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LAX THEOREM AND FINITE VOLUME SCHEMES

BRUNO DESPRES

ABSTRACT. This work addresses a theory of convergence for finite volume
methods applied to linear equations. A non-consistent model problem posed
in an abstract Banach space is proved to be convergent. Then various examples
show that the functional framework is non-empty. Convergence with a rate

h% of all TVD schemes for linear advection in 1D is an application of the
general result. Using duality techniques and assuming enough regularity of the
solution, convergence of the upwind finite volume scheme for linear advection
on a 2D triangular mesh is proved in L%, 2 < o < 4-00: provided the solution

1_c.
is in Wh°_ it proves a rate of convergence ha ¢ in L.

1. INTRODUCTION

The Lax theorem states that stability and consistency are sufficient conditions
for a linear scheme to be convergent. Many numerical examples show that stability
is necessary and sufficient. However, there are numerical methods, such as finite
volume methods in 2D on triangular meshes, which are formally non-consistent even
for linear equations. Since numerical evidence shows that finite volume methods
for linear equations are convergent, we infer that consistency (that is, consistency
in the finite difference setting [28], [13], [27]) is not necessary. To our knowledge,
a comprehensive explanation of this phenomena is still missing. This work intends
to fill the gap, for non-stationary linear equations.

Finite volume methods are engineers’ methods: in the rest of this paper finite
volume stands for P° cell-centered numerical schemes. In contrast with the finite
element methods [6], there is no functional framework for the introduction of finite
volume numerical schemes. Despite this lack of mathematical foundations, finite
volume methods are very robust and efficient for practical computations when ap-
plied to the direct simulation of complex physics. This is particularly the case in
computational fluid dynamics. On the mathematical side, many researchers have
stressed that proofs of convergence are very difficult to obtain for finite volume
methods: see [20], [26], [7], [12], [15], [L1], [30], [2] (based on [22]) and other papers
therein; an up-to-date reference is [17]. A rule of thumb for numerical methods
is that robustness of a scheme is partially a consequence of its dissipativity. On
the mathematical side dissipativity is a standard way to obtain a priori estimates,
and then to prove convergence. But this paradigm seems not to be true when ap-
plied to finite volume methods, mainly due to the formal non-consistency of finite
volume methods. Even though it is not the purpose of this work to treat higher
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order methods such as discontinuous Galerkin methods (which are a compromise
between finite volumes and finite elements, see [19], [8]) for linear problems, we
do mention that many mathematical difficulties still exist around all finite volume
based numerical schemes on arbitrary meshes.

However, some of the issues about convergence of finite volume methods have
already been resolved. Among past works to which this one can be related, let
us mention the series of papers [31], [32], [33], where the notion of supracon-
vergence has been proposed to explain why formally non-consistent schemes are
actually convergent. The same idea is used in [24] and [24] for vertex centered
second order and high order schemes on various meshes. This idea (the struc-
ture of the truncation error has to be taken into account, and not only its
magnitude) in conjunction with entropy inequalities has been used in [9], [10] to
get a proof of convergence with an optimal rate hz of convergence in L' for scalar
hyperbolic equations in dimension two. Application to scalar linear equations gives
the same rate of convergence. Despite this recent and major progress, a general
proof with optimal rate of convergence in various L? spaces for linear finite volume
discretization is not reachable by these techniques.

The main idea of this work is the following. If we analyze the truncation error
of a finite volume scheme on an arbitrary triangular mesh in 2D, then we are
forced to admit that finite volume methods are non-consistent in the finite difference
sense: the truncation error is O(1). This motivates the study of an abstract non-
consistent model problem posed in a general Banach space: we wonder if it is
possible to relax consistency in the Lax theorem, still having convergence of the
model problem. The answer is positive, based on some simple and formally
non-consistent residuals with a vanishing perturbation as the mesh size tends to
zero. Destructive interactions in time explain why the error is negligible. Note
that we give explicit expansions of the norm of the error, so there is a natural
interpretation of our results. This interpretation is the following. Finite volume
methods are indeed non-consistent methods: an O(1) numerical error is made at
each time step. But this O(1) error is spread over the whole mesh after some time
steps, so its norm tends to zero. In some cases, we can prove an O(m) bound

where s > 0 and ¢ is the number of time steps after the occurrence of the O(1)

error: s = % in 1D, and s = i or § = % — ¢ in 2D. Finally, it is proved on various

examples that the O(ﬁ) decrease of the error implies an explicit and standard
C(T)h?® rate of convergence.

This paper is organized as follows. In section 2, we present the model problem,
which is an abstract evolution equation posed in a Banach space V. After recalling
the Lax theorem in section 3, we study the possibility of getting non-consistent
but convergent methods in section 4. In section 5 we prove that there exist non-
consistent residuals with a vanishing perturbation when the mesh size tends to 0.
Then we turn to applications. We prove that implicit and explicit schemes converge
one to the other (section 6). Then, in section 7, we apply the formalism to all TVD
schemes for the discretization of linear advection in 1D: we prove the convergence
in L' (R) for all of them. Finally, in sections 8 to 12 we generalize the analysis to
finite volume methods for the numerical solution of linear advection on a uniformly
regular triangulation: using duality techniques and assuming enough regularity of
the solution, we prove convergence in L%, 2 < o < 400. Some of these estimates

seem to be new: this is particularly the case for the hi—¢ L error estimate on
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arbitrary regular triangulations. By comparison with [9], [I0], one may infer that
the h1~¢ rate of convergence is probably still sub-optimal.

2. MODEL PROBLEM AND NOTATIONS

Let V' be a Banach space equipped with the norm ||.|| defined by (L(V) is the
space of linear continuous operators in V')
|| Aul|

VAe L(V), ||A|l = :
weVazo |lull

Let u(t) € V be the solution of the following abstract and general time evolution
problem:

1o}
57U = Au, t>0,
(2.1) { u(0) =up € V.

A is a linear operator with a dense domain D(A) C V. Under very natural hy-
potheses, this problem is well posed [13], [3]. In the rest of this paper, we assume
that the semigroup e*4 is bounded as a linear operator in V', namely

(2.2) 3T >0and K >0, ||| < K, Vte€[0,T].

A convenient abstract framework for the introduction of numerical methods for the
numerical solution of problem (ZIJ) is the following. Let A > 0 be a parameter
referred to as the mesh size. Studying the convergence of some numerical method
when the mesh size tends to 0 consists in studying the limit case h — 0.

Let V};, C V be some vector subspace of V' with finite dimension. V}, is a space
of discrete functions. This vector subspace is indexed by the mesh size h. Let Il
be some approximation operator, II, : V' — V3. We assume that II; is a “good”
approximation operator in the sense that

(2.3) Vu e D(A), lim [lu—Iyul| = 0.

Let Ap be some numerical approximation of the operator A, Ay : Vj, — Vj,. Let
At > 0 be the time step.

Using these notations, a general explicit numerical approximation of 1I), re-
ferred to as the time-explicit scheme (forward Euler), is

WU A, >0
(24) At hWp = Y
Up = Hhuo
In this work we will focus more on the model problem
UZH*UZ' = Ay u? n >0
(2.5) Ar - = Anup t sy, n 20,
u) = puo,

where s € Vj,, s7 = O(1). s} incorporates all extra terms due to some non-linear
discretization of (ZI)), or all the consistency defaults caused by the approximation
of A by Ayp,.

System (2.5)) appears naturally when studying the convergence of (2.4]) by means
of the numerical error e},

(2.6) ey = v, —up, where vy = Iu(nAt).
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Since v is solution of
n+1 n n+1 n
Yh Y _ n Y “Yh __ n
2.7) . ~r - = Anvp + ( ; Ahvh) , n>0,
Uy, = Hhuo,

then the numerical error e} is the solution of

en-}—lf@n
(2.8) g = Ape} + s, n >0,
0 _— 0
e ,

n+4

1 n
where s} = 22— — Ayoft. It is clear that (1) and (ZJ) are particular cases of

the model problem (ZH)).
The proof of the key estimate will be given for the model problem with variable
time steps t, # tn41:

M =AU+ s, n>0
(2.9) At, ArUp TSy, N2 U,
uh = Hpu,

3. CONSISTENT APPROXIMATIONS

Since Lax it is well known that stability and consistency are sufficient to insure
the convergence of the numerical solution of the linear scheme (24]) to the exact
solution of (ZT)) (see [28], [27], [I3]). Let us recall these notions.

Definition 3.1 (Stability). We assume that there exists a function 7 : RT — Rt
called the maximal time step for a given mesh size h, such that
Vh >0, VAt € 10, 7(h)], ¥n, 0<nAt<T,
we have
(3.1) I+ Atd,)"|| < K,
where K is given in (2.2).
The inequality
(3.2) At < 7(h)
is called the CFL stability condition. In general (that is, when Aj, is the numerical

discretization of a partial differential operator A) the maximal time step is such
that

(3.3) lim 7(h) = 0.

A consequence of the CFL inequality (B3)) is then that the finer the mesh and the
smaller the time step, the more work one has to do on the computer.

Since the scheme (Z4) is clearly of order one in time, we retain the following
simplified definition of consistency.

Definition 3.2 (Consistency). Let u(t) be the solution of (Z1I). Let us define the
truncation error r; € Vj, as

_ ITpu((n + 1)At) — TTu(nAt)
B At

Considering the solution u(t) of (Z1I), we assume that there exists s > 0 such that

(3.5) 3C; > 0and Cy > 0, ||r?]] < C1h® + CoAt, Vn, h.

(3.4) T — Apllpu(nAt), Vn,h.
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The order of the scheme with respect to the space is s, while the order with
respect to the time is only 1. Generally speaking, it is necessary to assume that
the initial data wug is sufficiently regular in order for the consistency inequality to
be true: for instance ug € D(A) (see [28], [27]).

Various extensions of this definition of consistency are possible. In particular,
full high order schemes such that ||r}|| < C1h** + CoAt* with so > 1 are highly
desirable for practical numerical computations. However, for the sake of simplicity,
we only consider in this paper the case sy = 1, compatible with (2:4]).

Theorem 3.3 (Lax theorem). Assume that a linear scheme (Z4) is stable and
consistent. Then, under the CFL condition [B.3), it is convergent. See [28].

Following (2.6]), we define the projection v} of the exact solution and the nu-
merical error e'. Then by definition of the truncation error, we get (2.7) and (2.8).
The error is the solution of a non-homogeneous system with zero initial data. Due
to the recurrence formula

ept = (I + AtAp)e) + At ry,

we get the exact representation formula

n—1
(3.6) ey = (I + AtAg)" e% + At Z I+ AtAh)n—l—P P
p=0
that is,
n—1
(3.7) ey = At Z (I + AtAh)"_l_p TZ'
p=0
So
n—1
lepll < AL (T + AtA)" P | [rb]];
p=0

that is, due to (BI) and (335),
llenl] < K(nAt)(C1h* + CoAt) < KT(C1h* 4+ Cor(h)).

Since C1h® + Ca7(h) — 0 when h — 0, it proves an estimate of convergence for the
error and ends the proof. The estimate is uniform for 0 < nAt < T.

4. NON-CONSISTENT APPROXIMATIONS

Many numerical methods for the numerical approximation of linear problems,
however, do not satisfy the consistency requirement. Examples are known in finite
volume methods for linear problems or non-linear numerical methods for linear
problems. References may be found in [26], [20] and other papers cited therein.
Examples are given in the last sections of this work.

The above fact motivates the study of the model problem

up =AU+ st n>0
(4.1) o A hUp T Sp, 1 2 U,
Uy = Hhuo,
where ug € V and

(4.2) [Ish|| = O(1) uniformly with respect to h — 0 and n.
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The solution of (I satisfies
n—1
(4.3) up — (I + AtAL)" hug = At Y (I + AtA,)" 7P sh.
p=0
If we bound the right hand side of this equality using (£2)) and the stability in-
equality (B]), we only obtain

llupy — (I + AtAL)" Mhuel| < K(nAt) O(1) < (KT) O(1).

The introduction of the extra term s} may induce some discrepancy between uj
and the solution of (Z4), that is, (I + AtAy)" yug. In this case the numerical
solution of the scheme () may be very different from the numerical solution of
the scheme (2.4), even for h — 0.

We address the possibility of this extra term becoming negligible after some
time steps due to some internal structure of these s}, this internal structure being
compatible with the iteration operator I + AAy. In other words, we investigate the
possibility that

(4.4) Vp, lim (I +AtA,)"" P st -0,

n—-+00

even if we only have [@2)) and (BI) (still assuming the CFL inequality). A key
issue seems to be obtaining uniform bounds such as

(4.5) || (I + AtAp)Tsh|| <eq VYp,q, Yh,
where the sequence (g4)qen decreases to 0:

(4.6) €q — 0 when ¢ — +o0.
Indeed, a consequence of (3))-([EHA) is

n—1 n—1
(4.7) lup — (I + AtAR)" gl | S ALY eni1p = At &
p=0 p=0

Since the sum is bounded uniformly with respect to n, i.e.,
n—1 n—1
At e, < At max(eg,) = (nAt) max(g,) = T max(e
3 e < MY max(e) = (rA0) max(e) = Tmis(z),

since and we have by hypothesis pointwise convergence to 0 (i.e., £, — 0), then the
Lebesgue theorem states that

n—1
AtZap—>0whenn—>0.
p=0

In this case we really have ||ujl — (I + AtAp)" Iug|| — 0 when h — 0, and for all
n, 0 <nAt<T.

In summary, an O(1) perturbation s} such that (£3) and (E6) are true has
asymptotically a zero perturbation.
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5. CONVERGENCE FOR THE MODEL PROBLEM

In order to apply the previous analysis, the key is to identify some general
perturbations s} such that (£50])-(@6) is true for the model problem EI).

Definition 5.1 (A class of admissible perturbations). An additional term s} such
that

(5.1) 3C > 0, Vh,n, 3z} € V}, with ||2}']| < C and s}' = (7(h)Ap)2)!
is called an admissible perturbation.

In this definition 7(h) is the maximal time step given by the CFL condition (3:2)).
Defining

(5.2) Ty = I+ 7(h)An

and using the stability estimate (Bl), we know that there exists a constant K > 0
such that ||T}|| < K for all h. Thus the operator 7(h)A}, is bounded:

lr(M)Anl| <1+ K, Vh,
and we only have the bound

skl < llm(R)An] [lz]] < (1 + K)C,

compatible with (Z2]).
We rewrite

At
I+ AtA, = (1 — Vh)I—l— vy, vp = — € ]0, 1] due to (B]]),

Th
and rewrite (E3) plus (B1) as
n—1
(5.3)  up — (I + AtA,)" Tyug = At > (L= wa) + v Th)" " 7P (T — 1) 2.
p=0

Note that all powers of T} are uniformly bounded due to the stability estimate
BI:
(5.4) I(T)" | < K W hyn.

Now we make the remark which is at the base of this work.

In (53) (1 —wp)I+wvTp)" "7 is as a polynomial in 7}, with non-
negative coefficients. Multiplying this polynomial by T, — I results in
cancellation of these coefficients. This cancellation is the key to obtain-
ing (L.5)-(4.6).

In the next theorem, a bound is given for BY = ((1 —vp)I + vpTh)" (Th — I).
Note that we state the result in a slightly more general framework, such that the
result is also true for non-constant time steps. Of course it also covers the model
problem with constant time steps (1) or (B3).

Theorem 5.2. Let us assume a), b) and c).
a) We assume that the CFL inequality (53) is true Yh > 0, Vn such that
n—1

(5.5) 0< Y At; <T,At; €10, 7(h)).
j=0
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b) We assume that the stability estimate

n—1
(5.6) I TTa + At < K
§=0
holds, where K is given in (Z2) and BI), as a consequence of the CFL
inequality.
c) We assume that
(5.7) I, vh) such that 0 <v™ <wp,; <vt <1 Vjh,
where vy, j s defined by
At;
. == 1).
(5 8) Vh,j T(h) € ]Oa ]
Let us consider By given by
p—1
(5.9) By = [[((1 = vn )T+ vnTo)(Th = I), By =Ty —1,
j=0

where Ty, is given by (5.2)). Then there exists C > 0 such that Vh, Yvy, ; satisfying
B, vp =0,
KC

) 1
(5.10) 1Bl < <miax N Vi)yi> Vp+T

Here C is a universal constant which does not depend on v—,vT,p, h.

We drop the index h in the proof since it does not play any role. We study
p—1
(5.11) B = [[((1 =) +vT)(T - 1T),
§=0
where all powers of T are uniformly bounded (||77|| < K) and (v;) is a sequence
such that 0 < v~ < v; < vt < 1. Identifying all coefficients in the polynomial
expansion

p—1
(5.12) [T =v)I +v,1) =" aPT7,
Jj=0 J
we get
(5.13) al =1, oz?:Oforj;éO,
' ozé-’+1 = (1 =)l +vpal | Vj, ¥p > 0.

Next we split the rest of the proof in three lemmas []

Lemma 5.3. Consider (513). Then

. o —al” 1 >0, j<jo(p)
5.14 VYp >0, 3j € {0,...,p} with o gt = o = RD
519 =0, () € (0p) wien { 7120 00N

INote that (B=13) is the finite difference upwind discretization of

Ota+ adza =0, a>0,
a(0,z) = 4.
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The proof of this lemma is by recurrence. Note that ozé-’ > 0 for all j,p.

a) p=0. We define j5(0) = 0, so (&I4) is true.
b) We assume that (5I4) is true for a given p > 0. Since

1 1
a?Jr —Oz;)J_rl = (1—Vp)(043 _04 _1) +p(af Q1 —oz?_Q),

we deduce that
. 1
{ Vi < jo(p) a? Tt — bt >0,

Vi >golp) +2 ot —altl <.

It remains to look at j = jo(p) + 1:

{ If ap (I)H a](jr(p) >0, we define jo(p+ 1) = jo(p) + 1,

if o <0, we define jo(p+ 1) = jo(p).

Jo)+1 ~ Yo (p)
With this definition of jo(p + 1) property (514) is true for p + 1. This
finishes the proof of the lemma.

Lemma 5.4. Considering B? given by (&I1l), one has
(5.15) [|BP|| < 2a§0(p)K,

where K is the stability constant.

Since B? =3 (af — o _)T7, we get directly

||Bp||<KZ|a —af =K Y (f-aol )-K Y (aF—af ),

J<jo(p) J>jo(p)

that is, || B?|| < 2a8 K-
Lemma 5.5. There exists C > 0 such that

, 1 1
(5.16) ol < | Cmax -

: BT ) v )

Substituting the complex number €? in (512)), we obtain another definition of
of | that is,
Jo(p)
1 2 . 0

(5.17) ) =5 i fP(0)e 0 ®qg,

where the function f? is defined by fP(0) = H?;é (1 —v;) +vje?). Equality
(ET7) means that a?o (p) 18 the jo(p)th Fourier coefficient of fP. We have

1 27-;-17*1 "
o] < %/0 H}|(1—Vj)+l/jel | df.
j=

. / 0
|(1 —-v)+ Vje”" = \/1 —2u;(1 — v)(1 — cosf) < 1/1 — asin? 2
where

(5.18) a=4min (v~ (1-v"),rT(1-v")) <1,

Since
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we get

1 [ 0.
(5.19) a? / (1 —asin® 5)5db.

Jo(p)l = 9or
The singularity in this integral is at 8 = 0. We isolate it:
2w i T
90 p 20, p
(5.20) / (1 —asin —) df = 2/ (1 — asin? —) df < 8/ (1 —asin®6)%do.
0 0 0
We use the change of variable ¢ = psin® 6, sin§ = \/> Since ¢ € [0, 7], we have
1 1 dy
df = dp < .
2psin @ cos 6 Y= 2cos x /Dp

So we obtain

41_ P _
/0 (1 —asin“6)2df = 2cos4\/_

Finally we note that the function

(1—a®)5
g(p) = —&— for0<p<i
gp(p) =0 in other cases,

is uniformly bounded for all p and ¢ > 0 by an integrable function g,(¢) < g(¢),

where ¢ is defined by
e—2a<p

5 +00 +00 1 oo o —2¢
gsod<p=/ gwdsaﬁ/ gwds0=—/ —dyp
[ atorto= [ aiore< [ aorao=— | =

The interesting consequence is that

So

3H > 0, Vp,

c\

+

3
Q
S
s
QL
<
IA

E:

So we get that 37 > 0 such that |a] (p)| < ﬁ, p>1, and
J
3J > 0 such that | € 77— =0
Jo(p a(p—l—l)

In conjunction with (5IR]]), this finishes the proof of the lemma. Finally, Theorem
is a consequence of (I6) and (G10).

Corollary 5.6. Let us consider an admissible perturbation s} of the form (B).
We assume that all hypotheses of Theorem[22 are true.
Then we have the property EXR): there exists C > 0 such that Vp,r, h

pl KC 1
5.21 1— v ) T)sT || < __ne T ——
21) 1T =)l + Tl < <mgx — nggfll%ll) NS

Moreover, 3C > 0 such that the solution of the model problem with variable time
steps Aty,,

wit oy _
(5.22) { “x = Anup £ s, n 20,
0 _ 1I
Uy, hUQ,
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satisfies
n—1
|Jup— H((l — Up ) + v Th)puol|
(5.23) =0 )
< (maxKic maX||zZ||> T max(At;).
£ /A =vEE hn J

Here C and C' are two unwersal constants which do not depend on p, n, h, v~ and
vt. These estimates are true for 0 < nAt < T.

Inequality (B21)) is a direct consequence of Theorem
We detail the rest of the proof only for v~ = v+ = v; the other case is straight-
forward. Using [@3]) and (G.21]), we obtain

n—1
KC 1
llup — (I + AtAR)"Thuel| < ALY
= VP 1y

maX”ZhH

Since

n—1 n—1
1 1 " -1
> =1+ S1+/ de o ym-l
Vvp+1 = VD + 1 VT 2

this proves that

n—1
1
3F > 0 such that < Fy/n ¥n>1.
e
Then
~ 1
[lup—(I + AtAp)"huel| < (KCmax||2]]]) ——=AtVn

h,n v(l—v)

- 1 T KC
< (KCmax||z|]) ——=A/ — = | —— max||z} TAt
< (KCpax )t an/ ( ke h||> v
for a suitable C' = C'F. This finishes the proof.
Always for v~ = v = v", a consequence of (5.23) is

N N KC
lupy, = (I + AtAR) " puo|| < <\/ﬁ maXH«ZhH) VIT(h).

Since the right hand side of this inequality is uniformly bounded for At — 0, it
gives a similar estimate for the continuous-in-time scheme. This means that the
lower bound v~ < % is not restrictive.

6. IMPLICIT SCHEME

The next two sections are devoted to showing that the framework developed
above is non-empty, and that new results are obtained.

In this section we deal with implicit schemes and prove that, under reasonable
assumptions, the difference between the solution of the explicit scheme and the
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solution of the implicit scheme tends to 0, when h — 0. Let us consider a solution
up of the first ordelf] implicit scheme

n+1 n
Up  —Un _ n+1
{ - =Aw, n 20,

6.2
( ) U(})L = Hhuo.

The current iteration is

(6.3) (I — AtAp) uptt = .

We assume that ([G.2]) is unconditionally stable, in the sense that VAt > 0, the
matrix I — AtAy is non-singular and

(6.4) VAL >0, Yh, Vp >0, ||(I—Atd,) " | <K,

where K is the stability constant [2:2)), (B1]). We rewrite ([G3) as

up ™t — ul Tt —
= Apull + (1(h)Ay) A——1
At htp ( ( ) h) T(h)
This means that the implicit scheme may be considered as an explicit scheme plus a
perturbation which is admissible (in the sense of Definition B.1]) provided we prove

(6.5)

nt+l__ n
that % is uniformly bounded. Nevertheless, implicit schemes are used mostly

with large time steps like At > 7(h), so we cannot apply Corollary (.6 directly to
6.5).

Let us consider a smaller time step

— At At
6.6 At=—, deN~* ith — € ]0,1
(6.6) T deN', wi T(h)E],[,
and the linear interpolant ﬂZ’k, k=0,1,....d,
k
wyt = e =), mT =

d

For the sake of simplicity we assume that d is a constant. In other words, d does
not depend on the mesh size h.
For 0 < k < d — 1, this linear interpolant is a solution of

—n,k+1 —n,k n+1 n
u - Tt —u
(6.7) b h = h o gt = AhﬂZ’k + sZ’k
At dAt

with

n+1 n
4 = At =) = () (- Bt

ntl_n
It remains to obtain some bounds for % We define

2Generalization of the discussion to the Crank-Nicholson second order implicit scheme (@) is
straightforward:

)

(6.1) At 2

Wl _yn S R
h h _— Ah h h , n 2 0
u% = [Mpuo.
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and note that v}’ is the solution of the implicit scheme

nt+l_ . n

Y% _ n+1

; = Apvp™, n >0,
'Uh*Ah,Hh,'UIO

At

6.8
( ) = Ahv,lL.

A consequence of the stability estimate for the implicit scheme is

uH
=71 = [lk]] < Kl[AnTThuoll, ¥n > 0.
and
uptt —up At At
(6.9) || 2——— € =——=K||Aplpuo|| < dK||ApITpuo]]-

7(h) At 7(h)
Under reasonable assumptions, this last term || ApII,upl|| is uniformly bounded for
many initial data uf) = ITug, when ug € D(A), [13], [27].

So (6.7) enters in the formalism covered by Corollary B.6l As a consequence we
get

Theorem 6.1. Under all the above hypotheses (64), ([6.8) about the implicit scheme
(62), there exists a constant C' = C(d, %) > 0 such that

(6.10)  |up — (I 4+ AtAL) Y MLuoll < (KC||AnTlLuol|) VTAL, 0 <nAt <T.

This result means that the solution of the implicit scheme is asymptotically
equal to the solution of the explicit scheme with a smaller time step. Under the
hypotheses of the theorem, proving convergence of the explicit scheme is equivalent
to proving convergence of the implicit scheme.

7. TVD SCHEMES IN 1D
Let us now consider linear advection in 1D,

{ Oyu = —adu, a >0,

(7.1) (0, z) = up(x).

The solution is
u(t, ) = up(z — at).

We would like to discuss the convergence of TVD schemes for the numerical
solution of this problem. The space is V = L! (R); we assume that ug € L'(R) N
BV (R).

Let h > 0 be the mesh size and At > 0 the time step. The general form of such
a TVD scheme is

un"—l —u” u” 1= ’U,Y,L_l
(7.2) J X ]+a]+2h 73 ),
with the initial data given by
o 1 (G+1)h p
(7.3) up =y " uo(x)dz.

We refer to [20], [20] and the references given therein for an introduction to TVD
schemes. It is well known in the theory of TVD schemes that interesting values
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for the numerical flux are (we give the common name of the limiter and drop the
superscript n)
(7.4)

upwind, Ujy1 = ug,

minmod, w1 =u; + (1 — v)minmod(1, iy 1) (Ujen — uj),

superbee, Uji1 = U

+1(1 - v) max (O,min(l, 2,4 ),min(Q,err%)) (wjt1 — uj),

o1
ultrabee, u; 1 =u; +(1- v)minmod (71—, Jzé M wj1 — uj).

1
2

T Y
2 U1

if ab <0, minmod(a,b) = 0,
if ab> 0 and @ > 0, minmod(a,b) = min(a, b),
if ab> 0 and @ < 0, minmod(a,b) = max(a,b).

Here 7, and v = a%. The minmod function is defined by

A common property of all these schemes is the TVD property [20], [26], which we
recall now.

Lemma 7.1. Assume the CFL inequality

At
— <1
a—-<1,

that is, T(h) = 2. Then:
a) The linear upwind scheme (i.e., (T2) with the upwind fluz) is L' stable:

(7.5) WY [ <Y || (e, K =1).
J J

b) The solution of the scheme (L2) with a non-linear TVD flux (examples
are given in (Z4) ) satisfies the TVD inequality

(7.9) St = < 3 )
J J

Many other limiters are used in the literature. We note that all of these numerical
fluxes are defined as the upwind scheme plus a correction. This correction is non-
linear, and corresponds to a limited evaluation of %(uﬂ_l — u;) for second order
fluxes; this is the case for the minmod and superbee limiter formulas, and also for
the van Leer limiter formula [20], [26]. The correction is a limited evaluation of
(uj+1—uy) for the ultrabee scheme, which is only first order (see [14] for a discussion
of the optimality of the ultrabee limiter for the capture of discontinuous profiles).

We only mention that the numerical solution of all these schemes converges in
L'([0,T]xR) to the exact solution, based on the TVD property. Concerning conver-
gence and rate of convergence in L' (R), simple proofs are available for monotone
schemes—unfortunately only the upwind scheme is monotone. Convergence and
rate of convergence of the minmod, superbee and van Leer limiters are reached
using the theory of [I7], [4]; we remark that these proves are very technical and
never use the linearity of the equation.

As for us, we note that all these TVD schemes may be rewritten as

1
u T — u? —u" s — s

J J o, j—1 2 j—1
(7.7) Y a - a=—,
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where s;L is the non-linear correction

N .
u]+% Uj.

Lemma 7.2. All TVD schemes defined in (C4) satisfy

" At W om
(7.8) Z|53| §2(1—a7)2|uj —uj_q].
J J

n
Sj

Due to the definition ([Z4), we note that the upwind, minmod and superbee
limiters satisfy

(7.9) [s71 < (1= v)|ufy, —ujl,

which proves ([Z.8). A little algebra is needed for the ultrabee limiter, rewritten as
. 1
(8?)“13 = minmod <Uj+1 — Uy, (; — 1)(’&] — U]1)> .

Then

1
(7)) < (~ = Dy = wj—1] < 2(1 = v)luj — uj1].

Let us assume that v > %

On the contrary if we assume that v < %, then we use

(7)) < J(ujen — us] < 201 = )| (wje1 — uyl.

In both cases we get (IZ8). This ends the proof of the lemma.
Let us define

Vi = {u € L' (R); u(z) is constant for = € Jjh, (j + 1)h[},

and
Vo € |jh, (5 + 1)h].
One has

(7.10) (Apu); = —a=4=2, Yu € Vi,

Due to (Z8) we note that
n n At
1) el =Yl < 200 - a2 Yo ul |
J J

Now we assume that ug € L' (R) N BV (R). In this case it is well known that
the total variation of the discrete profile u° is bounded by the total variation of ug:

(7.12) D fud —ud | < TV (ug).
J

For a differentiable ug, one has

TV (ug) = /R 1Oy io () de

If ug is not differentiable, the total variation is defined as

_ o
TV (uo) = weCl(%ﬁi(w)lﬁl/R( @ (e)uo(z))de.
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What is important here is that 2} is bounded in L' (R) independently of the mesh
size h,

n At
(713) ||Zh ||L1(]R) < 2a(1 — aT)TV(U,Q)
So (L7) may be rewritten as
Wt _yn
(7.14) it = Apuyy + (1(R)An)zy, n =0,
u;, = Ilpuo,

where IIj, is the constant mass approximation ([.3).
We obtain a first result

Lemma 7.3. Assume the CFL condition
At

d — <1
(7.15) ah<,

and ug € L*(R) N BV (R). Then 3C > 0 such that for all TVD schemes considered
above we have

At
(7.16) [lup — (I + AtAp)" Thuo|| < (C TV (up))1/a(l — aT)Th.
This is true Vh and Vn, 0 < nAt < T.
The proof is a direct consequence of Corollary 5.6l in the case v~ = vt = %.

The convergence of the upwind scheme may also be proved using our formalism.
Let us define the projection of the exact solution

1 G+DHAR
(7.17) vy = Mpu(nAt,.) = E/ u(nAt, z)dz | .
jh
This vector is the solution of
op Tl n An
(7.18) Y b= Apvp +Q, n 20,
1)2 = Hhu07
where
B 1 (G+1)h
(Qh); = N /h (u((n+ 1AL, z) — u(nAt,x)) dx
J
(7.19) “ G+1)h ih
+ = / u(nAt, x)dr — / u(nAt, x)dz | .
h2 \ Jjn G-Dh
Since

(G+1h (n+1)At  p(G+1)R
/ (u((n + 1At x) — u(nAt,z)) de = / / Opu(s, z)dsdx
jh nAt jh

(n+1)AL f(+1)R
= —a/ / Oz u(s, x)dsdz
nAt jh

(n+1)At
——a [ el )~ ul 1) s,
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we have that

- (G+1)h (n+1)At
@)=+ (H / u(nAt,z)dx — Ait u(s, (j + 1>h)ds]
J

1 [In 1 ptbhAat
7 /( o u(nAt, x)dr — Kt/ u(s,jh)ds| |,
m

that is, Q7 = (7(h)Ap)Z with

(G+1Dh (n+1)At
(7.20) (31, = % [E /]h w(nAt, x)dz — é/ﬂm u(s,(j+1)h)ds].

Note that

(n+1) (n+1)
/ u(s, (j +1)h)ds = / u(nAt, (j + 1)h — a(s — nAt))ds
nAt nAt

(G+1)h d
= / u(nAt,x)—x,
( a

j+1)h—aAt
where we have used the change of variable a(s — nAt) = (5 +1)h —z. So

a (G+1)h ) 1 (G+1h )
)= |- nAt:vda:——/ u(nAt, x)dx
(i) h h/jh u alAt Jji1)h—ant (

a At 1 (j+1)h—aAt
=-(1-a— At, x)d
R0 h—aAt/jh ulnat, )dz
1 (J+1)h
- u(nAt, z)dx
alAt Jii1)h—ant
a At 1 (j+1)h—aAt
=-(1-a— At, z) — u(nAt, jh))d
F0—050 | |, (u(nAt, ) — u(nAt, jh))da
1 (G+Dh ) (
- u(nAt, x) — u(nAt, jh))dx| .
aAt /(jJrl)haAt( ( )
Since
(G+1)h
lu(nAt, z) — u(nAt, jh)| < / |Ozu(nAt, x)|dx
jh
we obtain
~ a At (G+1)h
Gl < 2 -ah (2/ Oyu(nAt, 2)|dz |
jh
Note that z} € V}, is uniformly bounded in L':
At At
(7.21) 2| = hZ| )il < 2a(1 —a==)TV (u) = 2a(1 — a==)TV (uo).
Next we define the error e} = vi} — uj. This error is the solution of
(7.22) { egzt’e" = Anep + (T(W)Ap)zp, n >0,
e, = 0.

So we apply Corollary B8 to (L22) and obtain
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Theorem 7.4. Assume the CFL condition
At

and ug € LY(R) N BV (R). Then 3C > 0 such that for all TVD schemes considered
above we have

(7.24) [lup — Hpu(nAt)|| < (C TV (ug))1/a(l — GT)T}L'
This is true Vh and Vn, 0 < nAt < T.

Since (Z24) is true for the upwind scheme due to Corollary B.6lwe see that, and
since we have Lemma [73], it follows that (Z24) is true for all TVD schemes. Note
that (Z24]) is accurate, in the sense that asymptotic regimes are correctly described.
If a — 0" (no advection), we indeed find a zero error. If 1 — a% — 0T, we find a

zero error compatible with the fact that the scheme is exact for 1 — a% =0.

8. LINEAR ADVECTION BY FINITE VOLUME METHOD

The rest of this paper is devoted to the study of linear advection in 2D:

O+ @.Vu =0, (t,z) €[0,7] x Q,
(8.1) { u(t=0,z) =ug(z), z€=10,1]x[0,1].

For the sake of simplicity we assume that @ € R?, @ # 0, is constant, and supplement
(Bd) with periodic boundary conditions

{ U(t, 0, x2) = u(ta 17x2)a (ta x2) € [OvT]
U(t,l’l,O) :u(taxlvl)a (taxl) € [OvT]

Let (€2;),es be a finite triangular mesh of Q:

(83) {Qij_k:@ Vj7k7 ]#ka

' U s =0 =1
Two cells are neighboring cells if and only if they have an edge in common (taking
periodic boundary conditions into account). Each cell has 3 neighbors: I(j) is the
set of indices of the neighbors of the cell j. The outgoing normal from 2; on the
edge Q; N Q is denoted as 7ij5. Of course the outgoing normal from (2; is the
opposite of the outgoing normal from Qy for k € 1(j),

(8.4) Tk + fg; = 0.

[0, 1],
0,1

(8.2) 01

X
X U,

We introduce some very natural notation:

{ ljr = lg; = R-Lebesgue measure of Q; N Qx, a length,

(8:5) s; = R%-Lebesgue measure of ;, a surface.
We also define

17(5) = {k € 1(5); (@, ) > O},
(8.6) 1°(5) = {k € 1(j): (@, 7;,) = 0},

I7(j) = {k € 1(5); (@ ;%) < 0}.

- =
)

and
(8.7) mjr = mij = L |(a@, 7))

Here (.,.) denotes the standard scalar product. I*(j) (resp. I~ (j)) is the set of
outgoing (resp. incoming) cells from Q;. An example is given in Figure[ll. With all
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—

a

/

FIGURE 1. I (j) = {ka, k3}, I~ (j) = {k1}

these notations the finite volume upwind scheme is defined as

n+l _ . n
. uj

U
keIt (j) keI~ (5)
with the constant mass initial approximation
1
(8.9) u? =— u(0, x)dz.
S5 JQy

mjru? is the flux value integrated along the edge Q;NQ, ke IT(j).
The following formula will play an important role in the analysis. The proof is
left to the reader.

Lemma 8.1. One has the equality

(8.10) S ompe= > my, Vi

keIt (4) kel—(j)

Using this formula, we rewrite (B8] as

At At
e (e SR RS S

% ker- () T kel (j)
Provided the CFL condition is satisfied, i.e.,
At
8.11 — <1
( ) s Z mjir = 1,
kel=(4)

n+1
U

Lemma 8.2. Assume 8I1). Consider the solution of (838). Then

is a convex combination of (uf). As a consequence we get

a @

8.12 silu T < s;lul|® , Va, 1 < a < 400,
g1 I
J J
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and
(8.13) mex | < mex |u|.

Now we reformulate (B8])-(&3) using the abstract formalism. Let h be a char-
acteristic length of the triangular mesh, which is assumed to be uniformly regular,
that is,

(814) Jeg,c1 >0, coh < l]‘k <ch, Vj,k,
or equivalently
(8.15) Jea,e3 >0, cah? < s; < czh?, V.

It implies (a proof is given in [I5])

Jeq, 05 >0, cqh < Z mik < ¢s5h, Vj, Vh.

keI~ (5)
As a consequence we get
Lemma 8.3. The maximal time step
Y

7(h) = max =——2——
J Zker(j) Mk
is such that
(8.16) 3C; > 0,C2 >0, Ci1h <7(h) < Csh.

In order to simplify the discussion, we assume for the rest of this
paper that the CFL condition is bounded away from 0 and 1: The reason
is that we desire to use the estimate (5.21)) of Corollary B.6, which is singular at
v =0and v = 1. So we assume that there exist v~ and v* such that

At
(8.17) 0<v™ < —<vt <1, Vh.

7(h)

This assumption is not a real restriction since it is in accordance with the practical
use which is made of such schemes. Let

Ve =L*Q),

and
Vit ={u € V% u is constant in Q; Vj, that is, u; = ujq,} C V*.

The norm in V¢ is )
[lul|lo = (/ |u|ada:> Yu e V,
Q

and
1
ulla = { D sjlui|* | Vue Ve
J
Let
Iy : Ve = Vi,
(Mpu); = % Jo, u(z)d,
and
Ap V& = V2,
(818) -2k 5) T uj+3 — () Mkl
(Apu); = —=rertm Tt e
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With this notation, the upwind finite volume scheme is equivalent to (Z4)). Note
that the stability inequality may be rewritten as
(8.19) | (I+ AtAL)"|la <1, Vn provided 8ID) (ie., Ko =K =1).

In order to study the convergence we define the approximation v;' of the exact
solution:

vy = Ipu(nAt).
This vector is a solution of the system
ntl_ n
(8.20) bl = Apvjy + s, n 20,
Uh = Hhuo

The perturbation sy, is given by

ot —pn
s, = h h — A"
( h)] ( At h h)]

éj </Q u((nJrl)AAtz_u(nAt) + Y magwp)— Y muk(p)k

I keIt (4) kel=(j)

(n+1)At
// deu(s)ds + Y muk(p);— D muk(vp)

kel+(j5) keI~ (j)
(n+1)At
=L L, e S ;30 matens
kelt(j) kel=(j)

Finally, after integration by parts,

(821) (sp); = Yo me(Wh); —ui ) = Do man((0f)e —ufl i) |

57 \ker+ () )

where uj ;. stands for the time-and-edge average of the solution:

(n+1
up ik = —/ / u(s, z)dsdo.
At Jpa wEDN,; NN,

s7 given in (B2I) is a function of the difference between the cell average and the
edge-time average ((v},); — uj, ;1) s, is like a bounded operator

T(h
% S ompr() = > mu()
T \kel+(j) kel-(5)
applied to some bounded quantity (terms like %) So these s} are O(1).
In general (that is, for an arbitrary mesh), there is no chance for this term to be
O(h), even for a very smooth solution w. This is precisely the lack of consistency
problem that we are addressing in this paper. We rewrite this as

7(h
(8.22) (s;;)jz(—_) Do mgEh = Y makzi |

% \ker(j) kel (5)
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where

(vp)j — up ik

(8.23) Zh ik = )

However, a difficulty occurs in dimension greater than 1. For a given h and a
given n, zj = (2, ;) lives in a space which has the dimension of the number of
edges, greater than the number of cells. In a 2D periodic domain with a triangular
mesh, the number of edges is %N , where NV is the number of cells. So there is no
chance for zj to belong to Vi, z;! € V,*. Note that in dimension 1, the number of
edges is equal to the number of cells; this is why it is possible to apply the abstract
formalism directly only in dimension 1 (as it is done in section 7). In summary, one
has

Lemma 8.4. The truncation error (82I) of the 2D advection equation is, in gen-
eral, not admissible in the sense of Definition 1t s} # 7(h)Anzp.

This is the classical dimensional obstruction to a simple proof of convergence for
finite volume schemes. It means that the proof in dimension 1 needs to be adapted.
Let us define

Wit = {2z = (2n,jk); #n,jk is constant in 9Q; N Iy, Vi, k}.

The norm in W' is

12| = z:(r(h)mjk)|z:h,jk|‘y Vze Wy, 1<a< 4o,
jk

and

||2[loc = max [z k|-
Jk

Note that the coefficient 7(h)m;i = 7(h)l;x|(a@, 7i;,)| is homogeneous to a surface,
T(h)m;i = s;j. The norm in W} is very similar to the norm in V*. It is the reason
why we use the same notation ||.||o for the norm in V* and that in W,

Lemma 8.5. Let a € |1, +00]. Assume that ug € Wh¥(Q) (so u(t) = uo(z — at) €

per

WLe (), Vt). Then 2} = (2 ;1) € Wi, and 3C > 0 such that

per

(8.24) 25 1la < C||Vuo||Le(qy, Yh,n, Va € [1,+oo].

Assume that ug € L' () N BVper () (s0 u(t) = ug(x — at) € L () N BVyer (),
Vt). Then zp € W}, and 3C > 0 such that

(8.25) lzn 11 < Clluol|Bv,er (), YRy 1.

The constant C' is the same for all & € [1, +00]. Such a result is completely stan-
dard, so we skip its proof. See [I5], where a very similar property is proved. We refer
to [3], [I8] for an introduction to the functional spaces W<(Q) and L(Q)NBV (Q):
Wo2(Q) € Whe(Q) and L'(Q) N BV,er(2) C L'(2) N BV (Q) are the restriction
to periodic profiles of these spaces; we leave to the reader the straightforward gen-

eralization to other boundary conditions, such as incoming Dirichlet conditions.
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9. CONVERGENCE VIA DUALITY ESTIMATES

The previous section has shown us that the truncation error is not admissible
in 2D, since its structure is not exactly what we have assumed in the general
study. So we need another argument to be able to extend the class of perturbations
considered in Definition Duality is an appropriate tool for this task. The idea,
very classical, is to apply the general argument, but for test functions.

The discrete duality product is

1 1
(vp,wp) = Zsjvh}jwh,j, Yop, € V¥ and Ywy, € Vhﬁ, —+ 3 =1.
. e
j
The duality product between z;, € Wy and wy, € W}? is
1 1
(znywn) = Y (T(R)ymjk)zn jrwjn, sttt
ik
The Holder inequality [T] implies that
lvnlla = max (vp,wp), Yoy € VX
wr €V ||wn || p=1
We define the error
(9.1) ey = vy — up.
Lemma 9.1. The error is bounded by
n—1
n —1-
(9:2) llerlla < ALY (T + AtAR)" ™7 s} o
p=0

Fach term in the sum is

(9.3) [[(I+AtA) shllo = max | > > (r(h)mye)zp! . (wi ;= wi ) |,
! <k keI+(5)

where the test function is (g=n—1—p)

(9.4) wi = (I + AtA;)? wp.
Since
n—1
(9.5) eh =AtY (I+AtA,)" " 7Psh,
p=0

then the error is of course bounded by

n—1
(9.6) llehlla < ALY [T+ AtA)" 7P F o
p=0
where
|| (I+AtAp)? sh||a = nax (wp, (I + AtAR)TsP)
wr €V, [lwnllg=1
- max (I +AA}) wp, sy = max (wi, shy.
wp eV}, ||wn||g=1 wp€V), ||wp||p=1
Here

wl = (I + AtAL) wy, Ywy, € W),
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where A} is the adjoint of Ay, defined by

Ay Vi — Vi,
_Zkel—(‘) mjk“j+zkez+(')mjk“k
(Ahu)] - : Sj : :

(9.7)

A direct calculation gives (s} is given in (8:22)))

7(h)
n n
wh75h E: S h,] S E MGkZh, ik — E MikZh ik | >
J

keI+(j) keI~ (5)
where 2} is given in (823),
q
(9.8) (wf,, sp) Z Z h)mji)zp ]k(whg wh,k)'

i<k kelt(j)

This expression is the duality product in W2 x Wff of 2} by (wj ; —wj ;). In
summary,

(9.9) |1 + AtAw)" splla = Yo D @mmy)zp jp(wh ; —wi ) |

wh, 1
Il ||ﬁ i<k keIt ()

which ends the proof of the lemma.
The idea is then to prove that (wj ; — wj ;) € Wf in @3) is small. We know

two a priori estimates for the test function w} € V}fg .

a) First a priori estimate. The stability inequality (819) implies
[| (I + AA;)||g <1,Yq V3, Vh.
A consequence is of course
(9.10) [lwillg < [lwnllg = 1.
b) Second a priori estimate. We use Theorem (.2 applied to
T(h)Ajwy = (I + AtA})* (7 (h) A} wn

Since ||wp||g = 1, this proves that

(9-11) I (h) Ajwills <

)

[N

(g+1)
for a suitable constant C' > 0.

Be aware that (II0) and (@II)) give bounds in V,fg , and not the bound of
(wi ; — wi ;) € W}? we are looking for. In the following we show how to com-
bine ([@.I0) and (O.II) in order to obtain a bound for (wj ; — wy ;) € Wf

10. THE L2 CASE

In order to better organize the rest of the proof, we separate the case a = 2,
treated in this section, and the case 2 < «, treated in next section. A comment
about the case a < 2 is given in the conclusion.
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Lemma 10.1. In the case « = 3 = 2, there exists C > 0 such that the test function
defined in (@4) satisfies

(10.1) ||(w?1] - w?m)”ﬂ < %

Let us compute the scalar product of w} by —7(h)Ajw]:

NH

—(r(h) Ajwi, wil) = 7(h) Z Z kawh] Z mjsz,k w;ij

7 \kel- keIt ()
2
=ty | D0 mawwi)? = Y0 mgw i,
i \kel-(j) keIt ()
But ) . .
_ 2 2 2
wi Wi = 5(%]-) + §(WZ,k) - 5(“’2,]' —wj )*
So

— (r(h) A wi, wil) Z Z m( why

J keI~ (j)
2
MY S w450 S el —wf )
Jj keI+(j) Jj kelt(j)
Reorganizing the two first terms using 10y, we getﬁ

—(r(h)Ajwi, wl) = Z Z mk (w5 — Wi )2,

7 kert(j)

Due to (@.10)- (@I, this becomes

Z Z h)mj) wh,j - wi,k)Q < L

T
i keIt (j) (q+1)3
This ends the proof of the lemma.

Theorem 10.2. Assume that the mesh is uniformly reqular. Assume the CFL
inequality ®IT). Assume that u € WL2(Q), i.e., ug € WL2(Q). Then

per per

(102) iC >0, ||(I + AtAh)qSZHQ < ||VUO||L2(Q),

_ ¢
(g+1)3

and

(10.3) 3C >0, Jlup ~ MaumAD)|2 < (Cl|Vuollpa) ) THhE

Considering (@) and (I0T), we get that (wj, sj) < » 1); [|z11]|2. Now if the so-
+
lution u is assumed to be in W2(Q), we have (LemmaR3) ||z}!]]2 < C||Vuo||r2(0).-

So (I.2) is a direct consequence of (IOl). Even if not exactly admissible in the

3This inequality expresses the coercivity in L2 of the operator —Aj (resp. —Ap). It is the first
time in this paper that we use such a property.
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sense of definition 3, s} is quasi-admissible with a weaker bound: O(

of O(( +11); ). Using (0.6) and ([0.2)), we get
q 2

(¢+1)%

llenllz < (CAL|[VuollL2(a) Z

:0
T 1
leillz < (CAH[Vuoll o) Atﬁ = (ClIVuollr2 ) THhY.

Note that the influence of the CFL condition is embedded in the constant C: just
recall that C' depends on v~ and v+.

< (CAH||Vug|| 2 (@) X ni,

NH

11. THE L® CASE, a > 2

Now we study the case o > 2. The only difficulty lies in analyzing the “coer-
civity” in various L? of the operator —Aj (or —Ap). We will make use of various
Holder inequalities to get rid of it. The main result of this section is

Theorem 11.1. Assume that the mesh is uniformly reqular. Assume the CFL
inequality BTT). Let 2 < o < +00. Assume that ug € Wp2(Q).
Then there exists C(a) > 0 such that

(11.1) luf — Mpu(nAt)||o < (C(@)||Vuolla) h¥, 0<nAt<T.

Let o = +o0o. Assume that ug € Wk*(Q). Then Ve, 0 < & < 1. there exists
C(g) > 0 such that

(11.2) [lup — Hpu(nAt)||e < (C(e)]||Vuol|oo) hi=¢, 0<nAt<T.
Let us begin the proof of the theorem by proving
Lemma 11.2. If2 < a < 400 and 1 < 8 < 2, then there exists C(a) such that

Cla
(11.3) > Z hymj)eg(wf) (wi . —wi )? < #
i<k kel+(j (g+1)2
where the function cg is deﬁned by
1
(11.4) ca(a,b) :/ (1= 5) |a+ s(b—a)|?2ds.
s=0

The proof of this lemma is essentially a generalization of the proof in the case
a = [ =2. We already know that

(11.5) lwills < [lwnlls =1,
and

11.6 T(WA T wl|g < ———,
(1L6) I A ls <

where C is independent of 8 and wf. Note that [w]|?~2w] € V;* with

a @

e P2 || = Zslw 107D = D sl 1°

J

B
q||a
FES?
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We compute the duality product

—(7(h )Ahwhv|wh|ﬁ 2 h>

L) =2 2 iy — D w7

J kel—(j) keIt (j)
First,
[(r(h) A, [wit |7 2wf) | < |lr()Ajwi ] < || (]|~ 2wi) o
C
(q+1)7
using (ITH) and (ITH). Second, we reorganize the right hand side of (II1):

Cand o B-2
E: E: MjkWy ; E MjkWh g |whj| whj

J o \k€I=(j) keIt (4)

- Z Z m]k(|wz,]|ﬁ - w;ILk|w?z ]|ﬁ 2wh ])

J keIt (j)

= [Ir(h)Ajwills x [will5 <

(11.8)

We use Taylor’s formula

F(6) = f(a) + (a—b)f'(a) + ( [ a-oraso- a))ds) b a).

with f(a) = |a|®. So
IWZ,kIﬁ = |U’Z,j|'3 + mwz,ﬂﬁdwg,j‘(wg,k - U)Z,j)
1
+ (5(5 -1) /s:O(l = s)|wj ; +s(wf ;= wg,j)|62d5> (wh ke — wg,j)Q’
and

P R
hg — 3

— (8- 1)%(“’2,]‘7“’2,1@)(1”2,1@ - wz,j)Q-
Plugging this expression into -([[18), we get

wz,kIwZ,j

~(r(h >Ahwhvlwhl‘3 “wf)
] Z Z h)ymgp) (wh )’ G Z Z hymge) ()
Jj kel— 7 kEI+
+ —1 Z Z mjk Cﬁ(whjvwh k)(whk wh,j)Q'

J keIt ()
Due to the relation (8I0) we obtain
- <T<h>A;wz, |wz|f’*2wz>
(11.9) = —1) Z Z h)mj c[;(whj,wh k)(whk wz}j)Q.
J keIt ()

Finally, using (IT.5) and (IT6), we obtain (IT.3)). This ends the proof of this lemma.
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This inequality (II.9) expresses the “coercivity” of —Aj. We observe that we
only obtain a control in a “weighted L*” of w} , — w;]w-. The rest of the proof is
devoted to eliminating the weight 05(11)27 j,wg,k), in order to get a more explicit

estimate.

Lemma 11.3. Let 1 < 8 < 2. There exists C(8) > 0 such that for all (w1, ws) €
R?, max(|wy|, wa|) # 0,
(11.10) 1 < C(B) x max(|Jwy >, Jw2|*P) x cg(wy, ws).

a) Assume that max(|wi|, |wz|) = |wi|. Then

1
_ _ w _
masxun [l e, wa) = [ (1= 91+ (G2 = )P
s=0 1

Since —2 < :U”—f — 1 < 0 and the function & — z°~2 is decreasing for > 0
(recall that § — 2 < 0), we get

s=

max(|w1|2*ﬁ, |w2|2*ﬁ)05(w1, wg) > / (I-s)(1- 2s)ﬁ*2ds =c1(8) > 0.
s=0

b) Assume that max(|wi|, |wz|) = |wz|. Then

Wl

1
_ _ w1
max(|w: [*~7, [wa > )ep (w1, ws) :/ (1—8)I1+(1—S)(w 1)|72ds.
s=0 2
Since —2 < Z’j—; —1<0, we get

max(|w; |27, Jwa|*P)eg(wr, w2)

> /5_1(1 —5)(1—2(1—5))?"2ds = c3(B) > 0.

2

-3

c) Defining C(8) = max(q%ﬁ), 0216)) ends the proof of the lemma.

Lemma 11.4. Let 2 < a < +00. Consider the expression (@8). Then there exists
C(B) such that the test function w? defined in (@A) satisfies

(11.11) SO rm )l — wil )] < 1l —

1
j<k keI+(j) (g+ 1)

We use

Yo > Gmmu)z e wl ;=i )

j<k kel+ ()

1
Z Z h)mj)zp kT ( %(wi,j,wi,k)(wz,j - wg,k))

i<k keI+(j) Cﬁ(wh,jawh )

323" ST (rhymg) g i max(jw |, wf )72

J<k kelt(j)
X(%W%W%W%—%A)
Here we have used Lemmal[IT3]to eliminate the weight ﬁ Note that the
Wy, W g

hypothesis of the lemma (max(|wy|, wz|) # 0) is not needed, since the inequality
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makes sense even if max(|wf ,|,[wj ;|) = 0. Using now the Holder inequality in

W x W x W2 (of course % + % + % =1, that is, v = 0‘2—;2), we obtain

Z Z h)mji)z ]k(whg wz,k)
<k keIt (j)
1
<C(B) x (|2l x || max(fwy |, [wl ) =" I,

x| Cﬁ(wh7j7wh7k)|wh,j - wz,k|||2~

We already know a bound for the last term (compare with (IL3). It remains to
study

2-8 =By ﬁ)"r
| max(jwf |, [wi )72 |1y = | D (r(hymys) max(jw |, [wh )™=
jk
Slnce——i—QZ% we get 2281 ﬁh = 3. So
1
2
2-8
| max(|w] [, [wh )7 [l = | D (r(h)ymgy) max(jwf |, |wfl ,])?

ik
B
= || max(wf |, [wi DIl

This expression is a power of the [|.[|s norm of (max(|wj ;|, [wf ,|)) € Wf We

bound this by the ||.||s norm of w] € V}fg , up to some multiplicative factor:

> (r(mymyp) max(jwf |, [wi (NP | < [ D (r(mymg)(wi ;17 + wf %)
jk ik

T(h)m
<> (th)mjk)) ut, ] < (3 T} [l
i \k ’ j

So )

T(h)ymji \ ™ 1
ma(fu b D% < (3max ™07 ) g 1 < ),
J
thanks to the uniform regularity of the mesh and (@I0). So finally we get (ITIT).

Final Proof of Theorem [I1_1l. Inequality ([I1.2) is a consequence of (3.6)), (0:9)) and
(ITI1). Concerning ([[T.2), we notd] that W2 (Q) € W2 (Q), V1 < a < 400,
use (IT) and let @ — +00. So

1
Zsj ‘(u;{h)—ﬂhu(nAt)jP < C(a)]|Vuo|ech®.
J
Since s; > c2h?, which is true for uniformly regular meshes, this implies

1 9
cs he

(W) — Myu(nAt);| < C(a)||Vuol|scht,

it is essentially here that we use the boundedness of Q2.
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ie.,

Cla 1_2
() — Tu(nat)y;| < L Vg ||oht =2,

cy

which is exactly (IT2): e = 2. This finishes the proof.

Considering Theorem [6.1] we see that all the above theorems of convergence are
also true for the implicit scheme.

12. CONCLUSION

We have presented an abstract framework for the numerical approximation in
general Banach spaces of linear equations by means of finite volume methods. We
emphasize an important property of finite volume methods: they are formally non-
consistent, so the Lax theorem does not apply. The main result of this work is a
proof that cancellation in time of the error is a reason why finite volume methods
converge. This result may be considered as a variation on the Lax theorem.

Application of finite volume methods for the numerical solution of linear advec-
tion on 2D triangular meshes gives some insight on the potentiality of the technique:
in this work we have studied convergence only in L%, 2 < «, but by continuity of
all these estimates of convergence with respect to «, it is possible to extend some
of them to the case 1 < o < 2.

In this paper we have restricted the discussion to what we think is the core of
the method. We will report about some improvements of all these estimates in a
forthcoming work. An important issue is to recover the optimal rate of convergence
in L', proved in [10] for hyperbolic scalar laws in dimension two by means of
completely different techniques.
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