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HERMITE INTERPOLATION OF NONSMOOTH FUNCTIONS
PRESERVING BOUNDARY CONDITIONS

V. GIRAULT AND L. R. SCOTT

ABSTRACT. This article is devoted to the construction of a Hermite-type reg-
ularization operator transforming functions that are not necessarily C! into
globally C! finite-element functions that are piecewise polynomials. This reg-
ularization operator is a projection, it preserves appropriate first and second
order polynomial traces, and it has approximation properties of optimal order.
As an illustration, it is used to discretize a nonhomogeneous Navier-Stokes
problem, with tangential boundary condition.

1. INTRODUCTION

The approximation and regularization of functions in low-order Sobolev spaces
by Lagrange finite-element spaces has been well studied (cf. [7], [18], 4] and the
references therein). The main idea is to define an interpolation operator using local
averaging (regularizing) to define nodal values for functions even in L'. However,
to our knowledge, such constructions have not been carried out for more general
interpolants, such as Hermite-type interpolants which involve derivative data. Fol-
lowing [I8], [15] and [I7] closely, we construct such an interpolant which preserves
polynomial nonhomogeneous boundary conditions naturally. We apply this to ap-
proximate divergence-free vector fields by divergence-free piecewise polynomials.

Due to our interest in divergence-free, piecewise polynomial vector fields, which
can be written (in two dimensions) as the curl of stream functions that are C! piece-
wise polynomials on the same mesh [17], we will limit our attention to interpolation
by C! piecewise polynomials as opposed to more general Hermite interpolants. Simi-
larly, we restrict our attention to triangular finite elements in two dimensions, d = 2.
But we assume only that the meshes are nondegenerate, i.e., we do not assume that
they are quasi-uniform. Although there are simpler C! interpolants (such as the
Argyris element [6]), in order to apply it to rough functions, or to impose appro-
priate boundary conditions, it appears that we need to use an interpolant based
on the full space of C! piecewise polynomials, similar to the one introduced in [15].
Averaging is done either on a triangle or on an edge of some triangle, and the key
point is that this operator averages the interpolated functions on a segment of the
boundary of the domain for each boundary nodal variable. As a consequence, this
interpolation operator preserves homogeneous (and suitable polynomial, nonhomo-
geneous) boundary conditions naturally and is of optimal order in approximation.
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Of course, the interpolator can be defined for as broad a class of functions as that
of [7] and [], but in order to preserve homogeneous boundary conditions, it must
be specialized to functions smooth enough to have well-defined boundary values.

As an illustration, these finite-element spaces are applied to the discretization of
a nonhomogeneous Navier-Stokes equation with a tangential boundary condition.
First, we construct a divergence-zero Leray-Hopf lifting (cf. [11], [12], [13]) of the
nonhomogeneous boundary data, with support concentrated near the boundary.
This generalizes to a Lipschitz-continuous boundary, a result of [20]. Then we in-
terpolate the lifting, discretize the Navier-Stokes problem and analyze its solutions.
The lifting we construct and its interpolant are very important. Indeed, in con-
trast to the original Leray-Hopf lifting, whose gradient grows exponentially with
the Reynolds number, our lifting’s gradient and the gradient of its interpolant only
increase as the square root of the Reynolds number.

This article is organized as follows. In Section 2, we recall some notation and
the notion of singular vertices, which plays an important part in the sequel. The
nodal degrees of freedom of C' finite elements are described in Section 3. In Section
4, these degrees of freedom are transformed by appropriate integrations in order to
preserve traces and to be defined for functions that do not belong to C'. The traces
of the resulting finite-element spaces are described in Section 5, and the projection
and trace-preserving properties of the interpolation operator are established. Sec-
tion 6 is devoted to a corresponding boundary interpolation operator. Section 7
addresses the interpolation error. Finite-element spaces of H' functions with zero
divergence are constructed in Section 8. In Section 9, we construct a divergence-
free lifting of a tangential boundary vector with support concentrated near the
boundary. This lifting is used in Section 10 for discretizing a nonhomogeneous
Navier-Stokes problem.

2. NOTATION

Let Q C R? be a connected, open, bounded domain with a polygonal boundary
09). We assume that 9 is Lipschitz-continuous for simplicity, although many of
the results presented here can be extended easily to domains with simple slits. Also,
we do not assume that €2 is simply-connected, and we denote by I';, 0 < ¢ < J,
the connected components of 9§2. The following definitions of spaces are valid in
any dimension d. Let C*°(Q2) be the set of functions defined on Q and having
continuous derivatives of any order, and let D(Q2) be functions in C*°(2) with
compact support in . For any number p with 1 < p < oo and any integer
[ > 1, we denote by LP(2) the completion of the functions in C°°(€2) such that

I fllzr () = (fQ |f(x)|pdx) P s finite, by WP(Q) the completion of the functions
: Up .
in C>(€2) such that || fllwi» (o) = (ngz ||Daf||1£p(g)) is finite, and by W, (Q)

the completion of the functions in D(§2) such that || f|[wr(q) is finite. Similarly,
we define seminorms,

1/p

Flwir = | 321D, 0,

lee|=t

Here o = (aq,...,aq) is a multi-index (each «; is a nonnegative integer) with
la := Z?zl a; and D% := (0/0x1)* ... (0/0z4)*. As usual, we denote W'2(Q)
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FIGURE 1. Interior singular vertex.
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FIGURE 2. Boundary singular vertex: a triangle with two bound-
ary edges.

FIGURE 3. Boundary singular vertex where two triangles meet.

and Wh2(Q) by HY(Q) and H)(Q) respectively. For the definition of W'P(Q) for
fractional-order I, see [1], [10], [4], or [16].

Let 7;, be a simplicial subdivision of Q consisting of triangles with maximum
mesh size

h := max hr

T,
that is nondegenerate:
h
(2.1) max — < 7o
TeT, PT

with the constant 7y independent of h. Here T denotes a triangle, hr denotes the
diameter of T and pr denotes the radius of the ball inscribed in 7. Note that we
do not assume that all triangles T' are of comparable size (that is, the mesh need
not be quasi-uniform).

In the sequel, we shall need to distinguish between nonsingular and singular
vertices of 7;,. These are described in [I7] and [I5], but for the sake of completeness,
let us recall their definition. A vertex of 7}, is singular if all the edges of 7, meeting
at this vertex fall on two straight lines; otherwise, the vertex is nonsingular. Figure[ll
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FIGURE 4. Boundary singular vertex where three triangles meet.
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FIGURE 5. Boundary singular vertex where four triangles meet: a
slit domain.

depicts an internal singular vertex, i.e., one that belongs to 7, N ), and Figures
PHalillustrate the four types of boundary singular vertices, i.e., ones that belong to
T, N 0N, the fourth type corresponding to a domain with a simple slit.

3. C! FINITE ELEMENTS

Let P¢ be the space of polynomials of degree  or less in d variables. We consider
a finite-element space S} consisting of C' piecewise polynomials

(3.1) Spi={vecC' () : v|r ePIVT € Tp,}

and the corresponding space with “homogeneous” Dirichlet boundary conditions:
T T . . av
(3.2) Sh.=1<v €S, : vlp, is constant, 0 < i < J, 8—|ag =0,.
' n

We choose this definition, with v constant on each connected component of 952,
in order to discretize the stream functions of velocities that vanish on 9Q2. When
only the normal component of the velocities vanishes, then the stream functions
are constant on each I';, with no constraint on the normal derivative, and in this
case we are only interested in the first boundary condition of (B2).
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FIGURE 6. A triangle T' with edges e; and e; meeting at a vertex o.

Before defining the nodal variables for S, let us recall the notions of second-
order edge-derivatives and second-order cross-derivatives. Let T be a triangle, o
one of its vertices, e; and e; the unit vectors along the edges of T intersecting at
o, pointing away from o, as in Figure Bl By the second e;-derivative of f at o, we
mean

(3.3) ael 861 (f|T)(U) )

where 0., denotes differentiation in the e; direction. By the T-cross-derivative of
f at o, we mean

(3.4) e, Oe, (fI7)(0) -

For r > 5, a local, nodal basis for S} is given in [I5]. The following is a slight
modification of the nodal representation in [15] for S}, designed to preserve homo-
geneous boundary conditions. It consists of nodal variables of several types:

(3.5) the value and gradient at the vertices of the triangulation;

the second-order partial derivatives ([B.3) in the direction of each
(3.6) edge, evaluated at each vertex, with the exception of one edge per

nonsingular vertex (see below for the choice of edge omissions);

one cross-derivative (B4 at each vertex and two cross-derivatives

3.7

(3.7) at each nonsingular boundary vertex (see below for choices);

- the edge-normal derivative at  — 4 distinct points in the interior
(3.8) of each edge;

- if > 5, the value at r — 5 distinct points in the interior of each
(3.9) edge;

(3.10) if 7 > 5, the value at dimP?_ distinct points in the interior of

each triangle, chosen to determine uniquely an element of P2_.

At an interior nonsingular vertex, the edge chosen for omitting a second-order
derivative (B3]) in the direction of this edge, as described in (3.6, is such that its
adjacent edges are not collinear. This is always possible, because the vertex would
be singular if there were no such edges. At a boundary nomnsingular vertex, the
omitted edge is chosen to be an interior edge such that its adjacent edges are not
collinear. Again, this is always possible, because otherwise the vertex is singular.
As far as cross-derivatives (34 are concerned, at an interior vertex o, any T-
cross-derivative may be chosen for any T having o as a vertex. To satisfy boundary
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conditions, we will assume that any cross-derivative at a boundary vertex o is cho-
sen to be associated with a triangle T" having a boundary edge. For a nonsingular
boundary vertex, there are two such cross-derivatives to be specified, and we thus
choose cross-derivatives associated with both of the triangles meeting there which
have a boundary edge. For a singular boundary vertex, any triangle having a bound-
ary edge can be picked. The following lemma shows that the corresponding finite
elements do not depend on these particular choices of edge and cross-derivative.

Lemma 3.1. For any function f € S, the second-order partial derivatives (B.6])
and BI) at a node o determine the second-order edge-derivatives of f at o, on
all the edges of Tn, meeting at o, and the T-cross-derivatives of f at o, on all the
triangles T of Ty, having the common vertex o.

Proof. The proof is based on arguments used in [I5], but we reproduce them here
for the reader’s convenience. First observe that, if e; is the unit vector along the
edge between two triangles 77 and 75, as in Figure[[, then any f € S} satisfies

861861 (flTl)(U) = 861 861 (f|T2)(U) :

Similarly, for any f € S}, since O, f is continuous and is a piecewise polynomial,
then 0,0, f is continuous along es. For the same reason, Je, O, f is continuous
along e;. Since these two partial derivatives are equal in each triangle, this implies
that, with the notation of Figure[7]

Oe, Oe, (f'Tl)(U) = 0Oe, 862 (f|T2)(U) = 861862 (f'Ts)(U)

Now, consider again the triangles Ty and T3 of Figure[7. It is easy to check that

0. — _sin 0o sin(01 + 92)
“ 7 ginf sin 6; =
Therefore
sin 6
OesOes (Fl1)(0) = = 5 5200 Dea(f11) ()
sin 6; e2Oea L1280 ) -

FIGURE 7. Three adjacent triangles with a common vertex o.
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From this equation, we see that if we know the Ts-cross-derivative and the second-
order es-edge-derivative, then we also know the Ts-cross-derivative. Thus, by pro-
gressing clockwise and counterclockwise from the known cross-derivative, and stop-
ping at the edge where the second-order edge-derivative is omitted, or at a bound-
ary edge, we can determine the cross-derivative in all the triangles of 7;, having the
common vertex o.

Next, let o be a nonsingular vertex. Then we can assume that e; and e3 are not
collinear, we can invert (B.11]), and we obtain

862 862 (f|T2)(J)

~ sinf,
7Sil’l(91 + 92)
sin 0,
* S0 + 62)

Thus, if es is the edge where the second-order edge-derivative is omitted, and since
we now know all the cross-derivatives, we can also determine this omitted second-
order derivative.

Finally, if o is a singular vertex, then 6; + 62 = 7; hence sin(f; + 62) = 0
and sin 1 = sin fs. Therefore (BI]) shows that the cross-derivatives on all the
triangles having ¢ as a common vertex are equal up to a sign. Since no second-
order edge-derivative is omitted at a singular vertex, this means that again all the
second-order derivatives are determined at o. O

862 863 (f|T3)(J)
(3.12)

861 862 (f|T2)(U) :

Clearly, formula ([3.12) degenerates when a nonsingular vertex becomes singular.
We shall see in the next section how a judicious choice of the omitted second-order
edge-derivative prevents this degeneracy.

Also, one small point regarding the representation of the gradient in (3.5). For
interior vertices, any choice is allowable, but for the boundary vertices, we impose
some restrictions. At vertices on “smooth” parts of the boundary (i.e., where it is
a straight segment), we choose the gradient to be represented by the normal and
tangential derivatives. That is, the corresponding basis function has the normal
(resp. tangential) derivative equal to one, with other nodal variables zero. At a
“corner” point on the boundary, there are two tangential (and two normal) direc-
tions, so there would be ambiguity in the previous choice. In this case, we can
choose the gradient to be represented either by the two tangential derivatives or by
the two normal derivatives.

The above nodal variables coincide with those defined in [I5] with only one
exception. In the case of nonsingular boundary vertices, we omit one second-order
edge derivative (33) and introduce instead two cross-derivatives ([B.4]), whereas
in [15], no second-order edge-derivative is omitted, but there is only one cross-
derivative. Equations (811 and (BI2) show that our nodal variables are equivalent
to the choice in [I5]. Then the unisolvence of our nodal variables in S}, follows easily
from this equivalence and the unisolvence in S} of the nodal variables defined in [I5].
Thus, we have the following theorem.

Theorem 3.2. Forr > 5, there is a basis {¢; : i =1,...,N} of S where each ¢;
has the nodal value equal to one and all the other nodal values equal to zero.

Let us now summarize the nodal variables from a local perspective. In the
interior of each triangle, there are dimP?_ distinct point-evaluation nodal variables
as described in (BI0). In the interior of each edge, there are r — 4 edge-normal
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derivative nodal variables (B.8) and r — 5 point-evaluation nodal variables (B.9). At
each vertex, the value and gradient (X)) are nodal variables.

Suppose that the vertex is a nonsingular interior vertex. In addition, then there
will be second-order directional derivatives (B3] in the direction of each edge as
nodal variables for all of the edges but one. If there are k edges meeting at a vertex,
this will add k¥ — 1 nodal variables. Finally, a cross-derivative (3.4]) will also be a
nodal variable. If there are k edges meeting at a nonsingular interior vertex, this
gives a total of k + 3 nodal variables.

At a singular interior vertex, the number of nodal variables increases by one
from what it would be if it were nonsingular. Since exactly & = 4 edges meet
at a singular interior vertex, this means that there are eight nodal variables at a
singular interior vertex. The additional nodal variable results because there is a
second-order directional derivative in the direction of each edge for all four edges
(no omission). So the nodal variables consist of the point value and gradient (33,
four second-order directional derivatives ([B8), and one cross-derivative (B).

At a nonsingular boundary vertex, the only difference between the correspond-
ing nodal variables for a nonsingular interior vertex is the addition of a second
cross-derivative (B). Moreover, these are chosen to correspond precisely to the
two boundary triangles meeting at that vertex. If there are k edges meeting at a
nonsingular boundary vertex, then there is a total of k + 4 nodal variables. At a
singular boundary vertex, the nodal variables are in a sense identical to those for a
singular interior vertex. That is, if k edges meet at a singular boundary vertex (in
which case 2 < k < 4, or k = 5 in the case of a simple slit), there are k second-order
directional derivatives in the direction of each edge for all k£ edges (no omission),
and only one cross-derivative ([B7). This gives a total of k + 4 nodal variables at a
singular boundary vertex, the same as for a nonsingular boundary vertex.

4. C' PIECEWISE POLYNOMIALS

We begin with the standard definition of an interpolation operator on WP (Q),
with I > 4 if p =1 and | > 2+ 2/p otherwise. We denote the set of all in-
terpolation nodal variables for the triangulation 75, as listed in Section [3, by
Ny = {v—Dyv(a;) : i=1,...,N}, and let {¢; : i=1,...,N} be the corre-
sponding nodal basis of S}. That is, for each v € S},

N
(4.1) v = ZDzv(az)@

By Theorem [3.2] we know that such a basis exists. Each of the differential operators
D, corresponds to one of the types of nodal variables listed above, and has order
|D;| equal to zero (meaning just point evaluation), one or two. We will assume
that all the nodal points a;, when each element is mapped by an affine mapping
to a reference element, are mapped to a fixed set of points, as would be the case
for affine-equivalent elements in the Lagrange case. However, note that the edge-
normal nodal variables do not get mapped to normal derivatives under such a
mapping; rather, they are mapped to oblique derivatives in the general case [@].
Let A; denote the union of the triangles of 7; containing a;,

h; == max hr ; := min pr.
¢ TCA; ’ pl TCA1P
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In view of assumption (ZI), 7}, is locally quasi-uniform, i.e.,

(4.2) max @ <m
1<i<N p;
with a constant =; independent of h.

Under the above assumptions on the mesh, bounds for the basis functions in (1])
are standard, except for the fact that the global representation does not explicitly
involve all the data required to define an interpolant locally. However, Lemma [B3.1]
and more precisely, the formulae BI1) and (3:12), provide these data implicitly.
As mentioned before, the only cause for concern is the apparent singularity in the
representation ([3.12]) when a vertex is nearly singular. Let us now analyze what
can happen in this case.

An interior vertex o can be “nearly singular” only when four vertices meet there.
Let us number the four edges and angles cyclically, so that, e.g., 8y is the same as
64. We follow the notation of Figure[7] so that 6; is the angle formed by the edges
e; and e;y1, and e; 1 separates the angles 6; and 6;;. With this notation, let §;
denote the denominator in (BI2), i.e.,

(43) 0; = Sil’l(ei + 97;4_1),

and let us choose the edge where the edge-derivative is omitted (without loss of
generality, denote it by e;) such that ¢4 is the largest of all the ¢;’s (recall that
e1 separates 04 and 6, and d4 = sin(f4 + 601)). Note also that this choice implies
necessarily one of the two following patterns:

—sin(0; + 04) = sin(f2 + 03) < sin(fs + 04) < 0 < sin(6y + 2) < sin(f; + 64)
or
— sin(91 + 94) = Sin(eg + 93) < sin(01 + 92) <0< sin(03 + 94) < sin(61 + 94)

Otherwise said, the ratios §;/d4 are bounded, even as the vertex becomes singular.

Boundary vertices can be “nearly singular” only in a special case, which we shall
legislate against by an assumption below. At an angular point on the boundary, the
vertex there is always singular if only one triangle is there. If either two or more than
three triangles meet at an angular point, degeneration toward singularity cannot
occur. Only if three triangles meet at a nonconvex angular point can the vertex
be “nearly singular,” and we will assume that such vertices do not appear in the
mesh.

Theorem 4.1. In addition to the above assumptions on the mesh, and choice of
edge omission, suppose that at any angular point on the boundary, if exactly three
triangles meet there, then the vertex is a singular vertex. Then for any real number
s > 0 and for any number p with 1 < p < oo,

Dj|—s+2
(44) ||¢i||Ww(Q)§ChL |=s+2/p

Proof. Let o be an interior vertex that is nearly singular, let f; ; denote the second
derivative of f with respect to the directions e; and e; at o, and let s; = sinf;. As
chosen above, let 4 be the largest of the §;’s and let f; ; be the omitted second-order
edge-derivative. One can easily see that the cross-derivatives f; ;1 are determined
in a bounded way from the given data (which are fa2, f33, f1,4, and, e.g., f12, in
this notation). But the second-edge-derivatives require a closer look.
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Define g; = fii0i—1/s:8i—1 and §; = fi i+1/s:. Restating (B8I1I) in these general
terms and dividing by s; yields

(4.5) 9i = gi + Gi—1.
Multiplying by (—1)% and summing yields

(4.6) > (-1)igi=0.

i=1
Using the definition of g;, this may be written as

54 01 54 51 02 51 03

(4.7) f1,1f55f2,2—gga 3,3+gaf4,4~

The assumption of nondegeneracy of the mesh implies that the terms s; are all
bounded below uniformly, and our assumption about the choice of edge omission
guarantees that the ratios J;/d4 all stay bounded. Thus the data in the global
interpolant implicitly defines in a bounded way the data required to define the
interpolant locally. More precisely, the local data for each ¢; on each triangle is
bounded independently of h, so that [{4]) follows by standard arguments. O

Let us now define a representation that is equivalent to (E1) for v € S} but is
defined for functions with less regularity. To this end, we represent point evaluations
by appropriate integrals, adapting to derivatives the representation of [I8]. To
perform this integration, for any node a;, we choose either a triangle or an edge «;
according to the type of D; and the position of a; with respect to the boundary, as
follows. If a; is an interior point of some triangle T € 7}, we let

(48) Ri = T.

For all such nodes, |D;| = 0. If a; is an interior point of some edge T of a triangle
T and if T’ belongs to 99, we let

(4.9) ki =T

if T is an interior edge, we could choose either this edge or one of the triangles
sharing this edge. This applies for nodal variables with |D;| = 0 or 1. We can see
that this choice of x; is not unique.

For the rest of the a;, which must be vertices, if |D;| = 0 or 1, we may pick any
edge T', such that a; € T’, subject to the restriction

(4.10) T CcoQ if a; € 09,

and we set k; = T’. Moreover, as explained just after Lemma 3] if |D;| = 1 and
a; is a node on a smooth part of the boundary, then the same ; is chosen for both
components of the gradient, whereas, if a; is a “corner” point, each edge meeting
at a; is chosen for each component of the gradient. If a; is not on the boundary,
we could also choose any triangle T" sharing this vertex and set k; = T. Again, the
choice of k; is not unique. The restriction 77 C 9Q in (@I0) for a; € 9N is made
for the purpose of preserving homogeneous boundary conditions. Similarly, if a; is
a vertex of T” and D; denotes differentiation of second order in the direction of the
edge T, we choose k; = T" if T' lies on 9. If T” is an interior segment, we could
also choose for k; any triangle T' sharing this vertex. For the remaining type of
nodal variable, i.e., the cross-derivative, if T’ and T" are the two edges supporting
the vectors e; and eq, then we can let k; be either edge, or the triangle 7" having
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these two edges, if a; is not on the boundary of Q. If a; € 912, then by our choice
of cross-derivative in this case, one of the two edges must be on the boundary, and
we choose k; to be that edge.

With such a choice of kK = k;, let d = dimk; i.e., d = 1 if k is a segment and
d = 2 if k is a triangle. Take any point z in k. By Riesz’s Representation Theorem,
there exists a unique function 1% € P4 such that

(411) / FU b du(s) = f(z) VfeP,

where dyu(k) denotes the Lebesgue measure on k. The weight by, is the image on x of
a polynomial b,; of degree d+1 that vanishes to first order on the boundary 9% of the
reference simplex %. For example, if d = 1 and & is the unit interval [0, 1], we take

by, = 2(1—2); if d = 2 and £ is the unit triangle {(2,9) : 0< 2,5 <1, £+ ¢ <1},
we take b, = 2(1 — & — §j). We shall see below that the weight b, is introduced in
order to integrate by parts in (E1T]).

By passing to the reference simplex &, formula ([@I1)) becomes

[f@zsuduo%) - i),

where J is the (constant) Jacobian of the transformation that maps & onto k. As
this transformation maps P? onto itself, and the Riesz-representation function is
unique, this means that

JZ/J? = 11)2 )
where ’lZg is the corresponding Riesz-representation function on & with respect to
the bubble function b,. (We drop the superscript & on t; since there is only one &

for each dimension, d = 1 or 2.) Therefore, there exists a constant 51, that depends
only on 7, d, k and b,;, such that

[ellpoqy <1 ie, [JY5]| ey < Cr
But
J > Cy pdime
where 62 depends on vy, but is independent of x and h; and
1Bl () = Ibsll oo ) = Cs,
where 6’3 depends only on dim k. Therefore
(4.12) 1wt | ey = [bstE || v sy < Ca ™

Let v belong to S} and let D;v(a;) be any nodal variable in Aj,. By applying
1) with f = D;v and z = a;, we may now write (1)) as

N
(4.13) v=>y (/ Dy i b, du(f%)) i,
i=1 Ki

where 95¢ denotes the particular Riesz-representation function corresponding to
the node a; which is supported on ;.

To be able to interpolate functions with little regularity, while respecting bound-
ary conditions, it remains to eliminate second derivatives in (ZI3)). When |D;| =0
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or 1, we set D; = D; and i/;z = ibs,. When |D;| = 2, we integrate by parts on
the corresponding x; and obtain

/ Div g by, du(ki) =/ Dy i dp(ki)

where |D;| = 1 and
~ 0
4.14 = (i),
(114) i = =5 (05 b
where e; denotes a unit direction (which would be the direction of k; in the case of
a one-dimensional «;). Thus we write (@I3) as follows:

N
(4.15) v=>Y" (/ Div dM(’%)) ®i 5
i=1 i
where |D;| = 0 or 1, and we derive from (ZI2)
(4.16) il ey < B2

Remark 4.2. Note that we integrate by parts at most once. Thus, we choose a
bubble function b,, that vanishes to first order on Jk;, to avoid boundary terms
when we integrate by parts. If we needed to integrate by parts twice, then we
could replace by, by the bubble function b . This would be useful if we wanted
to construct an interpolant valid for functions only in L!, but of course it would
not make sense to talk of preserving boundary values for such functions. All the
functions interpolated in the sequel will have at least an integrable derivative, so
we do not consider this case further. O

5. C! INTERPOLATION

For a function to be interpolable by means of formula (18], its first derivative
must have a trace in L'(k;), in order to take into account the case where |D;| = 1
and x; is a segment. From the trace theorem (cf. [16], [10] or [1]), we know that,
for ! > 2 when p=1and !> 1+1/p when p > 1, we have W/=1(Q) C L*(x;), for
1<i:< N, ie,

(5.1) Ve WH(Q), flnigw) < Clflwi-rag)

where C' is a constant that depends only on I, p, Q and k;. Therefore we assume
that

(5.2) [>2 if p=1 and I>1+1/p otherwise.

In both cases, this holds when [ = 2. Also, to take into account boundary values
of stream functions, we introduce the space

(5.3) WhP(Q) == {f € W'P(Q) : flr, is constant, 0 < i < J, %L{m =0}.
Then we define an interpolation operator,

(5.4) m: whrQ) — g,

by

65)  WeWn(Q), To()= ) ( / D du(m)) bi().

i=1
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Here II depends on the choices of ; in (&8)-EI0), so that in fact we are defining
a family of interpolation operators, but we use the notation II instead of Iy, for
simplicity.

From (EI3), we conclude that II is a projection:

(5.6) v=v YveSs;.

Note that in particular, for all 7,
(5.7) Yo e WHP(Q) | Dillv(a;) = / Div iy dp(r;) -
ki

We have seen above that condition (5.2)) guarantees that the nodal values (5.7) are
well defined. Further, (5.2)) guarantees the validity of the homogeneous boundary
condition, in the following sense. If v € W'P(Q), with [ and p satisfying (5.2), and
v is constant on a connected component of d€, say v = c on I';, then v — ¢ vanishes
on I';. It follows from the choice of k; in (£9) and @I0), and from (5H)-E7D),
that II(v — ¢) also vanishes on I';. Hence

Ilv=conT}y.

If in addition v satisfies g—fL =0 on I'j, then by considering again w = v — ¢, for all

multi-indices o with || < 1, w satisfies
(5.8) Dw|p, = 0 in the sense of L'(T';).
Again,

DTw(a;) =0 VYa; €T

with the exception of the second-order edge-derivatives for the interior edges. For a
triangle on the boundary I'; whose boundary vertices are nonsingular, it is evident
that enough nodal variables vanish to guarantee that both the value and the normal
derivative of ITw vanish on the boundary edge. For a triangle with a boundary sin-
gular vertex, we have seen that the relevant cross-derivatives vanish independently
of the choice made. Therefore II preserves the homogeneous boundary condition:

(5.9) I Whr(Q) — Sj .
We summarize the above results in the following theorem.

Theorem 5.1. Suppose that r > 5. Let | and p satisfy (52), and let Tp, satisfy
@1). Then the operator 11 defined in (B5) is a projection from WHP(Q) onto
Sy, defined in (BI)), with the property that if v = ¢, a constant, on a connected
component I'; of 02, then Ilv = ¢ on I';, and furthermore I1 maps WEP(Q) defined
in (B.3) onto the subspace S}, . defined in (3.2).

It is equally interesting to determine the image of the first two traces on Sj;. By
definition, S; C W?%°°(Q), so we must determine first what restrictions hold on
the traces of such smooth functions onto a polygonal boundary. Let vy denote the
trace of a function v € W2°°(Q) and v; the trace of its normal derivative. As the
gradient of v at a vertex of 92 must be uniquely defined, this condition may be
expressed succinctly as

() _ o) (#(7)
(5:10) <v§’<o+>> — R0 (wa—)) |
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where v’ denotes the derivative j—g in the direction of the boundary, 6 is the angular
change in direction of the tangent at the vertex o, and R(0) is the corresponding
rotation matrix. In general, f(o+) denotes the evaluation of f at o with limits taken
from the two different sides of the corresponding edge. Similarly, [f], denotes the
jump (or difference) of these two quantities:

(5.11) [flg = flo+) = flo—).

Let &, denote the subdivision of the boundary into segments that is induced by 7},.

Define Eh to be the following space of piecewise polynomials on the boundary of
Q:

(5.12)
Eh = {('U(),Ul) Y € C%&Q),vi S Cl_i(éQ),vATf S Piii vT' e gh,i =0, 1} .

By the notation vy € C*(9S) (respectively, v; € C°(012)), we mean that in the
interior of any straight line segment I of 99, vg|; must be in C*(I) (respectively,
v1|r must be in C°(I)). Define the trace mapping

0
(5.13) TU 1= <v|ag, a—Z|8Q) .

Clearly, 757, C Eh, but the converse is not true. In addition to (5.I0), 75} must
satisfy one further condition related to boundary singular vertices in the mesh. To
illustrate this condition, suppose first that the boundary lies on the z-axis and that
there is an edge lying on the y-axis that meets the boundary, and that this is the

only edge in 7} that intersects the origin. That is, precisely two boundary triangles
82

az(’;}y
the origin coming from both sides of the vertical edge, then the normal derivative

must be C! there. In the general case, we have seen that the cross-derivative (B4
of a function v € S} is continuous at a boundary singular vertex where exactly
two triangles meet. Again, we can assume that the two boundary edges lie on the
z-axis. Let e denote the interior edge meeting the z-axis at the boundary singular
vertex o, as in Figure Bl We can express the normal derivative in terms of the
z-derivative and the directional derivative in the direction of e:

0 0 0
5.14 — = a— -
(5.14) on “e T 68:5 ’
where a # 0. Differentiating (514)) in the z-direction gives

0 0 0 0 0?

must have the same value at

meet at the origin. Suppose that v € S} . Since

Then if v € S}, and (vo, v1) = Tv, we have
(5.16) [v1 = Bugle =0,

and since the primes denote differentiation in the direction tangent to the boundary,
this formula applies to the general case, where the boundary does not necessarily
lie on the z-axis.

When three triangles meet at a boundary singular vertex o, the constraint for-
mula is similar. Let us assume that one of the boundary edges lies on the z-axis,
and let e denote the other edge of the triangle with the edge on the z-axis, as in
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Figure @ We can write

o 0 9

(5.17) ony ~ "t oe P
0 0 0
. o TP e

where ny denote the two normal directions at o, with the convention that on the
“+” side of o, the tangential direction is the z-axis, and on the “—” side of o, the
tangential direction is in the direction of e; and ayx # 0. A simple geometrical
calculation shows that ay = a_ and 4 = §_. Therefore, differentiating the “+”
expression in the z-direction and the “—” expression in the e-direction, applying
this to v € S} with (vo,v1) = Tv and using the continuity of the cross-derivatives
B4), we recover (5.16) with the above convention of tangential direction. We leave
it as an exercise to show that (5.I0]) also holds when there is only one triangle at
a singular vertex (a triangle with two boundary edges, as in Figure 2)). The next
theorem summarizes these results.

Theorem 5.2. Suppose that r > 5. Define By as the subset of By, such that
condition (BIO) holds at every vertex of OQ and condition (BIG) holds at every
boundary singular vertex o of the mesh 1Tj,. Then 7S} = Bj,.

Proof. The inclusion 757 C Bj, has just been proven. To see that the inclusion
map is onto, we consider an edge e in &,. If both vertices of e are nonsingular,
then there are sufficient nodal variables available to determine independently both
v = v and g—;’l = v1, and the remaining nodal variables for v can be set equal to
zero. The only subtle point is to use ([B.I5) to write the tangential derivative of the
normal derivative in terms of the cross-derivative ([B4) together with the second-
order derivative in the tangential direction. Although the latter is already specified
in the definition of v = vy, the cross-derivative can be adjusted appropriately to fit
an arbitrary value of the tangential derivative of the normal derivative.

If one or both vertices of e are singular, then we must use (5.16]) together with
(BEI5) to see that it is sufficient to have only one cross-derivative as a degree of
freedom at a singular vertex. [l

The last two theorems have the following corollary.

Corollary 5.3. We retain the assumptions of Theorems [5.1] and [5.2 Let v €
WEP(Q) be such that Tv € By,. Then 7(Ilv) = Tv.

Proof. By assumption, there exists v, € S} be such that 7v;, = 7v. Then w = v—wvy
belongs to Wy (2), where m = min(l,2). Therefore Ilw € §j, ., and the result
follows from the fact that II is a projection. O

6. BOUNDARY INTERPOLATION

In this section, we construct and briefly discuss a boundary interpolation oper-

ator, with values in By, defined for traces of the form (0, g—Z) with v € WhP(Q),

and p satisfying (52). More precisely, we are given vg = 0 and v = g_:)w we know

that v exists, but the expression of v is not known. This will be applied in the last
section for the approximation of Navier-Stokes equations.
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It is instructive to consider the restriction on a given triangle T', lying on the
boundary, of the representation [I5). It can be written

d1mIP’274
'U|T = (/ Dz,")wz, d/ﬁ(/fzj )) ¢1J
XT . -
(e [ Dol duteg) | o
j=1 KX

(6.1) + / DUUQ/JUd/LIiU

j=1 K1JL
Rt
R n R
+ E C; Dif“ Yir du(kir) | o7
j=1 RiL

Here, the latter two sums correspond to the second edge-derivative terms pointing
inside €2, as in (B3)) for the “left” and “right” boundary vertices of T. The point
is that the derivatives (B3] are required to represent a function locally, but they
may not be included in the global list of nodal variables in (ZIH), i.e., they may
correspond to “omitted” nodes. If either of these are actual nodal variables, then
Lyt (or Rr) is one, reducing the sum to a single term. However, in general, one
must use Lemma [3.I] to determine the required value in terms of available nodal
variables at these vertices.

The “U” term just before them corresponds to one of the second edge-derivative
terms (B.3) for the interior vertex of T. The other second edge-derivative term is
included in the first sum, as at most one edge will be omitted at each vertex. If
both second edge-derivative terms (B.3) are actual nodal variables, then Ur is one,
reducing the sum to a single term. This occurs when the omitted edge is in another
triangle at this vertex.

The “X” term just before that corresponds to (possibly) the cross-derivative
term (B4)) for the interior vertex of T. Again, if this is a nodal variable, then X
is one, reducing the sum to a single term.

The remaining dim P2 — 4 nodal variables appear in the initial sum. A significant
point is that the cross-derivative terms (B4) for the “left” and “right” boundary
vertices of T' are included in this set of dim P2 — 4 nodal variables. In the case of
a nonsingular boundary vertex, this is obvious from the choice described for the
nodal variables (). But in the case of a singular boundary vertex, there is only
one nodal variable. However, in this case, all of the cross-derivatives at a singular
vertex are identical up to a sign, so any one of them acts as a proxy for all the
others. Thus, we may view them as available for the local description despite the
fact that they may be playing a dual role in another element.

While the representation (G.II) is quite complex for representing v|r, it simpli-
fies substantially when we look at boundary values and normal derivatives. In
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particular, if we denote T'N I by T", then

dim ]Pf,—4

(6.2) U|T/ = Z (/ ﬁijvizij dM(liij )) ¢iJ |T/
j=1 i

since ¢, ¢%, ¢k, and ¢% vanish to second order on T”. Furthermore, all Ki; C 09,
because otherwise the basis functions ¢;, vanish to second order on 7”. In particular,
this includes all of the basis functions associated with the nodal variables (B:10)
and all of the basis functions associated with the nodal variables (3.8)) and ([B3:9) for
the interior edges.

By renumbering the boundary nodal values if necessary, we may write

r+1

vl =3 <A Dy, (v

J=1

K,-j) Jij dt) G|

(6.3)
m',]) Jij dt) (bf/ )

r+1

:;</ Dy, (v

where ﬁij denotes only tangential derivatives, dt denotes the Lebesgue measure on

the segments ;,;, and {QSJT/ cj=1,...,r+ 1} denotes a basis for P! of Argyris

type [6], namely involving the value and the first and second derivatives at the
endpoints of 77, and r — 5 interior values, provided we choose the gradient at
each “corner” point of 92 to be represented in terms of the tangential derivatives.
Unfortunately, it appears that such a choice will not lead to the normal derivative
being represented in terms of normal-derivative data.

However, if instead we choose the gradient at each “corner” point of 9f) to be
represented in terms of the normal derivatives, then we can obtain the following
(again by renumbering the boundary nodal values if necessary). Differentiating the
representation (B]) normal to T’, we find that

Ov 2 Ov ~ 09,
=32 ([, (i) Buor) e

j=1
it 8¢1J
f-i,‘,]) ’lp’ij dt) on |T’ ’

AINE

where e; and ez are the interior edges of T', and all x;; C 0. The first two
terms (j = 1,2) correspond to cross-derivative nodes. The main point is to see that
the nodal variables involving cross-derivatives can be resolved into cross-derivatives
involving the normal and tangent:

) ) o)
(6.5) o (0@ + 6§> :

where e denotes an interior edge of T', and « # 0. Since all of these basis functions
¢i; vanish on T", we find that

09;, 0¢;, .
anJ Il = o ‘J|T' for j=1,2.

Oe;

(6.4)
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Thus (G4) becomes

ov 2 Ov Ov ~ ¢,
%|T’ —Z (/T/ (%lT’ - ﬁjE|T’) i, dt) 9e;

|7

j=1
T 0 b, elo)
+ . (/ ((9_71; Rq‘,]) wij dt) ;nj |T’
(6.6) 2j=3
0 o N |
E </ <3_Z|T' _ﬁjﬁzh') 7 dt) o
j=1
r 9 ) y
+j2=; </"€U (% mj) i, dt) o5

where {qngl tg=1,... ,r} denotes a basis for PL_; of Hermite type [6], namely

involving the value and first derivative at the endpoints of 77 and r — 4 interior

values. In particular, d{ii: |7+ for ¢ = 1,2 are the basis functions associated with the
derivative nodes. ‘

In general, it appears that specifying the normal derivative independently of the
boundary values is incompatible with (5I6). However, if v is constant on each
connected component of 99, we conclude from (6.6) that

) . ) ~ o
(6.7) a_Z|T’ =y (/ (a—z ,%.) i dt) oT.

j=1

We now return to the construction of a global boundary interpolant for data of
the form (0,v1). Considering that v; is a normal derivative, we use the following
nodal values, for r > 5:

e the value of v; at r—4 distinct points in the interior of each boundary segment,

e the value of v at each boundary vertex,

e the derivative of v; along the boundary on both sides of each nonsingular
boundary vertex, and on one side only in the case of a singular boundary
vertex (because it determines the derivative of v1 along the boundary, on the
other side of this boundary vertex).

It is worth noting that the general ambiguity of the normal derivative at a “corner”
point of 02 plays no role here, since the assumption vy = 0 implies that the gradient
is zero at such points.

Let N, denote the number of these nodal values. With the notation of the
preceding section, every function (0,v1) € By, can be expressed with

Ny,

(6:) ntel) =3 ([ o)) ar) o).

i=1
Therefore, we define a boundary interpolation operator I, for all v € W'P(2) with
Tv = (0,v1):

Ny

(6.9 My (w(0) = 3 ([ 0w)Btot)at) oxtale)

i=1
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and to avoid a multiplicity of notation, we set
I1;(0,v1) == (0,Ipv1) .

Then for 7v = (0,v1), (6.7)) allows one to show that

(6.10) v = (0, pvy) .

7. STABILITY AND INTERPOLATION ERROR

From now on, we shall keep the assumptions of Theorem [£Il We now consider
the stability of the interpolator (EH). To simplify, we first take [ = 2 and we
consider v in W?2P?(Q), for an arbitrary number p > 1. Let s; be defined as in
Section 4, i.e., k; is either a triangle T or an edge T” of T. It follows from the
trace theorem and a homogeneity argument [I8] that, regardless of whether «; is a
triangle or an edge, there exists a constant C, independent of ¢, h and T, such that

1
(7.1) ol zrgeyy < C 3R 2P|y Yo € WHP(T),
k=0
2 .
(7.2) 1DV pa(yy < O RIS )y Yo € WRR(T).
k=1

This yields the following stability result.

Theorem 7.1. Suppose thatr > 5. Let p and q be two numbers with 1 < p,q < oo,
let v € W2P(Q), and let m be any nonnegative integer. Let T, satisfy 2.]) and let
T € T;,. Then, there exists a constant C, independent of h, v and T, such that

2
k—m+2-2
(73) ||H'UHW7n,q(T) S Cz hT a P |U|Wk:P(ST) ,
k=0
where
(7.4) St = interior (U {T, . T,nT#0, T, € ’]ﬁ}) ,

and 11 is defined in (G.0).

Proof. Number the nodal variables for T so that they are the first n, nodal variables.

It follows then from (B.H), (£2), (@4), (@I6), (TI) and (T2) that, for any v €
w2e(q),

@il wm.acr)

ni
1Moy <3 / Div i dp(s)
i=1 1/

N Dyt 2
<CY hr !

i=1

CL | Di|—di 42

i | —dlmM K; —MM—+ =
<C> hy /
Ki

i=1

/ﬁ Di'U 151' du(m)

Dyv du(ki)

2
—m424k—2
<CY T T ol sy -
k=0

Here C' denotes possibly different constants that are independent of h, T and v. [



1062 V. GIRAULT AND L. R. SCOTT

Remark 7.2. In fact ([T4) is a simplification, because we only need to take for Sp
a suitable union of triangles containing the sets x; that are used for defining the
degrees of freedom of IIv. We may use () as long as T is not in the vicinity of a
slit; of course, in this case, St is connected. But, if T is near a slit (e.g., T adjacent
to a slit), since the degrees of freedom of Ilv are defined on either side of the slit
independently of each other, we can always choose St so that it is connected. [

Now, let » > 5 be an integer, let p be a number with 1 < p < oo, and, to
begin with, let [ be an integer such that 2 < I < r 4+ 1. For v € W'P(Q), we
propose to estimate ||v — Iv||g for various Sobolev norms || - ||s. For any T € T,
any polynomial ¢ € P2, and any integer m with 0 < m < [, we have by (5.6) and

7

Theorem [Tl that
|’U — H’U|Wm,p(T) S |’U — q|Wm,p(T) + |H(’U — q)|W'rrL,p(T)
(7.6) 2
S |’U — q|Wm,p(T) —+ CZ h],;, m|’() — q|Wk,p(ST) .
k=0

Hence, we must estimate the infimum of [v — g|yk.»(g,) over all g in P2. To this
end, observe that we can write S as follows:

St = interior U Al

1<j<Ar

where A; is the interior of the closure of the union of pairs of triangles in St that
share a common edge. The regularity of 75 implies on one hand that the number
Ar of such domains A; is bounded by a fixed constant Ao, that is independent of
T and h. On the other hand, it implies that each domain A; is star-shaped with
respect to a ball B; of radius p times the diameter of S, where p depends only
on 7. In addition, the regularity of 0€) implies that St is connected. Let g;, for
1 < j < Ar, be any set of polynomials in P2. Then, arguing as in [8], Theorem 7.1,
p- 458, we derive for any j such that 1 < j < Ap, and for all integers k > 0,

At
Yo € WHP(Sr) | [0 = gjlwer(sry < C D v = gilwrra,

i=1

where the constant C' depends only on k, p, 7o and Ag. Let j be an index such that
T C Aj; with the choice ¢ = ¢, we have from (Z8)

2 )\T
(77) |’U — HUle,,p(T) S |’U — qj|W7n,p(Aj) + CZ hl%_m Z |’U — qilwk,p(Ai) .
k=0 =1

For 1 < j < Ap, we choose
q; = Qé-’U,

where Qé-v is the Taylor polynomial of order [ (and hence of degree I — 1) of v
averaged over B; (cf. [B], Definition 4.1.3). The above properties of A; allow us to
apply the Bramble-Hilbert lemma in the form developed in [5], Lemma 4.3.8, and
we obtain

(7.8) v = Q\vllwrn(a,) < Ch Folwinia,)
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where the constant C' is independent of j, v, h and T. When substituting (8] into
(), this yields

(79) |U - H’U|Wm,p(T) < Chrlljm|v|wl,p(ST)

with a constant C' that is independent of v, h and T. When summing (7.9)) over all
elements 7" € 7}, we still obtain a bound with a constant independent of . Indeed,
the regularity of 75 implies that the number of occurrences of a given element 7' in

all the domains St is bounded by a constant that depends on o, but is independent
of T and h. Hence, we deduce our first main theorem.

Theorem 7.3. Suppose that r > 5. Let p be a number such that 1 < p < 0o and
let I be an integer such that 2 <1 <r+1. Letv € W'P(Q) and let Ty, satisfy (E1).
Then there exists a constant C, independent of v and h, such that for any integer
m with 0 <m <1

1/p
1
(7.10) ( Z h’%(m )|v _ Hv|€vm,p(T)> < C|vllwir
TeT,

where 11 is defined in (BR).

By letting m = [ and applying the triangle inequality, the following corollary is
derived.

Corollary 7.4. Under the assumptions of Theorem[7.3, there exists a constant C,
independent of v and h, such that

1/p
(7.11) ( Z |Hv|€Vl,p(T)> < Clwir,
TeT,

where 11 is defined in (0).

Recalling that h = max;, 7 hr, the statement of Theorem [Z.3]can be simplified
as follows:

Corollary 7.5. Under the assumptions of Theorem[7.3, there exists a constant C,
independent of v and h, such that
1/p
(7.12) R s (A < CR ™|l winy, 0<m<I.
T,
For m = 0,1,2, the statement of Theorem [7.3] can be extended to noninteger

values of [ > 2 by interpolating between two consecutive integer values of [ in (T.12).
This gives the second main theorem of this section.

Theorem 7.6. We keep the assumptions of Theorem[7.3, but we suppose that [ is
a real number such that 2 < 1 < r+1 and m = 0,1 or 2. Then there exists a
constant C, independent of v and h, such that

(713) |’U — HU|W'rrL,p(Q) S Chlim”’l)le,p(Q) .

Corollary 7.7. Under the assumptions of Theorem [7.3, there exists a constant C,
independent of h, such that for all (1o,11) € By, there is a function ¢ € S}, such

that Y]oa = Yo, 32]oq = 11, and
(7.14) ||¢||W2’P(Q) <cC (||¢0||W2—1/m(aﬂ) + ||¢1||W1—1/m(an)) .
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Proof. Owing to (5I0), we can use the extension theorem of [10] to extend (40, ¢1)
to 1 € W2P(Q) satisfying 71 = (¢, 1) and

(7.15) [Pllwzr(0) < C (IWollwe-1mp@a) + 1¥1llwi-1ew o) ;
then we define ¢ = Iy, and apply Corollary [Z4 with [ = 2. |

Note that the results obtained so far easily extend to domains with simple slits.
In fact, the critical condition is that the set St in ([T4)) be connected, and this can
be arranged in such a case; see Remark [[.2]

Remark 7.8. All results of this section are derived in the general case where some
of the k; may be segments. This is necessary for boundary nodal values, in order
to preserve boundary conditions. But it is not necessary for defining nodal values
that are not on the boundary. When x; is a triangle, the stability estimate for the
corresponding nodal value is derived as in ([Z.5), except that it holds for functions
in W1h1(k;). This choice of x; will be used in the last section for all interior nodal
values. |

8. DIVERGENCE-FREE INTERPOLATION

One application of C! interpolation is the interpolation of vector functions sat-
isfying divergence constraints [I7]. Consider the space of vector functions

(8.1) W, = {v eCO)? ¢ vl €P2 VT €T, i=1, 2}.
Further, define

(8.2) Zh::{vEWh:divv:O,/v-ndaz0,0SjSJ}.
Ly

Note that if J = 0, then 02 is connected and the integral boundary condition in

(R2) is implied by the zero divergence in Q. For r > 5, we have according to [I7]

(8.3) curl S; = 7,

where curlv := (g—;’, —g—i).
Equation (B:3) and Theorem B.2] give the trace space of the functions of Z.
Indeed, let g be the trace of a function v € Z;,. Then v = curl ¢ for some ¢ € S}.

Therefore, it follows from Theorem B2l that
9¢
an
for some pair (vg,v1) in Byp. Hence, denoting by t the unit tangent vector to 952,
oriented in the counter-clockwise direction, we have

®loa = vo , log = 0

9¢
g~n:v'n:(curl¢)~n:%:v{),

0
g~t:v't:(curl¢)~t:—8—z:—1)1.

Thus g has the following expression:

(8.4) g =wvyn—uit.
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This suggests defining the trace space of functions of Zj, as follows. First, we define
the following space of piecewise polynomials on the boundary:

(8.5) Gp = {veC90)?* : vi|p €PL_ VT € &, i=1,2},

where, as previously, £, denotes the subdivision of the boundary into segments that
is induced by 7;. Then we set

(8.6) G = {g €Gh : g=vjn—ut, (vo,v1) € Bh} .
The next theorem summarizes this result.

Theorem 8.1. Suppose thatr > 5. Let~y Z;, denote the space of traces of functions
of Zy. Then v Zy, = G, where Gy, is defined by (B.6)).

To illustrate the constraints on G}, given by this theorem, consider flow in a box
[0,1] % [0,1] with inflow boundary conditions g(0,y) = (f(y),0) on the left-hand
side of the box. It is uncommon for mesh generators to have triangles with two
edges on the boundary, but it is not uncommon to find a boundary singular vertex,
e.g., at a point (0,y) with 0 < y < 1, where exactly two triangles meet. If the
“other” edge (between these two triangles) is not perpendicular to the y-axis, then
(BH) and (5I6) imply that f’ should be continuous at y.

Remark 8.2. More generally, if vy = 0 (as will be the case in the next two sections),
then g = —v1t. As g € C°(92)2, then v; must vanish at the corners of 9, so that
necessarily (B.I0) is satisfied. It remains to examine the boundary singular points.
At a boundary singular vertex o where two triangles meet, as in the above example
and as in Figure 3, formula (5.I6) implies that v{ is continuous at o. At a boundary
singular vertex o where either one or three triangles meet, formula (5.I6) implies
that v{(0+) = —v](0—), considering the convention used for the tangent direction
on either side of o. O

9. NONHOMOGENEOUS NAVIER-STOKES EQUATIONS

Let us consider the steady nonhomogeneous Navier-Stokes equations in two di-
mensions. As usual, we introduce the spaces

V={ve H}N)? : divv =0}, L3(Q) = {qg € L*(Q) : /Qq(x)dx:O}.

To simplify the discussion, we take the exterior force f to be zero. Then, for a given
boundary data g, the Navier-Stokes equations have the variational form: Find
ue H'(Q)? and p € LE(2), such that
Vv € Hy(2)? a(u,v) + b(v,p) + Re(u;u, v) = 0,
(9.1) b(u, 0,
g

<
Il

u on 02,

where R is a given real constant,

a(u,v) := /QVu :Vvdz,
(9.2) b(v,q) = —/Q(divv)q dx ,

cvimw)i= [ (voVju-wir.
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This is a nonlinear problem, so it is not clear that it will always have a solution.
By using a famous result of Leray and Hopf (cf. [12], [II]), one can prove that
(cf. [I3], [9]), on a Lipschitz-continuous domain 2, this problem does indeed have
a solution for arbitrary R and data g in H'/?(9Q)? satisfying

/ gnds=0,0<i<J.
ry;
This result is of limited interest from a physical point of view for at least two
reasons. For large R, physical solutions would typically be time-dependent, but
more importantly, since the H' norm of solutions constructed in this way increases
exponentially with R, the size of the solution violates basic model assumptions.

Remark 9.1. The H' norm of solutions constructed via the Leray-Hopf lifting grow
exponentially with R because Leray and Hopf use a smooth truncating function near
the boundary that takes the value 1 in a neighborhood of the boundary and whose
support is contained in a region bounded above by 2exp(—O(R)). O

In this section, we propose to modify this construction in order to obtain solutions
with H' norms of the order of v/R, in the case where g is a tangential field, i.e.,

(9.3) g n=0

and g belongs to W'=1/**(90)?  for some a > 2, so that g belongs also to
L*°(09Q)%. This generalizes Lemma 3.1, p. 122 of [20], where 99 is at least of
class C3 and g € C3(00Q)2.

Going back to problem (@), we know that there exists ug in H'(£2)? such that

(cf. )
ug =g onodf2 and divug =0 in .

Thus, u can be written in the form u = uy + ug, where ug € V, and (@J) is
equivalent to: Find ug € V such that
(0.4) Vv eV, a(up,v) + Rc(up; up, v) + Re(up; ug, v)

+ Rc(ug;uo,v) = —a(ug,v) - Rc(ug;ug,v).

Since c(up;ug,ug) = c(ug; ug,up) = 0, this problem has a solution provided the
bilinear form (w,v) — a(w,v) + Rc(w;ug, V) is elliptic on V x V, for a suitable
choice of ug. In turn, this will imply existence of a solution (u,p) of (@1I). So,
everything relies on the construction of an adequate lifting ug.

First, we construct a divergence-free lifting of g.

Lemma 9.2. Let Q be Lipschitz continuous and let g € W'=Y/ %*(9Q)? for some

a > 2 be such that
/ g-nds=0.
e}

Then there exist w € W1 (Q)2 and a constant T satisfying

w=g ond), divw=0 inQ,

(9.5) [wllwra@) < Tlgllwi-1/a0@0) -
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We skip the proof because it is an easy application of the following inf-sup
condition, valid in a Lipschitz-continuous domain (cf. [2]), for 1 + % =1 1<a<
00!

divv)qdx
(9.6) inf sup fQ( )Ja >u>0.
geLf () vewd (2 [VIwre@lldls@)

Of course, for sufficiently small data, this lifting will make the bilinear form of ([.4)
elliptic. So, the following analysis concerns the case where the data are such that
(@H) does not allow one to prove this ellipticity.
Now, owing to (3), there exists a function v in H'(f2) such that
w = curly
and as w € W1(Q)?2, this implies that necessarily ¢ € W%%(Q) and

(9.7) [¥llw2e@) < Cligllwi-1/a.aq) -

Furthermore, since w - n = g-n = 0, then v is constant on 9:
(9.8) Ve, =¢i, il S Clllme) , 0<i<J,

where I'; are the connected components of 9€2. The idea of Leray and Hopf consists
in truncating ¢ near the boundary in such a way that ¢(v;ug,v) is small. Here,
we follow this idea, but we shall use a different truncating function.

For ¢ > 0 small enough, define

Q. ={x e :dx) <Cqe},

where d(z) denotes the distance from = to the boundary and Cq is a constant to
be specified further on. Since d is only Lipschitz continuous, we replace it by a
regularized distance function A, of class C? (such as the one defined in [19], p.171),
that satisfies

(9.9) Vo e Q, apd(z) < A(z) < cod(x),

(9.10) Ve e Q, |09A(x)| < esd(z) 10l 1< o] <2,

with constants that depend only on 2. Then we define the function A of one variable
t by

and we scale \ as follows:

Vo e Q, A(z) = A (ﬁ) .

€
As ([@9) implies that A.(z) vanishes for all x € © such that d(z) > 23751, we take
3
9.11 Co=—
(9-11) 0= 5.

and we assume that € > 0 is sufficiently small so that €. consists of mutually
disjoint neighborhoods €. ; of each I';:

(9.12) QinNQe; =0, for j#i.
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Therefore, support(\.) C Q., and

c c

(9.13) el <1, Iellwre@) < = [ellwa=@) <

where here and in the sequel, all constants C' are independent of €. Then we take

(9.14) ug = curl(\.9),

function, and (@.8) implies that ¢ vanishes on dQ. By construction, ug € Wh*(Q)?
and support(ug) C €2.. Since 9 vanishes on 0, we can check that it satisfies the
following Poincaré inequality, for any number s with 1 < s < co:

(9.15) 9l s () < Cel V|
Then we have the following lemmas that express the dependence of ug upon € and
g.

Lemma 9.3. Let g € W'—1/**(9Q)? for some o > 2. For any number s with
1 < s <00, we have

(9-16) [[ug|

where 1) = ¢ —¢; in Q.;, 0 < i < J. Owing to (@12), ¢ is a single-valued

Ls(Q) -

o) < CeY8|lgllwi-1/aa(a0) -

Proof. Expanding ug = curl(\.+) and using (@13)), (0-15) and the regularity of 1,
we derive

IugllLe(o.) < Clleurly||ps(q.) < Ce'/*|curl | L~ (q.)

and (@.16) follows from (@.7). O
Lemma 9.4. Let g € W'=Y 2(9Q)? for some a > 2. We have

1
(917) IVugll2(0.) < Cm”gnwl—l/@va(aﬂ) .
Proof. Expanding ug = curl(\.1)) and applying (I3) and (II5), we derive
1, -~ 1
IV ug|r2(.) < C(§||¢||L2(QE) + g|¢|H1(QE) + Y] 2 (0.))

1
< C(Zllm o) + Wluza)

Hence, the regularity properties of v yield
1
IVug|lr20) <C <—51/2 [P w0 () + |¢|H2(QE)>

and (@I7) follows from (@X). O

Lemma 9.5. Let g € W'=V**(90)? for some o > 2 and let | - | denote the
Euclidean norm. We have for ug defined by (L.14)

(9.18) vv € Hy()?, | ugl[v]llz2(0.) < Celvlm @) llgllw-1/aa(a0) -
Proof. For v € H}(Q)?, we can write

Iagl VIl < gl @ lIvilzz.) -

Since v € Hj ()2, we can apply ([@I5) with s = 2; then (BI6) with s = oo yields
@13). O
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Now, let v e V. As
c(viug,v) = —c(v;v,ug),
Lemma [@.5] implies that
(9.19) Vv € Hy ()%, |e(viug, v)| < Cellgllwi-1/aaon) VIH @,
with a constant C that is independent of €, v and g. The next theorem summarizes

the results of this section.

Theorem 9.6. Let Q) be a Lipschitz-continuous domain of R? and let g €
W=V (90)? satisfy (@3). Then the nonhomogeneous Navier-Stokes problem
©0)) has at least one solution (u,p) € HY(Q)? x L3(Q), and there exists a constant
C, independent of R, such that each solution satisfies

3/2
(9-20) [ulss0) < CVRIIgI oo o) -

Proof. Let u be any solution of (@.I)). For some ¢ to be chosen further on, define
the lifting ug by (9.14) and write u = ug + ug, where ug € V is a solution of ([@.4).
In view of ([@.19), the choice v = ug in (0.4) yields
(1= CRellgllwi-1/a.a(00) 0l i) < luglma.) + RlluglZsq.) -
Now, we take
1

(9.21) e=
2CR||gllw1-1/0.0(00)

and we can assume that ¢ is small, since the analysis concerns large data. This
gives

[ulmi (o) < 3luglmia.) + 2R||ug||2L4(QE) .
Finally, (@.17) and (@.16) with s = 4 imply

3 :
ulan o) < € (el o) + 2RVEE 1

and (@.20) follows by substituting (0.21]) into this last inequality. Existence of a
solution is a classical consequence of this a priori estimate. O

10. DISCRETIZATIONS OF THE NAVIER-STOKES EQUATIONS

In this section, we assume that € is a Lipschitz-continuous polygon, and we
suppose that g is a given boundary data satisfying (@3) and for some o > 2,
g € W=V*2(90)2. Let T;, be a triangulation of Q satisfying (1) and let g, be
an approximation of g in G, such that

(10.1) gr-n=0 on JQ,

(10.2) lgnllwi-1/aap0) < Cllgllwi-1/a.aq) -

For example, we might take g; to be the restriction to 92 of the interpolant of
a divergence-zero extension of g to the whole domain. This is always possible,
because g = —v1t and g can be constructed directly by interpolating vy on the
boundary with the interpolation operator IT, defined by (@9). Thus (EI0) implies
that

(10.3) gn = curl(Ilp)|oq ,
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where curl ¢ is an extension of g in (2. Note that the expression of ¢ is not needed
for the interpolation of g.
Let

Vi, = {Vh €z, : Vh|aQ :O},

and consider the following discretization of the Navier-Stokes problem (@.I): Find
uy € Zj such that

Vv, € Vi, a(up, vi) + Re(up;up, vy) =0,

(10.4) up = gy on 0f).

Let Q. be as in the preceding section, with the constant Cq defined by (TI11)) and
e defined by (@ZI), i.e., € is of the order of R™!. Let . denote the union of
all elements of 7; that intersect €. and let h; denote the maximum diameter of
these elements. We propose to establish that, if €2, j consists of mutually disjoint
neighborhoods of the connected components I'; and if
€

(10.5) hy < 5,
i.e., hy is also of the order of R™!, then problem (IL4) has at least one solution.
It seems reasonable that the boundary layer be scaled by O(R~1), although we do
not claim that this is optimal.

As for the continuous problem, this relies on the construction of an adequate
lifting. First, since gy € G}, Theorem Bl and Corollary [[.7] show that there exists
Yn € S}, . such that

gn = curlyyloq;

as in the continous case, ¥, is constant on each I';: ¥y,
(CI3) with p = « implies that ¢, € W2%(Q) and

r, = ¢, for 0 <i < J, and

(10.6) [¥nllwze@ < Cllgnllwi-1/0.0000) -
Let A. be the truncating function constructed in the previous section, and define
(10.7) uy, g = curl(IT(At)y))

where ¥, = ¥, — ¢; in Q.;, 0 < i < J, and all the interior nodal values ITv(a;)
are defined by choosing triangles for x;. According to Remark [[.§, this choice is
justified by the stability result of Lemma [I0.2] below, which does not hold if we use
segments for k; in the interior nodal values.

Since (L9) implies that A () is identically one on all z € €2 such that d(z) < 5
and hy, satisfies ([0.5), then

Aethn|T = Pnlr
on all triangles T' that intersect the boundary 8. Thus, as ¥y, belongs to W2P(Q)
for any p, Corollary B.3] implies that

uh,g|8Q = 8h-

Remark 10.1. One may ask: why not use curl(I[(\.¢))) instead of [QZ)? Of
course, the trace of curl(IL(A\.¢))) is the discrete boundary data gy, but the reason
for not using it is that if we define uy, g by curl(II(A\.¢)) then uy, ¢ will not satisfy
the analogue of (IILY]), namely it will not be bounded by C|)\57;|W1,s(g). Indeed,
this bound requires that II be stable in W1#(T) on triangles T' adjacent to the
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boundary, and this stability does not hold. In contrast, (II.8) holds because z/?h
belongs to a finite-dimensional space. This property is used in (I0Y). Summing
up, the choice (I07) leads to a “super-approximation” result which is valid only
because A\. = 1 (identically) where the interpolant is not so stable, and the function
being interpolated is already in the finite element space.

Note also that if A. = 1 in a neighborhood of the boundary sufficiently wide
to contain two rows of triangles, then on the triangles adjacent to the boundary,
H()\Ed;h) = 1/~1h. Indeed, all the degrees of freedom used by II in the triangles
adjacent to the boundary involve only those values of th where A\. = 1. But this
may not be the case if the neighborhood of the boundary where A. = 1 is not wide
enough. O

Lemma 10.2. Let T}, satisfy (Z1) and hy satisfy (IOH). For any number s with
1 < s < oo, the lifting function uy, g defined by (L) satisfies

(10.8) [ gl
with a constant C' independent of h and €.

Proof. We have

Ls() < C|)‘67/~}h|W1vS(Q)

Lo = [IOAYn) e (@) -

[un,gl

Since the interior nodal values of II(v) are defined for v € Whl(k;) and k; are
triangles, it suffices to examine boundary nodal values. Thus, let x; be an edge of
a triangle T' that intersects 0€). We can always assume that T is adjacent to the
boundary. From the choice of hy, (E4), (Z15) and (ZI6]), we derive

| (A Di(Athn)t; d/ﬁ(/@i)) @“Wl,s(m

/_ (Db )5 dp(k;)

M’i |W1v5(Q)
<Cn/Dil-2+2/s / |Din] dpa(s:)

If |l~)z| = 0, considering that ¥y, vanishes on one side of T, and passing to the
reference unit triangle 7', we obtain

[ 19nldutr) < Chr [ 19 ull i < Chrl| 9 4
Ki T

2—-2/s
Leeiy < Chy /S [nlwraqr) -
If |D;| = 1, we have instead
[ Dbl dute <€ [ 19615
K4 T
10. "
1-2/s
< Chyp " nlwrs(ry -

Here we have replaced the trace theorem by an equivalence of norms, valid in a
finite-dimensional space. Hence, using again the fact that A\. =1 on T', we have in
both cases

|(/ Di(Aethn) s du(%i)>¢i|wl,s(ﬂ) = C|Atnlwrs(7) -
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Furthermore, it follows from (ZITl) that
(10.10) IV ungllzz) < ClAYnlm2() -
Then in view of (Q.13)), (I0.6) and (I0.2), we derive the analogue of Theorem

Theorem 10.3. Let Q be a Lipschitz-continuous polygon, let g € W=/ %(9Q)?
for some o > 2 satisfy ([@3)) and let Tj, satisfy ZI). Let gn € G, be an approz-
imation of g satisfying ([UI) and (@IOZ). There exists a constant C such that if
hy < %, then the nonhomogeneous discrete Navier-Stokes problem (I04) has at
least one solution uy, in Zy, and each solution satisfies

3/2
(10.11) [wnlm o) < CVERIEITE /o0 on)

with another constant C' independent of h and R.

A result of this type could be proved using a perturbation argument, based on
picking uy, as a projection of u, e.g., by solving a discrete Stokes equation. But then
the h would have to be a global measure of mesh size, instead of a local mesh size
at the boundary, unless suitable local estimates for the projection were developed.
Thus using the specialized interpolant introduced here leads to at least a simpler
derivation of the estimate, and it may be a sharper estimate than would be possible
by perturbation as well.

As mentioned at the beginning of this section, g5, can be constructed of the form
(I03)), where curl ¢ is an extension of g in 2. Therefore, setting

Pp,(u) = curl(Ily),
where 9 is the stream function of u, Theorem [5.] implies that
Pp(u) =gp on 99

because curl ¢ is necessarily an extension of g in €2, and thus ¢— € H2({2). Then a
straightforward argument and Theorem [0.3]prove the following convergence result.

Theorem 10.4. In addition to the hypotheses of Theorem I3, suppose that g
satisfies (03)). Then, as h tends to zero, each solution wy, of ([IIA) converges
strongly in H*(Q)? to a solution u of (G1I).

Remark 10.5. With a slight loss of exponents, the results of this section can be
extended to the case where g belongs only to H'/2(9Q)2. Thus, (I.I8) is replaced
by

(10.12) lug]
and ([@I7) is replaced by

Loy < Cel/s_l/t||g||H1/z(3Q) ,for1<s<t<oo

1
(1013) ||V ug”LQ(QE) < Cm”g”Hlm(aQ) 5 for 2 <t<oo.

As far as ([@1]) is concerned, we assume that € is a Lipschitz polygon. Then, by a
scaling argument and an application of Sobolev’s inequality, we derive

Vo € Hy(Q), [|v]
Thus, (18] is replaced by

L) < 052/S|'U|H1(QE) , for2 <s<o0.

(10.14) vv € HY(QP, [|[ugl [Vl 2. < O I¥]ms i I8l ss2(omy - for 1 <1
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Hence (@20)) is replaced by

1+t/2
(10.15) [l (@) < CRY2|lg] ik g, » for 1<t

Similarly, the statement of Theorem holds provided h; < % for some t > 1,
and its conclusion is

(10.16) w1 < CRt'/2||g||};§2/(im) Cforl<t<t,
with a constant C' that is independent of R, h and g. |
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