conjugation by 7¢ | (3 (1/6) ) (1/2) (1 )

BRCH) (20 (70

) (0): GJa)- (2))

minimal polynomial

14 52 + 1222 4 2923 + 1302* + 6062° 4 20942° + 588027

+1620628 + 455692° + 116218210 4+ 25142111 + 481804112
+9151972" + 18391142 + 36874892 + 67482726
+10784772x'7 + 149385122 4 1805932229 + 19215855220
+18059322x2! + 1493851222 4 10784772223 + 6748272224

+368748922% 4 1839114226 4 915197227 4 48180422°
4251421229 4+ 116218239 + 4556923 + 16206232 + 5880232
+209423* + 60623° + 130236 4 29237 4 12238 + 5239 4 240
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