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INVERSE INEQUALITIES ON NON-QUASI-UNIFORM MESHES
AND APPLICATION TO THE MORTAR ELEMENT METHOD

W. DAHMEN, B. FAERMANN, I. G. GRAHAM, W. HACKBUSCH, AND S. A. SAUTER

ABSTRACT. We present a range of mesh-dependent inequalities for piecewise
constant and continuous piecewise linear finite element functions u defined on
locally refined shape-regular (but possibly non-quasi-uniform) meshes. These
inequalities involve norms of the form |[h%ul|yy s p(q) for positive and nega-
tive s and «, where h is a function which reflects the local mesh diameter
in an appropriate way. The only global parameter involved is N, the total
number of degrees of freedom in the finite element space, and we avoid esti-
mates involving either the global maximum or minimum mesh diameter. Our
inequalities include new variants of inverse inequalities as well as trace and
extension theorems. They can be used in several areas of finite element anal-
ysis to extend results—previously known only for quasi-uniform meshes—to
the locally refined case. Here we describe applications to (i) the theory of
nonlinear approximation and (ii) the stability of the mortar element method
for locally refined meshes.

1. INTRODUCTION

Many classical a priori estimates for the error in a finite element approxima-
tion u to a solution v of an operator equation take the form [jv —ul/g: o) <
Chmax)®™" Hv||Hs(Q)7 for some s > t, where hpya, is the global maximum mesh
diameter and H*(2) is the usual Sobolev space of index s on a domain €2 . Since
modern applications produce meshes with significant local variation of mesh size,
many authors avoid the introduction of Anyax and use instead localised estimates,

such as
1/2

(11) o=l ey < €4 SR uldy

T€T
with 7 denoting a typical element of the mesh 7 and h, denoting the diameter of
7. Other authors work with estimates of the form

1.2 Hh*H) _ H < Ol oo
(1.2) (v—u) @) HUHH~(Q)

where h(z) is some positive “mesh-size” function, designed to reflect the local mesh
diameter near each point x. Estimates such as these allow quite general mesh
refinement procedures including some produced by adaptive algorithms (e.g., [21]).
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Some finite element error analyses require, as an additional ingredient, certain
fundamental inequalities which have to be satisfied by the finite element func-
tions. Examples are inverse estimates, which bound the Sobolev norm of a finite
element function in terms of its Sobolev norm of lower index, multiplied by a
mesh-dependent constant. These are used in many classical analyses, for example
uniform norm error estimates for finite elements ([8]) and stiffness matrix condi-
tioning analysis in boundary elements (e.g., [24]). More recently, inverse estimates
have appeared also in the analysis of the mortar element method for PDEs, where
negative index spaces on lower dimensional manifolds appear naturally ([5]).

Classical inverse estimates (like classical a priori error estimates) are usually
global: The mesh-dependent constant in the bound grows as an inverse power of
hmin (the global minimum mesh diameter). If the mesh is strongly locally refined,
this bound is large and may not be useful. Thus analyses which make use of inverse
estimates often make the additional mesh assumption of global quasi-uniformity
(i-e., Pmin ~ Amax), and so most interesting adaptive procedures are then ruled out.

In this paper we prove a range of inequalities, including localised inverse esti-
mates which apply to both piecewise constant and continuous piecewise linear func-
tions defined with respect to meshes of simplices on domains in R?. The meshes
are assumed shape-regular but need not be quasi-uniform. Our results include
estimates of the form

(1.3) |hu||wsr0) < Cllh**ul ry, for a range of nonnegative s
and
(1.4) [h°F%ul| o) < Cllh%ul|w-sa(0), for all nonnegative s,

where o € R and h is the mesh-size function mentioned above. If the mesh is quasi-
uniform, then A is bounded above and below in terms of either hpmi, or hmax and
these bounds reduce to standard inverse estimates. In the locally refined case they
represent localised inverse inequalities which may be considerably less pessimistic
than the classical ones.

While some particular localised inverse estimates have been developed in the
literature in connection with special applications (e.g., [I] proved special cases of
([T3)) and [I8] proved special cases of (I4))), we know of no source in the literature
for the general inequalities presented here. In fact (I.3]) and (I:4)) are only examples
of a range of inequalities which we prove. Some of these are elementary and others
depend on a rather more delicate analysis. A recurring elementary tool throughout
the analysis is the use of mesh-size dependent discrete P norms defined on the
degrees of freedom of the finite element functions. Preliminary manipulations using
such 2 norms can be found in [T8].

A more sophisticated tool which we need is the scale of Besov spaces B;(LP(f2))
of smoothness s and primary index p, in which are embedded the Sobolev spaces
W#P(Q). In fact we prove (L3) by obtaining its more general analogue in the Besov
scale, which allows even p < 1 and a range of s up to the regularity limit of u. On
the other hand, (I4) is proved using a separate and nonstandard duality argument
and holds for all negative s and all 1 < ¢ < oo.

A range of elementary inequalities (involving relations between different L? and
£P norms) are given in Sections[2, and 3], while the inverse estimates (I3)), (I4) are
proved in Section @l In Section [ we give localised versions of trace and extension
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theorems for finite element functions using the same LP norm on the ambient space
and on the lower-dimension manifold.

The rest of the paper is devoted to applications of these inequalities. As men-
tioned above, one application (in particular of (L4))) is in the analysis of boundary
element methods for operators on negative order spaces. Since this is described in
some detail in [18] [19], here we restrict ourselves instead to describing two other
applications.

Our first application is to the Jackson and Bernstein inequalities which arise in
the theory of adaptive finite element approximation. Recall that in a quasi-uniform
mesh we have h, ~ N~Y4 where N is the number of degrees of freedom in the
finite element space. The estimate ([[]) then reads (e.g., in the case ¢ = 0):

(1.5) lo = ull 2y < ONT|vl| g2 g -

When v fails to be in H*(£2), but still possesses enough Besov regularity, then
it is known (e.g., [13]) that adaptive processes exist which ensure that the rate
of convergence N~%/% of best finite element approximation to v is still attained,
but with |[v[/fs) on the right-hand side of the error estimate replaced by the
weaker smoothness measure [|v|| ps(Lr(q)) With 1/r < s/d+1/2. This variant of the
classical “Jackson-type” approximation estimate is described in Section 6 (in fact
for primary index 2 replaced by general p). The Jackson inequality is classically
accompanied by the “Bernstein-type” inverse inequality:

lull B (Lr () < CNS/d||u||Lp(Q), for finite element functions w.

This is proved as the first application of our inverse inequalities in Section [l

Our second application (Section [) concerns the stability of the mortar element
method in the case of non-quasi-uniform meshes on the subdomains. The mortar
method seems to be particularly well suited for problems with strong jumps in
coefficients. Since one therefore expects to deal with possibly irregular solutions,
the use of nonuniform meshes appears to be very desirable. The so-called dual
basis mortar method has indeed recently been shown in [22] to lead to stable and
accurate discretisations for the much more flexible class of shape-regular meshes
provided that a certain weak matching condition on adjacent meshes holds along
interface boundaries. Our objective here is to establish stability for this version
of the mortar method without requiring this matching condition. Aside from the
inverse estimates from Section B]we also make essential use of the extension theorem
in Section [B

Acknowledgements. This work was supported in part by British Council/DAAD
ARC Grant 869 and in part by the Max-Planck-Institut Mathematik in den Natur-
wissenschaften, Leipzig through a visiting position for I. G. Graham. This support
is gratefully acknowledged.

2. PRELIMINARIES

2.1. Meshes and finite elements. Throughout this paper 2 denotes either an
open Lipschitz polyhedron or (a connected subset of) the surface of a Lipschitz
polyhedron. In both cases, the dimension/surface dimension of € is denoted by
d € N. Although most of our results extend to general dimension d, we give the
proofs for the cases d € {1,2,3}.
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A mesh T on Q is a decomposition

ﬁ:U{T:TET},

where the elements T are either intervals, triangles or tetrahedra. The elements
have nodes and edges and also (when they are tetrahedra) they have faces. For
convenience we will always consider the elements to be closed sets. We assume
throughout that our meshes are conforming, i.e., if o, 7 € T, with ¢ # 7, then
o N7 is either empty or a vertex, an edge or a face. We identify two sets of points
in © which are useful as index sets.

Let Ny denote the set of centroids of elements of 7. We identify ¢; € Ny with
its counting index j and we write j € Ny as well as ¢; € Ny. The sets T and N
are in one-one correspondence and for j € Ny, we denote the element of 7 which
contains ¢; by 7;.

Also we let N7 denote the set of nodal points of 7. Similarly, we write i € N
as well as z; € V.

Each element 7 has a diameter denoted h, and a volume |7| = [ _dz.

We are concerned with inequalities for piecewise polynomial functions on 7 in
the two most important cases:

(2.1) So(T) = {v 1 Q — R : vljye(r) is constant, 7 € T} ,
(2.2) S1(T) ={u:Q — R:wuis continuous and u|, is affine,7 € T}.
For each j € Ny, let x; € So(7) denote the characteristic function of 7; and for

eachi € N1, we define ¢; € S1(7) to be the “hat” function with values ¢;(z;) = §; ;,
for i,7 € N1. Each u € Si(7) then has the familiar expansion:

(2.3) u = Z Ui X5 with Uj = ’U,(Cj), u < SQ(T),
JENO

(2.4) u = Z ui¢i; with U; = U(J)i), u e 81(7)
i€N1

If Q is a d-dimensional surface in R4t the surface derivatives of a sufficiently
smooth function v : £ — R on (plane) surface elements 7 € T are defined by
introducing local (d + 1)-dimensional Cartesian coordinates so that the first d co-
ordinates lie in the tangential plane through 7. Let k. denote the mapping from
local to global coordinates and put @, := u o k,. Then, for any o € N¢, we define

0%ul, = (0%0r) o k!

T —= R

Similarly, we put

Vu = (Vi,)or b7 — R
Note that, by using this definition, Leibniz’ rule for differentiation of products of
functions holds as usual. At various places in the text, we consider polynomials on
elements 7 € 7. In the case of surfaces this notation always has to be understood
in the sense that the function, in local coordinates, is a polynomial.

2.2. Mesh regularity.

Definition 2.1. Two vertices z;, z; are called neighbouring if there is an element
7 € T such that z;,z; € 7 (i.e., z; and z; are connected by an edge of the mesh).
Two elements 7,0 € 7 are called neighbouring if 7N o # 0.
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We shall consider classes of meshes which satisfy the following weak regularity
assumptions.

Definition 2.2. For K > 1 and € > 0, Mg . denotes the class of meshes 7" which
satisty

(2.5) h, < Kh,, for all neighbouring elements 7,0 € T
and
(2.6) |7| > ehd, forallTe7T.

When d > 2, it may be shown that for the conforming meshes considered here,
the “shape-regularity” assumption (2.6]) implies the “local quasi-uniformity” or “K-
mesh” condition (2.5)), and so in this case the meshes could be characterised by the
single parameter e. However in other situations it is of interest to consider locally
quasi-uniform meshes which are not shape regular, and so we choose to keep the
parameters K and e separate in our analysis.

Notation 2.3. Throughout the paper, if A(7) and B(7) are two mesh-dependent
properties, then the inequality

A(T) < B(T)
will mean that there is a constant C' depending on K and e such that
A(T)<CB(T), forallT € Mg.

Also the notation
A(T) ~ B(T)
will mean that A(7) < B(7) and B(7) < A(T).

In some situations we will be considering other parameters as well. If the con-
stants in the estimates are independent of another parameter, say a € [a, @],
we shall write explicitly, “A(7) < B(7) uniformly in o € [a,@]” or “A(T) ~
B(T) uniformly in « € [a,@]”, as appropriate. This means that the equivalence
constants may depend on o and @ but not on « € [a, @].

For our later estimates we need to introduce a mesh-dependent function h on €2,
such that the value of h on any 7 € 7 is proportional to the size of elements of 7
near 7. To this end, for i € N7, we introduce the subsets of 7T

(2.7) T (z;):={r €T : 7 hasa corner at z;}.

Then we set
hi :=max{h, : 7€ T (x;)},
and we define h € §;(7) to be the interpolant of these values, i.e.,

(2.8) h=> hi¢i
€N

Our aim in this paper is to create methods of analysis which are relevant to locally
refined meshes and to exploit them in several applications. To this end, information
about the mesh being used will be contained in the function h defined above and
this plays a key role in most of our estimates. In some situations we also need to
include a global mesh parameter. For this we avoid using the maximum or minimum
mesh diameters, given by hmax = max{h, : 7 € T} and hyin = min{h, : 7 € T},
but choose instead to use the cardinality of the mesh N := #N;. Note that
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asymptotically it is unimportant whether IV is defined as the number of nodes or
elements since it follows from the conformity of the meshes that

(2.9) #No ~ #N1.

Since adaptive techniques try to construct a good approximation for a minimal N,
estimates involving N are more natural in the context of adaptivity than those
involving hmin Or Amax-

Remark 2.4. Since mingeq h(z) = minen, h; > 0, any power h® is well defined for
s eR.

Throughout the paper we will frequently use the estimates in the following propo-
sition without further reference.

Proposition 2.5. Let 7 € Mg .. Then
(a) hy < h; < Kh, forall 7€ T(x;), i € N7.
(b) K~thy < hy < Khy, for all pairs of neighbouring vertices x; and xy € Nj.
(c) For all j € Ny,

hr. < min_ h; <h(c;) < max h; < Kh,..
i _iETJﬂNl v = (j)_iETJﬁNl = i

(d) For all j € No,
€h§j S |T]| S hﬁ;

(e) For any two points x,y € §, let |A(z,y)| denote the length of the minimal
path in Q connecting x and y and let Cq denote the minimal constant such that,
forallz,y € Q, |A(z,y)| < Cq |z —y|. The function h is Lipschitz continuous with
Lipschitz constant satisfying

L<C(K-1)/e,
where C' depends only on Cq and d.

Proof. The proofs of (a)—(d) are trivial. To obtain (e), first observe that by the
definition of h we have, for any j € Ny and any x € 7,

Vh(z) = Vh(cj) = V(h —h(e)))(e;) = Y (hi = h(e;)Veiley).

1€T;NN

Now using the shape-regularity property [8), it follows that |[V¢;(c;)| < C(eh,,) !
where C only depends on d. Also, for i € 7; NN, we have

(1=K)hy; < min_ h; — max_h; < h; —h(cj)

1€T; NN, 1€T; NN
< max h;— min h; < (K —1)h,,
TiennN: | dennNT T ( Yhry,

and thus
VA1) < CUE —1)/e.
Now take any x,y € € and recall that € is as specified at the beginning of Sec-

tion 211 Let A denote a shortest path in € connecting 2 and y. Since the elements
in 7 are simplices, the restriction of A to any 7 is either empty or a straight line
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(possibly degenerated to a single point). Choose a minimal sequence (7;);, in 7°
such that 7, NA =: 4;A;11 for 1 <i<m —1and A; =z, A, =y. Then,

3

|h(z) = R (y)] |h (Ai) = h (Ai1)]

IN
i

3
L

IN

IIVhIILoo(T [Ai = Aia| < [IVA[| poc () [A]

.
\ |

< CQHVhHLx(Q) =yl <CCa Lz —y). O

2.3. The Sobolev norms. For 1 < p < oo, we introduce the usual space LP()
with norm || - ||Lr(q). Extending this definition to 0 < p < 1, we obtain a quasi-
norm which satisfies the modified triangle inequality [|u +v| .oy < Clllullps(q) +
0]l 1o ()] With C := 21/P=1_ For further details on L? spaces with p < 1, see [13} 4]
and the references therein. The case p < 1 will become important in Section

We introduce the usual Sobolev spaces W*P(£)) and we note that for s € (0,1),
these are equivalently defined using the Slobodeckij norm :

1/p

|v(x
ooy = 4 01200 + / / L dody

(see, e.g., [20, Section 6.2.4]). In the special case p = 2, we write ||| .oy =
[[lyys.2(q2)- For negative —s, W=*4((2) is the dual space W~*(€Q) := (W*P(Q))’
with % + % =1, p < oo, endowed with the dual norm. The norms can also be

used when Q is a d-dimensional manifold in R d = 1,2 (see, e.g., [18], [19]).
Throughout the paper we restrict the range of Sobolev indices in the case of only
piecewise smooth surfaces to s € [—1,1].

2.4. The (P norms. Let v = (v;)ier € R be a vector with Z denoting its index
set. Then, as usual, we write

1/p .
Wl = (3, 10l”) " forpe (0.00),  and [IV]pmz) = max{les| : i € T}.

If w = (w;)iez, then we define the ¢ inner product and the pointwise product,
respectively, by

(v,w 42(1) § VWi, VW = (V;w;)ieT-
i€l

If f is any function on 2, we introduce the discrete norm of f on Ny and on N;
defined by

I£llernv) = {ZzENO |f(ci |p} VP Ghere f= (f(ci))iens, » When k=0,
3 {Eze/\fl |f(z; |p} /p where f _(f(xi))iej\fla when k = 1,

when these quantities are well defined.
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3. ESTIMATES IN /P AND LP NORMS
1. Relations between discrete and continuous norms.

Proposition 3.1. Let pg > 0 and a < @ be given. Then, for i =0 or 1,
(3.1)
1Rl oy ~ Hhaer/pqup(M), uniformly in w€S;(T), p€[po, 0] and o € [a,a].

Proof. Throughout this proof the relations < and ~ will hold uniformly in p €
[po, 0] and o € [, @]. First consider pg < p < oo, and observe that for any
f e LP(Q), we can write

1/p
32) I8 sy ~ 4 3 ez [ 1117
FENO Tj
Thus if we consider any u € So(7), we have,
1/p 1/p
I ullzoey ~ § D B Imllulep)l? o~ Y hle) P fuley) P

JENO jENo
= WP o)

This estimate is uniform in v € So(7), p € [po,o0) and « € [a, @)
On the other hand, suppose u € S1 (7). Since, for all j € N, ul-, is a polynomial
of degree 1, it follows by a scaling argument that

(3.3)
1/p

1/p
|| ~L/P {/ |u(x)|pdx} ~ Z |u(z;) P , uniformly in j,p € [pg, 00).
i i€T; NN

More precisely, the equivalence ([B3) is obtained by first transferring the left-hand
side to a unit simplex 7 (with nodes Z;), via the usual affine map [I0]. This
yields equivalence to ||i||»(r), Where 4 is the pullback of u onto 7. Since the map
(@, p) = [|t]| p(r) is continuous on the compact set

d
{(@,p) : u is affine on 7, Z |a(z;)|” =1, and p € [po, 1]},
j=1
the assertion ([B.3) follows for p € [po,1]. An easier argument based on the Riesz-
Thorin interpolation theorem for LP spaces establishes it for the full range of p.
Hence, inserting (B.3) in (3.2)), we get, uniformly in u € §;(7) and p € [po, o),
1/p

1/p
I ullpogy ~ § D I D Jul@)l? ~ { > h?””lﬂ(ﬂ?z‘)l”}

jENO 1€1;NNY 1EN]
= [T Pu| o),
as required. (In the second to the last step we have used the fact that the mesh is
conforming and shape regular and so the number of elements attached to any given

node is bounded over all meshes in the class Mg ..)
The remaining case of p = co follows by similar arguments. U

The following corollary identifies two simple special cases of Proposition Bl
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Corollary 3.2. It holds that
Z h(cj)d ~ Z hf ~1,
FjE€ENO i€eN7

~ NYP  uniformly in p € [po, 00).

]
LP(Q)

Remark 3.3. The special case o = 0, p = 2 of (3] states that the mass matrix
M (defined by (Mu, V) 2z, ) = (U, V) 12()) is spectrally equivalent to the diagonal

matrix D = diag{h?}. Hence D is an optimal preconditioner to M (whose condition
number is bounded above by max{h¢/h{ : i,j € N1}).

3.2. Estimates between different /? norms. First we recall some inequalities
satisfied by ¢P norms.

Proposition 3.4. (a) Let 0 < p < p’ < oco. Then, for any index set T,

(3.4) ||u||zp/(z) < Hu||ep(1)~
(b) Let 0 < a < < o0 and a < p < 3. Then
(3.5)

af-p _q_ Bp=a

o =1-2 ff B < oo,
a/p if f=oc.
Proof. To prove ([Z3)), we use Holder’s inequality to obtain (for finite 3):

1— .
Jall ) < ol Il it = {

pP—a B—p pP—a
B—a < Yo w B—a .
o R [ P [ e PP

B=p
Iallf(z) = (7=,
On the other hand, if 3 = oo, we can write

« 11—«
(3.6) 1l oz < llledfy, <ty

and together these two estimates prove (3.5)).
It can be easily checked that [[ul|je 7y < [[ul[a () for any 0 < o < co. Inserting
this inequality into (B.6), one obtains |lull,z) < [lulla(7) and hence (3.4) follows.
(I

The next two propositions contain inverses of inequality (B.4]). These can only be
obtained at a cost of either an N-dependent factor (Proposition BH) or a weighting

by a negative power of h (Proposition B:)). The exponent p;);,p appearing below

should be understood as 1/p, if p’ = oc.
Proposition 3.5. Let 0 < p < p’ < co. Then, if i =0 or 1,

D

'—p
2 [all g (-

(3.7) [ullerny < N
Proof. Recalling ([2:9), we have

P’*P
lallgoary = (15 [ul") ez < Il )Illul”lleg =N ullg ) O
P

' =p (N;

Proposition 3.6. Fori=20,1,
(3.8)

d(®’—p)

allepnyy S a2

u||zp/(Ni), uniformly in u € RV and po <p<p <o0.
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Proof. We give the proof for ¢ = 0. The case ¢ = 1 is analogous. Take any
u € R and define u € Sy(7) by requiring u(c;) = uj, j € Ny. Then, by Propo-
sition [3.8 below, we have [|lu[[rr(q) < [[ull s (q)- Using Proposition 3] we obtain

[h/Pul| o n) S th/p/uHpr(No). Then (3.8) follows by replacing u by h=%Pu. O
From this we have the immediate corollary:
Corollary 3.7.

d(®’—p)

bl nz) < IRl ()

uniformly in u € RNi,a ER and pg < p<p < 0.

3.3. Estimates between different L? norms. The following result is obtained
directly from Holder’s inequality.

Proposition 3.8.
(3.9 Nullzei) S lull o (), uniformly in py < p < p' < oo and u € L ().

In the following generalisation of Proposition B8 we balance powers of h inside
the right-hand norm with an appropriate power of the global parameter N outside.

Proposition 3.9. Fori=0,1 and a < @ the estimate
1P%ull o) S NP ull Lo o
holds uniformly in uw € S§;(T), po <p<p < oo, a€[a, @ and 0<6 < px;T;p'

Proof. We give the proof for ¢ = 0. The case i = 1 is very similar.
(a) Let u € So(T). Then using (3.7) with i = 0 and with u replaced by h**%/Pu
and then (Bl), we obtain the required result in the case § = 2=,

PP

(b) More generally, consider 0 < 6 < %. Then we can choose p”’ € (p,p'] such
that 6 = 22 Then by (B0) and part (a), we have [h%ul|s() S [1h%ull 1o (o) <
N9||ha+d9u||Lpf(Q), as required. O

Finally we obtain an inverse to the inequality in Proposition B3 As in Propo-
sition B.6] we pay the penalty of a negative power of h on the right-hand side.

Proposition 3.10. Fori = 0,1 the estimates

_d@'=p)
T

1l iy < \
Lr(Q)

hold uniformly in u € S;(T), a € [a, @] and pg < p < p' < o0.
Proof. Combine (B-1)) and (B:4). O

4. INVERSE ESTIMATES IN SOBOLEV NORMS

In this section we prove two types of inverse estimate in Sobolev norms. The
first two subsections concern upper bounds for the W*? norm of a function (s > 0)
in §;(7), i =0,1, in terms of the L? norm of an appropriately weighted function.
The range of s is naturally restricted by the regularity of the spaces S;(7). In the
case of 81(7) our results are a generalisation of those already given in [Ig].
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In this section we restrict to inverse estimates in Sobolev norms, where p > 1. A
more general result in Besov spaces—which also allows p < 1 —is given in Theorem
[A1] and includes Theorems @ Iland @2 as special cases. However, since the inverse
estimates in Sobolev spaces are those which are mostly used by the numerical
analysis community, we include, in this section, Besov-free proofs of these in order
to maximise the usefulness of the paper. With this motivation we also restrict to
p = 2 in Theorem

In the third subsection we obtain lower bounds for the W=7 norm (for s > 0) of
a function in §;(7) in terms of the L? norm of an appropriately weighted function.
These are obtained by direct estimation of negative norms. The range of negative
—s which can be reached is unlimited and again the argument generalises that in
[18], in which only the cases u € §1(7) and 0 < s < 1 were covered.

4.1. Inverse estimates for u € §;(7) in W*P(Q), s > 0.

Theorem 4.1. Suppose that 1 < p < oo and that 0 < s < 1+ 1/p. Then the
estimate

(4.1) A% ullyyem() < HhG_S“HLP(Q)

holds uniformly in u € S1(T), a € [a,@] and 1 < p < 0.

Proof. Throughout this proof the inequality < will be uniform in u € §;(7), a €
[a,a] and 1 < p < co. We give the proof only for 0 < s < 1 here, since it can be
based on elementary arguments. The proof for the missing range of s is given in
the proof of Theorem [AT]of the Appendix.

Suppose s = 1 and 7 € 7. The product rule yields V (h%u) = ah®* " 1uVh +
h*Vu on 7. Since Proposition EZH(e) shows that [(Vh)| | < 1, it follows that
||aha*1th||Lp(T) < ||ha’1u||Lp(T). Moreover a simple scaling argument shows
that |A*Vul[z, ) < hit [h®ull oy < Hh“‘luHLP(T). Summing the pth powers of
these inequalities over all 7 € 7 and taking the pth root, we obtain

(4.2) 1R ull ) S ||h0(_1uHLP(Q)'

Interpolating this result with the trivial estimate ||h%ul|1r) < [[h%u|/1r(q) (for
s =0), we obtain () for general s € [0,1]. (Note that here we have used the fact
that the norm interpolating ||h*~'u| sy and [|h%ul|lLe) is [|A*5ul Lo(q) (see
Triebel [23], (1.15.2/4)]).

4.2. Inverse estimates for u € §y(7) in W*P(Q), s > 0. Analogously to Theo-
rem BTl we have the following estimate for piecewise constant functions.

Theorem 4.2. Suppose that 1 <p < oo and 0 < s < 1/p. Then
(4.3) [hullwer) S 1A ullLr(q),
uniformly in u € So(7), a € [a, @], and 1 < p < o0.

It is a corollary of Theorem that So(7) € W*P(Q) for all p and s in the
ranges specified in the assumptions. Thus So(7) € W/?752(Q) for € > 0. The
stated range of s is maximal, since, as is well known, So(7) ¢ W1/22(Q).

We give the proof for p = 2 only since it can be based on the localisation of the
Slobodeckij norm given in the following lemma.
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Lemma 4.3. Let Q C R? be a bounded domain and let T be any conforming mesh
on Q. Any function v € H*(Q), s € (0,1), satisfies

)P
@) ol < X [ea Wl + X[ [ MRG0 doay

T€T T'eT
' NT#£Q

where 0, = dist(r,D,) and D, = J{r' € T : 7 N7 = 0}. For a domain
Q C Rd, the constant c s explicitly given by ¢ = 1 + é for d = 1 and by
c=1+4+% for d € {2,3}, provided that 6, < 1. The constant ¢ 1s more involved
for a d- dzmenswnal surface €, but still independent of v, T, K, € .

The proof of Lemma[4.3] can be found in [16] for d = 1 and in [17] for d = 2. The
3-dimensional case can be shown analogously to the 2-dimensional case. Note that
(#A) holds for any conforming triangulation and the requirement that 7 € Mg .
is not needed for Lemma [£.3

Proof of Theorem [{-Z (restricted case). As mentioned above, we restrict to the case
p = 2. In addition we describe here only the case d = 2. The proofs for d = 1 and
d = 3 are similar. So, let u € So(7). Since we are considering meshes from the
class Mg ., (&4) implies that

(4.5)
. - [(hu)(z) — (hu) () 2
Ihulreey S 1 ulFa + 3 / / ) = (DO 4y,
7,3’ eNg |£L‘ y|
707 20

J

Observe that by elementary arguments [(h*u) (y)| < A7, [u(c;)l, for y € 7;. Using
this in (5], we obtain

(4.6)
Ihule) S IR ulfeq + D {B2lulen) + B2 fule) P} Iry
id' €No,i#5!
Tj/ﬁTj#w
2
+ 3 Juey)l H,
JENO
with
(4.7)

I :z// |t —y|~* **dedy and H, :=//|h Z+2(g )l dzdy.

Since the summand in (B8 is symmetric with respect to j,j’, we may write
(4.8)
_ 2
IR ullFrey S 1 ullfaqy + D Walulen)l® D Tt Y ule)l Hey.
J€ENo 3’ €No.i#5’ J€No
Tj/ﬁTj#w

We begin with the estimate
a2 —2:
Hy <V (6) oy [ [ Jo =yl dedy.

Now, using polar coordinates with respect to y € 7, it follows that f |l — y|72s dz <
h2~2. This, together with ||V (h®)]| pory < h2™" yields H, < h7*™*) |7| and the

~



INVERSE INEQUALITIES ON NON-QUASI-UNIFORM MESHES 1119

Py

P3=Py

Py

FIGURE 1. Subdivision of 7 into 75, j =1,2,3

last term in ({8) satisfies
2 —
Y lule)l* Hey S0 ullq)-
J€ENo
We finish the argument by showing that
(4.9) Jerr S W% 7], forall7,7’ € T with 7N’ #0 and 7 # 7.

If (B.9) holds, then, since the number of triangles 7" with 7 N7 # () is bounded
independently of h, (£8]) implies that

IRl Fre ) S I ull oy + D 020> ule;)]? |7
J€ENo

SR ulliz ) + 1B ullE ) ~ (180 ullfeq),

by Proposition B1] yielding the required result.
It remains to show (£J). Let y be an interior point of 7. Then 7/ C R?\ B,(y)
with 7 := dist(y,d7) > 0. Using polar coordinates with respect to y shows

/ lv —y| 2 de < / lo —y| 22 de = T2 = T dist(y, 01) 7%,
T R2\ B, (y) S §

hence

(4.10)  Jrp S /dist(y, 1) ™% dy, 7,7 €T withtN7 #0 and 7 # 7.

Let pj, 7 = 1,2,3, be the vertices of 7 and let p be the centre of the largest
circle inscribed inside 7. This circle has radius p, which, by the nondegeneracy
condition (ZH), satisfies p, ~ h,. Also, each of the sides of 7 are tangent to this
circle. For the further estimation of .J; -, we split 7 as in Figure 1 (top) into three
triangles 7;, j = 1,2, 3, with vertices p;_1, p; and p. Then there is one and only
one q € [pj_1,p;] (here [pj_1,p;] is the line connecting p;—1 and p;) satisfying
lp—q| =0-r and p—q L p; —pj_1 (see Figure 1 (bottom)). For y € 7;, we have
dist(y, 07) = f;(y) with the function f;(y) := dist(y, [pj—1,p,]), i-e., dist(y, O7)
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is constant on the level lines parallel to [p;_1,p;]. Therefore, we introduce the
following transformation of coordinates

T(n) = pj—1 +m@—q) + m; —pji-1)  forn = (n,m) € [0,1]*.
Since p—q L pj —pj_1, we get for n € [0,1]? that

[i(Tm) = dist(T'(n), [pj-1.p5]) = mlp—al = mor

and

[det(T'(n)| = |det(p—q pj —pj-1)| = Ip—qllpj —pjal = 217 .
Since dist(-,d7) = f; on 7; and 7; C T([0,1]?), we obtain

[ astwon iy [ @ty = [ ) e o)

2
1—2s

1
:2|le9¥25/0 n P dm = 0% |7yl -

Hence, substituting this in (ZI0), we obtain
3
B 53 [ disl0r) iy 5 0% Il
i=177i

which, by the nondegeneracy assumption, yields the estimate (E9). O

4.3. Inverse estimates in W49, s > 0. In this section we extend the estimates
of Sections E.1] and [£.2] to negative norms. Our main result is Theorem E.6], which,
for example, can be used to estimate the W ™% norm of a finite element function
u from below by the L? norm of h®u. Unlike the previous section, where p < 1 was
allowed, the argument in this section is restricted to 1 < g < oo.

Our result in this section is a generalisation of one obtained in [18], where we
considered only the case ¢ = 2, —s € [—1,0] and v € & (7). For our proof in [18§]
we used a duality argument, with test functions chosen to be suitably weighted
functions from S1(7°). The range of negative —s which can be reached using this
argument is restricted. As we shall see, such restrictions are artificial and we can
obtain our inverse estimates for —s indefinitely negative and for functions u € Sy(7)
aswell as u € §1(7). The key to the proof is to consider more general test functions
in the duality argument. These are built from the “bubble functions” introduced
in the following preliminary lemma.

Lemma 4.4. Let t be any closed simplex in 2, not necessarily an element of the
mesh T . Let hy denote its diameter and |t| denote its volume. Then, for any s > 0,
there exists a function P, on Q with the following properties:

(a) Pst >0 on Q.

(b) suppPs; =t.

(¢c) There exist constants C1,Cy such that, for all 1 < p < oo,

Colt""” < | Psllpoy < Colt7
(d) There exists a constant Cs such that, for all1 <p < oo, 0 < s' < s,
15 tllvws oy < Callhy ™ Poytll Loy

The constants C1,Csy, Cs are independent of p and Cy and Cy are also independent
of t. Moreover Cs can be chosen independent of t (but dependent on €), provided
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t is restricted to the set of all simplices satisfying the shape-regularity assumption
28) for somee >0 .

Remark 4.5. Note that putting p = 1 in (¢) and using (a) implies
Cht] < /Psyt < Cyltl.
t

Proof of Lemma[{4} The proof employs the Bernstein representation of polynomi-
als. Let i%,4%,...,i% denote the vertices of ¢t and introduce the barycentric coordi-
nates A = A (z,t) = (Ao, A1,. .., Aq) defined by
d . d
T = ZFO At ZFO A =1
It is clear that each A;(z,t) is a polynomial of total degree 1 in z. Also, since ¢
is the convex hull of the points 9,3, ..., it follows that

(4.11) Aj(z,t) >0, x et
Now, for given s > 0, let r denote the smallest integer satisfying > s and define
the multi-index 8 € N1 by 8, =r+1, j =0,...,d. Then define

N (x,t T Et,
Py(x) = { 0 o r € RA\L.

(Here we have used the usual multi-index notation, i.e., \* = )\go /\f1 e )\gd.)
Property (a) now follows from (fI1) and, since ¢ is closed, property (b) is triv-

ial. Properties (c) and (d) follow from standard scaling arguments (see, e.g., [L0

Theorems 3.1.2 and 3.2.6]). O

Now we have the main theorem of this section.
Theorem 4.6. Let s > 0 be given. Then
+
(1.12) 187y Il
holds uniformly for u € §;(7T), i =0,1,1< g <00 and a € [, @] .

Proof. (Recall that the range of Sobolev indices is restricted to s € [—1,1] in the
case of piecewise smooth surfaces; see Section 2.3/) The result is clear for s = 0.
So, let s > 0, let 1 < ¢ < oo and let p denote the conjugate index of ¢q. We will
consider meshes 7 € Mg . and throughout the proof the constant involved in the
relations < and ~ may depend on d, s and «, @ as well as on K and ¢ (see Notation
2:3), but it will always be independent of ¢ and v € §;(T), ¢ =0, 1.

For any 7 € 7, define

(113) e e

Then, simple geometric considerations show that it is always possible to construct
a simplex t = t(7) C 7 with the properties
(A) wu does not change sign on (7).
(B) There exists a constant 0 € (0,1) depending only on d, s, @, @ and € such
that

(4.14) min_|(R*t*u) (z)] > 6¢s,

z€t(T)
and
(4.15) [t(r)| > d|7].
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Note that ([@I0), together with 7 € Mg ., implies
(4.16) iy 2 |t(r)| > 6 |7| > deh > behy .

Now first consider ¢ in the range ¢ < gmax < 00, S0 that p > ¢max/(gmax — 1) > 1.
Then define coefficients b, € R by

a/p
(4.17) by = sign(uly(;)) { min ‘(h”au) (x)‘} ,
zet(r)
and then set (with P ;) as defined in Lemma F.4))
(4.18) w=Y_bh*Pyyr).
T€T
We shall use w as a test function to estimate the negative norm of h%u, i.e., we
write
|(h%u, w)|

(4.19) 1wy —sra gy = 7o

D = wllyye o

Now, to estimate the numerator in (@I9)), we use LemmalZ4(a), (ZI7) and Remark
to obtain

[(h%u, w)| = |(h5+au, h*Sw)‘

Z hs+°‘u bTPS’t(.,.)
TeT t(7)

and combining this with (£I4) and (413)), we obtain

>3 {;ggg) |(h ) (M}q [t

TeT

(4.20) |(hu,w)] Z 697N " ¢l 7| 2 69 |ho |,
TeT

(@)

Turning to the denominator in (@I9), we first establish that
(4.21) [wllwer@) S 1AWl Lr(e)-

To obtain this, first consider integer s and, for a € Ng, let 9% := 91952 ...95".
Then,

(422) |’LU|Wg P(Q Z ||8aw||LP Q) Z |b |p }h PS t T)}W@ p(t(T))
aeNgd TeT
lo=s

Now recalling Proposition [2.5(e), which shows (Vh)|_ is constant and |[Vh| < 1,
and applying the Leibniz formula, it is easy to show that

s p 1 P
h PS,t(T) |Ws,p(t(7-)) S j:S%p . hg_p |Ps,t(7') |Wj,p(t(7—)) )
where the hidden constant only depends on s and |Vh|. By Lemma B4 and (18]

this supremum may be bounded by || Py 4(-) ||I[)/P(t('r)) and substituting in (@22), we

obtain (LZI)). Arguing as in the proof of Theorem EI] we obtain (ZZI]) for all
s € R>q by interpolation.
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Furthermore, by definition of w and by Lemma [4(c), we have

1/p 1/p
b= wl] e < {Z br? 1ot 2 } < {Z b, |t<r>|}
T€T T€T
1/p 1/p
= {Z |Igj£)(hs+“u)(x)|q |t(7')|} < {Z ||hs+au||(iq(t(7))}
TeT TeT
(4.23) < [[hsteu)| YE,

Combining (£20), EZT) and E23) in (EI9), we obtain the required result [EI2)

when ¢ < gmax < 0o. (Note that this argument fails if gnax = 0o since the dual of
Lo is not Lq.)

To complete the proof, we consider the case ¢ = oo, p = 1. Let 70 € T satisfy
(o = max,e7 (. Then with the simplex #(79) as defined above (and satisfying
properties (A) and (B)), we define w = sign(uly(r0y)h* Py ¢(70y. Then, using analo-
gous arguments to those above, we obtain

|(hu, w)| = |(h*+u, h~*w)|
> hs-i—oz / P, 0 > pste / P, (o).
> min [0 N@) [ Pon) 2By [ Pton

On the other hand, one can easily check that (fE2ZI) remains true for p = 1, and so

||w||W5 1(9) ||h ’wHLl(Q) /0 Ps,t(70)~

These last two estimates imply the result ([@II2)) for ¢ = co. The result for ¢ €
[max, o] follows by interpolation. 0

5. TRACES AND EXTENSIONS

Suppose that Q is a (d + 1)-dimensional domain (d = 1, 2) which is triangulated
with a mesh 7 € Mg . and that Q) is a d-dimensional surface consisting of boundary
faces of elements in 7. Thus, the restriction of 7 to Q defines a mesh 7 on Q.
Then 7 € M - with K ~ K and & ~ e. We can define the function h € S;(7)
exactly as in (28). Analogously we can define hedS (’j') The mesh regularity
implies the estimate

h(z) S h(z) <h(z) Ve e Q.
Suppose that the index sets of the elements and nodes of the meshes 7 and 7 are

denoted, respectively, by N;, N, i =0, 1.

5.1. Traces. Every function v € S;(7) has an obvious restriction @ € S;(7),
defined by requiring the nodal values of % to coincide with those of u on the surface
Q, i.e., @ is just the trace of u. For discontinuous functions u € Sy (7)) we can define
a restriction @ by requiring that the values of @ on each element of 7 € 7 should
be the average of the values of u over each 7 € 7 with 7 C 7. In each case, using
Proposition 3] (twice), we obtain

Lemma 5.1. Fori=0,1, the estimates
- o1
(5.1) 1Rl ey ~ B 20 oy S IO Pl oy ~ (1R 7 ] oo

hold uniformly in u € Si( ), » € [po,0] and o € [a,@].
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Note also that the constants in (Bl) are not dependent on the d-dimensional
measure of ().

5.2. Extensions. With the same notation as above, suppose that @ € &; (’f) is
given. We can again define the obvious extension u € §1(7) by defining u to be
zero at nodes of 7\7. For @ € So(T), a suitable extension would be to define ul,,
for each 7 € 7, to be the average of the value(s) of @ on the elements of 7 which
intersect 7 and zero if there are no such intersections. Then, analogously to (G,
we have

Lemma 5.2. Fori = 0,1, the estimates
‘ hO‘*%u‘ h*tiu ~ Hfl‘”gﬁ
)

hold uniformly in u € S; (T), p € [po, 0] and o € [, @].

o4

~ ‘

@) H W o () L ()

Notation 5.3. For future reference, we denote the extension operator from S (7)
to $1(7) described above by ®g.

6. MIXED NORM ESTIMATES

It is well known that when mth order (i.e., degree m — 1) finite elements u are
used to approximate the solution v (of some differential equation, say) then, on
quasi-uniform meshes 75 of maximum mesh diameter hpax, we obtain estimates of
the form [[v — ul|Lrq) S PhaxllVllwer(), for 0 < s < m and v € W*P(Q). In the
quasi-uniform case we have hyax ~ N —1/d (where N is the number of nodes in the

mesh) and so we have the “Jackson estimate”
(6.1) lo = ullzoy S N™follwer o,

which measures the accuracy in terms of the number of degrees of freedom used in
the approximation. The Jackson estimate often is accompanied by its companion
“Bernstein estimate”

(6.2) lullwery S N/ul Loy,

an inverse estimate holding for all u in the relevant finite element space.

To see under which circumstances non-quasi-uniform meshes offer better approx-
imation rates relating the achieved accuracy to the number of degrees of freedom,
one has to abandon measuring error and smoothness in the same LP metric. This
is the point of view taken in the field of nonlinear or best N-term approximation:
See [13] for a recent excellent survey of relevant concepts. The formulation of such
results involves the Besov spaces B;(L"(2)), consisting of functions with smooth-
ness s measured in L™(£2) (see, for example, [13| p. 92]). The third index q is of
secondary importance and permits further fine distinctions. A definition of these
spaces will be given in the Appendix below. Here we mention only that for s ¢ N
and r > 1, one has B:(L"(Q2)) = W*"(Q). The following result for ¢ = 1 is a
special case of the Jackson estimates from [3]. The case ¢ = 0 is given in [15]. Such
estimates for one-dimensional problems can be found in [13] p. 102]. For further
comments on the following result, see [12].

Theorem 6.1. Let 0 <p <oo,d=2,i€ {0,1} and 0 < s < 2. Assume that
1 s 1
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Then, for any v € BE(L"(2)) one has

(6.4) v —ull o) S N7 |||

inf s(Lr
WESH(T), TEMsc.c, #TN BriEr@n,
where the constant depends on the mesh-regularity parameters, the measure of €
and the discrepancy § == s/2+1/p—1/r.

Note that by the Sobolev embedding theorem, BZ(L"(2)) is compactly embed-
ded in LP(Q) when (G3]) holds. Obviously, the smaller r is, the larger the space
B:(L"(Q)) for fixed smoothness index s and it permits singularities which are pro-
hibited in W#P?(£2). Thus the loss of regularity, encountered when decreasing r for
fixed s up to the critical embedding line defined (for arbitrary spatial dimension d)
by

1 s 1
6.5 —=24-
(6:5) r d + D
can be compensated by the use of non-quasi-uniform meshes so as to retain the
same approximation rate O(N~%/2). Moreover, whenever for s, satisfying (63)

(6.6) sup{s:v e W*»P(Q)} <sup{s:v e B.(L"(Q))},

appropriate non-quasi-uniform meshes provide asymptotically strictly better ap-
proximation rates for v than quasi-uniform meshes with a comparable number of
triangles. In fact, it has been shown in [I1] that (6.6) holds generally for solutions
of second order elliptic boundary value problems on Lipschitz domains for suitable
r<p=2.

The main reason for including the above Jackson estimate here explicitly is to
motivate the use of the inverse estimates developed in the earlier sections of this
paper to prove the companion Bernstein estimate for (64), i.e., the analogy of (6.2).
This is given in the following theorem.

Theorem 6.2. Let 1 < p < oo, and assume that p,r, s satisfy (€3) and in addition
that for i € {0,1} one has 0 < s <i+1/r. Then

(6.7) lullBs (Lr)) S N/ || Loy,

uniformly in v € S;(T), p and r.

Proof. By Theorem[AT]and Proposition[3.9] (with «, p, p’, 8 replaced by —s, 7, p, s/d),
one has

(6.8) lull Bs(zr @y S 1A~ *ul
where we have used that, because of (&), p;f = 5 = 0 lies in the range required
in Proposition 3.9 O

L) S Nl poa),

Remark 6.3. (i) The Besov norm on the left-hand side of (6.7) may be replaced
by the Sobolev norm ||| sy, when 7 > 1. The proof is analogous, but uses
Theorems ETl and instead of Theorem [A ]

(ii) In the proof we have made use of various results from Section Blin the norms
in " and L". Here the importance that these results hold for r < 1 becomes
apparent.
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Let us finally obtain a Bernstein companion to the “almost optimal” Jackson
estimate (64). Choose p’ > p such that & = & + %. Then (67) combined with
Proposition provides
(6.9)

d(®’—p)

||U||Bi,(Lr’(Q)) < Ns/d”“”m’(n) S NS/dHhi ee! UHLP(Q) = Ns/dHhS 78“”1:?(9),

where L = & 4+ 1
r T d p°

7. APPLICATION TO NON-QUASI-UNIFORM MORTAR ELEMENTS

In this section we shall apply the inequalities derived above in the context of
the mortar finite element method; see, e.g., [2 6] [7,[25]. The mortar method seems
to be particularly well suited for problems with strong jumps in coefficients. Since
one therefore expects to deal with possibly irregular solutions, the use of highly
nonuniform meshes appears to be very desirable. When dealing with quasi-uniform
meshes, certain mesh-dependent norms provide a convenient basis for the stability
and accuracy analysis. Thus our main objective here is to extend the stability anal-
ysis for the mortar method to the much more flexible class Mg . introduced above
where appropriate mesh-dependent norms now involve mesh functions. Specifically,
we will focus on the dual basis mortar method [22} 26] which has been shown in [22]
to yield stable and accurate discretisations in the 3-dimensional case also provided
that certain weak matching conditions along the boundary of interfaces between
adjacent subdomains hold. Here we employ concepts from the previous sections to
establish stability without any such matching conditions.

7.1. The continuous problem. Consider the second order elliptic boundary value
problem

—diva(z)gradu(z) = f(z) in €,
(7.1) u = 0 onI'p,
a(x)ou/on (z) = g(x) on 'y :=T\Tp,

where a(x) is a uniformly positive definite matrix with coefficients in L (), the
domain Q < R? is bounded, T'p is a subset of the boundary T' := 99 of Q (with
positive measure relative to I'). HJ () denotes the closure in H(2) = W12 (Q)
of all C*-functions vanishing on I'p.
Suppose that € is decomposed into nonoverlapping subdomains Qx, k = 1,...,
kmaxv i'e'a
kmax
(7.2) Q= % wunu=0 fork#L
k=1
For simplicity we will assume throughout the rest of the paper that the domain
Q) C R? and that the subdomains €2, in (7.2) are polyhedral. If Q and €2; share a
common interface, we define I'; to be the relative interior of € N €. The interior
faces form the skeleton
S = U Fkl-
k.l

Tk, Iy, and T'p will always be assumed to be the union of polyhedral subsets of
the boundaries of the Q.
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The mortar method is based on a variational formulation of (ZI)) with respect
to the product space

Xn:={ve L3(Q) : v, € HY ), k=1,..., knax, v|r, = 0},

endowed with the norm

1/2
ki]lax
ol = (3,5 Wolpcan ) -

The space H&_ p(£2) is characterised as a subspace of X determined by appro-
priate constraints on jumps across interfaces.

This suggests the following weak formulation of (ZIl): For a suitable pair of
spaces X, M, find (u,\) € X x M such that

(73) a(u,v) +b(v,A) = (f,v)oa+ (g,v)ory forallve X,
b(u, ) =0 for all p € M,
where (u,v)o.q and (g,v)or, denote the L? inner products on 2 and I'y, respec-
tively and
a(u,v) = 3 fo, (a(z)Vu()) - Vu(z)de,
bo,p) = Zr‘klcs(ﬂ'v [’U])Ovr‘kl'

The jump [v] of a function v € X is defined on S by
[v] := vlg, — vlg, on Ty,

(see [6] for further background information). It is important to note that therefore
each interface I'y; appears only oned] in the sum over S.

7.2. Discretisation. In order to describe next the mortar method as a discrete
version of ([Z3]), we choose for each subdomain €, a family of (conforming) simplicial
meshes 7y independently of the neighbouring subdomains. This means that the
nodes in 7; which belong to I'y; need not match with the nodes of 7;. Throughout
the rest of this section each family 7; will be assumed to lie in the class Mg,
for some fixed K and e. (Note that the mesh sizes in the adjacent subdomains are
not required to satisfy any compatibility condition.) The corresponding spaces of
piecewise linear finite elements on 7;, are denoted as before by S1(7;). We set

kmax
(7.4) X5, = Xn N H S1(Th),

k=1
where the index h is used to signify the mesh dependence. The crucial step is to
fix the Lagrange multipliers for each I'y; (i.e., the discrete analogue of the space
M in (73])). The corresponding domain €y, is called the nonmortar side, while Q;
is the mortar side. It is important to stress here the following implicit notational
convention to be used throughout the rest of the section. The indexing of the
interface I'y; (as opposed to I'j;) always expresses that € has been chosen as the
nonmortar side. We also emphasise that the choice of the mortar side is actually
arbitrary.

A common strategy is to choose the Lagrange multipliers also as continuous

piecewise linear finite elements to keep them as close as possible to the traces on
the nonmortar side. Here we consider an interesting alternative that has been

INote that the indices k,l in I'y; have a different meaning. The first index will refer to the
nonmortar side, as explained later.
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recently proposed in [26] for the case d = 2 and in [22] for d = 3. In these papers
the Lagrange multipliers are allowed to be discontinuous in favour of an additional
practically very desirable feature, namely the fact that the Lagrange multiplier
spaces are spanned by a basis which is dual to those of the corresponding trace
spaces on the nonmortar sides. Let us briefly recall the construction from [22] for
d = 3 and refer to [26] for d = 2. Define the space

Spy = S1(Tw) N Hy(Twa),
where H}(Tx) is the space of all functions in H!(T'y;) with zero trace on the
boundary 0I'y;, and Tw denotes the restriction of the mesh 7 on the nonmortar
side to I'y;. The corresponding multiplier space Mjy; is most conveniently defined
with the aid of the following mapping Fj;. Let T be any triangle in 7, and, for any
v E Sgl, let the values of v at the nodes x; of 7 be denoted by v;. Then Fyjv = w

is defined as the unique piecewise linear function on 7;; whose restriction to 7 is
determined by its nodal values w; as follows:

(i) w; := 3v; — v, — v, for all pairwise different vertices z;, x,,zs of 7 when
none of these vertices belongs to dI'y;.
(ii) If exactly one vertex, say z;, lies on Ok, set w; := (v, + vs)/2, wy =

(5v, — 305)/2, ws := (5vs — 3v,) /2.

(iii) If exactly two vertices z,, x5 belong to 0Ty, let w; = w, = wy 1= v;.

(iv) If all vertices of 7 belong to dT'y, set w; = w, = ws = vy where x4 is a
nearest interior node to 7.

Of course, since w = Fyv is generally discontinuous, the nodal values w; are to
be understood as limit values obtained when approaching the respective node from
the interior of the triangle under consideration.

Let N} denote the set of interior nodes of ’f}gl and let ¢; denote the standard
piecewise linear basis for S,?l normalised by ¢; (x,) = d;, for x, € Nj. Defining

Vi = Floy, z; € N,
it is not hard to show that
_ 7l

(75) (d)la wj)o,rkl =0, i 7é Js (¢iv¢i)0,‘r ~ 37

holds for all 7 € ’f}gl and z; € 7. Hence setting My, := span{t; : z; € Ny}, it
follows that
(7.6) dim My, = dim Sp).

The following further facts will be needed later. Given any u € My, it has a
unique representation p = > . p;9; and it follows from (Z3) that
(7.7)

_ ~ _ d_1
lalZom ~hEE D2 7€ T il ~ Do W =10 2 all
TjET 2, ENg;

Clearly the second estimate follows from the first one which has been established
in [22, Eq. (4.2)]. Moreover, as a consequence one has (cf. [22, Eq. (4.3)])

(7.8) [vll 2y ~ 1Fuvllze@.). v € Sire
The space of discrete multipliers is now defined as
(7.9) My:= ] Mu,
'y CS

where, again, the index h indicates mesh dependence.
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Viewing the mortar method as a nonconforming discretisation, the above dual
basis variant has been shown in [22] to be stable for d = 3 even for shape regular
locally quasi-uniform meshes provided that the meshes on adjacent subdomains
match on the boundary 0Ty, of the respective interface; see condition (M.1) in [22].
This assumption allows us to establish the stability of the mortar element method
without employing mesh-depending norms.

The objective of this section is to establish stability of the above dual basis
mortar discretisation for any locally quasi-uniform meshes also, i.e., for meshes in
the class M g . for arbitrary parameters K, €, but without any additional constraints
across the interfaces, thus retaining full mortar flexibility.

Here we follow the lines in [6] [5], 25] and adopt the above formulation as a mixed
method. Thus the central issue is now to see under which circumstances

a(un,vn) +bvp, An) = (fyon)oe+ (g, vn)ory,  vh € Xn,

7.10
(7.10) b(un, fin) = 0, pn € Mp,

is a stable discretisation of [Z3]). In other words, one has to show that the operator

T
(7.11) Eh:(g: %h ) : XhXMhﬁX;LXM;L
induced by (ZI0Q) is uniformly bounded and has uniformly bounded inverses with
respect to the underlying meshes. Of course, this depends on the norms for X} and
M}, which have yet to be specified. At first glance, || - |1, seems to be a natural
choice for X}, while M}, should be endowed with some sort of an H'/2 norm on the
skeleton S. However, this turns out to be inappropriate and we refer to [6] for the
details.

7.3. Stability. Our findings from the previous sections, in particular the inverse
estimates, allow us to handle mesh-dependent norms that are suitable for the class
of meshes My .. To define these norms, one should note first that the mesh size
function h is defined separately for each subdomain §2;. More precisely, define
%) € S (Ty) by (E8) with 7 replaced by 7. Also define h*) ¢ S; (7~7§Z) in an
analogous way. Since 7 belongs to the class Mg ., the trace mesh T belongs
to the class My - with K ~ K and € ~ . The superscripts k, kl in h will be
suppressed whenever the reference of h to an interface or subdomain is clear from
the context.
Guided by [6, [5], we introduce the norms

1/2

||wH1/27h7Fkl = ||h7 wHLz(FM)v Hw”—l/Q,h,Fkl = Hh1/2w||L2(Fkl)’

where the mesh function h = h*) is induced by the nonmortar side. Moreover, for
any vy, € Xp, define
(7.12)

[[on]

trt Y Monlli e nry = lonlin+ D 1A onllFey,)
T CS T CS

T = vl

and finally, for u € My,

(7.13) HMH%I/Q,h = Z ||N||2—1/2,h,1‘k,, = Z th/QlﬁH%?(Fu)'
Iy CS T'uCs
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Let us address first the continuity of the bilinear forms a(-,-), b(-, -) with respect
to these norms. Since

|(Uvu)0,Fu| = |(h71/21}7h1/2ﬂ)07fk1,| < ||vH1/27h7Fkl||:LL||—1/27h7Fkl’
one has, in view of (CI2) and (CI3)), for all u,v € X, and p € My,
(7.14) la(u, )| S llullipllollin, 6o, w)] S ol

The next step towards confirming stability of the discretisation is to confirm the
ellipticity of the bilinear form a(-,-) on

(7.15) Vi :={v e Xp, : b(v, ) =0 for p € Mp}.

1,h||1u||71/2,h-

Proposition 7.1. The bilinear form a(-,-) is elliptic on V},, i.e.,
(7.16) a(v,v) 2 ||v||%h for all v € V.

Proof. The inequality

(7.17) a(v,v) 2 ||v||fn forv eV,

has been used frequently in the analysis of mortar elements and, in particular, in
[22] to verify stability of the nonconforming method. It follows from a compact-
ness argument given in [2] as often found in proofs of nonstandard inequalities of
Poincaré-Friedrichs type. The argument covers a wide class of multiplier spaces
including the present version. So the desired ellipticity estimate ([ZI6) follows as
soon as we have also proved that

(7.18) >R ey Slolin forve Vi
T CS
To this end, note that the quasi-interpolant
Vi
(7.19) Qriv := (1)7 — Y
iezJ\;m (L vidoru /oy,

takes L?(T'y;) into My, and is uniformly bounded with respect to the L2 norm. The
latter fact is a consequence of (Z.5) and (Z.8).
Moreover, Q; reproduces constants, i.e.,

(7.20) Qri(c)=c for all ¢ € R.
To see this, note that

_ Vi _ |
Qule)=c Z (17 (1, %i)o,rw )(),rk,, i Z v

’iENM iENkl
=c Y Fu¢i = cFy < > ¢i> =c
1€EN1 i€ENK

by definition of F};, because ZiENM ¢; takes the value one at each node i € Ny.
Furthermore, by definition of V},, one has Qi ([v]) = 0, for v € V},. Thus, for v € V},,

(7.21) V1111 2.n 00 = 11Gd = Qi) [V]l11 j2,0,r0 = 1127 2(d = Qi) [v] 2(rp0)

where id denotes the identity operator.
We now show that for any v € H'/?(T;) one has

(7.22) 1R =12 ~Qu)vll 20y S Nollma(ry,)-
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To prove ([T22), consider any simplex 7 in the triangulation of T'y;. Using (720,
the definition of Qi and the fact that 7 € Mg, it is straightforward to show
that

1h=72(d =Qu)vl|F2(ry S R inf lv - cllFacey S M0l /iy

where 7 := |J{7' € Tps : 7/ 07 # 0}. (Here we have combined the standard estimate
infeer [[v — ¢l L25) S hi/2|v|H1/2(%), valid since h, ~ diam7, with an interpolation
and density argument.) It remains to observe that the 7 overlap only a finite
number of times when 7 runs through the triangulation of I'y; to conclude that
S [0 sns S 0121072, (sce [3]) which proves (T2Z3).

Now we combine (Z.2I)) and (7.22)) with the trace theorem to obtain

(7.23) IWllly2.nr0 S lvllar @) + lollar @) for ve Vi,
which confirms (Z.I8)) and proves the assertion. O

It is well known that once the continuity (I4]) and ellipticity (ZI6) have been
established, it remains to verify the validity of the LBB-condition to ensure the
stability of the discretisation (.I0), i.e., the uniform bounded invertibility of the

mappings Ly, in (Z11); see, e.g., [9].

Theorem 7.2. Consider the induced meshes Try introduced in Section[7.2} Suppose
they all belong to Mg (with K, e not depending on I'y;). Then there exists a
constant > 0 depending only on the mesh parameters K,e so that the pairs of
spaces Xy, My, defined above satisfy the LBB-condition

b
(7.24) inf sup % >
neMp, veXy U”Lh”ﬂ/”—l/lh

The core ingredient in the proof of Theorem [T 2 is the following result.
Lemma 7.3. For every ji € My, there exists an element v € Sy, such that
(7.25) (0, mo.r = ¢ (1013 e, + 112 2 0r)
for some constant ¢ > 0 independent of v and p.

Proof. Given p = ine/\sz wih; € My, define v = inENkl vi@; by

(7.26) Vi = hi,ui, xS Nkl-
Then, by (ZH) and (7.24),
_ d_
(7.27) (v, o,ry = Z h; 1”1‘2(@7%)0,% ~ [|h> 1VHgQ(J\/M)
z; €Ng1
~ ||h71/20||2L2(r,€,) = ||’U||%/2,h,r,€,7

where we have used Proposition Bl applied to the (d —1)-dimensional domain T'y;.
On the other hand, by (Z7),

d_ oA
[h> 1V||?2(Nk,,) = ||h2H||z%2(Nk,,) ~ Z hf||M||%2(T) ~ ||h1/2/ﬁ||%2(rk,,)
TE'?M,
= ||M||71/2,h,rkl7

which together with (7.27) completes the proof. O

We are now ready to complete the proof of Theorem 7.2.
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Proof of Theorem [7.2} Given p € My, let ji1; denote its component corresponding
to I'y; € S. We define a suitable v € X, as follows. For each I'y, let vy € S,gl be
the function constructed in Lemma (with v and p in ([Z26) replaced by vg; and
ur) satisfying (Z25). Recall that, by our notational convention, €2 denotes the
nonmortar side of I'g;. On any Qy, we define a function vy € &1 (7), first at the
nodal points x € 0 by

vt () if ¢ € Ty for some [ € {1,..., kmax},
Uk (J)) - 0 ifzxe 8Qk\ (Ul e Fkl)

and then, on Qg, by ®q (Uk|89k)v where @ is the extension operator as in Notation

B3 The global function v € X}, is now defined by U|Qk =g, 1 <k < Ekpax. This
function v satisfies [v]|p, , = vk and, in view of (L.25),

b = 3 (Wmor, 2 3 (Il sy, + il 1z, )

T'pCcS T'wics
= Z ||Ukl||%/2,h,rk,, + HMHQ—I/Z,h'
'y CS

To estimate the first sum in the right-hand side above, we use Theorem E1] and
Lemma to obtain

2
2 1 1+1/2
Iolrs gy 10l agy = 107 20 0y < 0720, o
2
—~1/2 2
= e, = 2 Il
1:Tg; COQ, ki [:T 5 COQ,

Combining this estimate with the definition of the [-||; ,-norm leads to

kmax

||U||1h* Z””HHl(Qk)"’ Z |[v ”1/2th[ ~ Z ||’Ukl||1/2h1“kl'

T'niCS 'y CS

Thus, we end up with

b(v,) Z |[vll3

1/2,h-

O

We conclude this section with a few remarks on error estimates. The standard
starting point is Strang’s second lemma (see, e.g., [4, pp. 102-104], [6, Proof of
Theorem 4.1]), which says that

ou
as2|vylds
(7.28) lu—unllin <c| inf |Ju—ovpl1,n+ sup [ i fenlds| ,
vn€Vh wnevn  llvnllie

The first term is referred to as the approximation error and the second one as the
consistency error. Let us for simplicity further assume that the solution w is in
H?(Qy) for each k. Since v;, € Vj, and hence is orthogonal to M}, in the sense of
(CIH), we may subtract an arbitrary element pp, € M}, from the conormal derivative
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of u in the consistency error to obtain

ou
Z(av OFkl

T'niCS

ou
(7.29) <> lag — 1?3 o pry, vnllg, -
T'ncs

<> ||a = pall=1/2,n, 00l 0R]ll1/2,n,7
Iy CS

For the last estimate, we have applied a Cauchy-Schwarz inequality and the def-
inition of the [-[|; ,-norm (cf. (LI2)). The first factor in (Z29) can be esti-
mated by the same arguments as those used in the proof of (T2ZZ) by employing
adu/On € HY?(T), choosing s, := Qi (adu/On) and a trace inequality for adu/on
at the end

laz -~ 22 p,, = 1512 (id —Qu) <a%> e
(7.30)
- 8u - 2
<h < B Nlullze oy -
8n H1/2(Fk1) H2(6)

Here, hj, denotes the maximal mesh size in 7;. Combining (7.29) and (7-30) results
in the estimate of the consistency term

1/2
‘/a— [vnlds| /l|vnllie S (Z hk||uHH2(Q ) :

Furthermore, it is well known (cf. [4l Remark III, 4.6]) that, due to the validity
of the LBB-condition, the approximation error on the right-hand side of ([(28) can
be bounded by the best approximation in the unconstrained space Xy, i.e., the
approximation vy can be chosen independently on each subdomain. Recall that
u € H? () and define vy, := vp|q, € Si(7k) as the nodal interpolant of u with
respect to the grid 7. Then, the estimate of the first summand in the definition of

the ||-[|; ,-norm (cf. (Z12))

P 1/2
U}nelf ||u - vh||1 n<C <Z hi ”u”H2 Qk)>
k=1

follows by well-known approximation results in Sobolev spaces.
It remains to discuss the second summand ||[u — va]|l1/2,n,r,,- Here, we have to
assume a weak matching condition for the mesh sizes of adjacent subdomains

(7.31) RUE) < pD on Tyy.

Then employing (7.31)), well-known approximation results, and the trace theorem
at the end, one obtains

(h(kl))*1/2[u - Uh]”Lz(Fkl)
(h(kl))_l/Q(u — ’Uk)HLz(Fm) + ||(h(lk))_l/2(u - w)HLz(FM)

S
S E®D )l gasa o,y + Rl sz oy
<

I = vnlll/2.n,ru

hillull g2 + Pallull 52 ) -
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Thus, in summary, one obtains an error estimate for the discrete solution w; of
(CI0) of the familiar type

kmax

(7.32) lu—unll s S D BElulire )
k=1

where the constant, however, depends on the bound in (Z3T]).
Assuming lower Sobolev regularity, one obtains analogous bounds with a corre-
spondingly lower power of hy.

Remark 7.4. The matching condition (Z.31)) allows meshes with possibly very dif-
ferent mesh sizes by choosing the mortar sides in an appropriate way. The stronger
condition

h(kl) (h(lk))71 ~1 on Fkl

ensures convergence without any restrictions on the choice of the mortar sides.

For highly nonuniform meshes, error estimates in terms of the number of degrees
of freedom (cf. Theorem B.1]) are preferable compared to estimates in terms of the
maximal step size. Here, our main focus was to prove the unconditional stability
of the dual basis Mortar method for rather general meshes (without the matching
condition (737])) and to derive usual convergence results under additional weak
assumptions on the meshes.

APPENDIX A. BESOV NORMS AND PROOF OF THEOREMS [4.1] AND [£2]

There are various equivalent versions of Besov norms. To introduce one which
is suitable for the present purposes, for y € R? and k € N, let A’y“v denote the kth
order forward difference of v in the direction y and let Q1 :={z € Q: 2 +1y €
0,1 € N,0 <1 < k}. Then, for ¢ > 0, we define the kth order LP modulus of
smoothness of v by

wi(v,,Q)p := sup [|AFV]| Lo (e, ),
lyl<t
with the usual interpretation for p = co. Let s > 0. Then, for any k& > s, the
quantity

o]
(Al) ||U||qB;(Lp(Q)) = ||v||%p(Q) + Z2squk(va 27]aQ)g
7=0

defines a norm for the Besov space of smoothness s in LP(€2). Norms for different
k > s are equivalent. Here p,q only need to satisfy 0 < p,q < oo where as usual
for p, g = oo sums are replaced by sup; see, e.g., [I4]. Of prime importance for us
is the fact that when p = ¢ > 1 and s ¢ N, one has the norm equivalence

(A.2) [llweri) ~ [0l By e )

(cf. [23]). When p < 1, the classical definition of Sobolev spaces has to be modified.
In view of (A.2) it is natural to use the expression (A1) with p = q as a definition
in this case. Therefore we will prove now the following more general statement
which covers the assertions of Theorem B (except for s = 1) and Theorem as
special cases. (Theorem Edlfor s = 1 was already proved in Section E11)
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Theorem A.1. Suppose that 0 < pg < p < oo and that 0 < s < i+ 1/p. Then the
estimate

(A.3) [1h%u|
holds uniformly in u € S§;(T), a € [a,a], po < p < oo and i € {0,1}.

Bsrr(@) S 1R ul Lo(a)

Proof. Let k be the smallest integer greater than or equal to i + 1/p to obtain the
required estimate for the sum on the right-hand side of (A1).

Note first that, since we are considering meshes 7 € M ., there exists a € (0,1)
such that, for each 7 € 7 and each x € 7, the ball B(xz, kah,), centred on x with
radius kah, satisfies

(A.4) B(z, kah.) C U{T/ TNt #£0}
For each j € Ng := NU {0}, let us define
T, :={reT:277 <ah,}, Qj::U{TETzrg’Z}}.

With these preliminaries we can write

> 2w (hou, 270, Q) <329 sup (|AL(R W) [0, 0, )
=0 =0 ly|<2~ o

o0
+ 228117 Z sup HA];(hau)”ip(-rﬂQy,k)
=0 TET; ly|<2—d

=: A; + As.

First we estimate A;. Note that, for each j, there exists y* = y*(j) such that
ly*| <277 and
k

(07 k (07
SO DI PTTRED D (o [T PR
ly|<2—7 1=0

Recalling that Q + z = {z + z : « € Q}, define

k
Cj:= {’7’ €T :mN (U(QJ +1ly*(4)) ﬂQ) e (Z)} .
1=0

Next we wish to bound the size of the elements of C;. To this end first note that
there exists ho = ho(£2) > 0 and a positive constant ¢ = ¢(k, K') with the following
property. For all 7 € T with h, < hg we have that B, N7’ # 0 implies h, < ch,
where B j := {y : dist (y,7) < kh,}. This expresses the fact that inflation of Q by
offsets of width at most hg does not change the topological genus of 2. Now for each
7 € T\T;, we have, by definition, ah, < 277. Moreover, since 7 € M ., we also
know that any 7’ in C; must satisfy bh, < 277, with b depending only on the mesh-
regularity parameters, on k& and possibly on €2 through the constant hgy introduced
above. To see this, we distinguish two cases. Assume first that for 7/ € C;, a closest
7 € T\7; satisfies h, < hg. Then, by the above remark, h,, < ch, < 277 /a so
that b := a/c has the required property. If h, > hg, the trivial estimate h, <
diam(Q)h,/ho < 277diam(Q)/ahg shows that b := max {a/c, ahg/diam(Q)} does
the job. Hence with 7 := max{a~!,b~1} we can write

Ap < CPZQSM Z Hhaqup(r)

7=0 TET
hs<~277
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for some constant C depending only on k. If we now define for each 7 € 7 an
integer j, by requiring
(A.5) y27Ir L < < 42707,

then we have

Jr
a<er S ennealn, S er S e heult,

T7€T j=0 TeT
<O SRl S ORIl g
TeT

the pth root of which is in the appropriate form, since s is bounded above and below.
(Throughout the rest of the Appendix we use the convenient notation A? < BP
when we actually mean that A < C'B with a constant C' independent of p.)

To estimate the quantity Ao, consider y € R? with |y| < 279, Then, for 7 € T;
we have, by definition, |y| < 277 < ah,. Consider the regions 4, , = {z € 7 :
dist(x, 07) < kly|} and set 70 := 7\ 6, , so that

(A-6) ||Aly€(hau)||ip(7) = ||Aly€(hau)||ip(70) + HAlyg(hau)ng((sw)-

On 7° the function h®u is smooth and we can estimate kth order differences by kth
order derivatives of h®u on 7 times kth powers of the step size |y| < 277. Taking
the linearity of A and u on 7° into account, recalling the boundedness of VA and
estimating the gradient of u (which is constant) by [|u g (-)h; ", one obtains
k kipy —kpyd
IR 2 00 S 27 PR R AUl
Now note that

o—kipp—kppd _ 9—ip(it3)pd—ip—1 (2R, ) PP,

Our choice of k ensures that ip + 1 — kp < 0. Thus, again making use of the fact
that for 7 € 7; one has h;' < a2, the factor in parentheses can be estimated by
aP* =17 whence we conclude

(A7) IAG (W) oy S 27D Rl ), i€ {0,1).

To estimate the second term on the right-hand side of [AJf), note that the volume
of §, - is of the order of 277h2~1. When i = 0, we estimate the kth order difference
on d, r by a constant times absolute values which yields
(A.8) ||A’;(ha ) < 279pd ||

||LP(6 u”Loo(T)a

where 7 is now defined to be the union of triangles 7 € 7 intersecting
{6y +thy:0<t <1}

When ¢ = 1, the function h®w is Lipschitz continuous on the set 7, with Lipschitz
constant of order h!||h®u|| () (cf. the proof of Proposition Z5(e)) and (by defi-
nition (A.4)), and the points = + Iy, 0 < I < k, all belong to 7, when x € 7. Hence,
estimating this time the kth order difference by a sum of first order differences, we
have the estimate
(A.9)

IS G,y S IR PPl < 2R
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Note that (A8) and (A9) can be combined as

(A.10)
JAS R W2, 5, 5 S 2P heulr L i (0,1}, ue Si(T),

which is valid for all 7 € 7; and which is exactly of the form (A77). Combining
(A7) and (AJ0) in turn implies

o
T I

j=0 7€T;
(A.11) IEOTED N
Cor S hg 3 g
T€T J=jr

for some constant C, where j, is defined by (A.H), but with v replaced by a1

The sum on the right-hand side of ([A-I)) is convergent whenever s < i + 1/p,
allowing us to write

Ay S CP Z hfrl—l—ipz—jrp(i-‘rl/p—s)Hhozquzoo(T)
TET
< CP Z hfrl—l—iphg(i+1/p—s)HhozuH;lL)/x(%)
T€T
- OP Y K
T€T

Recalling Proposition B0, we obtain
1y 500 ST R, = 00 S [ h ) S OBl

T€T T€T
where we have used that, again due to the K-mesh property, the overlap of the
domains 7 stays controlled. This completes the proof. O
REFERENCES

[1] R.E. Bank and L.R. Scott: On the conditioning of finite element equations with highly refined
meshes, STAM J. Numer. Anal. 26 (1989) 1383-1394. MR [90m:65192

[2] C. Bernardi, Y. Maday, A.T. Patera: A new nonconforming approach to domain decompo-
sition: the mortar element method, in: Nonlinear Partial Differential Equations and Their
Applications, eds. H. Brezis and J.L. Lions, Pitman, New York, 1994 13-51. MR 95a:65201

[3] P. Binev, W. Dahmen, R. DeVore and P. Petrushev: Approximation classes for adaptive
methods, Serdica Math. J., 28 (2002), 1001-1026.

[4] D. Braess: Finite Elements: Theory, Fast Solvers, and Applications in Solid Mechanics,
Cambridge University Press, 1997. MR [98f:65002

[5] D. Braess and W. Dahmen: Stability estimates of the mortar finite element method for
3-dimensional problems, East-West J. Numer. Anal., 6 (1998) 249-264. MR [2000e:65115

[6] D. Braess, W. Dahmen, C. Wieners: A multigrid algorithm for the mortar finite element
method, STAM J. Numer. Anal., 37 (1999) 48-69. MR 2000i:65207

[7] D. Braess, M. Dryja, W. Hackbusch: A multigrid method for nonconforming FE-
discretisations with application to nonmatching grids, Computing, 63 (1999) 1-25. MR
2000h:65048

[8] S. C. Brenner and L. R. Scott: The Mathematical Theory of Finite Element Methods.
Springer-Verlag, New York, 1994. MR [951:65001

[9] F. Brezzi and M. Fortin: Mized and Hybrid Finite Element Methods, Springer-Verlag, New
York — Berlin — Heidelberg, 1991. MR 92d:65187

[10] P.G. Ciarlet: The Finite Element Method for Elliptic Problems, North Holland, Amsterdam,

1978. MR [58:25001


http://www.ams.org/mathscinet-getitem?mr=90m:65192
http://www.ams.org/mathscinet-getitem?mr=95a:65201
http://www.ams.org/mathscinet-getitem?mr=98f:65002
http://www.ams.org/mathscinet-getitem?mr=2000e:65115
http://www.ams.org/mathscinet-getitem?mr=2000i:65207
http://www.ams.org/mathscinet-getitem?mr=2000h:65048
http://www.ams.org/mathscinet-getitem?mr=95f:65001
http://www.ams.org/mathscinet-getitem?mr=92d:65187
http://www.ams.org/mathscinet-getitem?mr=58:25001

1138 W. DAHMEN ET AL.

[11] S. Dahlke, R. DeVore: Besov regularity for elliptic boundary value problems, Comm. Partial
Differential Equations, 22 (1997) 1-16. MR [97k:35047

[12] W. Dahmen, B. Faermann, I.G. Graham, W. Hackbusch, S.A. Sauter, Inverse inequalities on
non-quasi-uniform meshes and application to the mortar element method, Report 24,/2001,
Max-Planck-Institut fiir Mathematik in den Naturwissenschaften, Leipzig, 2001.

[13] R. DeVore: Nonlinear Approximation, Acta Numerica 7 (1998), Cambridge University Press,
51-150. MR [2001a:41034

[14] R. DeVore, V.A. Popov: Interpolation of Besov spaces, Trans. Amer. Math. Soc., 305 (1988)
397-414. MR 89h:46044

[15] R. DeVore, X.M. Yu: Degree of adaptive approximation, Math. Comp., 55 (1990) 625-635.
MR 91g:41022

[16] B. Faermann: Localization of the Aronszajn-Slobodeckij norm and application to adaptive
boundary element methods. Part I. The two-dimensional case, IMA J. Numer. Anal., 20
(2000) 203-234. MR [2001e:65192

[17] B. Faermann: Localization of the Aronszajn-Slobodeckij norm and application to adaptive
boundary element methods. Part II. The three-dimensional case. Numer. Math., 92 (2002),
467-499.

[18] I.G. Graham, W. Hackbusch, S.A. Sauter: Discrete boundary element methods on general
meshes in 3D, Numer. Math., 86 (2000) 103-137. MR 2001e:65224

[19] I.G. Graham, W. Hackbusch, S.A. Sauter: The hybrid Galerkin boundary element method:
theory and implementation, Numer. Math., 86 (2000) 139-172. MR [2001d:65160

[20] W. Hackbusch: Elliptic Differential Equations. Theory and Numerical Treatment, SCM 18.
Springer-Verlag, Berlin, 1992. MR [94b:35001

[21] K. Eriksson, D. Estep, P. Hansbo and C. Johnson: Introduction to adaptive methods for
differential equations, Acta Numerica (1995) 105-158. MR [96k:65057

[22] C. Kim, R.D. Lazarov, J.E. Pasciak, P.S. Vassilevski: Multiplier spaces for the mortar finite
element method in three dimensions, SIAM J. Numer. Analysis, 39 (2001) 519-538 MR
2002g:65143

[23] H. Triebel: Interpolation theory, function spaces, differential operators, 2nd edition, Johann
Ambrosius Barth Verlag, Heidelberg, 1995. MR [961:46001

[24] A.H. Schatz, V. Thomée and W.L. Wendland, Mathematical Theory of Finite and Boundary
Elements, Birkhéduser-Verlag, Basel, 1990. MR 92f:65004

[25] B. Wohlmuth: Hierarchical a posteriori error estimators for mortar finite element methods
with Lagrange multipliers, STAM J. Numer. Anal., 36 (1999) 1636-1658. MR [2000e:65104

[26] B. Wohlmuth, Discretization methods and iterative solvers based on domain decomposition,
Habilitation Thesis, University of Augsburg, November 1999.

INSTITUT FUR GEOMETRIE UND PRAKTISCHE MATHEMATIK, RWTH AACHEN, TEMPLERGRABEN
55, D-52062 AACHEN, GERMANY
E-mail address: dahmen@igpm.rwth-aachen.de

INSTITUT FUR MATHEMATIK, SEKRETARIAT M A 4-5, TECHNISCHE UNIVERITAT BERLIN, D-10623
BERLIN, GERMANY
E-mail address: faermann@math.tu-berlin.de

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BaTH, BA2 7AY, UNITED
KiNeDOM
E-mail address: igg@maths.bath.ac.uk

MAX-PLANCK-INSTITUT MATHEMATIK IN DEN NATURWISSENSCHAFTEN, D-04103 LEIrziG, IN-
SELSTR. 22-26, GERMANY
E-mail address: wh@mis.mpg.de

INSTITUT FUR MATHEMATIK, UNIVERSITAT ZURICH, WINTERTHURERSTR 190, CH-8057 ZURICH,
SWITZERLAND
E-mail address: stas@amath.unizh.ch


http://www.ams.org/mathscinet-getitem?mr=97k:35047
http://www.ams.org/mathscinet-getitem?mr=2001a:41034
http://www.ams.org/mathscinet-getitem?mr=89h:46044
http://www.ams.org/mathscinet-getitem?mr=91g:41022
http://www.ams.org/mathscinet-getitem?mr=2001e:65192
http://www.ams.org/mathscinet-getitem?mr=2001e:65224
http://www.ams.org/mathscinet-getitem?mr=2001d:65160
http://www.ams.org/mathscinet-getitem?mr=94b:35001
http://www.ams.org/mathscinet-getitem?mr=96k:65057
http://www.ams.org/mathscinet-getitem?mr=2002g:65143
http://www.ams.org/mathscinet-getitem?mr=96f:46001
http://www.ams.org/mathscinet-getitem?mr=92f:65004
http://www.ams.org/mathscinet-getitem?mr=2000e:65104

	1. Introduction
	Acknowledgements

	2. Preliminaries
	2.1. Meshes and finite elements
	2.2. Mesh regularity
	2.3. The Sobolev norms
	2.4. The p norms

	3. Estimates in p and Lp norms
	3.1. Relations between discrete and continuous norms
	3.2. Estimates between different p norms
	3.3. Estimates between different Lp norms

	4. Inverse estimates in Sobolev norms
	4.1. Inverse estimates for uS1(T) in Ws,p(), s0
	4.2. Inverse estimates for uS0(T) in Ws,p(), s>0
	4.3. Inverse estimates in W-s,q, s>0

	5. Traces and extensions
	5.1. Traces
	5.2. Extensions

	6. Mixed norm estimates
	7. Application to non-quasi-uniform mortar elements
	7.1. The continuous problem
	7.2. Discretisation
	7.3. Stability

	Appendix A. Besov norms and proof of Theorems ?? and ??
	References

