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L?-ESTIMATE FOR THE DISCRETE PLATEAU PROBLEM

PAOLA POZZ1

ABSTRACT. In this paper we prove the L? convergence rates for a fully dis-
crete finite element procedure for approximating minimal, possibly unstable,
surfaces.

Originally this problem was studied by G. Dziuk and J. Hutchinson. First
they provided convergence rates in the H' and L? norms for the boundary
integral method. Subsequently they obtained the H! convergence estimates
using a fully discrete finite element method. We use the latter framework for
our investigation.

1. INTRODUCTION

A disk-like minimal surface or solution of the Plateau Problem is a surface in
R™ which has the topology of the unit disc, spans a given boundary curve I' € R™,
and either minimizes, or more generally is stationary for, the area functional. By
studying the problem in detail, it turns out that an equivalent and more convenient
formulation is the following characterisation.

Let D be the unit disc in R? and T' be a smooth Jordan curve in R™. Let F be
the class of harmonic maps u : D — R™ such that u|gp : D — T is monotone
and satisfies a certain integral “three-point condition”; cf. (@). The function v € F
is said to be a minimal surface if u is stationary in F for the Dirichlet energy
D(u) = 3 [}, |[Vul?. Such a map u provides an harmonic conformal parametrisation
of the corresponding minimal surface.

The formulation of the corresponding discrete problem is as follows. Let Dy be
a quasi-uniform triangulation of D with grid size controlled by h. Let Fj, be the
class of discrete harmonic maps uy, : D, — R™ for which uy, (¢;) € T whenever ¢,
is a boundary node of Dy, and which satisfy an analogue of the previous integral
“three-point condition”. The function u; € Fj, is said to be a discrete minimal
surface if uy, is stationary within F, for the Dirichlet energy D(up) = 1 th |Vup|?
(see below for a precise formulation). /

The main result proved in [4] is that if u is a nondegenerate minimal surface
spanning I', then there exists a discrete minimal surface uy, unique in a ball of
“almost” constant radius eo|logh|™!, such that ||u — us|lgi(p,) < ch, where ¢
depends on I" and the nondegeneracy constant for u, but is independent of h (see
Theorem of this paper).
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In this paper, which can be considered a continuation of [3] and [4], we prove
the additional estimate
[u — unl|L2(pyy < ch?|log h|>/2.
The author would like to thank John Hutchinson for valuable advice and encour-
agement during the investigation of this problem.

2. PRELIMINARY ESTIMATES AND THEOREMS

In this section we will concisely recall some definitions, estimates, and theorems
from the papers cited above.

2.1. The smooth energy functional. Let D be the open unit disc in R?, with
boundary D. Denote by S! another distinct copy of the unit circle. Let I’ be
a Jordan curve in R™ with regular C"-parametrisation v : S — T' where r > 3.
(Note that more regularity will be required when stating the main theorems.)

The reason for introducing S* and fixing a parametrisation v is that each map
f:0D — T can be uniquely written in the form f =~ os, where s : 0D — S'. It
turns out that it is more convenient to make use of such a factorisation and work
in the space of {s|s: dD — S'}. Recall also that we are interested in working
in the class of harmonic functions and that information on the boundary alone is
sufficient to completely determine such a function.

For f: 9D — R™, we denote by ®(f) : D — R" its unique harmonic extension
to D, specified by

AD(f)=0in D, O(f)= f on OD.
Then ® : HY?(0D,R") — H'(D,R") is a bounded linear map with bounded

inverse.
We will use the Hilbert space H of functions defined by

H={¢:0D —R||{|gi/2 < o0 and (1) is satisfied},

where

2m 2m 2w
(1) ; §(¢) do =0, ; §(¢) cos ¢ d¢p = 0, ; §(¢)sin¢ d¢ = 0.
The norm on H is the usual norm || - || z1/2, which by the first condition in (II)

and Poincaré’s inequality is equivalent to | - |g1/2. The corresponding affine space
of maps s : D — S! such that s(¢) = ¢ + o(¢) for some o € H is denoted
by H. We also need the Banach space T defined by T = H N C°(0D,R) with
norm |[{|l7 = ||€]lg1/2 + ||€]lco. The corresponding affine space 7 is defined by
T = HNC%ID,S). With some abuse of notation we write |[s|| = 1 + ||o| for
various norms || - || on o.

The energy functional E is defined on H by

(2) / [V®(yos)] D(®(y o s)).

Finiteness of E follows from ().
We say that the harmonic function u = ®(y o s) is a minimal surface spanning
T" if s is monotone and stationary for F; i.e.,

(3) (E'(s),€) =0 YEET.
We have the following regularity result (see [4, Proposition 2.1]).
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Proposition 2.1. Ify € C**, wherek > 1 and 0 < a < 1, and s € T is monotone
and stationary for E, then

Isllcre < e=clllylere, IV L.

We next recall some properties of the energy functional from [3], Section 3.3].
Using the notation

(4) u=8(yos), v=0(0sf), w=8(y" os¢?),

we get by formal computation that

@ (669 = g, Bl +18) = [ uTut [ [vop,

t=0

with an analogous expression for E”(s)(£,n) obtained by bilinearity in the case of
distinct variations.

Proposition 2.2. If v is C" the energy functional E : T — R is C""1. Let
s=1id+ o. Then

E(s) < c(lvllen) @+ lolF/2),
@ E ()61, &) < ellvlles+) A+ lolfa)léllr - 1€l
for1<j<r-—1.
Proof. See [2, Proposition 2.1]. O

The functional E is not differentiable on H, but if v and s are as smooth as is
necessary for the following estimates, then we have

(8) E(s) < cllyllea sl e
9) (B (5), )] < cllyllEallsllEnllg] gz,
(10) [E"(s)(&m)] < clZ=s1Enllgl errzllnll e

In particular this will be used in case s is stationary for F.

It is important to consider the behaviour of the second derivatives of E near
a stationary point s € 7. The second derivative E”(s) can be interpreted as a
self-adjoint bounded map V2E(s) : H — H. Let

(11) H=H @H°@H*, ¢=¢ +&+¢F if €eH,

be the orthogonal decomposition generated by the eigenfunctions of V2E(s) having
negative, zero, and positive eigenvalues, respectively.

For s monotone and stationary for E, we say s is nondegenerate if H® = {0}.
The corresponding minimal surface u = ®(7 o s) is also said to be nondegenerate.
If s is nondegenerate, it follows that there exists a A > 0 such that for £ € H

(12)  E"(s)(&€F =€) = E"(s)(€7,67) = B"(s)(€7,€7) = A€l 7 -

We call A a nondegeneracy constant for s.
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2.2. The discrete energy functional. Let G, be a quasi-uniform triangulation
of D with grid size comparable to h. Let

Dy =|J{G|G e},
oDy = U{Eﬂ |1<j <M} wherethe E; are the boundary edges,
By, = {¢1,...,6m} be the set of boundary nodes.
The projection 7 : 0D — 0Dy, is defined by

(13) 7T<ei((17t)¢]+t¢j+l)) =(1- t)ei¢] 1 ettt 7

for0<t<1,1<j< M.
In order to have a discrete analogue Ej, of the functional E, we define the fol-
lowing discrete analogues of H'(D,R™), H'Y?(OD,R™), H, T, H and T:

(14) X7 = {up € C%Dp,R"™) | up, € P(G) for G € G},

(15) alt = {fn € C°(ODp,R™) | fr, € P1(E;) for 1 < j < M},

(16) Hjy = {& € C°(OD,R) | &, € Pi(r 1 (E))) if 1 < j < M, &, satisfies (1)},
(17) Hp, = {sn € C* (0D, S") | si(¢) = ¢ + on(¢) for some oy, € Hy}.

Thus H, C T C H, H;, C 7 C H, and the space of variations at s, € Hj, is
naturally identified with Hj,. We write X, = X} and z;, = x}.
We have the following inverse-type estimates.

Proposition 2.3. If &, € Hy,, then

(18) Ignller < eh™2Enllm e,

(19) enllznre < llgnllr < c| k2 (€n] a2

for h small.

Proof. The first estimate is standard. The second is in [I, Proposition 5.3]. g

Suppose f € C°(OD,R™). We define the “linear interpolants”
Inf €y, Ihf((l —t)el® 4 t6¢j+1) — (1= ) f (%) + tf(e?+1),
I7°1 € COODR"), P F(XID0HO) — (1= )f(e) + tf(e),

where 0 <t < 1,1 < j < M. Here and elsewhere, ¢pr+1 = ¢1. Note the different
domains 0Dy, and 0D of I, f and [ ,‘?D f, respectively. Note also that the image of
I (7 0 s) is a polygonal approximation to I' and that I, (v o s)(¢;) =~vos(¢;) €T
for ¢; € By,. Finally,

(20) IPf=1I,fom.

Another type of approximation operator we require is a map p, : T (T) —
Hj, (Hp), which acts like an interpolation operator and preserves the normalisation
condition (). The proof of the following is essentially given in [Il Proposition 5.2].

Proposition 2.4. There is a bounded linear operator py, : T — Hp, such that (in
particular)

(21) € = préllzs < ch™=*|1€]l e
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fors=0,%1 and k=1,2,2. Moreover,

529 59
(22) € = préllcor < ch||€]|c2, lpréllcor < cf[E]|con,
(23) 1€ = préllco < ch?(|¢]| 2, 1€ — préllco < chll€]lcn-

If s € T and s(¢p) = ¢ + o(@), then pps is defined by prs(d) = ¢ + pro(p) and
s —prs =0 — ppo. Hence pys satisfies estimates similar to those for ppé&.

For fr € xj the discrete harmonic extension ®p, fr, € X, is defined by
(24) Ahq)hfh =0in Dh, (I)hfh = fh on 8Dh.

Here A}, is the discrete Laplacian and so the first equation in (24) is interpreted as
th V(@hfr)Vipr, = 0 for all ¢y, in X}, such that ¢, = 0 on 0Dy. If f, € z} the
discrete harmonic extension @y, f;, is defined componentwise.

For s;, € Hy, the discrete energy functional Ey, is defined by

(25) En(sn) = %/D [V O 15 (7 0 s1)* = Dp(@nln(y o sn)).

Note that E}, is of course not the restriction of E to Hj. The discrete harmonic
function up = ®p I, (7y o sp) is said to be a discrete minimal surface spanning ', or
a solution of the discrete Plateau Problem for T, if

(26) (Ep,(sn),6n) =0 V&, € Hp.

Note that we do not require monotonicity of sp, as in the case for s in (3). The
derivatives of Ej, are given by

1
En(sn) = 5/[) |Vaup|?,
h

1
(B (sn),&n) = 5/ Vup Vo,
Dy,

By (sn)(éns&n) = VupVuwy, +/ |Vop|?,
Dy, Dy,

where
up = @hlh('yosh), Vp = @hlh('ylosh gh), wp = ‘I)hlh('ynosh E}%)

2.3. The negative space. Let us define H~'/2(9D) to be the dual space of
H'/?(9D) with the usual operator norm. There is a natural imbedding H'/?(0D)
H~Y2(dD) given by

(Cm) = /BD ¢ i e HY2(0D),

where (-,-) is the dual pairing of H~'/2(9D) and H'/?(9D). Thus

||C||H—1/2(8D) = sup ¢n.
HnHHl/Q(aD):l oD
We will need the interpolation result
1/2 1/2
(27) Il 200y < ellCly e gomy IS br2 o0y

which follows from the relevant definitions.



1768 PAOLA POZZI

2.4. Preliminary estimates. We will make use of the following estimates.
Proposition 2.5. Suppose f,g: 0D — R. Then

(28) |fglmz < [ fllcolglmrz + [flae llgllco,

(29) £ 9l rire < cllfllcon gl ez,

(30) [fglar < |fllcolglar +1f e llgllco,

(31) 1fgllzr < cllfllcon llgllar,

(32) 1f9llmsrz < cllfllc> Mgl psra-

Proof. These follow by direct computation. See [4, Proposition 3.1]. O

The following proposition will typically be applied in case g is 7, v" or v (and
in particular is C'), and where either s; = sg and sy = ppsg, or s1 = puso and
So = prSo + np, for some n, € Hy,.

Proposition 2.6. Suppose s; = id +0; : 0D — S' fori=1,2, and g : S* — R.
Then

g0 51— gosa|me <clglez ([sillcor +[ls1 = s2llco) Is1 = s2ll7a/2,

lgos1—gosau <cllgllez [sillcon [[s1 = sallm-
Proof. This follows by direct computation. See [4, Proposition 3.3]. O
Proposition 2.7. If f € H*(0D,R"™), where s =1,3/2, then
1@(f) = @nIn(f)lmr(py) < | fl1op).
@1 In ()i (Dn) < | flm1r20py + ch* 2| flrsop)-
Proof. See [4, Proposition 3.4]. Standard methods are used. O
Proposition 2.8. If f € H*(0D,R"), where s =1,3/2, then

18(f) — @nln(f)l2(pn) < k2| Flieopy + I f = TP (H)llz2(op)
I@nln(F)llz2(pn) < Ifll2op) + ch®| flEsoD)-

Proof. See [5, Theorem 1]. An Aubin-Nitsche type of argument is used. O

Proposition 2.9. Suppose u is harmonic in D, with trace u|lsp in L?(OD) or in
HY(OD), as appropriate. Then

(33) [ull2(p\Dy) < chllullL2ap)

(34) IVl L2(p\p,) < chlulmiapy,

(35) |lu—won|r2ap) < ch®ulmiop),
ou

36 H—‘ < .

(36) vl 2(op,) 7C|U|H1(8D)

Proof. See [4, Proposition 3.7]. O
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2.5. Main theorems. The following theorems and lemma are the starting points
for the proof of the L2-estimate. Recall v € C". Define

H3/2(dD) = {¢ € HY?*(D) : ¢ € HY*(dD)},
where &’ is the distributional derivative of £. Define the seminorm
€l 1s/2(o) = |€I|H1/2(8D)
and the norm
€1l zr3/2op) = €l ms/20p) + 1]l 20D

Lemma 2.1. Assume r > 5 and s is a nondegenerate stationary point for E.
Suppose £ € H. Then the “adjoint” problem

(37) P E(s)(de.n) = /a e vnen

has a unique solution ¢¢ € H. Moreover, ¢¢ € H?3/2(D) and

(38) |p¢| 320y < cl€lmr/2op)-
The constant ¢ depends on s.
Proof. See [2, Lemma 4.2]. O

Theorem 2.1. Assume v € C*. Let s be a monotone nondegenerate stationary
point for E, with nondegeneracy constant . Then there exist positive constants hg
and co depending on ||Y||c+ and |||~ ||z, and on X in the case of hg, such that
if 0 < h < hg, then there exists s;, € Hy which is stationary for Ej, and satisfies

(39) ||S - Sh||H1/2 < CO/\_lh.

Moreover, there exists eg = eo(||7y]|c4, |||V |, A) > 0 such that sy, is the unique
stationary point for Ey, satisfying

(40) s — snllg1/2 < €o|logh| ™t
Proof. See [4, Theorem 5.4]. O

Corollary 2.1. Under the same hypotheses and using the same notation of Theo-
rem 2], we have

(41) s — snllz < ch|Inh|/2,
where ¢ is independent of h.

Proof. Recall that in the proof of Theorem 211 ([4, (118)]) the estimate

(42) [pns = snllge < ch

was established, and therefore by Proposition [2:3]

(43) lpns — sullz < ¢|Inh|*2|pns — sl g1z < ch|In k|2,
Hence

Is = sullr < lIs = pasllr + llpas — snllr
< s = pasllgiz + [Is — prsllco + lpns — sallz
< ch®/? 4 ch? 4 ch|In h|*/? < ch|In h|'/?,
by Proposition [2.4] and the observation above. O
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Theorem 2.2. Assume v € C. Let u be a nondegenerate minimal surface span-
ning I' with nondegeneracy constant \. Then there exist positive constants hg and
co depending on ||¥||ca and |||/|" || L, and on X in the case of hg, such that if
0 < h < hg, then there is a discrete minimal surface uy, satisfying

(44) ||u—uh||H1(Dh) < Co)\_lh.

Moreover, there exists eg = eo(||7]|c4, |||V |z, A) > 0 such that if u = ®(y o s)
and up, = Pplp(y o sp), then uy is the unique discrete minimal surface satisfying

(45) Is — sl g1z < €ollogh| ™t
Proof. See [4, Theorem 5.5]. O

3. THE L%-ESTIMATES

Finally we are able to start discussing the L?-estimate. We want to prove the
following theorems.

Theorem 3.1. With the same hypotheses and notation as in Theorem and the
additional assumption that v € C®, we have that

IIs — 5h||L2(8D) < Ch3/2| In h|3/47
where the constant ¢ does not depend on h.

Theorem 3.2. With the same hypotheses and notation as in Theorem [Z2 and the
additional assumption that v € C®, we have that

[u = unll2(py) < eh®[Inhf*2,

where the constant ¢ does not depend on h.

The approach will initially be that of [2]; i.e., we will use Lemma [ZT] to esti-
mate [|s — sp|lg-1/2(9py- Then by means of the inequality (27), an estimate for
|ls = snllL2(apy will follow. Finally, using trace theory results and Proposition 2.8]
we will obtain Theorem 321

Before beginning the proofs, we consider some estimates which will often be
used.

Proposition 3.1. Using the notation and the hypotheses of Theorem [31] and
Lemma[21, we have

(46) Ishllco.apy < ¢/ Inh|'/2,
(47) |y o sn =7 05|g/20p) < ch,

(48) v 0 phs — 7 0 5|2 (apy < ch*?,
(49) [y o prs =70 sulmi/zap) < ch,

(50) [y 0 sn =70 puslmop) < ch'/?,
(51) |V o prs — v o 8|mi(ap) < ch,

(52) [y o5 =0 snlm@p) < ch'/?
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(53) 17 0 sn =" 0 s|g/20p) < ch,

(54) 1Y 0 sn — 7' o slm(apy < ch'/?,

(55) |(Y' o sn =" 0 8)pndelmiszopy < chlln h|1/2|€|H1/2(8D)7

(56) (Y 0 sn =7 © 8)prdbel . (opy < b h|"2I€| 12D
1/2

(57) (Z [y o Shﬁp(w—l(Ej))) < c[Inhl,

J

1/2

68) (10 0 smmdelinicey ) < lmhlElnson.

J

1771

Proof. First note that if we consider the space V' = {v|v is piecewise (arcwise) linear
on S'}, where S* has a fixed grid controlled by h, by using a rescaling argument
and the fact that on a finite dimensional space all norms are comparable, we get

[v]con < h7|v|lco Yo € V (where []co. is the C%1- seminorm). Therefore

Isrllcon < |Ish — prs|lco + [sh — PrS]coa + ¢||s||con by Prop. 24
< ¢|Inh|Y2h + ch ™ h|In |2 + ¢||s]|con by (@3)
< ¢|lnh|Y/? for h small.

For (@7), using Proposition [Z6] (1)), and Theorem 2] we compute
[yosn—vos|me <cllle (Isllcor + llsn = slico) Is = snll sz < ch.

In the same way we obtain (53)).
For ({48) we compute

|v 0 prs — v 0 s|ge

<dlvlle (Isllcos + lls = pasllco) s — prsllg/e by Prop.
< clliez (lsllcor + ch?|sllc2) h* |Isllo= < eh®? by Prop. 22

Now (@9)) follows from the triangle inequality, (47), and (@8]).
For (80) we compute

|y 0 sn—opns|m

< clvlle2 llpnsllcon ||sh — prs|lar by (33)
< clllez Isllcoah ™2 ||sn — prsll g2 by Prop. 2l and 23
< cllylles llsllcos B2k < ch/? by ().

For (&1l) we use (33)) and Proposition[Z4 to compute

Yo pns —voslm < clyllez Isllcor Is — prsl
< clvlle lIslgor hllslla> < ch.

Estimate (&2) follows from the triangle inequality, (BU), and (EI). Estimate (&4)

is established in a similar way.
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For (B3) we compute

|(7 o sn — 7 0 8)phoe| /e
< |l osn—~"osllco [prndel e

+ 17 osn =" 0 sl lpngellco by Prop. 2.3
< llezlls = sullco (lpnde — dellmrre + Gellmsz)
+ 1y 0 sn — 7" 08|z |pndel e | In |2 by Prop.
< cllyllzh | |2 (Bl el o2l Gell 1rs2)
+ cllvlicsh | n bl [padell /2 by @D). Prop. 24 and (53)
< c|yllosh | h|*? (RIE| 172
+ |€|g1/2) < ch|Inh|Y2|€] e by Lemma [2.1]
Note that we have also used the fact that || - ||gs/2 is equivalent to | - |s/2 on
H N H3?D).

For (B6) we compute

|(7 0 s =" 0 8)pnoe|m
< |7 0 s5n =" 0 sllco [prde|m

+ 17 o s — v os|g ||lpnellco by Prop.
< |Vllezlls = sullco (lpnde — dellmr + |delmarz)
+ ¢y o sn — 7" o s|mt |padell sz | In b2 by Prop.

< clvllezh | b 21€] g2 + e|Vllesh!? I h[V?(€] g2 by GE) and @)
< ch?| In h|Y2 (€| /2.
To prove the last two inequalities, we exploit the fact that the second derivatives

of s, and ppde vanish on each arc segment 7 '(E;) (recall that the FE; are the

boundary edges). More precisely, on each arc segment we have that (y o sp)” =
"

v"osp (s1,)% and (v o sp)proe)” =" osn (s},)2proe + 27" osp, s}, Pr@g. Therefore
it follows from (@G) that

(ZW o shﬁﬁ(rlwm)
;
1

2
< (DI osn (1) 3aascy) < ellsuliBas < el Il
J

N

Using (E6), Proposition 241 and Lemma 211 we finally obtain

1

(Z (o Sh)ph¢§|§{2(7r—l(Ej))) )
J

< cllsnllEon Ipnoellze + cllsnllcor [prdelm
< c|nh|[lpngellar < e[ nh[([pade — dellur + | delar)
< c|lnh||d¢| gz < c|Inh||E| g2



L?-ESTIMATE FOR THE DISCRETE PLATEAU PROBLEM 1773

Proof of Theorem [ZJl As remarked above, the first step consists in finding an es-
timate for [|s — sp||g-1/2(9py- By Lemma 2Tl we have

E(sn — 5) = d*E(s)(d¢, sn — )
aD
= d*B(s)(¢¢ — pnde, sn — ) + d° E(s)(pne, sn — 5)
=A+B.
First we estimate
A = |d*E(s)(¢¢ — pre, sn — 5)|
<clls = snllgr20p) ll6¢ — Prdell 12 0) by (10)
< ch®|gel ysrzopy < ch?[€] sz ap)
by Theorem I, Proposition [Z4] and Lemma 2Tl Then we calculate
|B| = |d*E(s)(pnde, s — 5)|
< |d®E(s)(pne, sn — 5) + dE(s)(pnbe)
— dE(sn)(pnoe)| + |dE(sh) (proe)|
< clls — snll% lpnoe |l + |dE(s1)(proe)| by Taylor’s theorem and Prop. 22
< ch® W h*"?||padse|l sz + [dE(sn) (pre)] by (I and Prop.
< ch?|Inh*2|€ 172 + |dE(sp) (prode)| by Prop. 24 and Lemma 211

Now we want to give an estimate for |dE(sy)(prde)|. Since sj, is stationary for
E},, we know that dEy(sy)(&,) = 0 for all £, € Hy,. Hence

dE(sn)(proe) = dE(sp)(Prnoe) — dEp(sn)(proe)

:/ VuVv —/ Vuthh,
D Dy,

where
u = ®(yosp), up = Pplp(7y o sn),
v =®((v o sn)pnde). vp = PpI((Y 0 sn)prode).
Next write
dE(sp)(proe) = / VuVov — / Vup Vo, + / VuVv
Dy Dy, D\Dy,

_ /D V(= )V (vp —v) + / V(u — up) Vo

Dy,

+ VuV(v—vh)+/ VuVv=1 + I, + I3+ 1.
Dy, D\ Dy,

Estimate of I;. We have

|| = } V(u—up)V(v —vh)‘ < u—up|gr(pyy [v = vnlE1 (D)

Dy,
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For the first term we calculate

|u — up|g1(p,) = |P(y 0 sn) — Prln(y o sn)|mr (D))
< |P(yosp —vyos) = Pplp(yosn—y08)| g (Dy)
+ [@(y08) = rln(yos)|m(Dy)
< ch'?|yosp =0 slm(op) + chlyoslyszepy by Prop.
< ch+ch|vllcz| sl gs2 < ch by (B2).

For the second term we compute

[0 = vnlmr Dy = |2(( 0 sn)prde) — Puln((v © sn)prde) |,

< |®((v" 0 sn)pnde — (v 0 8)pndbe) = Puln((v 0 sn)pnde — (V' 0 )pnde) | )
+]@((v 0 8)pnde) — Puln (v © $)pnde)| gy,

< ch'?|(y o sp)pnde — (7 © 8)pnde| i (op)
+]@((v 0 8)(prde — be)) — Pnln((v 0 8) (P = 6)) | 1,
+|2((v 0 8)b¢) — @uln((7 © )0¢) 1 (p,, by Prop. B

< ch|ln h|1/2|§|H1/2(aD) + 0h1/2|(7/ 0 8)(prde — ¢¢)|m1(ap)
+ ch|(v" © 8)¢¢| a2 ap) by (B8) and by Prop. [Z1]

< ch|Inh"?|€| gr/2opy + b2y 0 sllcon Ipnde — ¢l op)
+ chlly" o sllcz |pell gar2 o) by Prop. 23

< ch| W h["?|€] gi2(op) + chlde| o2 o) by Prop. 2.4]
< ch|In h|1/2|§|H1/2(8D) by Lemma 2.T1
Therefore we get
] < Ch2| 1nh|1/2|f|H1/2(aD)-

Estimate of I5. From integration by parts we obtain

0
I, = V(u—up)Vo = / (u— uh)—v.
Dy, oDy, ov
Therefore, by (30]),
ov
2| < H@‘ L2(8Dh)||u —unllr2(op,) < clvlarop) lu — unllL2(op,)-

The first term is estimated by

[l apy = 1(7' © sn)Proel i (ap)
<|(y' o sn =7 0 8)pnd¢|ur(op) +1(v © $)pnde|m op)
< ch' 2| h| "2 (€] 2oy + Y © sllcon [lpndell i o) by (EB) and Prop. EZH
< ch 2| I h|M2(E] sz opy + (B €l sz op) + 1l m2om)) < cl€lmire o)
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For the second term we have
lu = unllL20p,) = [|12(v © sn) = Prdn(y © sn)llL2(aD)
<|[[@(yosp)om —In(yosn)om|r2oap)
<||®(yosn)om— (vosn)llrzop) + I1(v o sn) = IFP (v o sn)ll2(am)

1/2
< e’y o sulmion) +eh* (2 hrosulipeamy) -
;

For the last inequality we have used (B3) and standard interpolation results. We

have |u|g1apy = |7 0 sulm1apy < [y o sn —vos|aiap) + |70 8|1 apy < ¢ by (B2).
Together with (B7)) we obtain

[®(y0sn) — Ppln(yosn)lr2op,) < ch®|Inhl.

Hence
L] < ch?|Inh||¢] /2o
Estimate of I3. Again by integration by parts we get

B =] [ 9uvo =] || G g 1o~ oilom
< clulwapy lv = In((v" © sn)pnde) | L2(ap,) by (B6)
< clyosnlaiop) lvom— In((v o sp)pnde) © 7l L2 (o)
<c(lvom —vlrzp) + llv = 177 (Y 0 sn)pnde)ll L2op) ) by (B2)
< ch®|vliapy + cll (v 0 sn)pnde — 197 (v © sn)pnde)llr2opy by B3)

2 2 ' 2 1/2
< ch”|vlmr (op) + ch (Z (7o sh)ph¢€|H2(7r*1(Ej)))
j
by standard interpolation results. By the calculation above we have that |v| g1 (sp)y =
|(Y" 0 s1)pndel oDy < clélpr/zapy- Together with (B8) we obtain
|13| S Ch2| 1nh||€|H1/2(aD).
Estimate of 1.

|| = ‘/ Vqu‘ < |ulg(p\Dy)
D\Dp

V|1 (D\Dy,)

< ch®lul g opy V] o) by B)
= ch®|yo snlmiopy (7 © sn)prde|m (o) < Ch2|5|H1/2(3D)’

by what we remarked above.
From the estimates for Iy, Is, I3 and I, we finally obtain

[dE(s)(proe)| < || + [I2] + |Is] + [Is] < ch®|InA|€] /2 (o)
This leads to
| B < ch®| W h*"|€] g2 op) + |E(sn) (prde)| < ch®| I h*/2(€] g op),

and therefore we can write

[ el =) <141+ 1B] < ek P 2le] 2 o,
D
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It follows that

(59) lls = sl g-1/2 = sup E(sp — ) < ch?|Inh[>/2,
”£”H1/2(6D)=1 oD
The claim of Theorem 3.1l now follows from Theorem 2.1] and (27). O

Proof of Theorem [Z2 Following the notation of Theorem 2] let
u=®(yos), up = PpIp(y 0 sp).
We want to give an estimate for ||u — un| r2(p,). Write
lu = unllL2(p,)
<|[@(yos) = @(yosn)l2, + 190y 0 sn) = Paln(y o sn)llL2(py)
=C+D.
We have that
C=l®(yos)=2(yosn)l2p,) < I1(vos) = R(vosn)llrzp)
<cllyos—~osullg-1/29py by trace theory results

< clly'(s)(sn = $)llsr-12(0)

1
+ cH(s - sh)2/0 (1 —q)y"(s+q(sn — 8))quH—1/2(aD) by Taylor

< cllsh = sllg-1/20p) + ¢cllsn — sllco lIsn — sl z-1/2(5p)
< ch?Inh*? + K3 Inh|?> < ch?|Inh|*? by @) and @).
Finally,
D = ||®(vy o sn) = Paln(yosn)lr2(py)
<|[®(yosp —7yos) = Prln(yosn —7y0s)lL2Dy)
+[@(yos) = Pulnl(y o s)llL2(py)
< ch®?|y o s, — 70 s|mn)
+ell(yosn —vos) = IfP(yosn —v0s)|r2m)
+ Ch2|7 o 5|H3/2(aD) +cllyos— I}?D(’Y o 8)||L2(8D) by Prop. 2.8
<ch®+cl(yosn—yos) = IfP(yosn—7y0s)|2p)
by (62)) and standard interpolation results

< ch? + ch? - 2 1/2< h%|Inh| b
sSceht+e Zhosh Y0 8|t (n1(8,)) < ch[Inh| by (7).
J

Theorem[3.2 now follows immediately from the estimates obtained for the terms C'
and D. O

Final remarks. In [3| Section 6] J. Hutchinson and G. Dziuk analyse the
problem of the classical Enneper surface with parameter R and calculate the order
of convergence between the smooth and the discrete solution. They study three
different cases corresponding to different choices of R, and in each case a different
grid is used in order to make the comparison more realistic. These experiments
confirm the L? convergence rate established in Theorem 2.
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