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ALL FIRST-ORDER AVERAGING TECHNIQUES
FOR A POSTERIORI FINITE ELEMENT ERROR CONTROL
ON UNSTRUCTURED GRIDS
ARE EFFICIENT AND RELIABLE

C. CARSTENSEN

ABSTRACT. All first-order averaging or gradient-recovery operators for lowest-
order finite element methods are shown to allow for an efficient a posteriori
error estimation in an isotropic, elliptic model problem in a bounded Lipschitz
domain Q in R%. Given a piecewise constant discrete flux p;, € P, (that is
the gradient of a discrete displacement) as an approximation to the unknown
exact flux p (that is the gradient of the exact displacement), recent results
verify efficiency and reliability of
nuv o= min{|lpr — qnllp2(q) © an € Qn}

in the sense that 7/ is a lower and upper bound of the flux error |[p—pp|lL2(q)
up to multiplicative constants and higher-order terms. The averaging space
Q, consists of piecewise polynomial and globally continuous finite element
functions in d components with carefully designed boundary conditions. The
minimal value nys is frequently replaced by some averaging operator A : P, —
9}, applied within a simple post-processing to py. The result g, := App, € Qp
provides a reliable error bound with nas < na == [|pp — ApnllL2()-

This paper establishes n4 < Ceg nas and so equivalence of nys and n4. This
implies efficiency of n4 for a large class of patchwise averaging techniques
which includes the ZZ-gradient-recovery technique. The bound Ceg < 3.88
established for tetrahedral P; finite elements appears striking in that the shape
of the elements does not enter: The equivalence n4 = s is robust with respect
to anisotropic meshes. The main arguments in the proof are Ascoli’s lemma, a
strengthened Cauchy inequality, and elementary calculations with mass matri-
ces.

1. INTRODUCTION

Suppose py, is the discrete flux obtained from a conforming, nonconforming, or
mixed low-order finite element method (FEM) based on a regular triangulation 7 of
the domain . That is, py is the piecewise polynomial but globally discontinuous
elementwise gradient of the finite element displacement approximations uy or a
discrete flux variable (for a mixed FEM) that approximates the unknown exact
flux p. It is the aim of a posteriori error control to bound the error ||p — pn| r2(q)
from above and below by computable estimators [AOL BS|, [V]. It has recently been
proven for several examples [CB|, [BCI} [CE3] [CF4] that the error [[p — pp||z2(q) in
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1154 C. CARSTENSEN

second-order elliptic boundary value problems is bounded by ||px — qxl|z2(q) for any
continuous and piecewise polynomial g in the sense that

lp = prllLz) < Crallph — anllz2() + hoo.t.
The boundary values are included in the set Qp of possible averages q,. The
surprising aspect is that all averaging techniques which, given py, compute ¢, € O,
are reliable in the sense that
lp — pullr2) < Crann + hoot. for nyy = Héig lpn — anllL2(0)-
h

qdh

The minimum 7, is frequently replaced by an upper bound 74,

nu < na = |lpn — Apall2(Q),

where Ap;, € Qp is computed with some local averaging operator A. One striking
feature of ny; is its immediate efficiency,

nM = qugi lpn —p+p— QhHLZ(Q)
<|p— i —
<o —pnrllr2) + Jin lp = anllz2(0)

= |lp = prllz2(@) +h.o.t.

This follows from a simple triangle inequality plus some considerations of the min-
imal [|p — qn||z2(q). The latter argument requires smoothness of p and the correct
treatment of boundary conditions that restrict the set Q. Note that the multi-
plicative constant in the efficiency estimate

(1.1) nu < |lp — prl +heo.t.

is one; i.e. 1y is a lower bound up to higher-order terms. This is, in general, untrue
for its upper bound 74. The possible overestimation of the error ||p — pp||z2(q) by
Ciana might be very large. In [CB, BCI] a local (edge-oriented) averaging is
suggested and shown to be equivalent to nas (cf. Theorem 3.2 in [CB]). In this
paper we analyse a different and more popular averaging operator defined by

(Apn)(z) = A.(prlw.) € R¢  for each node z

and its patch w, (cf. Section Bl for notation). Here, A, := m, o M, for some
continuous averaging M, that is exact for constants and the orthogonal projection
7. onto an affine subspace A, C R? that carries proper boundary conditions. The
main result, Theorem 1] reads

(1.2) N < na < Ceg Mg

It is remarkable that the constant C.z depends only on the norm of A, and so it
holds for any unstructured grid as well as for a quite large class of averaging and
finite element schemes. For the popular choice of integral means

(1.3) M) = [ pndole.

z

for any node z with patch w, of area or volume |w,| we establish in Corollary
for P, finite elements the estimates

(1.4) 1<Cg <V10ford=2 and 1< C.q < V15 ford=3.

This is surprisingly sharp and does not depend on any detail of the regular trian-
gulation with (possibly) degenerating triangles or tetrahedra.
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Remark 1.1. The averaging technique (I3) is our interpretation of the Z Z-estimator
[ZZ] V] for which reliability and efficiency have been observed before [R1,[R2] N,[BR]
(without treatment of mixed boundary conditions).

Remark 1.2. The averaging estimator 4 can be shown to be equivalent to the edge
contributions

e = (3 hallipalllFae) "2
Eeé&

where [pp,]| g denotes the jump of pj, across the edge E € £ (with proper modifica-
tions on the boundary). Thus our qualitative results (partly) follow from reliability
and efficiency of ng¢ as well [C, [CV] Rl V].

Remark 1.3. The above estimates on C.q yield lower bounds C;fl < C,q on the
reliability constant (up to higher-order terms). Upper bounds on C, for related
estimators with a best value around 1 can be found in [CF1] [CF2].

Remark 1.4. As important corollaries of ny = n4 and ([[ZI) we obtain efficiency

(1.5) na < Ceq |lp — pnll + heo.t.
of the reliable error estimation by n4 in [CAl [CB|,[BCI] [CF3|, [CF4].

The remaining part of the paper is organised as follows. Section [2] presents the
necessary technical notation. The preliminaries of Section[Blinclude Ascoli’s lemma,
the strengthened Cauchy inequality, and eigenvalues of mass matrices. The main
result (L2)) is stated as Theorem ELTl in Section M with a proof. An analysis of Ceg
in a model situation of Section 5 leads to (I4]) shown in Corollary 5.3

2. ASSUMPTIONS

2.1. Regular triangulation. The bounded Lipschitz domain @ C R, d = 1,2, 3,
with piecewise affine boundary I is exactly covered by a triangulation 7, |J7 = Q.
Each element T' € 7 is a compact interval T' = conv{a,b} if d = 1, a triangle
T = conv{a,b,c} if d = 2, or a tetrahedron T' = conv{a,b,c,d} if d = 3. The
element’s vertices a, . . ., d are called nodes; N denotes the set of all nodes. Each flat
boundary E of an element T € 7 is either a point E = {a}, an edge E = conv{a, b},
or a face E = conv{a,b,c}; € denotes the set of all such E; £, denotes the interior
edges or faces and &r = {E € £ : E C T'} = £\&q denotes the boundary edges.
Analogous notation apply to parallelograms (d = 2) or parallelepipeds (d = 3)
which are possible elements in 7 as well. Intersecting distinct elements share either
one vertex, an edge, or a common face. Hanging nodes are excluded for simplicity.
For each node z € N'let £, :={E € £: 2 € ENN} and the patch w, := int(|J 72),
T.:={T €T : ze TnNN}. Each edge or face E is associated to a unit normal
vector vy with fixed orientation; if £ C 0f), set vg = v, the outer unit normal
along 0. The length and area of E € £ is denoted by hg = diam(E) and |E| =
L471(E), respectively; L™ denotes the n-dimensional Lebesgue measure along any
affine subspace of R?. Similarly the length and volume of T € 7 is denoted by
hr = diam(T) and |T| = £4(T), respectively.



1156 C. CARSTENSEN

2.2. Boundary data. The boundary I" = | &r is split into a relatively closed part
I'p and a remaining part I'y := I'\I'p such that any edge F € &r belongs either
to I'p or to I'y. Two disjoint subsets £p and En of &r are supposed to satisfy

ED:@ or EDZ{EEEF:ECFD},
SNIQ or 5N:{E€€F:ECH}.
Given £p and &y, the boundary data g € L*(T'y) and up € HY?(T'p) N C(I'p)

(i.e. up is continuous on I'p and can be extended to a function in H'(2)) satisfy
g€ C(Ep) and up € C(EN); i-e.

gl €C(E) forall E€ &y and wup|p € CY(E) for all E € &p.

On each E € &p, let Tg) denote a tangential unit vector for j = 1,...,d — 1 such
that (I/E,T(El), e ,Tgi_l)) is a Cartesian basis of R%. Then, Vgup denotes the
tangential derivative and, given a € R?, (a)g denotes the vector of all components

of a in (T](Ej))?;ll, e.g. (a)p = (Tg)-a,ﬁg)-a) ford=3; Vgup = (Vup)g = dup/9s
for d = 2.
The Dirichlet and Neumann boundary conditions on the gradient p = Vu are

asserted at each boundary node z € N by p(z) € A, for the affine subspace

(21) A, :={aeRY:VEc&E NEN, g(z)=a-vE
and VE € £, NEp,Vrup(z) = (a)g}

of R%. Set A, = R? for z € NN Q and suppose A, # 0 for all z € N. Finally, let
7, : R4 — R? denote the orthogonal projection onto A,,

A, =m.(0) + Vs,

where V), is a linear subspace of R%. The (nonlinear) orthogonal projection 7 is
Lipschitz continuous with Lip(r,) < 1 and, for each a € R?, a — 7, (a)LV,.

Remark 2.1. As an intersection of hyperplanes, A, is an affine subspace of RZ. The
condition A, # () is essentially a consistency condition on the boundary data: If
u € CY(@,) satisfies u = up on I'p = |JEp and du/dv = g on T'y = |JEN, then
Vu(z) € A,.

Remark 2.2. The condition (a)g = Vgeup(z) in (ZI) is equivalent to
a-71p = O0up(z)/0rg for all vectors 75 € RY with 75 Lvg.

This is a Dirichlet boundary condition u = up on E in terms of a = p(z) = Vu(z)
at z.

Remark 2.3. In case Ep NE, = (), the condition p € A, asserts Neumann boundary
conditions at the node z with respect to all normals on neighbouring £, NEx. (Here,
p is assumed to be a flux and not necessarily a gradient.)

Remark 2.4. The condition p(z) € A, with simultaneous Dirichlet and Neumann
conditions, i.e. with &, NEx # 0 # £, N Ep, is based on the interpretation of p
as both a flux and a gradient. Hence, the model example is the Laplace equation
with mixed boundary conditions. Nonconforming finite element methods require
the case Ep # 0 [CBL [CR].
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Remark 2.5. It is by no means obvious that averaging concerns the fluxes and the
gradients simultaneously. The positive examples in [CBJ, [CF3| [CF4], [BC2| [CA]
may be seen as exceptions. In general, the flux and the gradient approximations
may be averaged separately. In the latter case we encounter £y = () or Ep = ().

2.3. Discrete spaces. On each element there exists a set of shape functions,
namely, Py, (T) := Py(T) if T is triangular and P, (T) = Q(T) if T is rect-
angular; Py, (T) and Qx(T) denote algebraic polynomials on 7' C RY of total and
partial degree < k, respectively. Furthermore, for each T' € T let P(T) satisfy
P(O) (T) - P(T) C P(l)(T) Then, set
LHT) == {vp € L®(Q) : VT € T, vp|r € Pyy(T)} for k= 0,1,
SYT) = LYT)NC(Q) =span{p, : z € N},
Py = P(T) = {pp € L) :VT € T, pp|r € P(T)} C LY (T)",
Qn:={qn € SHT) : V2 e NNT, qn(2) € A.}.
The nodal basis functions (¢, : 2 € N) are defined by ¢, € S*(T) with ¢.(z) =1

and ¢,(z) = 0 for all z,z € N with z # 2. Without further explicit notice, we
shall make frequent use of

OSSOZ <1, SUpp Y. = Wz, and Zze/\/’@z:l'

2.4. Averaging operators. Given p, € P, (not necessarily globally continuous),
the operator A : P, — Qy, is supposed to average p; on each patch w, and adopt
to boundary conditions. Therefore,
App = Z A.(prlo.)p. and A, :=m, oM, : LY(T.)? — R
zeEN

Recall that £!(7,) denotes the 7, piecewise polynomials of degree < 1 and that
Phlw. belongs to £1(7,). The local operator A, is the composition of an averaging
process M, : £L}(7,)? — R and the orthogonal projection 7, : R — R? onto the
affine subspace A, C R?.

The operator M, is supposed to be linear and exact on continuous functions in
P(T.) := {pn € L®(w,)? : VT € T., pp|r € P(T)}; i.e.

(2.2) M,(f) = f(z) forall f € P(T,)NC(w.)? and z € N.
The master example for M, reads
(2.3) M, (f):= Z Xer(flr)(z) forall feP(T.), z € N.
TeT,
A necessary condition for (Z2) on the real coefficients (A, 7 : T € T;) in (Z3) reads
Yorer. Aer =1
For a practical realization of A, and for numerical examples we refer to [CBI

CF3,[CF4].

2.5. Estimators. Given the spaces P, and Q), of subsection 2.3]and the averaging
operator A : P, — Qj, of subsection we define, for any fixed p, € Py, the
averaging estimators

na = min | pn —rallzz) < na = |lpn — ApnllL2(0)-
rhEQN

h
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3. PRELIMINARIES

This section establishes some tools in an abstract frame to clarify the arguments
below. Attention is on the arising constants: In contrast to earlier work based on a
compactness arguments which led to unknown constants, we aim to quantify C.g.

3.1. Ascoli’s lemma. Given a linear and bounded map L : H — R”™ in a (real)
Hilbert space H with norm || - ||, there holds, for f € H,

(3.1) |L(f)] < || L] dist(f;kerL).
Here, dist(f;ker L) := min{||f — ¢g|| : g € ker L} is the distance to the (closed)
kernel ker L of L and

(3-2) IL]:= sup [L(g)|/lgll
geX\{0}
is the operator norm of L; | - | is the Euclidean norm in R™. The proof of BIJ) is
by definition of ||L]|,
LN =L(f =) < [[LIIf =gl for all g € ker L.

In case n = 1, i.e. L € H*, there even holds equality in (B]), which is known
as Ascoli’s lemma. A simple proof for the converse inequality of (B:]) follows for
g € H with ||g]| =1, L(g) = || L|| and so with f — g L(f)/||L| € ker L from

dist(f:ker L) < |1 — (f = g LUV/IEN )| = LI/

Suppose n > 1 again, let e; be the jth canonical unit vector in R", and set L; :=
e; - L. Then there holds

|L; ()] = Il Lyl| dist(f;ker Lj).
The sum over all j = 1,...,n squared components shows
(3.3) |L(f)1? = D27 1511 dist(f;ker Ly)?  for all f € H.

Compared with (B.0]), the operator norm ||L;|| in (3.3) is smaller than ||L|| while
the kernel of L; is larger than ker L C ker(L;).

3.2. Strengthened Cauchy inequality. Let H be a (real) Hilbert space with
inner product (-,-) and norm || - || and let V and W be closed subspaces of H.
Owing to the Cauchy inequality, the constant vy w,
(3-4) ww = sup  sup (v,w) /([lv]l w]) <1,

veV\{0} weW\{0}
defines the angle Z(v,w) between v and w by 0 < cos(Z(v,w)) = yv,w < 1. The

spaces V and W satisfy a strengthened Cauchy inequality if vy, < 1, that is, if
Z(V,W) is positive.

Lemma 3.1 ([B]). For a constant ¢ with 0 < ¢ < 1 and yy,w from B4, the
following assertions (a), (b), and (c) are pairwise equivalent.

(&) rww < ¢

(b) Yv € V, V1 — 2|jv|| < dist(v; W);

(¢) Yo e Vvw e W, /(1 = ¢2)/2(|[o]| + [wl]) < flv + w]|. O

We are particularly interested in (a)<(b) also considered in [AQ].
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Lemma 3.2. Let X and Y be closed linear subspaces of a Hilbert space H with
scalar product (-,-) and norm || - ||. Set

(3.5) Vi={reX:VacXnNY, (z,a) =0} =XN(XNY)*

and suppose that V and Y are nontrivial and that V has positive finite dimension.
Set

(3.6) wy = sup sup (v,y)/([[v][|lyl)-
veV\{0} yeY'\{0}

Then 0 < vy y < land vy = (v,y) forsomev € Vand y € Y with |Jv|| =1 = ||y
Moreover,

(3.7) dist(z; X NY) < (1 — 7‘2/,3/)71/2 dist(z;Y) forallz € X

and the factor (1 — ’y%,)Y)_l/ 2 is optimal in the sense that (B7) fails to hold for any
smaller constant.

Proof. Owing to the definition in (8] there exist sequences (z;) and (y;) in V and
Y, respectively, with |lz;|| = 1 = ||y;|| and

lim (z;,y;) = vy

j—o0
Since (z;) and (y;) are bounded in a Hilbert space, there exists a subsequence (not
relabeled) with (z;) — = and (y;) — y in H. The strong convergence of (z;) follows

from the finite dimension of V. Hence, ||z|| =1 > ||y|| and lim; . (z;,y;) = (z, ).
If y # 0, we have

wy = (z,y) < (@) /(] lyl]) < wy.

(The last inequality follows from [B.6) and = € V, y € Y.) Hence we have yyy =
(/||l=|l,y/llyll) for some z/||z|| € V and y/||y|| € Y with norm 1if 0 < vyy < o0.

If y =0, yv,y = 0 and each v € V is perpendicular to Y.

In both cases, yv,y = (v,y) for some v € V and y € Y with ||v|| = ||y|| = 1. This
proves the attainment result.

A Cauchy inequality shows yyy < 1. f yyy =1 = (v,y) forv e Vandy €V
with ||v]] = 1 = ||y||, we have equality in the Cauchy inequality and hence v = y.
Thus, v € VNY C XNY and so ||v]|? = 0 owing to ([B:5). This contradicts |jv]| = 1
and proves yyy # 1.

It remains to apply LemmaBd]for V and W :=Y. Then vy in (34) and (B.6)
coincide and the equivalence (a)<(b) of Lemma [31] proves, first,

(3.8) o] < (1—9¢y) Y2dist(v;Y) forallveV

and, second, that the constant factor (1 — 7‘2,71/)’1/ 2 in (3:8) cannot be smaller.
Given x € X and the closed subspace X NY of X, there exists an orthogonal
decomposition

r=v+w withveVandweXnNY.

Moreover, dist(z; X NY) = ||v| and dist(v;Y) = dist(v + w;w + YY) = dist(z;Y).
This and (&R) conclude the proof. O
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TABLE 1. Mass matrices M (T) (scaled with |T|~!) for some ele-
ments T and their eigenvalues A1 ..., Ay, and A\(T) of Lemma

pT M(T) Eigenvalues XT)
. 2 1
interval 1/6 { 1 9 ] 1,3 1
2 1 1
triangle 112 |1 2 1 1/12,1/12, 1/4 12
1 1 2
(4 2 1 27
2 4 2 1
parallelogram | 1/36 1 2 4 9 1/36,1/12,1/12,1/4 36
2 1 2 4
[2 1 1 17
1 2 1 1
tetrahedron | 1/20 11 2 1 1/20,1/20,1/20,1/5 20
111 2

3.3. Eigenvalues of mass matrices. This subsection summarises a few inequali-
ties and the constants therein. For each element T' € 7 with volume |T| = L4(T) we

associate m := card(N'NT) nodal basis functions ¢1,. .., ¢, called shape functions
with
(3.9) /gojdx:|T|/m forj=1,...,m

T

(as D270, ¢j = 1 and the forms of g1, ..., ¢, are identical). Scaled with |T'|~", the
mass matrix reads

(3.10) M(T) := (/ vippdx/|T]: j,k=1,...,m).
T
Table [ displays some mass matrices and their eigenvalues A1, ..., Ap,.

Lemma 3.3. Suppose T € 7 and f € P(l)(T)d. Then
(3.11) 7 Y P <MD ey
zeNNT
where A(T') = 1/\; for the minimal eigenvalue A; of the matrix ([B.10) displayed in
Table[Il

Proof. Let f; := e; - f be the jth component of f and let {z1,...,2m} =N NT
denote the vertices of T. With the m components §; := f;(z;) of £ € R™ and a
standard estimation of the Rayleigh quotient there holds

MY Fi(2)P = MR <& MDE =TI £l 20
zeENNT
The sum over all components j = 1,...,d verifies assertion (B.I1). O
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4. EQUIVALENCE OF 737 AND 1y

This section is devoted to the proof of the equivalence of 7y, and 14 under
the present assumptions. A discussion of the constant Cog follows in Section 5.
Theorem 1] covers efficiency (L5 for conforming, nonconforming, and mixed finite
element methods [CB.

Theorem 4.1. There exists a mesh-size independent positive constant Cog with
v < na < Cegr -
Proof. The first inequality is obvious and the proof concerns the second. Through-
out the first step and main part of the proof let T denote a fixed element. Set
prlr= > pepulr and gy :=Apy = Y q:¢p. for gz := Az (palw.).
zeNNT zeN

(Notice that the representation of pj, is local on the fixed element T'; p;, may be
discontinuous on €2 and so has different coefficients on different elements.) A Cauchy
inequality in R™, m = card(N N T'), shows, pointwise on T,

pr—anl? =1 > e:(p: — q:)
zeNNT

(D )Y walpe—a:l)

zENNT zENNT

Z Saz|pz - QZ|2~

zENNT

—~
o
—_

~—

IN

Since ¢, = m,(m,) for m, := M. (pp|..) and p, — . (p.) LV, in R% there holds
Pz = ¢:> = Ipz = w2 (p2)* + |72 (p2) — w2 (m2) .

With any r, € A, = 7,(0) +V, and Lip(w,) < 1, this yields

(4.2) p- — q:* < p= — 2 * + |p- — m.|*.

The combination of [@I)-E2) is integrated over the fixed T' and shows

Ipn = anll7eery < > Ipz—rz|2/<pzda?+ > Ipz—mZIQ/sozdx-
T T

ZzENNT ZzENNT
With (339) and Lemma [33] this gives, for 7y, := Y\ .. € Qp,
AT)

T
(4.3) o = anllZ 2y < I = rhll72 () + ey > I —me|’.

m
zeNNT

The second step focuses on the estimation of p, — m, and introduces the finite-

dimensional Hilbert space X := P(7.) C £(7.)? with the inner product (-,-),

(4.4) (f,9) :=/ ¢: f-gda/|T| for f,g € L*(w:)? = H.
Wz
Define 07 .(f) := (f|r)(2) for all f € X and consider
(4.5) Lt =0, — M, : X — R linear
and continuous with the bound
(4.6)  |[Lrel:==  sup ‘fIT(Z) = M)/ IT1 21022 Fll 2 )

feP(T2)\{0}
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A scaling argument shows that || L7 .|| does not depend on the diameter of w,
because of the factor |T| /2. (Details on the constant || Lz || from (@8] follow for
specific examples after the proof.) Since M, is exact on P(7,) N C(w,)?,

RIYCP(T)NC(w.)? CkerL=:ZC X and Y :=S8Y(7T.)"
Ascoli’s lemma (formula (31])) shows
(4.7) Ip: —m.| = |Lr.2(pn)| < ||Lr.:|| dist(pnle.; Z).
LemmaB2and X NY C Z prove 0 < v < 1 for the constant v of (B8] and
(4.8) dist(pnlo.; Z) < dist(prlo.; X NY) < (1 —7%) 72 dist(palu.; V)

(The constant (B.6]) will be discussed at the end of this section for specific examples.)

Step three combines ([{3)) and [{7)-(E]) with
dist(pnlw.; SU(T)T) < TI72)1 02 2o — i) 22 (w)

and (writing 7. for v) results in

lon = anll 22y < XT)/mllpn =l ()

+ ) LA =) mlel* (on — i) 172wy
2eENNT

In step four, the sum over all elements T' € 7 and the fact

Z ||80:lz/2(17h - 7”h)||2L2(wz) = llpn — 7’h||2L2(Q)
2eN

show the assertion
(4.9) na = llpn — anll2) < Cestllpn — Tallp2()  for all rp € Qp.
The constant C.s depends on m = my, A(T), and || L7,||*/(1 —~2) as

2 2 2
(4.10) Gl = max(MT) + max [|Lr:]*/(1=2)) /mr.
This concludes the proof of n4 < Cegnas. [l

5. EXAMPLE

The constant C.g and its possible dependence on mesh will be studied for the
P, FEM with piecewise constant discrete fluxes. Recall that

X :=P(T.) C LNT.)" C H := L*(w.)"

and Y = SY(7,)? with the scalar product (@&4) on H.
The following lemma provides coarse but uniform estimates of eigenvalues which
could be computed as a function of card(7;).

Lemma 5.1. Suppose that P(7.) = £°(7,)? and that 7, consists of simplices in
R, Then the constant v =7, > 0 from (F5)-(B6) satisfies

v2 <5/6 ford =2 and ~*<9/10 for d = 3.
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Proof. Given any v, € L°(7,)% and y, € SY(7.)%, set vr := wvulr € R? and
yr = [ @z yndx for T € T,. Then, (B.5) reads

et () )

TeT, TeT,

where, by definition of V', v, € V satisfies > ;.. |T|vr = 0. Consequently, the
sum

ZTETZ vr - Yyr
does not depend on an additive constant in y; which, therefore, is determined to
minimise fw ©2 |yn|? dx. This results in the condition fw 0, yn dx = 05 i.e.

(5.1) ZTGTZ yr = 0.
A Cauchy inequality yields

(5.2) v = max <m > IyT|2/|T|> // = lyn|? da

TeT

and equality is indeed attained for vy = yr/|T| (compatible with v, € V and
(B0). Given yp, in S*(7,)? with (51]) and nodal values yo = yn(2), Yo7 = yn(a),
yo,r = Yn(b) on T = conv{z,a,b} € T, for d = 2, a straightforward calculation
shows

yr = |T|(2yo + Ya,r + yp,7)/12 for T € T,.

This and (&) plus a Cauchy inequality yield

123 |yr*/ITI = > yr- (240 + Yo + vo.1)

TeT, TeT,
= Z yr - (Yo, + Yo,1)
TeT,
1/2 1/2
< <Z |yT|2/|T|> <Z T |Ya,T +yb,T|2>
TeT, TeT,
and so (divide by (3 rer, |yT|2/|T|)1/2 and square) leads to
(5.3) 144 > " Jyr?/ITI < > T yar + vorrl
TeT, TeT,

The summand on the right-hand side is
|T| |?/a,T + yb,T|2
2 2 2
(5.4) <207 (2lyol? + [y l? + lyorl?)

:120/ ©. lyn|? dz — 288|yr|*/|T)|.
T

The latter equality follows with lengthy but straightforward calculation with the
well-known formula. [ )\‘f)\g)\g dx =2|T| !B/ (24 a+ S+ v)! for the barycentric
coordinates A1, A2, Az on the triangle T'. The combination of (5.3)-(E4) verifies

S Jyrl2/IT] < 5/18 / o2 lynl? da

TeT, Wz
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Using this in (5:2) shows 42 < 5/6. The proof for d = 3 follows with the same
arguments modified for yr = |T| (2yo + Ya, 7 + Yo7 + Ye,17)/20, etc.; the details are
omitted. (]

To study || L 7|, let M, be given by (Z3); i.e.
M.(f) =Y per Ao fr for flp = fr e RY, T € T., and f € LY(T.)~.

The real coefficients A, 7 sum up to 1 = > .. A; 7 (some are possibly negative).
For comparison, a popular choice for the coefficient A, r reads

(5.5) pzr = |T|/|w,| forT e T,.

Lemma 5.2. Suppose (@4)-([&0) for fixed z € T NN and that P(T,) = L°(7,)¢
and that 7, consists of simplices. Then m = d+ 1 and

[Leal>=m | (L=Aer)®+ Y A2 gper/be i
KeT \{T}

Proof. Given any f € £°(7,)¢ (write fx := fx for each K € T),

Lz,T(f) = (1 - /\z,T)fT - ZKETZ\{T} /\z,KfK

is independent of a global additive constant in f. To minimise ||gpi/ 2 fll, this con-
stant is such that fw @, fdr=0. Hence

(5.6) ZKGTZ K| frk =0

and (with an argument f in £°(7,)?\{0} with (5.6) in the supremum)
1Lzl = supy [T Lo (£)1?) (Carer, |l 1M]/m) .

A Cauchy inequality shows

2 1/2 2 2 1/2
L ()] < (Sager aPIMD)Y (1= A2 /T 4+ S eermy M/ IK1)

Equality holds for fr = (1 — A, r)/|T|e and fx = —Ax/|K]e for any other K €
T.\{T} and some fixed unit vector e € R%. Since this choice of f satisfies (E.6),
there holds

|Leaal® = mIT] (1= % 0)/IT) + Siceroymy Mc/IKT) - O

The following consequence gives an estimate for the choice (B3) and indicates
that this choice is optimal.

Corollary 5.3. Under the assumptions of the preceding two lemmas (satisfied for
all z € N)) and for p, r = A, r there holds

v <na < V10 for d=2 and ma < na < V15 for d = 3.

Proof. The estimates follow from Theorem ET] and Lemmas B1] and with
| L] =m(l — psr) <mand N(T) = 12, 20 for d = 2, 3. O
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