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FINITE ELEMENT ANALYSIS OF A CLASS
OF STRESS-FREE MARTENSITIC MICROSTRUCTURES

BO LI

ABSTRACT. This work is concerned with the finite element approximation of
a class of stress-free martensitic microstructures modeled by multi-well en-
ergy minimization. Finite element energy-minimizing sequences are first con-
structed to obtain bounds on the minimum energy over all admissible finite
element deformations. A series of error estimates are then derived for finite
element energy minimizers.

1. INTRODUCTION

A martensitic microstructure is a fine-scale mixture of coherent phases or phase
variants of a martensitic crystal. Such a microstructure can often be modeled by
multi-well energy minimization. The total free energy does not in general attain its
infimum. Energy-minimizing sequences can, however, develop fine-scale oscillations
and define stress-free microstructures by the notion of Young measures, cf. [II 2]
and the references therein.

There are several approaches to the numerical analysis of nonconvex variational
problems modeling martensitic microstructures. One of them is the direct finite
element approximation, in which sequences of finite element energy minimizers
indexed by the finite element mesh size are studied. Such an approach has been
used in the numerical analysis of a simply laminated microstructure that is uniquely
determined by the multi-well energy minimization with a boundary condition that
is consistent with the underlying microstructure, see [12] for a survey and [5} 9] [IT]
for details.

In this work, we consider the direct finite element approximation for a more
general and physically important situation in which the underlying microstructure
can be nonunique but its macroscopic deformation is unique. Moreover, such a
microstructure is essentially a simple or high-order laminate. These properties of
microstructure are determined by our assumptions on the Dirichlet boundary data,
cf. F'1-F3 in Section Pl

We shall first construct admissible finite element deformations for a laminate of
arbitrary order ¢ > 1, leading to a bound O (hl/ (q+1)) on the minimum energy over
all admissible finite element deformations, where h is the finite element mesh size,
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cf. Theorem[BTland Corollary[3Jl We shall then derive a series of error estimates for
finite element energy minimizers on the possible reduction of martensitic variants,
the closeness of the deformation gradient to a fixed subset of the energy wells,
the strong convergence of deformations, and the weak convergence of deformation
gradients, cf. Corollary A1l

2. THE MULTI-WELL ENERGY MINIMIZATION PROBLEM
AND ITS FINITE ELEMENT SOLUTIONS

Let © C R? be the reference configuration of a martensitic crystal in discussion.
We assume that € is a bounded domain with a Lipschitz continuous boundary 9f2.
For a deformation y : Q — R3, we denote by Vy : Q — R3*3 its gradient, where
R3*3 denotes the set of all 3 x 3 real matrices. We also denote by ¢ : R3*? — R the
free energy density per unit volume of the reference configuration of the crystal.
We consider the variational problem of infimizing the total free energy functional

(2.1) Ey) = / H(Vy(a)) de

over a set of admissible deformations A.
We assume that the free energy density ¢ : R3*3 — R is continuous and satisfies
the following properties.

¢l. Absolute minimizers:
(2.2) #(F)>0  VFeR?
o(F)=0 ifandonlyif Feld:=U U---UlUn,
where

U; :==S03)U; :={RU; : Re€SO(3)}, 1 <7 <N,

SO(3) is the set of all real 3 x 3 rotation matrices, and Uy, ...,Uy € R3*3
are distinct symmetric positive definite matrices.
¢2. Growth condition:

(2.3) O(F) > k[dist (F,U)]>  VF e R¥3,
where k¥ > 0 is a constant and

dist(F,U) := inf [|[F — G|,
Geu

where ||F|| := ,/Eij:l F} for F = (Fj;) € R¥3.

We define the set of admissible deformations to be

(2.4) A={ye W (Q;R3) : y(z) = yo(x), z € o0},
where g : Q — R3 is a homogeneous deformation defined for a given Fy € R3*3 by
(2.5) yo(z) = Fox Vo € Q.

We assume that the boundary data Fy € R3*? satisfies the following conditions.

F1. Uniqueness of macroscopic deformation: There exist a permutation
(i1+-+in) of (1---N), an integer s with 1 < s < N, and a unit vector
eo € R3 such that

(2.6) |[Foeo| = |Us, €0 = -+ - = Ui, eql.
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F2. Variant reduction: If s < N, then for each j € {s+1,..., N}, either there
exists a unit vector a; € R? such that
27) |Foaj| = Ui aj| = -+ = |Us,a;| > S+{T§}€>¢§N|Uikaj|v
|Foaj| # |Uisajl,

or there exists a unit vector b; € R? such that
|(Cof Fo)bj| = |(Cof Ui, )bj| = -+ = |(Cof Uy, )bj| = max _[(Cof Ui, )bsl,

|(Cof Fo)b;| # |(Cof Ui, )bj1,

where Cof F' € R3*3 is the cofactor matrix of F' € R3%3,

F3. Laminates of arbitrary order: Fy € S'¢ := Uiz S the lamination convex
hull of the set S := U;, U--- UU;,, where S := S, and for each integer
i >1

S = {AA+(1—>\)B: A,B eS8V rank(A—B)<1,0< A< 1}.

We shall denote by ¢ the smallest nonnegative integer such that Fy € S(@.

Our idea of identifying unified conditions on the boundary data stems from [6].
See similar conditions in [3], [4], [7]. Independently, we formulate such conditions,
slightly more general, based on our work [5] on the simply laminated microstructure
modeled by a six-well problem.

Examples of martensitic transformations and boundary data that satisfy our
assumptions ¢1, ¢2, and F1-F'3 can be found in [2| 3} 4] [5].

We now define finite element spaces and admissible finite element deformations.
For simplicity of exposition, we assume that the reference configuration of the
crystal  C R? is a polygonal domain. (For a treatment of a more general Lipschitz
domain, we refer to [10].) Let {7n, : 0 < h < ho} be a family of finite element
meshes of 2, where hg is a constant such that 0 < hy < 1. We assume for each
h € (0, ho] that 75, is composed of polyhedra with the maximum diameter h, and
that © = Uy, K.

For each h € (0, hol, let V}, be a conforming finite element space defined by

Vip = {vn € Wh™(Q) : vk € P(K), VK € 7, },
where P(K) is the restriction to K of a linear space of polynomials P fixed for all
K € 7, and all h € (0, hg]. We assume that
H1. P, C P, where P; is the space of all polynomials of degree < 1.
We also assume that there exists for each h € (0, ho] an interpolation operator
Iy, : WHe°(Q) — V}, with the following properties:
H2. If v € Wh*(Q) and K € 7, satisfy that v|x € P1(K), then (Iv)|x = v|k;
H3. There exists a constant ¢ > 0 such that

(2.9) IVIo|pe() < ol|V|lpe@) Vv e WH®(Q) Vh e (0, ho).

We define for each h € (0, ho] the set of admissible finite element deformations
Ap == ANV, where A is the set of admissible deformations defined in (24) and
Vi, = Vi x Vi x V. Notice by the assumption H1 that yo € A, where yq is
the homogeneous deformation defined in (Z.5)). Define for each h € (0,hg] the
interpolation operator Zj, : WH>*(Q;R3) — A, by

Tny = (Inyr Iny2, Inys) Yy = (1,42, y3) € WHP(Q;R?).
The operator Z;, has properties similar to those of I, cf. H1-H3.
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Since Ay, is finite dimensional for each h € (0, ho], it follows from a usual argu-
ment of compactness and the growth condition (23)) that there exists a y, € Ay,
such that

(2.10) Elyn) = z;{rgﬁh E(zn).

3. CONSTRUCTION OF ENERGY-MINIMIZING SEQUENCES
OF ADMISSIBLE FINITE ELEMENT DEFORMATIONS

Recall from the condition F'3 that the boundary data Fy € S(@ where S is the
subset of energy wells defined in F'3.

Theorem 3.1. For each h € (0, hy), there exists a yy, € Ap, such that

(3'1) sup ||vyh||Lac(Q;]R3><3) <C
0<h<ho

and

(32) meas {z € Q: Vyn(z) ¢ L} < Ch'/ (@D

for a fized finite subset L C S.

The following result is a direct consequence of (ZI0), Theorem Bl and the
assumptions ¢1 and ¢2. It provides a bound on the minimum energy over all the
admissible finite element deformations.

Corollary 3.1. For each h € (0, h],

min &£(zp) < ChM/ (et

zn €A
Proof of Theorem [F1l The case that ¢ = 0 is trivial. So, assume ¢ > 1. Since
Fy € 89 there exist matrices F;€S(i=0,...,q,j=1,...,2") with Fyy := F
such that

(3.3) Fi_1j=XijFi2j—1+ (1 = Xij)Fi2j
for some \;; € [0,1] and
(3.4) Fioj—1 — Fioj = aij @ nyj

for some a;;,n;; € R3 with [n;|=1(G=1,...,q,j=1,...,271). See Figure Bl
for a (¢ + 1)-level binary tree of these matrices.

We construct the desired y;, € Ay, (0 < h < hg) in five steps and refer to Figure
for the geometry:

(1) For each i € {1,...,q}, decompose € into subdomains that represent a
laminate of order i;

(2) Define piecewise affine mappings ) (1 < i < ¢) on these domains for such
laminates;

(3) Define the transition regions for all laminates, and estimate their volumes;

(4) Define admissible deformations y e A (1 < i < q) by interpolation on
transition regions;

(5) Optimize the thickness of layers and size of transition regions, and define
yn € Ap (0 < h < ho] to be the finite element interpolation of y(@ : Q — R3.
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FIGURE 3.1. A (¢ + 1)-level binary tree of matrices F;; (i =
0,...,q,j = 1,...,2") with ¢ = 3. Each parent matrix F;_1 ;
is an average with volume fractions A;; and 1 — A;; of its two child
matrices F; 251 and F; »; that are rank-one connected with normal
Tij-

111
Al1€1 (1—=XA11)er
na1 na2
A21€2 A2g€2
A —=A21)e2 1 —A22)e2
3 3
3 3
3 3
3 3
3 3
£33 F371
F34 F3g
F33 F37
F3y4 F3g
£33 F37

FI1GURE 3.2. The geometry of a laminate of order ¢ = 3.
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Step 1. Let (e, .. .,€q) € RIT! be such that
(3.5) 0<e< - <€ <e=1.

Each ¢; (1 <4 < q) will denote the thickness of layers in a laminate of order i
under construction. Thus, all ¢; (i =1,...,q) will be small. Their values are to be
specified later. Set

Dgg)j,l = {:C ER?: ke; < x-myj < (k+)\ij)€i}7
Dz(g)j = {x eR3: (k+XNij)es <z -mij < (k+ l)q},
i=1,...,q, j=1,...,27 k=0,%1,....
Notice that

oo

k k
U DE,Q)j—l UD( )

z,2j:R3’ i=1,...,q, j=1,...,2°7 1.

k=—o00
Set also Qg1 := 2, and define recursively

Qizj—1 =150 ( U DE,’%_l) ;

k=—o0
Qi =1, N ( U DE%) ,
k=—o0

Obviously,

Qi,2j—1 N Qi,2j =0 and Qi—l,j = Qi,Qj—l U Qi,2j7
i=1,...,q, j=1,...,2"7L.

We assume all €; (i =1,...,q) are small enough so that
0 # Qioj1UQoi C Qi1 i=1,...,q, j=1,...,2%
Set finally
oi
(3.6) Q=J2, i=0,....¢
j=1

Here and below, when no confusion arises, we use ij to denote the double index
i,7. It is easy to see that

The difference Q;\Q;_; for 1 < i < g consists of planar boundaries of layers with
normals n;; (j =1,...,2°"1) and layer thickness ¢;. See Figure[Z3/for a binary tree
of these subdomains Q;; (i =0,...,q, j = 1,...,2%). The structure of this domain
tree is identical to that of the matrix tree in Figure 31l

Step 2. For any A € (0,1), let x» : R — R be the 1-periodic function defined by

1 ift €[0,)),
X*(“_{ 0 iftenl)
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Qo1

FIGURE 3.3. A (¢ + 1)-level binary tree of subdomains €;; (i =
0,...,q,5 = 1,...,2") with ¢ = 3. Any pair of child matrices
Q;25—1 and €;2; constitute a decomposition of their parent do-
main ©;_1 ;. All subdomains at the same level constitute a de-
composition of €.

For convenience, let also xo : R — R and x3 : R — R be defined by xo(z) = 0 and
x1(x) =1 forall z € R. Set Q_; := Q and define 5 : Q_; — R3 by 30 (2) = Foz
for all z € Q_;. For i =1,...,q, we recursively define §( : Q;,_; — R? by

_(i o t ~(i—
y( )(q}) :Fi,ij + |:/ X)\ij <—) dt:| aij =+ y( 1) (qj) — F%_le‘
0

€

Ve €1y, j=1,....27 i=1,...q

We claim the following.

1. For each i € {1,...,q}, V() is well defined for any = € €; ;. Moreover,
(3.8) gD e Whe(Q_;;R%),  i=1,...,q

2. Bach ) : Q;_; — R3 is piecewise affine,
(3.9) Vil(z)=F; VeeQy, i=1,....q, j=1,...,2%

3. I NDY £0(1<i<q1<j<27, 1=2j—1o0r2j, keZ), then
(3.10) 79 (z) — Fi jo = constant on €, j N DE?.

4. The difference of §* and 7~V is small on Q;_1,

(i (i 1 .
(3.11) 7D (z) — 5V (x)| < 16 laij] VeeQiq, i=1,...,q.
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The fact that §(* (x) is well defined for all z € Q;_1 (1 < i < g) and the relation
B.3) follow by induction using (B:8) and B7). For 1 <i<gand 1 <j <271 we
have by a simple calculation using (34) that

x~n,;j t
\Y {Fz‘,ij + [/ X <—) dt} aij}
0 €

X ~7Lij
= Fiygj + X ( - ) Qij & Nyj

(4

_ { Fioj—1  ifzeQiz1,

E,Qj ifx e Qi,gj.

This, together with (8], (B-7), and the definition of ¥ : Q; 1 — R3 (1 <i < q),
implies ([B.9) by induction. If Q;; N Dgﬁ) #0 (I =25 —1 or 2j), then (B.I0)
follows from (B3). Notice that §¥)(z) — F,_; jz is not necessary a constant on
1,5, since ;1 ; is in general not connected. Finally, in view of the definition
of g : Q1 — R3, @B3), (34), and the definition of xy : R — R, we have for
1 <1 < q that

79 @) - 5 (@)

Fiojx + [/ Xij (-) dt} aij — [NijFizj—1 + (1 = Xi2j) Fi 2;7]
0

€
TNz t

= ’{/ |:X/\1‘,j <_) - )\ij:| dt} QA
0 €

=€ D, () = i) di| |agg|
0

IN

€idij (1= Aij) [aij]
1 .
16i|aij| Yz € Qi’2j71 U Qi72j, 7=1,.. .,21.

Now, (3.11) follows from the definition of Q;_; (1 <i < q), cf. (3.6).
With what has been proved we see on each subdomain ©;_1; (1 <i < g,1 <

IA

j < 2071 that 7@ : Q;_1 — R3 is a continuous, piecewise affine mapping whose
gradient takes alternatively the values Fjo;—1 and Fjo; with volume factions A;;
and 1 — A;; on parallel layers that have normal n;; and layer thickness ¢;.

Step 3. Let (no,...,n,) € R¥! be such that

(3.12) O<mg<---<m<1 and <€, 1=0,...,q

Each 7; (1 < i < q) shall denote the size of a transition region in a laminate of
order i. All n; (i = 0,...,q) shall be small, and their values are to be specified
later. Denote

w(n) ={zr € w: dist (z,dw) > n}
for any w C Q and 7 > 0. Set Q_; := Q, and define recursively

Q; = (Qz ﬂﬁi_l) (m), 1=0,...,q.

We assume all 7; > 0 are small enough so that €; # ) (t=0,...,q9). Obviously,

(3.13) Q<SSO =0
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Denoting by Cr > 0 a generic constant which can only depend on €2, ¢, and all

the unit normals n;; (i=1,...,q, j=1,...,2"71), we claim that
(3.14) meas(Q\Qi)<CT(@+E+~-~+E>, i=0,...,q.
€0 €1 €;

Since by [B.13)
meas (Q\QJ = zi:meas (Ql—l\ﬁl> ; i=0,...,q
1=0

and by the definition of €; (1 < i < q)

21',—1

meas (Qi,l\fli) < Cr Z meas (2:;\Q:; (1)) , i=0,...,q,
j=1

we need only to prove that

(3.15) meas (Q:;\Q; (1)) < CT%, i=0,...,q j=1,...,2"L,
3

The inequality in (BI5) is trivially true for ¢ = 0. Consider now 1 < i < q. We
only show that the inequality in (3.I5]) holds true for j = 1, since the same argument
can be used for all j (1 < j < 2¢71). Notice that each connected component of
Q;1 is a small band or thin plate. If its closure is in the interior of €2, then it
is a parallelepiped. Otherwise, it is part of a parallelepiped. In fact, all these
parallelepipeds at the level ¢ have the same face normals and face areas: they
are translations of a single parallelepiped, say P;;. Denoting the number of these
parallelepipeds by N;; and setting Vi1 := meas (P;1\FP;1(n;)), we easily see that
meas (£2;1\241(n;)) is bounded by C7N;1V;1. To estimate N;; and Vi1, we let e_o =
ec1=¢=1andn;:=ny forl=1,...,i. We also let n_y =n; and n_1,no € R3
be unit vectors such that n_s, n_;, and ng form an orthonormal basis for R3. We
claim that there exist a permutation (t_gt_y1---%;—1) of (=2,—1,...,4 — 1) such
that the face normals of P;; are ny,_,,ns,_,,n;, and

€1 L€t | "€,

(3.16) Nil S CTM and ‘/ﬂ S CTniet,;_get,;_l-
€162 €

This is obviously true for the case i = 1. Suppose it is true for a general i

with 1 < ¢ < ¢ — 1. Denoting €, := ¢ and n; := n;, we see that there ex-

ists m € {i—2,i—1,i} such that the set of face normals of Piy11 is njt1 U
{ne,_y.mu,_,,me, } \{ne,, }, the number of bands at the level i + 1 is

Etm
Nit11 < CrNp ;

€it+1

and the volume is
€t;_2€t;_1€t;
Vitin < Crnip1——————,

tm
since 0 < €;4+1 < min {usti_27 eti_l,eti}. Therefore, setting s; :=t; for —2 <[ <i—1,
Si—o 1= tm, and {s;—1,8;i} ;= {ti—2,ti—1,ti} \ {tm}, we see that (s_as_1---3;) is a
permutation of (—2,—1,...,4) such that the face normals of P11 are ns, ,, ns,,

and n;y1, and such that
€5 _,€s " €Eg,
Nit10 <Cr —— i

and Vier,1 S Ornigi€s, €,
€1€2 €41
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This proves (BI6) for any ¢ (1 < i < ¢). By (8I6]), we have that
meas (21 \Qi1(n:)) < CrNiVip < CT%7

K2

proving (B.15).
Step 4. For each i € {0,...,q— 1}, let p; € C§°(R?) be such that

0<pi(z)<1 Vz € R3,
pi(z) =1 Vo € Q,
pz(:c) =0 Va € RB\(Qz N Qifl),

2
[Vpi(x)] < p” Yz € R3,

3

Let (@ : Q — R? be defined by y© (z) := Fyz for all z € Q. Define y : Q — R3
(i=1,...,q) recursively by
(317 @) =g @D (@) + 1 - pa@] V@) Veeq
We claim the following.
1. For each i (1 <i < q), y € WH(Q;R?) and

() vz e Q.
A g\ (z x € 1,
(3.18) y(z)(x) = (if(l)) v 0
Yy (x) Vo € Q\ (Qz N Qi—l) .
2. We have
(3.19) y O () =F_1 2 VredQia, k=i,...,q.
3. We have
(3.20) Vy(z) e {Fy:j=1,...,271}
a.e. r € Qi,l, 1=1,...,q,
@ Caci
(3.21) ‘Vy (x)‘ < 298 4 o
211
ae.re N1, i=1,...,q
where
Cy = max  |aj;| >0 and Cp:= max ||Fj;|| > 0.
1<i<q, 1<j<2i—2 1<i<q,1<j<2i

The fact that y® € WH(Q;R3) and (BI) follow from the definition of y*
(1 <i<gq), and (BI9) follows from (BIX). A simple calculation leads to
(322)  Vy(@) = |59 () —y V(@) | @ Voisi () + pica(2) V5D (@)
+ 1= pi_1(2)] V=Y () ae.zef, i=1,...,q.
This, together with (38) and (B3ITI), leads to (320) and (F2T).

Step 5. Set €; := h® and 7; := hP for i = 0,...,q, where all a; and f3; are real
numbers such that
(3.23) 0:ao<ﬂo§a1<ﬂ1§a2<~~<6q,1§aq<6q:1.

It is easy to see that the assumptions ([3.5)) and (B:12)) are satisfied with this choice
of a; and B; (i =0,...,q). Define y;, € Ay by yn = Iy @ € Ay, for h € (0, ho)-



FINITE ELEMENT ANALYSIS OF MICROSTRUCTURE 1685

The uniform boundedness (B.1)) follows from (B.20), (B.2I), (3.23), and (29). By
the property H2, (B.20), the definition of Q,, and the fact that n, = h, we have
that Vy(x) € L for all x € ,, where

L:={F;:j=1,...27"}.
Thus,
{xeQ: Vy(z) ¢ L} COQ,.
It remains now to choose all the parameters a; and §; that satisfy ([8:23) and that
minimize meas (Q\Qq).
It follows from ([B14) and [B:23) that
meas (Q\Qq) < C (BP0 P o g pFamim e g ploed)

This is minimized if we choose, according to B:23), all a; = 3,1 fori =1,...,q.
With such a choice, we have

(3824)  meas (Q\Q,) < C (WP 4+ WP oo pPamrFums g 1o
where

0< By < < Pygm1<PBg=1
The sum in the inequality (3:24) attains its minimum value h'/(4+1) leading to

B.2), if

Bo=p01—Bo="=0¢-1—Bg—2=1- 41,
ie.,
141
= . i=0,...,q—1.
B 1 q
The proof is complete. il

4. ERROR ESTIMATES FOR FINITE ELEMENT ENERGY MINIMIZERS
We define a projection 7 : R3*3 — U/ by
(4.1) |F —w(F)| = dist(F,U), F e R3S,

It is shown in [§] that, with a possible modification of its definition on a subset of
R3*3 of Lebesgue measure zero, this projection is well defined and Borel measur-
able. We denote by C a generic, positive constant that is always assumed to be
independent of the finite element mesh size h.

Theorem 4.1. The following estimates hold true for all yy, € Ap.
(1) Estimate on the variant reduction in measure:

(4.2) meas {z € 2: (Vyn(2)) ¢ S} < C [E(un)/2 + Ewn)]

where S is the subset of energy wells defined in the condition F'3.
(2) Estimate on directional derivatives in the L? norm:

(13) | 19@) = Rleol? o < € [en)'2 + )]

where eq is the unit vector defined in F'1.
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(3) Estimate on deformations in the L* norm:
(14) [ @) = wo@)?dz < € [£n) 2 + £l

where yo is the deformation in the boundary condition, cf. 2-4) and 23).
(4) Estimate on deformation gradients in a weak topology:

(4.5) ‘

[ 19~ Faldo|| < ) [m)® + £ 2]

where w C Q is a Lipschitz domain and Fy = Vyq is the gradient of the homogeneous
deformation yo in the boundary condition, cf. @A) and (2.3).

Replacing a general yp, in the theorem by any finite element energy minimizer
and using the energy bound established in Corollary B we immediately obtain
the following error estimates for all the finite element energy minimizers defined by

E10).

Corollary 4.1. For any finite element minimizers yn € Ap,
meas {x € Q0 (Vo (x) ¢ S} < OWY/20+D),

/ [[Vyn(z) — Fo) eo|2 de < Chl/2(<1+1)7
Q

where w C Q is a Lipschitz domain.

/ lyn(z) — yo(ac)|2 dx < CpM/2ath)
Q

< C(w)hl/(s‘”s),

/ [Vyn(x) — Fp) dz

Proof of Theorem [{-1] Let yp, € Ap,.
(1) Let w € R? with |w| = 1. By the minors relations and the growth condition
(23), using arguments similar to those in [3] [§], we obtain

(4.6) / (V) — Fo]wf? de — / ([ (Vyn (@)l — [Fowl?] de < CE ()
Q Q
and

/Q |[Cof 7(Vyn(z)) — Cof Fol w|? da:

(4.7) - /Q {|[Cof (Vyn(z))] w|* — |(Cof Fy)w|*} dx

< C e+
Denote
Qi(yn) :={x € Q: 7(Vyp(z)) € U }, i=1,...,N.

Notice that all Q;(yp) (i = 1,..., N) are pairwise disjoint. Fix j € {s+1,..., N},
cf. the conditions F1-F3. If (Z7) holds true for some a; € R?, then by (@6 with
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w = a; we have

Cg(yh)l/Z > /Q [|F0aj|2 — |7T(Vyh(x))aj|2] da
N
- ;/m(yh) 1Foai” = m(Vyn(w))as ] de
N

= Zmeas Qi(yn) [|F0aj|2 - |Uiaj|2]
i=1
> meas Qy; (yn) [|Foas|” — |Uiya5)%]

which, together with (27), leads to
(4.8) meas Q;; (yn) < CE(yn)/?.

If instead (ZX) holds true for some b; € R3, then a similar argument using (&1
with w = b; leads to

(4.9) meas Q;, (yn) < C {c‘)(yh)l/2 + €(yh)} :
Now, the estimates () and (£, together with the fact that
N
(4.10) {eeQ: n(Vun(2) ¢St=[J ),
Jj=s+1

lead to (E2).
(2) Since |eg| = 1, we have, by the growth condition (2.3)
(4.11)

[ 19@) = (Fyn@] ol do < [ 1Vona) = w(an (o)l de < 57 Ewn)
In view of (@8] with w = eg, (Z6), @I, and [@2), we have

/ |7 (Vyn(x)) — Fo) eo|” da
Q

< CE(m)? + / (I (an ())eo [ — [ Foeo[?] d

— CE(y)? + / [l2(Vn (2))eol? — |Foeol?] da
{zeQ:nm(Vyn(x))eS}
(4.12) +/ [|7T(Vyh(x))eo|2 — |Foeo|2} dx
{ze:n(Vyy(x))¢S}

< CEyn)?+) measQy, [|U;;e0l* — |Foeol?]
j=1
+ Cmeas{z € Q : 7(Vyn(x)) ¢ S}

< C €)' + ).

Now, ([@I1), (E12), and an application of the triangle inequality imply (£3)).
(3) This follows from the Poincaré inequality and (@3), cf. [5, IT].

(4) We obtain (X)) from [@Z) by using the same argument as in [5, [7]. O
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